
Journal of Russian Laser Research, Volume 32, Number 2, March, 2011

LOSS OF ATOM INTERFERENCE

DUE TO A RANDOM PHASE

A. El Allati,1, 2 ∗ M. El Baz,1 Y. Hassouni,1 A. Kassou Ou Ali,1 and F. Saif 3
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Abstract

We suggest a model where the influence of an environment on the atom interference is associated with
a random phase. The model consists of sending a two-level state atom through two cavities, both
containing a standing wave field in the Bragg regime and Raman–Nath regime, respectively. In view
of this model, we can visualize the loss of interference fringes if the randomness of the phase increases,
and the restoration of the pattern when it decreases, as which-path information. Then, the controllable
random noise acts as a decoherence that would destroy the quantum features.

Keywords: atom interference, atomic momentum state, quantum eraser, Bragg regime, Raman–Nath
regime.

1. Introduction

In contrast to classical physics, the atom interference is a quantum phenomenon based on the superpo-
sition of states. Einstein and Bohr discussed this phenomenon in order to formulate the complementarity
principle [1]. Later, Feynman described this phenomenon as containing the basic mystery of quantum
mechanics [2]; it is impossible to obtain both interference and complete which-path information in a single
experiment, and any attempt to identify the path taken by the particle serves to destroy the interference
pattern. Now, it has become the subject of hectic research to explore both theoretical and experimental
aspects of quantum physics. Theoretically, it is seen as a tool to understand quantum theory, illustrating
the quantum superposition principle [1, 2]. Experimentally, any distinguishability between the paths of
an interferometer destroys the structure of the interference fringes. In 1982, Scully and Drühl showed
that the loss of interference does not depend on the uncertainty principle but depends on the quantum
entanglement between the interfering particles and the measuring apparatus [3], known as the quantum
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eraser. The quantum-eraser behavior has been reported in several experiments [4–12] using different
versions (for details, see the review [13]).

In this paper, we propose a model that serves as a quantum eraser that can destroy and restore the
atom interference. It consists of sending a two-level atom through two cavities in two different regimes
(both containing a standing wave field in the Bragg regime and Raman–Nath regime, respectively). The
model allows us to obtain the atom interference by the atomic external degrees of freedom and to study
the effect of environment [14, 15]. The first regime is the deflection of atoms in the ground state with
a field mode in the Fock state inside the first cavity, in the Bragg regime. Controlling the atom–field
interaction time allows one to generate the atomic momentum states. After that, the previous atom is
excited by the Ramsey field and passes through the second cavity kept in the Raman–Nath regime. The
interference phenomenon is obtained through the superposition of momentum states of the atom [16–18].
However, the decoherence is usually present, which adds noisy or out-of-random phases in the way of
atoms between two regimes. Then, it yields the loss of information on the momentum state, which serves
to destroy the atom interference, as which-path information [4].

The paper is organized as follows.
In Sec. 2, we describe the model and present the fundamental expressions of analytical calculations.

In Sec. 3, we study the impact of the random phase, which is introduced by the environment on the
interference phenomenon. Finally, in Sec. 4, conclusions on the main results are given.

2. Model

Let us consider a beam of atoms in the ground state moving with the center-of-mass momentum P�0

towards a cavity. The inner field in the cavity is an optical standing wave of wavelength λ. One atom is
injected into the cavity, the cavity is aligned along the x axis (Fig. 1), and the atom interacts with the
cavity field, which is in the Fock state |n〉. Assuming large detuning between the cavity field frequency
ν and the atomic transition frequency ω0, the atom remains in the initial state without the spontaneous
emission of photons. The result of the atom–field interaction is that the atom may be undeflected or
deflected in the direction of the wave propagation by an even multiple of the photon momentum �k [19].

Fig. 1. Suggested experiment for scatter-
ing atoms, which is illustrated by an incom-
ing atomic beam with momentum P�0 along
the field and at an angle θ with respect to
the vertical axis. In the Bragg regime, there
are two possible directions with momentum
P�0 and P−�0 .

The total Hamiltonian of the interacting atom in the pres-
ence of its center-of-mass motion with a standing wave having
a wave number k defined as k = 2π/λ in the dipole and the
rotating-wave approximations is given by

H =
P̂ 2

x

2M
+

1
2

�ω0σz + �νa†a + �g cos (kx̂)(σ+a + σ−a†), (1)

where P̂x and x̂ are the momentum and position operators of
the atom, the operators σz and σ± are the Pauli matrices, a and
a† are the annihilation and creation operators of the standing
wave, respectively, g is the atom–field coupling constant, and
Δ = ν − ω0 describes detuning between the atomic transition
frequency and the field frequency.

