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Abstract

Within the framework of the tomographic probability representation, we introduce specific optical
Gaussian states, which were recently proved to carry the orbital angular momentum. We obtain the
symplectic and optical tomograms defining uniquely both quantum and classical states for the rotating
Gaussian states of light. This approach needs to be developed and applied to the mentioned states
due to the convenience of using in the state reconstructions and measurements. Having in mind this
aim, we obtain the mean values and variances of the amplitude quadratures directly measurable in
the homodyne optical-tomography experiments. Also we consider the time evolution of the rotating
Gaussian states in terms of the tomograms and obtain the corresponding tomographic propagator.

Keywords: orbital angular momentum (OAM) states, Gaussian packets, tomographic probability rep-
resentation, time evolution, propagator.

1. Introduction

Optical states carrying the orbital angular momentum (OAM) are widely used nowadays in quantum
communication and quantum information processing. There is a large bibliography concerning these
types of OAM-states implementation. Among the recent works, it is worth mentioning [1-4]. The most
frequently used and therefore well-studied OAM states are the Laguerre-Gaussian packets, but there exist
also other types of states having nonzero orbital angular momentum, such as Ince-Gauss beams [5-7],
Bessel beams [9, 10], etc. Recently, the properties of the rotating Gaussian states were employed in [10],
where it was also proved that these states carry the orbital angular momentum.

The applicability of the OAM states to quantum information technologies motivates the task to intro-
duce an appropriate method of OAM-packet measurements and their tomography. In most experimental
works, tomography is based on the density-matrix reconstruction with the help of the maximum-likelihood
method. In [11] it was proposed to use the OAM-state reconstruction by using the Wigner function de-
fined on a discrete cylinder, that is, the phase space for the pair angle — angular momentum. The
proposed approaches have several disadvantages, because the statistical protocols of the density matrix
(or wave function) reconstruction have a finite fidelity and are computationally complicated.

An alternative approach called the tomographic probability representation [12] provides a more ap-
propriate method to measure quantum states avoiding statistical reconstruction. In this representation,
quantum states are defined by a function called symplectic tomogram; it has all the properties of a
probability distribution. For optical packets, a particular case of symplectic tomogram is the optical
tomogram which has been proved to be measurable directly in homodyne detection experiments with a
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high accuracy [13]. Obviously, this approach can be also applied to the OAM-state tomography, and the
homodyne detection of OAM states is nowadays a well-developed method [14]. In order to introduce the
tomographic probability approach to the problem of OAM-state reconstruction, one should consider the
properties of these states in the mentioned representation.

One more reason to suggest the tomographic probability description of OAM states is to provide
a universal notation for representing both classical and quantum light. The form of OAM states was
formulated in terms of classical physics [15] and extended to the quantum case due to the analogy between
the paraxial optics and quantum mechanics [16]. We demonstrate this well-known analogy in Sec. 2; the
problem of light classicality or quantumness was discussed, for example, in [17].

Providing a universal description of both classical and quantum states in terms of a phase-space-like
function, the tomographic probability approach allows one to define whether one deals with a classical
or a quantum case directly from the form of the corresponding symplectic tomogram [18,19]. The
employment of quantum language for the description of classical OAM light is of a practical interest;
as was emphasized in [20,21], such quantumlike states can be successfully used for simulating quantum
computations.

Due to the reasons mentioned, the tomographic probability representation is the most important
way to describe the OAM states. The aim of this research is to provide the tomographic probability
description of the rotating Gaussian states following [10].

This paper is organized as follows.

In Sec. 3, we give a short insight into the tomographic probability approach and its physical meaning
and properties. In Sec. 4, we obtain the symplectic and optical tomograms of a quantum rotating
Gaussian state in the general case and, as a particular case, of a minimum-energy rotating Gaussian
state possessing a fixed angular momentum. In Sec. 5, we discuss the quantum evolution of the OAM
Gaussian states in terms of the tomographic probabilities.

2. Formulation of OAM States: Paraxial Approximation and
Quantum Mechanics

The mentioned connection between classical and quantum optics was emphasized by Fock and Leon-
tovich [16]. For clarity, in this section, we list the main points of this reasoning and introduce an
approximation that will hold throughout this article.

