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Abstract
Fatigue damage and micro-cracks growth have been proved to be closely related to the nonlinear effect of ultrasonic Lamb 
waves propagation in materials. In this paper, the relationship among fatigue life, length and width of micro-cracks, and the 
acoustic nonlinearity parameter was established. The variation of the acoustic nonlinearity parameter caused by fatigue dam-
age was analyzed based on micro-cracks growth. Considering the multimodal nature of nonlinear Lamb waves, we selected 
the low-frequency mode pairs S0–s0 and S1–s2 to evaluate fatigue damage in 7075 aluminum alloy plates. Both FE simula-
tions and experiments show that the mode pair S1–s2 is more suitable than S0–s0 for the assessment of fatigue damage. It 
was found that with increasing fatigue cycles, the relative acoustic nonlinearity parameter A2/A1

2 firstly increases because 
the micro-cracks length extends while the micro-cracks width does not change much. The relative acoustic nonlinearity 
parameter A2/A1

2 reaches its peak at about 60% of the fatigue life. Then the relative acoustic nonlinearity parameter A2/A1
2 

decreases because of the rapid increase in the micro-cracks width. Our findings clarify the mountain-shape curve between 
the relative acoustic nonlinearity parameter A2/A1

2 and the fatigue cycles.
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1  Introduction

Plate structures like oil tanks, pressure vessels, wind tur-
bine blades, aircrafts, etc. operate often under severe condi-
tions for long period of time. In practical applications of 
these plate-like structures, the material degradation, such 
as fatigue damage, creep damage, and plastic deformation, 
etc., is caused by internal factors and external environment. 
In the incipient stage of material degradation, the disloca-
tion density increases significantly and vacancy clusters are 
generated. After that, growth, aggregation and formation of 
micro-cracks are observed. In the last stage, macro-cracks 

are formed until fracture of the material. Several studies 
have shown that the incipient stage of material degrada-
tion occupy most of their life for well-designed components 
[1]. For example, under cyclic loading, the incipient stage 
of material degradation takes about 80–90% of the fatigue 
life [2, 3]. At high temperature and low stress, the incipi-
ent stage of material degradation assumes about more than 
70% of the creep life [4]. Therefore, effective detection and 
characterization of incipient damage of materials is of great 
significance for the life prediction of components.

Fatigue damage will change the microstructure of materi-
als. The second-order elastic constant changes slightly, but 
the third-order elastic constants change significantly [5, 6]. 
The second-order elastic constant reflects the linear behav-
ior of material and determines the propagation velocity and 
attenuation of ultrasonic waves in the material. Since the 
variation of sound velocity with stress, waveform distortion 
and high harmonic excitation caused by nonlinear behavior 
leads to change of third-order elastic constants, the incipient 
stage of material degradation can be characterized by moni-
toring third-order elastic constants. A growing number of 
studies have shown that the degradation of material proper-
ties is related to the nonlinear effect of ultrasound [7–12]. It 
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was reported that the evolution of microstructures results in 
nonlinear mechanical behavior of materials [13–15]. At the 
incipient stage of material degradation, ultrasound exhibits 
obvious nonlinear effect and produces high order harmonics 
and sub-harmonics. The variation of acoustic nonlinearity 
parameter is ascribed to both the second-order and the third-
order elastic constants. However, the acoustic linear param-
eters, such as the wave velocity and attenuation, depend on 
the second-order elastic constants, and the third-order elas-
tic constants contribute mainly to the acoustic nonlinear-
ity parameter. Thus, the damage evolution in the incipient 
stage of fatigue life can be essentially characterized by the 
increase of the third-order constants.