We suppose that the detuning is large enough, such that
direct atomic transitions do not occur, but the interactions be-
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tween a single atom and the cavity field in a state |n〉 do occur off resonance [23]. So, it is very rare to
find the atom in the excited state. The system may be then described by the effective Hamiltonian

Ĥeff =
P̂ 2

x

2M
− �|g|2

2Δ
n̂σ−σ+ cos(2kx̂ + 1), (2)

with σ+σ− + a†aσz = −a†aσ−σ+.
The wave function of the atom–field system, after an interaction time t, in the discrete momentum

space is given by

|ψ(t)〉 =
+∞∑

l=−∞
(Cg,n

Pl
(t)|Pl, g, n〉 + Ce,n

Pl
(t)|Pl, e, n〉), (3)

where |Pl〉 is the atom state of the transverse momentum Pl, Cg,n
Pl

(t) and Ce,n
Pl

(t) are the probability
amplitudes that the atom exists with momentum P� after 	 interactions, and n is the number of photons
in the cavity. During the atom–field interaction, the momentum transferred to the atom by the field is
either 0 or 2�k [19], and, for each complete Rabi cycle, the momentum of the exciting atom is given by

P� = P�0 + 	�k, (4)

where 	 is an even integer.
The time evolution of the atom in the process of its interaction with the cavity field is given by the

Schrödinger equation as follows:

i�
d

dt
|ψ(t)〉 = Ĥeff |ψ(t)〉, (5)

which leads to the following equations of motion for the probability amplitudes Cg,n
P�

:

i
∂Cg,n

P�
(t)

∂t
= ωrec	(	 + 	0)Cn

P�
(t) − χn

2
(Cg,n

P�+2�k(t) + Cg,n
P�−2�k(t)), (6)

where ωrec = �k2/2M is the frequency associated with the photon recoil and χn = |g|2n/2Δ is the
effective Rabi frequency.

In view of Eq. (6), one can study atomic scattering through the cavity in any regime.

2.1. Bragg Regime

In the Bragg regime of atomic deflection, for large detuning [20], the recoil frequency of the atom is
much higher than the effective Rabi frequency, viz.,

ωrec � χn. (7)

The energy conservation in the Bragg regime requires that

P 2
out = (P�0 + 	�k)2, (8)

where P�0 = [	0/2]�k = P�0 is the initial momentum of the atom [24], and Pout is the atom momentum
when the atom emerges out of the cavity after 	 interactions. In the Bragg condition, 	0 = 2, 4, 6 . . .,
which corresponds to the first, second, and third order of the Bragg scattering, respectively. Equation (8)
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has two solutions 	 = 0 and 	 = −	0, which means that there exist only two possible directions of the
atomic momentum out of the cavity, namely,{

	 = 0 → undeflected,
	 = −	0 → deflected.

Substituting |ψ(t)〉 into the Schrödinger equation yields the coupled differential equations from 	 = 0 to
	 = −	0 for the Bragg regime as follows:

i
∂Cg,n

P�0
(t)

∂t
= −χn

2
(Cg,n

P2
+ Cg,n

P−2
),

i
∂Cg,n

P−2
(t)

∂t
= ωrec(−2)(−2 + 	0)C

g,n
P−2

(t) − χn

2
(Cg,n

P2
(t) + Cg,n

P−2
(t)),

· · · · · · · · ·
· · · · · · · · · (9)

· · · · · · · · ·
i
∂Cg,n

−�0
(t)

∂t
= −χn

2
(Cg,n

P−�0+2
(t) + Cg,n

P−�0−2
(t)).

Adiabatic solution of the coupled differential equations allows one to obtain two coupled equations [21]
(for 	0 > 2):

i
∂Cg,n

P�0
(t)

∂t
= AnCg,n

P�0
(t) − 1

2
BnCg,n

−�0
(t), (10)

i
∂Cg,n

P−�0
(t)

∂t
= AnCg,n

−�0
(t) − 1

2
BnCg,n

P�0
(t), (11)

where

An = − (χn/2)2

ωrec(	0 − 2)(2)
(12)

and

Bn =
(χn)�0/2

(2ωrec)(�0/2)−1[(	0 − 2)(	0) · · · 4 · · · 22]
. (13)

From Eqs. (10) and (11), the probability of the atom to exit with momentum P�0 is CP�0
(t), and that

of exiting with momentum P−�0 is C−�0(t). So, the probability amplitudes are given, for the initial
conditions Cg,n