The Maxwell equations for the electromagnetic wave in the region without charges and currents yield
the following wave equation for the electric component:

9 e 0°FE
VIE - 555 =0, (1)
where we use the common notation for £ as the permittivity and c is the speed of light. For a monochro-
matic wave, Eq. (1) reduces to the Helmholtz equation

V2E + kK*E =0, (2)

where k£ is the wave number related to the wave frequency w and the refractive index n (k = wn/c).
We consider the electric field (without taking into account the y direction)

B(z,2) = Mexp (m /Ozn(O,C) dg) , (3)

n (0, z
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where we assume v (z, z) is a complex amplitude of the classical electric field.
Substitution of (3) into the Helmholtz equation (2) provides a Schrodinger-like equation with respect

to ¥ (z, 2)

oY (z, 2) N A2 9% (x,2)  w[n?(0,2) — n?(z,2)]

N _ = 4
! 0z 47 (0,2)  Ox? n (0, z) v(z,2) =0, )
where we neglected the second-order derivatives of ¢ (x, z) with respect to z and assumed that
A dn (0, z)
1
n? (0, z) & | S" (5)

with A = 27 /k being the wavelength. The mentioned condition follows from the paraxial approximation.

If one introduces the formal Hamiltonian

2
H= giM +U (2,1),

relation (4) coincides with the Schrédinger equation defining the wave function of a quantum object,
where one assumes that z plays the role of time (z — t) and A, the role of the Planck constant (A — h),
the mass M is denoted as 27n (0, 2), U (z,2) = 7 [n? (0, 2) — n? (z,2)| n™' (0, 2) is an effective potential,
and ¢ (z, z) is the wave function. This means that quantum OAM states and classical beams in optical
fibers are described by equations of the same form, but we need to take into account the y dependence
of the wave function and the potential.

In the following sections, we employ the potential of the two-dimensional harmonic oscillator.

3. Tomographic Probability Representation of Quantum Mechanics

The tomographic probability representation [12] of quantum mechanics was aimed at determining
quantum states by probability-distribution functions in analogy with phase-space functions in classical
physics. The quantum phase-space functions introduced before, including the widely used Wigner func-
tion [22], cannot be considered as probability distributions due to the dependence on noncommuting
operators of coordinate and momentum.

In contrast, within the tomographic probability representation, a quantum state is described by a
function w (X, u, v) depending on a coordinate X, which is measured in a rotated and scaled phase space
and on the coefficients 1 and v of this rotation and scaling (X = ug+ vp). Whereas the mentioned phase
spaces determining the variable X are connected to each other by symplectic transforms, the function
w (X, p,v) was named symplectic tomogram.

The main advantage of the symplectic tomogram is that it is positive, real, and has all other properties
of the probability distribution. Moreover, a symplectic tomogram can determine pure or mixed states
as well, instead of the wave function or the density matrix. The symplectic tomogram and the Wigner
function are connected through the invertible Radon transform [12]

1
w (X, p,v) = 27r/Vf/'(tm)é(X — pgq — vp) dqdp.
Due to the homogeneity of the d-function, the symplectic tomogram possesses this property as well,

1
w ()‘Xv Al )"U) = Ww (X7 H, ’U) : (6)
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The Wigner function is related to the corresponding wave function (or the density matrix) by the Fourier
transform [19,22]

=1 [0 @t - e de (7

The connection between the symplectic tomogram and the wave function for the one-dimensional case

reads (see [23])
w9 X
Y (z)exp | —z° — —uaz | dx
2v v

- 4 -
/w ,y) exp i 2 Sy e 1920 apdy
2u1 V1 2v9 1)

2

w (X, p, v ) (8)

" or \V\
and in the two-dimensional case it is
2

w (X1, p1,v1, Xo, po, v2) = 9)

47T2 ’V1V2’

From the definition of the symplectic tomogram it follows that it can be used for obtaining the moments
of the operator X [24]

<X”> - / X"w (X, i, v) dX. (10)

Originally, the tomographic probability approach had the aim to reconstruct the Wigner function by
measurements of coordinates along different directions in the phase space using the inverse Radon trans-
form. Experimentally, these measurements are realized in the scope of homodyne detection, where a
particular case of the symplectic tomogram is used.