Most recent studies have focused on nonlinear ultrasonic 
Lamb waves using second harmonics to characterize quan-
titatively the incipient stages of damage in plate-like struc-
tures. Compared with bulk waves, Lamb waves provide more 
efficient volumetric coverage of a structure and can moni-
tor regions inaccessible to bulk waves, which has attracted 
attention of many scholars [15–18]. As to plastic deforma-
tion and fatigue damage, the research mainly focuses on the 
relationship between acoustic nonlinearity parameter and 
the fatigue life of materials. According to literature, the 
relationship between acoustic nonlinearity parameter and 
fatigue life can be divided into three forms, namely, non-
linear monotonous rise, monotonous fall and non-monot-
onous. For example, Jhang [19] observed that the acoustic 
nonlinearity parameter of steel SS41 and SS45 increases 
with the fatigue cycle. Kim et al. [20] measured the acous-
tic nonlinearity parameter of polycrystalline pure copper 
and copper alloy Cu-35Zn with the same strain amplitude. 
The results show that the acoustic nonlinearity parameter 
increases monotonously with the increase of fatigue dam-
age. However, Deng [21] used nonlinear ultrasonic Lamb 
waves to detect the fatigue damage of aluminum plates. A 
parameter, SWFr(2f), was termed the stress wave factor of 
second harmonics generated by primary Lamb waves, which 
decreases monotonously with the increase of fatigue cycles. 
In addition, Sagar et al. [22] measured the low-cycle fatigue 
damage of pearlite steels using nonlinear longitudinal waves, 
and the acoustic nonlinearity parameter shows a mountain 
shape curve with the fatigue damage. Similar results have 
been found in other studies [23–25]. All these studies show 
the relationship between acoustic nonlinearity parameter and 
fatigue damage, but the mechanism behind has not yet been 
fully understood.

With the accumulation of fatigue damage, micro-cracks 
gradually form and grow in the plate. When the macro-
cracks length reaches a certain threshold, the material will 
fracture in a short time. In general, the micro-cracks are 
too small to detect with traditional ultrasonic testing at the 
incipient stages of fatigue [20]. Deng and Pei [21] used non-
linear ultrasonic Lamb waves to detect fatigue damage of 

an aluminum plate, and pointed out that the formation and 
growth of micro-cracks increase the attenuation of acous-
tic waves propagating in the plate and reduce the efficiency 
of second harmonic generation. Jiao et al. [26] studied the 
nonlinear interaction between micro-crack and Lamb waves 
using the finite element method, and successfully detected 
surface fatigue cracks. Wan et al. [27] obtained the rela-
tionship between A2/A1

2 and micro-cracks length and width 
through simulation. Shen et al. [28, 29] used a highly effi-
cient numerical model to analyse the nonlinear features of 
scattered waves from fatigue cracks, taking into considera-
tion the rough surface condition of the cracks. Hafezi et al. 
[30] developed the peri-ultrasound model to detect the waves 
generated by the applied load and the crack propagation 
resulted from the shear load. The previous studies mainly 
focused on the relationship between acoustic nonlinear-
ity parameter and fatigue damage in the incipient stage of 
fatigue life. The generation mechanism of second harmonic 
Lamb waves in the whole fatigue life of structures, from the 
fatigue damage accumulation to micro-crack initiation and 
propagation, has not yet been fully investigated.

In this paper, third-order elastic constants were changed 
to simulate the fatigue damage of an Al7075 aluminum 
alloy by FE simulations. The excitation efficiency of non-
linear ultrasonic Lamb wave mode pairs S0–s0 and S1–s2 
and their sensitivity to the third-order constants were stud-
ied. In addition, the variation of the relative acoustic non-
linearity parameter A2/A1

2 was analyzed by observing the 
length and width of the micro-cracks by means of an optical 
microscope. The length and width of the micro-cracks at 
the inflexion point of acoustic nonlinearity parameter were 
determined.

2 � Theoretical Consideration

In the process of propagation in a material, ultrasonic waves 
are distorted, and consequently high-order harmonics are 
generated. The microstructure-related elastic constants of 
the material can be represented by the amplitude of high-
order harmonic generation. There is a certain correlation 
between the elastic constants and acoustic nonlinearity 
parameter.

For solid material applied with fatigue load, the nonlinear 
constitutive relation is

where, �0

ij
 is the initial stress of the material, �ij is the 

stress tensor, uk is the wave displacement of the particle, Aijkl 
and Aijklmn are the second-order and third-order Huang coef-
ficients, respectively [31].