P�0
(0) = 1 and CP−�0

(0) = 0, by the following equations:

Cg,n
P�0

(t) = e−iAnt
[
Cg,n

P�0
(0) cos (Bn(t)/2) + iCg,n

−�0
(0) sin (Bn(t)/2)

]
, (14)

Cg,n
−�0

(t) = e−iAnt
[
Cg,n
−�0

(0) cos (Bn(t)/2) + iCg,n
P�0

(0) sin (Bn(t)/2)
]
. (15)

The substitution of these conditions in Eqs. (14) and (15) allows one to obtain the state of the scattered
atom and the cavity field

|ψ(t)〉 = eiAn [cos (Bnt/2) |P�0〉 + i sin (Bnt/2) |P−�0〉] |g, n〉. (16)
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The probabilities that the atom exits with momentums P�0 and P−�0 are given by

P(P�0 , t) = cos2(Bnt/2), (17)

P(P−�0 , t) = sin2(Bnt/2). (18)

If the atom–cavity interaction time t = π/(2Bn), the above probabilities are the same, and the output
state of the atom state reads ∣∣∣∣ψ

(
π

2Bn

)〉
atom

=
1√
2
[|P�0〉 + |P−�0〉] ⊗ |g〉. (19)

The probability of finding the atom either in the state |P�0〉 or in the state |P−�0〉 is 1/2, which corresponds
to the second Bragg diffraction, deflected/undeflected. After passing through the first cavity, the atom
heads toward the second cavity. So, there are two possibilities for the atomic momentum states |P�0〉
and |P−�0〉. For this purpose, we suppose that the atom interacts with the field inside the second cavity,
which occurs in the Raman–Nath regime.

2.2. Raman–Nath Regime

After exiting the cavity in the state (19), the atom is excited by the Ramsey field and then travels
freely towards the second cavity (Fig. 2) in the state

|ψ〉atom =
1√
2
(|P�0〉 + |P−�0〉) ⊗ |e〉, (20)

The atom–field interaction inside the second cavity is assumed to occur at an exact resonance (Δ = 0)

Fig. 2. Atom interference scheme with an atom passing through two cavities. Different devices such as the Ramsey
field, random phase, and screen.

and is described by the Hamiltonian

H =
P̂ 2

x

2M
+

1
2

�ω0σz + �νa†a + �g cos(kx̂)(σ+a + σ−a†), (21)
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where a and a† are the annihilation and creation operators of the cavity mode. The effective Hamiltonian
for the atom–field system is given by

Ĥeff =
P̂ 2

x

2M
+ �g cos(kx̂)(σ+a + σ−a†). (22)

The final state of the system after an interaction time t inside the second cavity is

|ψ(t)〉final =
1√
2

∞∑
�=−∞

(
exp

{
−i

P 2
�0

2M�
t

}(
Ce,n

� (t)|P�, e, n〉 + Cg,n+1
� (t)|P�, g, n + 1〉

)

+ exp

{
−i

P 2
−�0

2M�
t

}(
Ce,n
−� (t)|P−�, e, n〉 + Cg,n+1

−� (t)|P−�, g, n + 1〉
))

, (23)

with Ce,n
� (t), Cg,n+1

� (t), Ce,n
−� (t), and Cg,n+1

−� (t) representing the time-dependent probability amplitudes
for the atom. The probability amplitudes to find an atom in the state |P�〉 satisfy the following equations,
which may be derived in the Bragg regime from the Schrödinger equation,

i
∂Ce,n

� (t)
∂t

= (Δ0	 + ωrec	
2)Ce,n

� (t) +
1
2
g
√

n + 1
(
Cg,n+1

�+1 (t) + Cg,n+1
�−1 (t)

)
, (24)

i
∂Cg,n+1

� (t)
∂t

= (Δ0	 + ωrec	
2)Cg,n+1

� (t) +
1
2
g
√

n + 1
(
Ce,n

�+1 + Ce,n
�−1(t)

)
, (25)

where the initial conditions read Ce,n
�0

(0) = Ce,n
−�0

(0) = 1 and Cg,n+1
� (0) = Cg,n+1

−� (0) = 0.
The analytical solution of differential equations (24) and (25) can be obtained in the Raman–Nath

regime if the interaction time is very short. This regime of atomic diffraction is a characteristic of the
situation where the recoil energy is smaller than the interaction energy [25], i.e.,

ωrec � g
√

n + 1. (26)

The analytical solutions of Eqs. (24) and (25) [26] are given by

Ce,n
2� (t) = exp(−i(Δ0t + π)	)J2�(ξ(t)), (27)

Cg,n+1
2�+1 (t) = exp(−i(Δ0t + π)(	 + 1/2))J2�+1(ξ(t)), (28)

where J� is the 	th-order Bessel function, ξ(t) = [2g
√

n + 1/Δ0] sin(Δ0t/2), and all the other probability
amplitudes are zero.

