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Abstract

We investigate the damped interaction between two A-type three-level atoms and a quantized single-
mode cavity field, for which the Hamiltonian of the field is rewritten in Caldirola-Kanai form. We
obtain the wave functions for the case where the two atoms are initially prepared in arbitrary pure
states and the field is initially prepared in the coherent state. We investigate numerically the influence
of the damping parameter on the temporal behavior of the Mandel Q-parameter, linear entropy, and
normal squeezing. We find the damping parameter and initial atomic states to play central roles in
the nonclassical features and the degree of entanglement.

Keywords: three-level atom, linear entropy, Mandel parameter, normal squeezing, Caldirola—Kanai
approach.

1. Introduction

The interaction model for a single quantized mode of a radiation field and a two-level atom in the
rotating wave approximation (RWA) is called the Jaynes—Cummings model (JCM) [1]. This model has
been the focus of many theoretical and experimental studies [2,3]. The description of quantum friction
in the classical formulation of quantum mechanics was considered in [4,5]. Indeed, the main physical
defect of the Caldirola—Kanai (CK) approach is that it implies the assumption that the quantum state
of the system remains pure during its evolution, whereas the dissipation is always connected with the
loss of quantum purity [6,7]. Many different generalizations that modified the JCM using, for example,
multimode fields [8], multilevel atoms [9-12], intensity-dependent (nonlinear regime) JCM [13, 14], and
multiphoton transitions [15,16] have been proposed in recent decades. All of these studies have assumed an
ideal system where damping is neglected; nevertheless, two A-type three-level atoms have been considered
in [17,18]. Entanglement plays a central role in the new field of quantum information, there being many
studies concerning its properties [19]. The CK Hamiltonian has in this regard provided a vast area of
research.

The problem of controlling entanglement using the quantized CK Hamiltonian has attracted much at-
tention. This Hamiltonian was investigated in several quantum systems to study physical properties such
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as plasma environments and mesoscopic (RLC) circuits [20,21]. The coherent states and squeezed states of
the CK Hamiltonian were also studied [22,23] and showed that the eigenfunctions of the CK Hamiltonian
satisfy the minimum uncertainty relation in a generalized form [24]. The many studies have examined
different models in regard to the concept of damping [25,26]. Caldirola and Kanai treated the problem
of friction for a quantum harmonic oscillator by introducing a Hamiltonian with a time-dependent mass,
called the CK Hamiltonian [27,28],

A2
D 1 .

Hek = =—— exp(—27t) + —mow?q” exp(27t), (1)
2m0 2

where w, mg, and v are frequency, initial mass, and damping parameter, respectively. Furthermore, it
is possible to introduce canonical transform [29] to reduce this Hamiltonian with its variable mass to a
time-independent Hamiltonian in such a way that the uncertainty relation is preserved. Briefly, in this
approach, the canonical transform introduced is P = e p and Q = ¢e7%q [30,31] with the generating

) Pg+gpP OR L OR
function Ro(q, P,t) = e”t%—'—q. As p = 8? and QQ = 87]52’ the transformed Hamiltonian is then
q
R
K=Hcx + 67752’ which can be explicitly rewritten as
k=T L2 26 + op) 2)
= omg | 20 2 '

The new momentum and position operators can then be written in terms of the usual creation and
annihilation operators [30,31],

. h i 7
P=iy ”;0‘”(&+aT), O = zmow(a*—a). (3)

Next, the new ladder operators are defined as [32]

A = (2mhQ) ™ [me(Q+i7)Q +iP] = j7o=(Cra + (al),
(4)

AT = (2moh€) V2 [mg(Q — i7)Q — iP] = 2\/1@@1‘“ +¢ta),

where Q = wy/1—72%, n = v/w, and {4 = Q + iy £ w. The relation [A,AT] = 1 is easily verified.
Accordingly, the transformed Hamiltonian in terms of A and A reads [32]

Hex = hQ(ATA +1/2). (5)

However, as is seen, the Hamiltonian obtained is reduced from a variable mass Hamiltonian to a quantized
Hamiltonian that does not explicitly depend on time. The system becomes a cavity containing a quantized
multimode field that interacts with a multilevel atom, where the Hamiltonian of the quantized field is
expressed according to the transformed Hamiltonian, i.e., the CK Hamiltonian, Eq. (5). The Hamiltonian
of the whole system in the dipole approximation [33] is H = Hgee + Hint, with