(1)�ij = �0
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+ Aijkl
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The propagation of one-dimensional ultrasonic longitu-
dinal waves in isotropic materials is solved. By substituting 
Eq. (1) into the wave equation of ultrasonic waves propa-
gation in solid materials, the nonlinear waves equation is 
obtained as follows

where c =
√

(

C1111 + �0

11

)

∕� is the propagation velocity 

of the longitudinal waves, � is the acoustic nonlinearity 
parameter given by

where C1111 and C111111 are the second-order elastic con-
stant (SOEC) and the third-order elastic constant (TOEC) of 
the one-dimensional model, respectively, and �0

11
 is the initial 

stress of the material. The second-order elastic constants 
C1111 and the initial stress �0

11
 change little under the fatigue 

load. Equation (3) indicates that the nonlinearity parameter 
of the material is related to the magnitude of the third-order 
elastic constants. In the process of fatigue damage, the 
evolution of microstructure changes the third-order elastic 
constants, which in turn changes the acoustic nonlinearity 
parameter. Consequently, the acoustic nonlinearity parame-
ter can be used to monitor the change of microstructure [32].

In addition, the acoustic nonlinearity parameter can be 
expressed as a function of fundamental amplitude A1 and 
harmonic amplitude A2 as follows

where � is wavenumber. Above equations describe the 
relationship among fatigue damage, the third-order elastic 
constants and the acoustic nonlinearity parameter. Here, we 
determine the acoustic nonlinearity parameter via FE simu-
lations and experiments, so that we can indirectly understand 
the microstructure evolution of materials and the degrada-
tion of mechanical properties caused by fatigue damage.

(2)
�2u1

�t2
= c2

�2u1

�X2

1

[

1 − �
�u1

�X1

]

,

(3)� = −
C111111 + 3C1111

C1111 + �0

11

,

(4)� = -
8A2

�2X1A
2

1

,

3 � Numerical Simulation Analyses

3.1 � Simulation Settings and Mode Selection

FE simulation of nonlinear Lamb wave propagation in a 
2-mm-thick 7075 aluminum alloy plate was performed to 
evaluate fatigue damage using the commercial software 
Abaqus/EXPLICIT. We incorporated the nonlinear consti-
tutive relationship and the Green–Lagrange strain tensor in 
a subroutine VUMAT using FORTRAN, a compiled impera-
tive programing language, for an isotropic and homogenous 
material in order to construct both the convective and inher-
ent nonlinearities, regardless of the material’s attenuation 
and dispersion. The material parameters of 7075 aluminum 
alloy are listed in Table 1, where ρ is the density, λ and μ are 
Lame constants, A, B and C are Landau-Lifshitz TOECs, 
C1111 = λ + 2μ, and C111111 = 2A + 6B + 2C. A two-dimen-
sional model was established with the length of 1000 mm 
and the upper and the lower surfaces were traction-free, as 
shown in Fig. 1. The rectangle with elements of 0.05 mm 
size was used for meshing the two-dimensional model, 
which is smaller than the spatial resolution λ/20, where 
λ is the wavelength. The time step was set to 1 × 10−8 s, 
much smaller than the time resolution ∆d/vg, where vg is 
the group-velocity of the targeted Lamb mode. This setting 
can not only ensure the error convergence and calculation 
accuracy, but also meet the stability criteria. Received time-
domain signals were analyzed by Short Time Fourier Trans-
form (STFT) to obtain the amplitudes of the primary and 
the second harmonic Lamb waves, then the relative acoustic 
nonlinearity parameter was calculated by � = A2∕A

2

1
.

