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Abstract

We study tomographic probability distributions of quantum states of two free particles. We construct
the conditional tomographic probability distribution of one random variable determining any quantum
state of the system of two free particles. We obtain explicit forms of the center-of-mass tomograms for
coherent states of the system of moving free particles and discuss the generalization of the results to
the case of several free particles.

Keywords: probability representation of quantum mechanics, symplectic tomography, quanrizer and
dequantizer operators.

1. Introduction

The quantum system states are described by wave functions [1,2] and density operators acting in the
Hilbert space [3-5]. It turned out that they can be also described by standard probability distribution
functions; see [6-8]. In such probability representations of quantum states for systems with continuous
variables like photons, the methods of quantum tomography like optical tomography [9-12] and symplectic
tomography [13] are used. For multimode systems, the center-of-mass tomography was introduced [14,15];
this probability representation of quantum states was studied in [16,17].

Usually quantum states of free particles are described by de Broglie waves, and recently for free-
particle coherent states symplectic tomograms were introduced. These tomograms are conditional proba-
bility distributions of the free particle positions measured in the phase-space reference frames with scaled
and rotated axes. For two particles, these symplectic tomograms depend on two random positions mea-
sured in common phase space with two scaled and rotated axes. The center-of-mass tomograms, being
dependent only on one random position determining the quantum state and introduced in [14,15], were
discussed for oscillator systems.

The aim of this work is to study the center-of-mass tomography for coherent and Fock states of
two free particles usually associated with systems of two-dimensional oscillators. We follow the method
of integrals of motion of free particles recently employed to consider coherent states in the probability
representation of a single particle [18]. We apply this method for coherent and Fock states of two free
particles, using the approach based on center-of-mass tomography.

This paper is organized as follows.

In Sec. 2, we present the quantizer-dequantizer formalism [19] for center-of-mass tomography of
quantum states of two free particles, calculate the center-of-mass tomograms for coherent states of two
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free particles, obtain the center-of-mass tomographic-probability distribution of one random variable for
two free particles, and present the generalization of the problem to several free-particle states. In Sec. 3,
we give our conclusions and prospectives.

2. Quantuzer—Dequantizer Operators for Center-of-Mass Tomography
of Two Particles

Let us introduce the operators called dequantizers

Uy (X, p1, o, v1,v2) = 6 (X1 — pndy — pada — v1p1 — vapa) (1)

where X is a random position related to the center-of-mass of the system, ¢; (p1) and ¢2 (p2) are the
position (momentum) operators of the first and second particles, respectively.

We discuss the meaning of formula (1) considering classical particles.

In classical mechanics, the classical state is described by two variables — position ¢p(t) and momentum
po(t) obeying to the Newton equation of motion.

In classical statistical mechanics, the states are described by the probability densities in the phase
space f(q,p,t) obeying to the Liouville equation; if there is no fluctuation, the function is

fla,p,t) =6 (q—qo(t)) 6 (p—po(t))- (2)

The symplectic tomogram reads

w(X | p,v,t) = /5 (a—a0() 6 (p—po(t) fla,p,t)dgdp = 6 (X — pqgo(t) — vpo(t)), (3)

corresponding to the Radon transform [20] of the probability density f(q,p,t) in the phase space descri-
bing the state in classical statistical mechanics. The inverse Radon transform maps the tomogram, which
is the conditional probability distribution of position X measured in an ensemble of reference frames in
the phase space labeled by real parameters p = s cos@ and v = s~ ! sin §, where 6 is rotation angle of the
initial axes of the position and momentum in the particle’s phase space and s is the scaling parameter of
these axes.

There exists the following expression for the probability density given by the inverse Radon transform:

1
(2m)?