In the case P�0 �= 0 and Δ0 �= 0, the probability amplitudes Ce,n
� (t) and Cg,n+1

� (t) are periodic
functions with the period

T = 2π/Δ0 = λ/v0, (29)

where λ = 2π/k is the wavelength of the field and v0 = P�0/M is the velocity of the atomic motion along
the cavity.

The same results are obtained for the atomic momentum states |P−�〉.
The final atom–field state is then given by

|ψ(t)〉final =
1√
2

∞∑
�=−∞

[
exp

{
−i

P 2
�0

2M�
t

}(
Ce,n

2� (t)|P2�, e, n〉 + Cg,n+1
2�+1 (t)|P2�+1, g, n + 1〉

)

+ exp

{
−i

P 2
−�0

2M�
t

}(
Ce,n
−2�(t)|P−2�, e, n〉 + Cg,n+1

−(2�+1)(t)|P−(2�+1), g, n + 1〉
)]

. (30)
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This coherent superposition state of momentum gives the interference pattern at the screen. One can
easily recover the initial state from Eq. (30). In fact, for t = 0, the initial momenta correspond to 	 = 0
and 	 = −	0, ξ(t = 0) = 0, and Jn(0) = δn,0, so that

|ψ(0)〉 =
1√
2
(|P�0〉 + |P−�0〉) ⊗ |e, n〉. (31)

The wave function of the atom with momentum P�, coming from the initial state of undiffracted beam,
after interaction time t is given by

ψ1(p�, t) =
1√
2

exp
{
−i

P 2
0

2M�
t

}
Ce,n

� (t)|e, n〉 for even 	,

ψ1(p�, t) =
1√
2

exp
{
−i

P 2
0

2M�
t

}
Cg,n+1

� (t)|g, n + 1〉 for odd 	.

The wave function coming from the initial state of diffracted beam with momentum P−� after interaction
time t is given by

ψ2(p�, t) =
1√
2

exp

{
−i

P 2
−�0

2M�
t

}
Ce,n
−� (t)|e, n〉 for even 	,

ψ2(p�, t) =
1√
2

exp

{
−i

P 2
−�0

2M�
t

}
Cg,n+1
−� (t)|g, n + 1〉 for odd 	.

The interference pattern is calculated as P(p�, t) = |ψ1(p�, t)+ψ2(p�, t)|2, where ψ1(p�, t) and ψ2(p�, t)
are the wave functions of the atomic center-of-mass motion in paths 1 and 2, respectively. Thus, the
quantum interference is the result of an uncertainty in the path. The probability to find the atom with
the momentum 	�k is

P(p�, t) =
1
2
|J�(ξ)|2 (1 + cos[2(Δ0t + π)	]) . (32)

The interference behavior is represented by the term cos(2Δ0t	), and the Bessel function J�(ξ) is
explained as the envelop function of the fringes, which is varying slowly with time and atomic momentum
(see Fig. 3) with Δ0 = 1.63 · 108 Hz and 2g

√
n + 1/Δ0 = 20 [27]. The probability of atomic momentum

of Eq. (32) shows that the atomic momentum is characterized by a symmetric distribution with respect
to the axes 	�k and −	�k (see Fig. 4). The distribution of the atomic momentum in the positive axis
can exhibit the interference by the fringes with different intensities detected at the screen.

From Eq. (32), one can see that the evolution of the probability distribution varies periodically with
the interaction time t, due to the parameter ξ. If the interaction time is an integer multiple of the period,
Ce,n

0 (t) = 1, while all the other probability amplitudes are zero. So, the atom completes full cycles
and leaves the cavity in an excited state without contributing to the cavity field. Also, the probability
decreases towards the minimum intensity in Δ0t/2 = kπ/2, with k an integer.

In Fig. 5, we show the atomic momentum distribution P(p�, t) as a function of 	 at different times,
such as t = (π/4)(1/Δ0), (π/2)(1/Δ0), π/Δ0, and (3π/2)(1/Δ0). We observe that with increase in the
time of interaction inside the cavity, the fringes of interference in the screen also increase (see Fig. 5b
and d). We observe also that the range of the intensity peaks becomes wider with time.