The so-called optical tomogram is defined on the set of rotated but unscaled phase spaces; it depends
on two variables — the quadrature X and the parameter 6, which is connected with p and v as follows:
= cosf and v = sinf. Although at the beginning, the technique mentioned was used for the Wigner-
function reconstruction, due to further active development of the tomographic probability approach, the
other concept based on the substitution of the wave function (or density matrix) by symplectic or optical
tomogram in the description of quantum states appeared. The current research was carried out within
the scope of this concept and is aimed at presentation of the OAM Gaussian states and their properties
within the framework of the tomographic probability approach.

4. Rotating Gaussian Packets in the Tomographic Probability
Representation

The Gaussian states with orbital angular momentum were recently introduced for the pure states
n [10] and for mixed states in [25]. It was shown that the two-dimensional Gaussian packets can have
a rotating structure that consists of the so-called “external” and “internal” rotations. In overview, a
rotating Gaussian packet has the form

Y (x,y) = Nexp [7,‘& (a:v2+bxy+cy2) +Fx+Gy] ) (11)

where k is a constant scale factor, N is the normalizing factor, and a, b, ¢, F, and G are complex
coefficients: a = % +iXe, b=B+ip, c= % +iXe, F'=F,+1iFy, and G =G+ 1Gs.

This relation corresponds to a Gaussian packet that assumes a rotating form under particular values
of the coefficients in the exponent for the wave-function expression. The probability density | (z, y)|2 of
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the rotating Gaussian state under consideration is the probability density in the packet center | (zo, y0)|2
multiplied by a time-dependent exponent |t (2, y,)|* = e~ /@5 |4 (20 (), yo (t))|?, where & = x — zq (t)
and § = y—yp (t). This product corresponds to the “external” and “internal” rotations mentioned above,
and its structure provides one with the condition for the wave-function coefficients.

Following this approach, we obtain the Gaussian state in the tomographic picture and then apply
restrictions obtained for the wave-function coefficients in order to proceed to a particular case of rotating
packets. The integral relation (9) and the expression for the wave function of the two-dimensional
Gaussian state (11) allow us to derive the symplectic tomogram of this packet

_ i o 7 12
CVA |exp |[-XTEX + 67X
T |v11e) VE

w, ()Z',,z, ﬁ) - (12)

Here, the two-vectors X , [, and 7 are expected to consist of the tomographic variables X1, Xo, u1, 2,
v1, and 1o, the factor A has the meaning of A = ary — 32, and the normalization factor reads
C =exp [Ff*y (k=AY — Firy + Gia (k- A_l) - G%/@a]

X exp |:—4F1F2 (KXC — 2”]2) — 4G1G2 <I€Xa — QPJI/ll) + 2/€F1 (ﬁGl — pGQ) — 2/€F2 (pGl + /BGQ) .

For brevity, we denoted by £ a combination of the tomographic variables

E=14 /m+w—1 /iC—l—w — Kk2b?
21/1 21/2

the notation © is used for a two-vector with the components

ST e T R I R - N oy (T S B
E\ v \ 21 1 E\ e \ 211 )

and X is the matrix of the tomographic variables

2

)

KC Lo kb
5 1 1/12 2V12V2 2V1V2
¢ kb Ka 11
2U119 1/22 21 1/22

Obviously, the symplectic tomogram (12) also has a Gaussian form. In terms of the optical tomogram,
which is applicable for homodyne detection, the general form of a Gaussian state is

- 2
o ~\/Z exp —X'Tf])?—i—C:)TX:
Wop (X’9> T |cosC€1 cos B { \/g } ’ (13)

where the parameters of the normal probability distribution are expressed in terms of angles 61 and 6-.
These parameters are the components of the two-vector 6, and the new normalization factor reads

C =exp [Fffy (/@ — A_l) — Firy+ G3a (,‘i — A_l) — G%ma]
t992 tgel

X exp |:—4F1F2 (HXC — 2> — 4G1G2 (ﬁXa — 2> + QRFl (ﬂGl — pGQ) — 2/€F2 (pG1 + /BGQ)
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The coefficient £, the vector ©, and the matrix  have the same form as the initial ones without “tilde”
by the substitutions p; — cos 61, v1 — sinfy, pus — cos bz, and vy — sin fs.