Hiee =Y WAL Ay + Eicii,  Huo = > N 6y(AL + Ap), (6)
K ik
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where &;; represents the atomic operator |i)(j|, and |i) denotes the atomic energy eigenstate with
eigenvalue F;, the factor 1/2 having been dropped. The subscript k is related to the kth mode of
electromagnetic field, which is coupled to transition between atomic levels i,j by coupling constant
)\zj = —pijepLi/h [34]. Here £}, = e(i|f|j) is the electric-dipole transition matrix element also, and
and £} denote, respectively, the unit vector polarization vector and the amplitude of the kth mode of
electric field. The interaction between a two-level atom with such a single-mode field, which is described
by the CK Hamiltonian, has been studied in [33]. In [35], the interaction of such a damped field with a
three-level atom having a Z-type configuration was examined, assuming that the quantized single-mode
field undergoes dissipation described by the CK Hamiltonian. For any specific initial state with a given
field intensity, the observed value for the maximum degree of entanglement (DEM) increases with increase
in the value of the damping parameter.

In this paper, we investigate the interaction between two A-type three-level atoms and a single-mode
quantized field with the CK Hamiltonian. After transforming the interaction Hamiltonian for the system,
we obtain the probability amplitudes and the associated atom-field state vectors. In addition, we study
the influence of the initial atomic states and damping parameters on the time behavior of the physical
properties such as linear entropy, Mandel parameter, and normal squeezing.

The rest of this article is organized as follows.

In the next section, we derive the form of the probability amplitudes for the considered system. In

Sec. 3, by considering different types of initial atomic states, we numerically investigate the effect of
damping on the physical properties. Finally, in Sec. 4, we provide a summary.

2. Description of the Model

The interaction between two A-type three-level
atoms and a single-mode quantized field was inves-

A B
tigated without damping in [17,18]. In this work,
we include damping of the quantized single-mode
field, where it is described by the CK Hamiltonian.
Here, the atomic levels are indicated by |1), |2), and
|3) with energies w; > wa > ws; transition |2) < [3)
is forbidden in the electric-dipole approximation;
the allowed transitions are |1) <> |2) and |1) < |3);

see Fig. 1. The free atomic and the field Hamilto-

. _ nians are given by
Fig. 1. Energy level diagram for two A-type three-level

atoms coupled to a single-mode cavity field of frequency . i N ot
Q with detunings A; and As. Hy = Z (wlcf{l + WQU%Q + w3a§3) + QATA, (7)
j=A,B

Accordingly, the atom—field Hamiltonian in the dipole approximation can be written as

Hap_y= Y M(oly+63)(A+ AT + N(6]; + 6%,) (A + AT), 8)
j=A,B
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where )\{ and )\% are the atom-field coupling constants. The Hamiltonian H4p_ ¢ in the interaction picture
is

%(t) _ Z A{(eit(wl_w2)3{2 +€_it(w1_w2)5‘g1)(€_iﬂtﬁ—l— eiQtAT)
j=A,B
_‘_)\%( (w1 —ws3) 4 J s+e —it(w1 w3)0§1)(€_i9tz‘i+ eiQtAT)’ (9)
Y/ N
S t — 1 ztAl CLO’ +e itAq *AT + 2 ztAg ao_ +e itAo CL &
et (1) FZAB v @ st Crafed,) o @ rasts ¢atedy).

where the detuning parameters are given by A; = (w1 — ws) — 2 and Ay = (w1 —ws3) — Q.
To obtain the wave function of the considered system, we solve the time-dependent Schrodinger

0 . : . .
equation za\w(t» = SQeft|Y0(t)). The wave function at any time ¢ can be written in the form

O) = Y e[ Kiln DL L) + Xo(n+ 1,0)(11,2,n+1) +[2,1,n+1))

n

+X3(n+ 1L, (1,3, + 1) +[3,1,n+ 1)) + Xa(n +2,8)(]2,3,n +2) +[3,2,n + 2))
X5 (n 4+ 2,8)[2,2, 0+ 2) + Xe(n + 2,8)[3, 3,1 + 2>] (10)

We assume that the field is initially prepared in the coherent state |«) and the atoms enter the cavity in
arbitrary pure atomic states. Hence, the wave function at the initial time is given by

9(0)) = [&111 1)+ &(11.2) +[2,1)) + E(11,3) +13,1)) +Ea(12.3) +13,2)) + &512,2) +&13.3)] o),

