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Abstract

We obtain a new matrix inequality for an arbitrary density matrix of composite/noncomposite qudit
systems including a single-qudit state. For bipartite systems, this inequality coincides with a known
entropic inequality like the subadditivity condition. The examples of two-qubit system and qudit with
j = 3/2 are discussed.
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1. Introduction

Quantum correlations for multipartite qudit systems are partially characterized by some inequalities
for the system density matrices. For example, the system of two qubits has the density matrix, which
in the case of the system separable state obeys the Bell inequality [1,2]. The violation of the inequality
provides a characteristic of the entanglement in the two-qubit system, which is related to the degree of
correlations between qubits, and the correlations can be associated with a value of the Cirelson bound [3].

On the other hand, there exist the entropic and information inequalities, e.g., the subadditivity
condition, which is an inequality for the von Neumann entropies of the bipartite system and two of
its subsystem states [4-6]. For three-partite systems, there exists the strong subadditivity condition,
which is an inequality for the von Neumann entropies of the composite system and its subsystems [7,8].
The subadditivity conditions are also valid for the Shannon entropies [9] of the bipartite and three-
partite systems. The nonnegativity of the Shannon mutual information, quantum mutual information,
and conditional classical and quantum mutual informations follow from the subadditivity and strong
subadditivity conditions.

Recently, the portrait qubit and qudit maps were introduced to study the entanglement phenom-
ena [10,11]. This method is appropriate for studying quantum correlations within the framework of
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the tomographic probability representation of quantum states [12-17]. In this representation, which is
valid for both discrete and continuous variables [12], the spin states (qudit states) are identified with fair
tomographic probability distributions [18-21]. In view of this fact, the standard formulas for classical
probability distributions like the formulas for entropy and information can be easily compared with the
corresponding quantum relationships [22,23].

Using the approach based on the portrait method which, in fact, is the positive map approach, many
researchers [10,11,24-27] show that the entropic inequalities valid for composite systems can be extended
to arbitrary systems, including the systems without subsystems. In [28-36], some inequalities associated
with positive operators acting in the Hilbert space, which has the structure of tensor product of Hilbert
spaces, were studied.

The aim of our work is to obtain new matrix inequalities for density matrices of the qudit states
of both composite and noncomposite quantum systems, which do not depend on the tensor product
structure of the Hilbert space. We follow the approach of [10,11,24-27] based on the portrait positive
map method.

This paper is organized as follows.

In Sec. 2, we formulate a new inequality for the Hermitian matrix, which corresponds to the operator
inequality for a bipartite quantum system given in [28,29]. In Sec. 3, we consider the examples of this
inequality for 4x4 Hermitian matrix and for the density matrices of the two-qubit state and the single
qudit with j = 3/2. We give our conclusions and prospectives in Sec. 4.

2. Inequality for Nx N Hermitian Matrix

We present a new inequality for the density NxN matrix p with properties pf = p, Trp = 1,
and p > 0. Let N = nm, where n and m are integers. We present the matrix p in a block form

a1 a2 - Qln
a1 a2 - G2n . .
p= , where the blocks aji (j,k =1,2,...,n) are the mxm matrices. For an
Gpl Ap2 -+ Gpp
a11(p) a2(p) -+ a(p)
a a DY a
arbitrary real number p, we introduce a matrix pf = 21(p)  az(p) 2n(p) , which is also
anl (p) an2 (p) HRR 2777} (p)

presented in a block form, and the blocks a;i(p) are the mxm matrices depending on the parameter p.
A new inequality valid for an arbitrary N x N matrix p reads

1/p]
o 1/ Traii(p) Traa(p) -+ Trapu(p)
n
T T e T
Tr Zajj <Tr vaxu(p) Traz(p) ¥ azn(p) (1)
j=1
Trani(p) Trap2(p) -+ Trap(p)

This inequality is valid for p > 1.
The nxn matrix on the right-hand side of (1) has the matrix elements Tr a;(p).
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If 0 < p <1, inequality (1) reverses.
If N # nm, we use an integer N’ = N + s, such that N’ = nm, and consider the density N'xN’
matrix p’ of the form

ailp a2 - A1n
0 a a e a
,0/ _ P _ 21 22 2n : (2)
0 0 e e
anl Aanp2 -+  Qpp

where a;j, are the blocks, which provide the block-form representation of the density N’'xN’ matrix p'.
Then inequality (1) holds for the blocks associated with the matrix p’ by (2).

The new inequality (1) is obtained in view of the inequality reported in [28, 30, 36] for the density
operator of a bipartite quantum system. But the new inequality (1) is valid for arbitrary density matrices
of multipartite qudit systems, including the single-qudit density matrix. If the density matrix p is the
diagonal matrix, inequality (1) provides the inequalities for arbitrary probability vectors.

In fact, let us denote the diagonal elements of the matrix p as (ajj)a = Pja, o =1,2,...m. The
nonnegative numbers Py, Pio,..., Pim, Po1, Poo,..., Pop, ..., Pp1, Pra,..., Pyy can be considered as
components of a probability N-vector P. Inequality (1) written in terms of the probability vector reads

P 1/p 1/p

> || 2 P <2 |2 ()
a=1 a=1

J=1 J=1

, p>1 (3)

The reverse inequality holds for 0 < p < 1.

If N # nm, we use N' = N+s = nm. Inequality (3) for the probability N’-vector holds, and the last s
components of the probability N'-vector are equal to zero. In fact, we have inequality (3) for an arbitrary
number of nonnegative numbers, which are not necessarily associated with a probability distribution. It
is worth pointing out that inequality (1) obtained for the density N x N matrix p is valid for any density
matrix obtained from this one by all permutations of the indices 1,2,...,N — 1,,2,,..., N,. The same
statement is true for inequality (3).