As was demonstrated in [10], the wave function of a minimum-energy rotating Gaussian state has the
form (11) under the following conditions:

1 1
a=g [1+ nexp (—ilu)], b=1i\inexp (—i\u), c=3 [1 —nexp (—ilu)],
F = kR [exp (—iAcv) + nexp (iA; (v —u))], G = ikR [Acexp (—iAcv) + Ninexp (i) (v — w))].

2 2 2
Here, n= \/(T) +p5%, R= \/(W) + <O‘Glﬁ_AﬁF1> , U = arccos <7F%;§Gl>7

Ac and \; equal +1 relating to the sign of mean “classical” (responsible for the motion of the packet center)
and intrinsic angular momentum, respectively, and u is an arbitrary phase. Obviously, the symplectic
and optical tomograms of rotating Gaussian states have the form (12) and (13) under the mentioned
coefficients. Further on, we use this notation.

In order to provide the compatibility of the tomographic picture with experiments where the rotating
Gaussian packets were measured, say, in the homodyne-detection experiments, we calculate the mean
values and variances of the tomographic variables X; and Xo,

(X)) = p1 (vFy — BGY) + v [FakA — 2k (vF1 — BG1) — kp (aGy — BFY)]
KA ’
14
(Xs) = w2 (@G — BFY) + v [GarA — 26X (oG — BF1) — kp (vF1 — BGY)] (14)
KA )

Here one can use the property (10) of the symplectic tomogram assuming n = 1. From the same relation
one can use the second moments of the quadratures X;:

X2y = 2 0 42" (@ +4x3) + wa (p* — B) — 4rBpxa Bp—2YXa
< 1>_M12/€A+V1 oA +M1V1Ta
2 2 2 2
<X2>: 9 +V2/<oa(’y +4x2) + Ky (p —,3)—4/€Bpxc+ Vﬁp_gaxc
v 2 oA (15)
B 28xc — py 28Xa — pa
X1 Xo) = — _r ZFAC P T

< 1X2) M1M22/@A+M1U2 oA + pat oA
KB (A — p? — dxaxe) + 26p (aXe +VXa)
+rivs N .

From expressions (14) and (15), we can obtain dispersions of the tomographic variables

ox;x; = (XiXj) — (Xi) (X;) -

5. Tomographic Quantum Propagator for Rotating (Gaussian Packets

The evolution of quantum states in the tomographic probability approach is described by a Moyal-
type equation in full analogy with the Schrédinger equation [12]. It corresponds to a quantum propagator
representing the time evolution of the symplectic tomogram:

w (X, p,v,t) = /H (X, wvt, X I/,to) w (X',u/, v, to) ax'dy dv'. (16)
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Since the tomogram is related to the wave function, the tomographic propagator should be connected
with the corresponding Green function as well. After deriving this general relation and using the Green
function of the rotating Gaussian state, one obtains the tomographic propagator for the system under
consideration. For the one-dimensional case, the transform connecting the tomographic propagator and
the Green function G (z,y,t) was found in an explicit form in [26]; it reads

(X, v, X V) = 1/k2G <r+l€2V,y,t> G* <r—k2y,z,t> §(y—z—k)

- Ar?
X exp [m <X’ — X +pr— u’y";z)} dk dy dz dr. (17)

Here, we generalize this relation for the two-dimensional case to obtain the tomographic propagator for
rotating Gaussian states. Due to the homogeneity of the tomogram (6), the tomographic propagator
possesses this property as well, i.e.,

II (SX, sp, sv, X', s, sy',t) = \5\731_1 (X, wv, X v t) . (18)

This fact leads to the important property of its Fourier components that was derived in [26] for the
one-dimensional case,