(11)
where o) = 3 culn), cp = e 2 % and & (I =1,...,6) are arbitrary complex values that satisfy

the normalization condition .
&+ 2> 1G + 16517 + |%)7 = 1. (12)
=2

Substituting Eq. (10) in the Schrédinger equation, we obtain six differential equations

Xy = 2041 %2e" M 4 200y, 11 Xge' M, iXs = YuraXse M1 ) KaeT B 4 gy XS
X3 = YK b oXee 2+ Pk Xie T2 iRy = ) X A o Xoe A2 (13)
iX5 = 21/):L+2X2671A1t, iXG = 2¢;+2X3672A2t,

where ¥, = A\y/n(, /2vVwQ, such that w? > 2, )\{ = )\% =\, and Q ~ w —~?/2w. Tt is obvious that the
coefficients of this coupled system of differential equations are time-dependent ones. We can avoid this
problem using the transforms

Xi(n,t) = Xi(n, t)es(Br+A2)t, Xo(n + 1,t) = Ko(n + 1, t)es (B2,
Xa(n+ 1,t) = Ka(n + 1, 1)e3 172820 Ry (n 4 2,8) = Ry(n + 2, t)e > (Arhelt, (14)
Xs5(n +2,t) = X5(n + 2, £)e3(B273800 X (n 42, 1) = Xg(n + 2, t)ez(B17382)
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and the Laplace transform to arrive at

s+ iA19 2841 2041 0 0 0 L(Xl) X1 (0)

iw;kz—i—l s + iAo 0 1Yn42 1n+2 0 L()_(2) )_(2(0)
i”l/J:LJrl 0 s + iAlg 1Wn+2 0 Wnt2 L(Xg) _ X3(O) (15)

0 Wrio Wi, s—ilp 0 0 L(Xy) X40) |’
0 2i% 0 0 s+ iAo 0 L(Xs) X5(0)
0 0 207 o 0 0 s+ Ay L(Xe) X6(0)
where

Atz = (A1 +A9)/2, App=(A1—A2)/2, A= (A1 —3A2)/2, (16)

A9y = (A2 — A1)/2, Agy = (Ay—3A1)/2.

After some straightforward calculations, we obtain the solution of Eq. (15) using the initial state, Eq. (11).
Here, we reveal the complete solution for Xy (n,t),

: Fi(se)
X — . (set+iA12)t .= € 1
1(n,t) ;O& € ) a Qe ) ( 7)
where
e#d
Q, = H (Se — Sd), Fy (S) = )_(1 (O)al(s) — 2i¢n+1a2(s) + 21 ¢n+1a3(s). (18)
d=1,...6

The solutions of Xa(n + 1,t), X3(n+1), X4(n+2), X5(n+2), and X¢(n + 2) can be obtained in the
same way. We have

5+ iy 0 Wnia  Wpio 0
0 s+il1p  ithpio 0 112
ai(s) = iy o iy, 85— 1A 0 0 ,
2% Lo 0 0 s+ iAg 0
0 20t 0 0  s+ilp
X2(0) 0 1n 42 1Pn42 0
X3(0) s+ilA1p  ithao 0 ()
as(s) = |Xy(0) @i, s — il 0 0 |, (19)
X5(0) 0 0 s +ilgy 0
X6(0) 207, 0 0 s+ iAo
X2(0) s+iAg;  ithpio 1pyo 0
X3(0) 0 1n+2 0 1n 42
az(s) = X4(0) ik, s —ilAp 0 0 ;
X5(0) 20, 0 5+ iy 0
X6(0) 0 0 0 s +iAqs
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and s, e =1,...,6, are the roots of the equation
po + i1 + pias® + pgs® + pas® 4 pss® + 5 =0, (20)

where

Aq + Ay)?
po = (1642) [(A1 = 3A9) (A1 — A2)3(3A1 — Ag) — 32[Yhi0? (4¥nt1]? — dltnro® + (A1 — Ag)?) ],

(AL + A
o=~ UL R [y (A2 1488 - A3) [l 4 8t (161850l + (351 — As)(A1 — 389))

+(a1-A3)°),
3

pi2 = [Uns1|® (8|tnral® + AT — 1441 A0 + A3) + Q(Al + Ao0)?[Ynp2] + 8|tpol* (21)

1
- E(m;1 — 20A3A, + 10A2A3 — 204, A3 + 7TAY),
1,
py = = 5i(A1+ Do) (120¢msa]* + 6[Ynpal* + AT+ A)

5 .
fia = 4ns1]? + 6[thn o] + Z(AI — Ag)?, ps = —i(A1 + Ag).