This relation shows that the state of classical particle can be described by tomographic map (3) since
there exists an invertible map of the probability distribution of two random variables ¢ and p onto the
conditional probability distribution of one random variable X given by the Radon transform. For two
particles, there exist two possibilities to construct such maps. The first possibility is given by the following
formula available for symplectic tomogram:

flg,p,t) = /ei(X”qu)w(X | p,v,t)dX dpdv. (4)

2
w (X1, Xo | p1, o, v1, 00, ) = /f(qhm,cn,pz,t) 116X — wyay —vips) dajdp; ¢ - (5)
j=1
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The second possibility is provided by the formula corresponding to the new notion of state in classical
mechanics — the state of two classical particles can be described by the center-of-mass tomogram discussed
in quantum mechanics [14-17]. The center-of-mass tomogram of two classical particles reads

w (X | p,v1, o, v, t) = /f (q1,p1, G2, p2,t) 6 (X — piqr — v1ip1 — paqe — vap2) dqi dpi dga dpa.  (6)
If one considers the function
w (X | p1, v, po,vo,t) = Tr [ﬁ(t)[)b (X,M1,M2,V1,V2)} (7)

for quantum-mechanical system of two particles with dequantizer given by Eq. (1), this function is center-
of-mass tomogram of the quantum state of a system of two particles; the density operator of this state is
determined by quantizer

~ 1 (XD 1 61— 11sGor— 1 By — 1o
D2 (Xv H15V17M27V2) = WGZ( H1491—H292—V1P1 V2p2)7 (8)
in view of the relation
pA(t) = /w2 (X | :U’17V17/1’27V27t) ﬁQ (Xa /’Ll)V17H2,V2) dXd/.,leVl d,Ll,Q dl/z, (9)

This means that the center-of-mass tomogram, being the conditional probability distribution of one
random variable X which depends on extra parameters pi, pe, v1, and v, completely determines the
quantum state.

For coherent states of two free particles, the center-of-mass tomogram at t = 0 reads

wo (X | p1, v, p2,12,0) = Tr [UQ (X7M17V1;M27V2)ﬁ(0):|
1 (X —(X))?
- T 2. 22 P {_ 2 2. 22| (10)
VT (6 + 5 + 07 +13) i i i)

where (X) = V2 [p1(Reaq) + pa(Re o) + vi(Imay) + vo(Imaz)] and p(0) =| ay) | ao){ey | {az | is the
coherent-state density operator. The tomogram of coherent states of two free particles at time ¢ is
w2 (X | M1, V1, 42, V2, t) =Tr [ﬂ(t)ﬁ(O)fLT(t)UQ (X7 M1, V1, 42, V2):| ) (]—1)
where the evolution operator of two-free-particle system reads
a(t) = exp [—it (7 + p3) /2] ; (12)
this means that, according to results of [18], one has the evolution of tomogram (10) of the same form
but with replacement of parameters
wa (X | 1, v1, po, va,t) — wa (X | g, v1 + puat, po, vo + pot, 0) . (13)

For N free particles in the coherent state | ¥z) =| a1) | ae) -+ | an), the evolution of tomogram is
given by the Gaussian probability distribution,
1 X -X)?
X|E7V7t): eXp | — N (2 ) 9 ) (14)
\/ﬂ S [l (v + gt i [+ 0 )’

wn (
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where
N
X=V2 Z(,ujReoaj—l—l/jImoaj). (15)
j=1
Introducing two vectors fi = (p1,...,un) and 7 = (v4,...,vy), we have the dequantizer operator, which
reads
N
Un (X, 0, 0) =6 | X =Y (1345 +vipy) | - (16)
j=1

Center-of-mass tomograms of Fock states of two as well as N particles can be also obtained, in view
of the approach elaborated.

3. Conclusions

To conclude, we point out the main results of our work.

We introduced the notion of tomography of classical particle state and applied this notion to the
particle motion obeying to the Newton law. There are various possibilities to introduce classical state
tomograms of several particles, employing either symplectic tomography or center-of-mass tomography.
We discussed free motion of quantum free particles and introduced the center-of-mass tomograms of two
(and N) free particles, in view of the method where tomograms for oscillators with frequencies equal to
zero are considered.

Thus, for N free particles of arbitrary masses, we elaborated the description of states of free particle
systems by the conditional probability distribution of only one random variable. An analogous consi-
deration can be provided for photon systems in quantum optics, where coherent states of several photons
can be described by tomographic-probability distributions of vibrating electric and magnetic fields.