I p (kp,v, X0V 1) = KTl (1, kp, kv, kX' ke k' t) (19)
where
Up (k, v, X )V 8) = / (X, g0, X',V ) €55 dX,

p (1, kp, kv, kX' ki kv ) = /H (kX kp, kv, kX' kp! k' t) e d X
Relation (19) can be easily generalized for the two-dimensional case as follows:
Hp <k1,/€2,M1,M27V1, va, Xy, Xo, 1y, 2, vy, Véat>
— K220 (1, 1, kpin, kapio, k1w, kavs, ki X, ko Xo, Kty kapa, ki, kzu;,t) : (20)
In view of relation (20) and definitions of the tomographic propagator
w (X1, p1, v1, Xo, pi2, v2,t) = /H <X17/~01,V1,X2,H2,szXiaMi,VivXé,MlzvVéatat())
(X1 4 X o t0) 45 Xy (21
and the Green function in the two-dimensional case
Y (z,y,t) = /G (:c,y,x’,y’,t,to) P (ac’, y',to) dx’ dy, (22)
we derive the following integral relation:

II <X1,,u17y1aX2nu2aVQ,X15M17V17X2aM2>V27t)

1 ]{711/1 ]{72112 * kll/l kgl/g
:W/k%k%G <a1+27a2+27y17y27t G a1_77a2_77'z13227t

. ’ ’ +z . ’ ’ + z
X exp {Zlﬁ <X1—X1+M1a1—#1y12 1>+lk2 <X2—X2+M2a2—ﬂ2y22 2>]

X0 (y1 —Z1 — kll/;) 1 <y2 — Z9 — kzl/é) dkl dkz dy1 dyg le dZQ da1 dCLQ. (23)
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We can use this relation for considering the time evolution of the optical rotating Gaussian states. Since
. 1 1

the Hamiltonian H = BYYi (ﬁ% —{—ﬁz) + 5MW2 (m2 + y2) of the corresponding system coincides with the

Hamiltonian of a particle with mass M moving in the isotropic harmonic potential, the Green functions

of these systems also coincide.

The time evolution of the OAM Gaussian packet is determined by the Green function of an isotropic
harmonic oscillator [10], namely,

K K
= ex
27 sin (wt) P 2sin (wt)

G (z,y,2',y,t) [cos (wt) (2 +y* + 2 + y?) — 2 (z2’ + yy/)] } . (24)
where x is the factor characterizing the wave function in (11); for the case of an isotropic harmonic
oscillator, Kk = Mw/h. In view of relation (24), we obtain the expression for the tomographic propagator
corresponding to rotating Gaussian states; it is

I (Xla,ula V17X27 K2, V27Xia ,u/b VivXénu,% Véat) = 4’%2 Sin2 (Wt) 5(X1 - Xl)(s(Xé - X2)
X0 (/Wl cos (wt) — Ky + puy sin (wt)) 0 (ng cos (wt) — Ky + fig sin (wt))

X9 (/iull cos (wt) — Ky — 1y sin (wt)) 4] (m/é cos (wt) — kg + iy sin (wt)) . (25)

6. Summary

To conclude, we list our main results.

We described the OAM states in terms of the tomographic probabilities using the example of the
OAM Gaussian states, whose properties were recently explored in [10]. We obtained the symplectic and
optical tomograms of a rotating Gaussian state and showed that the symplectic tomogram is responsible
for providing a universal language to describe both classical and quantum states, which is relevant for
considering the OAM light.

Optical tomograms are important for experimental implementation since they provide the possibility
of determining quantum states by functions, which do no need to be statistically reconstructed. The
optical tomogram can be measured directly in the homodyne detection experiments due to the fact that
it depends only on two variables. In the one-dimensional case, we have the quadrature X having the
meaning of the difference between the number of the recorded photoelectrons in the subtraction scheme
in a homodyne setup normalized by the local oscillator (LO) amplitude and the parameter 6, the LO
frequency. This scheme can be generalized (see, for example, [14]) to a two-dimensional case in terms
of the quadratures X; and X5 considered in this work. In order to provide a consistent representation
needed for the experiments, we obtained the mean values and variances of the quadratures Xj;.

We performed the evolution of the OAM Gaussian states in the tomographic probability approach.
We obtained the relation between the tomographic propagator and the Green function for the two-
dimensional case and derived the tomographic propagator in an explicit form for the problem under
consideration.
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