3. Physical Properties

After obtaining the final form of the wave function, Eq. (10), we next study the various physical
properties of the system and the effects of the initial atomic states and damping parameter have on these
physical properties. Note that in all situations, we set 6; = Jo = A, such that §; = (w; — we) — w,
02 = (w1 —w3) —w, and A = 0.01 w.

3.1. Degree of Entanglement

To evaluate the DEM between the field and the atoms, we use the linear entropy measure, which is
defined as [36]

S = 1 — Tr(3y). (22)
where

oas = Tre ([0 (8)) (¥ (1)]), (23)

with the atomic basis {|1,1),|1,2),]1,3),]2,1),/2,2),]2,3),]3,1),3,2),|3,3)}, the diagonal matrix ele-
ments given by

00 00 00
o011 = Z|Cﬂ,2|xl(nvt)‘27 Qi = Z‘Cn|2‘Xj(n+1,t)’2, Qjj = Z|Cﬂ,2|xj(n+27t)‘27 (24)
n=0 n=0 n=0
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and the off-diagonal matrix elements given by

o oo

01 =Y carrciXi(n+1,)%(n +1,1)", 017 = > CrachXi(n +2,1)%;(n + 2,1)",
n=0 n=0
oo oo

023 =Y len*Xa(n + 1, 6)Xs(n + 1,8)", 0237 = Y ens10iXa(n + 2,0)%;(n + 2,1)",
n=0 n=0
[e.e] oo

03 = D cnr163Xs(n + 2,8)X;(n + 2,1)", 045 = Y len|"Xa(n +2,6)X5(n + 2,1)", (25)
n=0 n=0
o oo

016 = _ lenl*Xa(n + 2,£)X6(n + 2,1)", 056 = > len|™Xs(n + 2,)X6(n + 2,1)",
n=0 n=0

0il :QTzv Q]l :QT]7 (222737]:475a6)

To show the influence of damping on the linear entropy of this system, we plotted the time evolution
of the linear entropy (Fig. 2) when the field is initially in the coherent state with the mean photon number
n = 25. However, for undamped instances, n = 0.0, and various initial atomic states a1, b1, c1 in Fig. 2,
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06 0.6} 0.6
0.5 0.5; 0.5
0.4 04} 0.4
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0 ot 0 1 .
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Fig. 2. Linear entropy versus scaled time At with i = 25, §; = d2 = A, and A\/w = 0.01 for different damping
parameter values 7. For the initial atomic state in (a1, as,a3) & = 1/3, 4 = 1,2,3,4,5,6, in (b1, by, b3) & = 1//6,
i=2,3,4, and in (c1,co,c3) & = 1/3/2.
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such that the two atoms are initially in a superposition of all states § = 1/3, 1 = (1,2,3,4,5,6) and
& =1/V6, 1 = (2,3,4), and & = 1/v/2, we see that after a short time the entropy rapidly oscillates
around its upper value (nearly 0.65). Hence, there is an increase in the maximum DEM between the two
atoms and the field. Note that the heights of the revivals in probability are very small, and the value of
the probability almost remains at a constant value of 0.7; see a1, b1, c1 in Fig. 2. However, the DEM has
increased and it reaches its maximum during collapse. In what follows, we use linear entropy to discuss
the DEM for different values of the damped parameters and various initial atomic states. For n = 0.6,
the temporal behavior of the linear entropy is plotted in Fig. 2 as aq, bo, ca.

In as, b3, cs in Fig. 2, we note that there is an increase in the reduction of the maximum DEM between
the two atoms and the field, which nearly reaches (0.6, 0.63, 0.55) for the initial states in a superposition
of all states & = 1/3, & = 1/v/6, and & = 1/+/2, respectively. A comparison between ay, by, c1, as, ba, ca,
and as, b3, cs in Fig. 2 shows that the temporal behavior of the linear entropy is very sensitive to the
damping parameters.

3.2. Mandel Q,, Parameter

The Mandel @,, parameter is a very useful quantity for the investigation of quantum statistical
properties of any state. It is defined as [37]

afa)?) — (afa)? — (ala
0, = @) <§1Ta>> {ala) (26)

negative values of @, correspond to sub-Poissonian statistics, indicating nonclassicality of the given
state.