More generally, the density matrix ®(p) obtained from the initial matrix p by means of an arbitrary
positive map p — ®(p) satisfies inequality (1). It is clear that one can use different decompositions of the
integer N = nm = n’m’. This means that there exist different inequalities for the same density matrix p
corresponding to different product form of the numbers N and N'.

For N = nm, we can extend inequality (1) to the case of an arbitrary Hermitian N xN matrix A.
Let A = A" and the matrix A have the block form corresponding to the decomposition N = nm,

ai;p a2 - aln
a21 a2 - a2n

A= . (4)
Gn1 Aanp2 - dpn

Let xg be the minimum eigenvalue of the matrix A. For an arbitrary = > xq, such that x + x¢ > 0, we
introduce the nonnegative Hermitian matrix

A(z) = A+ zly. (5)
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The matrix A(x) has the block form

an +zl, a2 e G1n
a aoe + xl e a
A(.’L’) _ 21 22 m 2n . (6)
anl an2 e Qpp 21y

Then the matrix (A(z))P can also be presented in a block form as follows:

air(z,p) aw(z,p) - aw(z,p)
) B 7
an1 (JUaP) anZ(fU,P) e ann(l'ap)

For N = nm, the new inequality, which holds for an arbitrary Hermitian N x N matrix A, reads

1/p7]
o 1p Traii(z,p) Trawz(z,p) -+ Trai(z,p)
n
T T e T
Te Zajj(l’) <Tr ragi(z,p) Trag(z,p) r agy, (T, p) ' (8)
= . e
Trapi(xz,p) Trape(z,p) -+ Trap,(z,p)

This inequality is valid for p > 1. The inequality reverses for 0 < p < 1.
In the case N # nm, we use N' = N + s = nm, and the new inequality for the Hermitian matrix

A0
=l 0 0 presented in the block form (4) can be given by the above inequality (8).

Using the diagonal Hermitian matrix A, one can write the inequality for an arbitrary finite set of
N = nm real numbers Pi1, P12, ..., Pin, Po1, Poo, ..., Pom, ..., Pn1, Pua, ..., Pyn. It has the form of the
inequality for two functions P;(x,p) and Py(z,p), i.e.,

Pl(l"p) < P2($7P)7 b >1 and 731($,p) > 772(513,]?), 0< b < 17 (9)

A/

where
. N Py VP n m py1l/p
Pi(z,p) = Z n:U+ZPja , PQ(x,p):Z{[<ZPja> +mx } : (10)
o=l J=1 Jj=1 a=1

For reals, such that P;, > 0 and Z?:l oot Pia = 1, inequality (9) can be interpreted as an inequality
for the probability vector, which holds for an arbitrary = > 0.

Some information on the correlations in the system of qudits, including the case of a single qudit, is
available in the difference of terms in inequality (1)

1/p]
Traii(p) Trae(p) -+ Trai(p) —.
T T o Trag, n
T = || Ton@) Traxd) a2 (p) — T | Y ay >0, p>1. (11)
. e
Trani(p) Trapa(p) -+ Trap,(p)
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For a bipartite system, the function J(p) is an additional (to the mutual information) characteristic of
correlations given by the subadditivity condition terms.

3. Inequalities for Hermitian 4x4 Matrices

Now we illustrate the inequalities on an example of 4x4 matrices. In this case, the 4x4 matrix A has
2x2 blocks

P11 P12 P13 P14 P31 P32 P33 P34
a11:< >, a12:< >, a21:< >, a22:< ) (12)
P21 P22 P23 P24 P41 P42 P43 P44

The matrix A(x) reads

P11+ P12 P13 P14
Az) = P21 P2+ P23 P24 ' (13)
P31 P32 P33+ P34
P41 P42 P43 Pt

The matrix (A(x))P has the block form

(A(z))P = < allgl'ap) auE%ii ) . (14)

Inequality (8) is

< Tr

, p > 1.

p1/p
p11 + p33 + 2z P12 + P34
Tragi(xz,p) Trag(x,p)

1/p
. Traii(z,p) Traia(z,p)
p21 + P43 p22 + pag + 22

(15)

If the Hermitian matrix A is nonnegative and Tr A = 1, one can interpret it as a density matrix either of
the two-qubit state or the qudit state with j = 3/2.

For diagonal density 4x4 matrix with eigenvalues p11, p12, p21, and pag, the inequality reads (x = 0)

[ (p11 +p21)? + (P12 +p22)p]1/p < (p}, +p}172)1/p + (% +p}2)2)1/p, p =L (16)

One can check that for p = 2 the above inequality is equivalent to the inequality a? + b > 2ab; for this
case, the function [J(p) reads

_ 1/p 1/p 2 p] /P
T(p) = (04 + o) + (05 +15) " — [(Pll +p21)” + (P12 + p22) } >0, p =1, (17)

and the mutual information is

I =piiInpii + piaInpis + po1 Inpor + paa Inpao — (p11 + p12) In (p11 + pi12)
— (p21 + p22) In (p21 + p22) — (P11 + p21) In (p11 + p21) — (P12 + p22) In (p12 + p22) > 0. (18)

Inequalities (17) and (18) are compatible.
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4. Conclusions

To conclude, we point out the main results of our work.

For an arbitrary system of qudits, including the single-qudit case, we obtained the inequalities for
the system-state density matrix, which are equivalent to the inequalities known in the case of a bipartite
quantum system. We derived a new simple inequality for an arbitrary Hermitian N xN matrix. The
inequality can be used to study the ground-state energy for the Hermitian Hamiltonian. It is worth
clarifying the compatibility of this inequality with entropic and information inequalities obtained for the
Hamiltonian in [37]. These problems will be discussed in a future publication.
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