We pointed out that the suggested construction of quantum states of free particles is related to the
old problem of quantum mechanics, namely, to find the possibility to use the probability distribution
instead of the wave function or the density matrix. Thus problem is solved, in view of the method of
quantizer—-dequantuzer operators on the example of free-particle motion.

We obtained the evolution of center-of mass tomograms of coherent states of two and N particles
given by the Gaussian probability distribution Eq. (11) and the corresponding quantizer and dequantizer
operators. The method can be extended to the description of the evolution of photon states. It is worth
mentioning that the center-of-mass tomogram was also introduced for systems of classical particle states.
In the literature [21-23], the problem of photons interacting with axions was discussed. One can apply
the approach developed here to study the properties of photon—axion systems and their evolution

Also the center-of-mass tomograms of free-particle states can be connected with Lie algebras of the
SU(N) groups, using the approach elaborated in [24]; it will be studied in the future publication.

References

. E. Schrodinger, Ann. Phys. 384, 361 (1926); DOI: 10.1002/andp.19263840404
. E. Schrédinger, Ann. Phys., 384, 489 (1926); DOI: 10.1002/andp.19263840602
. L. Landau, Z. Phys., 45, 430 (1927).

J. von Neumann, Gétt. Nach., 1, 245 (1927).

=~ w N =

680



Volume 42, Number 6, November, 2021 Journal of Russian Laser Research

P. A. M. Dirac, The Principles of Quantum Mechanics, Clarendon Press, Oxford, UK (1981).

S. Mancini, V. I. Man’ko, and P. Tombesi, Phys. Lett. A, 213, 1 (1996); DOTI: 10.1016/0375 9601(96)00107-7
V. V. Dodonov and V. I. Man’ko, Phys. Lett. A, 229, 335 (1997)

V. I Man’ko and O. V. Man’ko, J. Exp. Theor. Phys., 85, 430 (1997).

D. T. Smithey, M. Beck, M. G. Raymer, and A. Faridani, Phys Rev. Lett., 70, 1244 (1993).

J. Bertrand and P. Bertrand, Found. Phys., 17, 397 (1987).

K. Vogel and H. Risken, Phys. Rev. A, 40, 2847 (1989).

A. 1. Lvovsky and M. G. Raymer, Rev. Mod Phys., 81, 299 (2009).

M. Asorey, A. Ibort, G. Marmo, and F. Ventriglia, Phys. Scr., 90, 074031 (2015).

. Archipov and V. I. Man’ko, Phys Rev A, 71, 012101 (2005).

. Archipov, Y. E. Lozovik, and V. I. Man’ko, J. Russ. Laser Res., 21, 237 (2003).

. Dudinets and V. I. Man’ko, Int. J. Theor. Phys., 57, 1631 (2018).

. Avanesov and V. I. Man’ko, Int. J. Theor. Phys., 59, 2404 (2020).

. Man’ko and V. I. Man’ko, Entropy, 23, 549 (2021); DOI: 10.3390/¢23050549

. Man’ko, V. I. Man’ko, and G. Marmo, .J. Phys. A: Math. Gen., 35, 699 (2002).

adon, Ber. Verh. Séchs. Akad. Wiss. Leipzig, 69, 262 (1917).

. Gorelik and G. N. Ismailov, Bulletin Lebedev Phys. Inst., 38, 177 (2011).

Gorelik, J. Phys. Conf. Ser., 731, 012007 (2016).

. Gorelik and G. N. Ismailov, J. Phys. Conf. Ser., 1051, 012015 (2018).

ong-yi Fan, J. Opt. B: Quantum Semiclass. Opt., 5, R147 (2003); DOI: 10.1088/1464-4266/5/4/201

mgnm?d<<m<mm>

681



	CENTER-OF-MASS TOMOGRAPHY OF COHERENT STATES OF TWO FREE PARTICLES†
	1. Introduction
	2. Quantuzer–Dequantizer Operators for Center-of-Mass Tomography of Two Particles
	3. Conclusions
	References