We plotted the time behavior of @, against the scaled time At (Fig. 3). The initial field is the
coherent state, with n = 25. However, a different value for the damping parameter is chosen with various
initial atomic states. For 7 = 0 (no damping), the oscillations tend to rise to positive regions more often
than when damping is present. Furthermore, we note that revivals and collapses are clearly evident and
is a distinctive quantum behavior of the state in Fig. 3 (a1,b1,c1). We examined the effects of damping
on the temporal evolution of the Mandel @Q,,, parameter in Fig. 3 (ag, ba, ¢2). For n = 0.6, the Mandel Q,,
parameter varies between positive and negative values, which means that the photons display super- or
sub-Poissonian statistics at different intervals of time; a long collapse-revival phenomenon is clearly seen
for all instances. We note that in Fig. 3 (as, b3, ¢3), the depth of negativity has increased. Also, we observe
that the Mandel parameter descends towards the negative region and becomes negative, indicating full
sub-Poissonian statistics of the field at all times, and the super-Poissonian statistics part of the field
disappears. Clearly, when the two atoms are prepared initially in a separable atomic state, the effect of
damping is stronger, making the ), curves go negative and indicating nonclassical features.

3.3. Normal Squeezing

(JL—i-aT
V2

the variances of position (Az)? and momentum (Ap)?, and the squeezing of = and p,

To discuss the normal squeezing of the field, we introduce two quadrature field operators & =

a—|—aT

V2i

which is expressed by S; = 2(Al)?2 — 1 with I = z,p. Subsequently, a state is squeezed in the I direction

and p =
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Fig. 3. Mandel Q,, parameter versus scaled time At, with i = 25, §; = d5 = A, and A/w = 0.01, for different
values of the damping parameter 7. All initial atomic states are as stated in Fig. 2.

if the inequality —1 < S; < 0 holds. These parameters can be rewritten as
S, = 2(a'a) + 2Re(a'?) — 4(Re(a’))?, S, = 2(a'a) — 2Re(a'?) — 4(Re(a’))>. (27)

The time evolution of the normal squeezing parameter corresponding to a fixed position is plotted
with the same data as in Fig. 2 for no damping, n = 0.0. We find that, for all instances, squeezing
exists at position x. In Fig. 4 (a1, b1, ¢1), the curves for squeezing lie in the positive region, ensuring that,
apart from a short initial period, the introduced field is not squeezed with the initial atomic state. In
Fig. 4 (ag, by, c2) with increased damping n = 0.6, the strength of normal squeezing can be observed for
all initial states & = 1/3, 1 = (1,2,3,4,5,6) as in Fig. 4 (a2) and & = 1/v6, [ = (2,3,4) as in Fig. 4 (b2),
while weakness of normal squeezing was observed for the initial state & = 1/v/2 as in Fig. 4 (c2). However,
in Fig. 4 (as, b3, c3), the evaluated normal squeezing occurs in some finite intervals of time, while with
increased damping n = 0.99, the strength of normal squeezing occurs more clearly. Furthermore, a
comparison between Fig. 4 (a1) and (a2, a3), Fig. 4(b1) and (b2, b3), and Fig. 4 (c1) and (cg, ¢3), for the
different initial atomic states, shows that by increasing n the intervals of this nonclassical effect in «
are augmented. Also, our results suggest that squeezing in the x component in the initial atomic state
& = 1//2 is weaker than for the other two instances.
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Fig. 4. Normal squeezing parameter S, plotted as a function of scaled time At, with n = 25, §; = J» = A, and
A/w = 0.01, for different values of the damping parameter n. All initial atomic states are as stated in Fig. 2.

4.

Fr

Summary

om an analysis of damping based on the CK Hamiltonian, we investigated a few nonclassical features

such as quantum entanglement for two A-type three-level atoms, initially prepared in different initial
atomic states, and a single-mode field. Also we evaluated the Mandel parameter as well as quadrature
squeezing. The results for the effect of damping and the initial atomic states on these features showed
that the state of the system plays an important role in the time evolution of entanglement. We conclude
by listing the main results:

1.

3.

240

In the absence of damping, the maximum DEM value (~0.77) takes place when the two atoms are
initially in &(|1,2) +12,1)), & = 1/v/2. In contrast, when damping is present, the maximum DEM
value decreases but gradually increases with time.

In the absence of damping, the Mandel parameter becomes more negative when the two atoms are
initially in &(]1,2) 42, 1)), & = 1/4/2. Furthermore, when damping is present, the revival periods
decrease and fluctuate below zero with increasing damping.

In the absence of damping, normal squeezing of the  component in the initial atomic state o(|1, 2)+
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12,1)), & = 1/4/2 is weaker than for the other two instance. Squeezing becomes stronger with
increase in damping.
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