Now, we are in a position to describe the loss of quantum interference in the presence of an environment
that is associated with a random phase. So, decoherence affects the undiffracted/diffracted beams of the
atom in the path to the second cavity (see Fig. 2), which is the object of the next section.
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Fig. 3. Output momentum distribution of the atom
scattered by the light standing wave of the cavity with
different values of the probability to find the atom with
the momentum 	�k at time t.

Fig. 4. Variation of the atomic momentum state for the
Fock state as a function of 	 from −20 �k to 20 �k with
time t = 3π/2Δ0 and n = 50.

a) b)

c) d)

Fig. 5. Variation of atomic momentum state as a function of 	 from −20 �k to 20 �k with different times t =
(π/4)(1/Δ0) (a), (π/2)(1/Δ0) (b), π/Δ0 (c), and (3π/2)(1/Δ0) (d).
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3. Random Phase

We consider the case where the atomic beam coming out of the first cavity is incoherent, and two
independent random phases are attached to the wave functions ψ1(p�, t) and ψ2(p�, t), respectively. The
same result will hold if we study a random phase only at one wave function. So, a random phase is placed
before the second cavity in the path of the atomic momentum state |P�0〉, and the state becomes eiφ|P�0〉
with the phase φ. After passing through the first cavity, the state reads

|ψ(t)〉 = |P−�0〉 + eiφ|P�0〉. (33)

Assuming the previous scheme (Fig. 2), the atom–field state after the second cavity is

|ψ(t)〉 =
1√
2

∞∑
�=−∞

[
exp

{
−i

P 2
�0

2M�
t

}
eiφ

(
Ce,n

2� (t)|P2�, e, n〉 + Cg,n+1
2�+1 (t)|P2�+1, g, n + 1〉

)

+ exp

{
−i

P 2
−�0

2M�
t

}(
Ce,n
−2�(t)|P−2�, e, n〉 + Cg,n+1

−(2�+1)(t)|P−(2�+1), g, n + 1〉
)]

. (34)

After passing the cavity, the atomic beam propagates onto the screen, where the probability to find the
atomic momentum 	�k is given by

Pφ(p�, t) =
1
2
|J�(ξ)|2(1 + cos(2Δ0t	 + φ)). (35)

Obviously, the interference and the phase behavior are represented by the term cos(2Δ0t	+φ), and the
disappearance of this term means suppression of the atomic interference. So, the decoherence decreases
the efficiency of quantum information for the atom from the quantum domain to the classical domain.
The phase φ takes all values randomly, from 0 to 2π, and serves to destroy the interference completely,

1
2π

∫ 2π

0
Pφ(p�, t) dφ = 1. (36)

In fact, φ is a statistical variable, which is described by a distribution function P (φ). Hence, there are
many assumptions on the distributions describing a random phase, e.g., the Gaussian distribution.

The probability distribution after detection at the screen is given by

P(p�, t) =
1√
4πσ

∫ 2π

0
e−φ2/4σPφ(p�, t) dφ =

1
2
|J�(ξ)|2(1 + cos(2Δ0t	)e−σ), (37)

where σ is a noise factor. The increase in this factor can suppress the interference phenomenon completely
(see Fig. 6). So, one can destroy or recover the atom interference by increasing or decreasing the noise
factor σ. It is the same effect we observe as we obtain the which-path information. Hence, we may
conclude that the process of extracting which-path information leads to introducing a random phase.
Also one can say that the control of the phase angle φ represents a switch that allows one to turn the
interference fringes on and off.
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a) b) c)

d) e) f)

Fig. 6. Destruction of the atom interference by increasing the noise factor σ = 0.01 (a), 0.1 (b), 0.5 (c), 1 (d),
2 (e), and 3 (f), which decreases the contrast of fringes.

4. Conclusions

We have presented a model using the two-level atom with the field inside the cavities. The model
was studied in two regimes — the Bragg regime and the Raman–Nath regime. The model elaborated
allows one to obtain the atom interference using the atomic external degrees of freedom, such as an
interferometer. We studied the loss of quantum interference of two paths under the influence of an
environment and a random phase. We showed that, with increase in the randomness in an added phase,
one switches from the quantum domain to the classical domain. It was the same effect we observed as we
obtain the which-path information. Hence, we may conclude that the process of extracting which-path
information leads to introducing a random phase, and this may help to solve the puzzle of which-path
information.
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