In this section, an excitation source was set at the 
left end of the model, and a receiver was placed at the 
right of the model to pick up the in-plate displacements 
at the upper surface of the plate. Excitation signal was 
applied by imposing displacements on the left edge with 

Table 1   Material parameters of 
the 7075 aluminum alloy [33]

Material Density Lame constants SOEC of one 
dimensional 
model

Landau-Lifshitz TOECs SOEC of one 
dimensional 
model

ρ (kg.m3) λ (GP) μ (GPa) C1111 (GPa) A (GPa) B (GPa) C (GPa) C111111 (GPa)

Al7075 2757 57.3 27.3 111.9 − 350 − 158 − 92 − 1832

Fig. 1   Schematic diagram of a two-dimensional FE simulation model
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a 20-cycle Hanning-windowed sinusoidal tone burst. The 
dispersion curves of the 2-mm-thick Al7075 aluminum 
alloy plate are shown in Fig. 2, where the red and blue 
curves represent the symmetric and asymmetric mode 
of ultrasonic Lamb waves, respectively. Here, the low-
frequency mode pairs S0–s0 and S1–s2 were selected 
for FE simulations and nonlinear ultrasonic Lamb waves 
experimental measurements of fatigue damage. In the 
low-frequency region, there are only two modes, and the 
dispersion nature of the mode pair S0–s0 is restrained. 
Hence, the measurement difficulties caused by the dis-
persion and multimode nature of the nonlinear ultrasonic 
Lamb waves can be relieved. However, this low-frequency 
region has a large frequency range, over which the mode 
pair S0–s0 shows quasi phase-velocity matching. Hence, 
the excitation frequency needs to be determined by con-
sidering the cumulative growth with the propagation dis-
tance. The mode pair S1–s2 shows exact phase-velocity 
matching at a frequency of 1.8 MHz, hence the optimal 
excitation frequency of the mode pair S1–s2 is 1.8 MHz.

The excitation frequency of Lamb waves mode pair 
S0–s0 was set to be 100 kHz, 150 kHz, 200 kHz, 250 kHz, 
300 kHz, 400 kHz at the FE simulations, respectively. 
Figure 3 shows the relative acoustic nonlinearity param-
eter A2/A1

2 as a function of the propagation distance at 
different excitation frequencies. The A2/A1

2 oscillates 
along the propagation distance sinusoidally, and the oscil-
lation period becomes shorter with increasing excitation 
frequency. In view of the fact that on one hand it is dif-
ficult to achieve the excitation signal at low frequency, 
and on the other hand the cumulative distance is short at 
high frequency which is not conducive to the experimen-
tal measurement, the excitation frequency of Lamb waves 
mode pair S0–s0 was determined to be 300 kHz.

3.2 � Effect of Third‑Order Elastic Constants

The variation of acoustic nonlinearity parameter is ascribed 
to both second-order constants and third-order constants, 
while the linear ultrasonic is only dependent on second-order 
constants. Since acoustic nonlinearity parameter grows dra-
matically, and the linear acoustic parameter changes slightly 
at the incipient stage of fatigue damage, it is reported that 
third-order constants mainly contributes to the variation of 
acoustic nonlinearity parameter [34]. Third-order elastic 
constants A, B and C are assumed to increase by 0, 10% and 
30% in this work. Figures 4a and 5a show the normalized 
relative acoustic nonlinearity parameter A2/A1

2 as a function 
of the propagation distance when the third-order elastic con-
stants were increased by 0, 10% and 30%, respectively. The 
slope of the normalized A2/A1

2 with the propagation distance 
was obtained by linear fitting, and it increases obviously 
with increasing third-order elastic constants of the material.

Fig. 2   The phase velocity dispersion curves (a) and group velocity dispersion curves (b) of a 2- mm-thick Al7075 plate

Fig. 3   Relative acoustic nonlinearity parameter A2/A1
2 with respect 

to the propagation distance for mode pair S0–s0 at various excitation 
frequency
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Figures 4b and 5b show the filtered time-domain sec-
ond harmonic signals with different third-order elastic 
constants. Time-domain signals received at pre-designed 
propagation distances were filtered, and the filtering range 
was 500 -700 kHz and 3–4.2 MHz for mode pairs S0–s0 and 
S1–s2, respectively. The black, red and blue lines represent 
the time-domain signals for 0 (i.e., initial state), 10% and 
30% increase of the third-order elastic constants, respec-
tively. The amplitude of the second harmonic increases with 
increasing third-order elastic constants of the material. The 
change rate α of normalized A2/A1

2 with the third-order elas-
tic constants is defined as the sensitivity. Figure 6 shows 
the change of normalized A2/A1

2 as a function of the third-
order elastic constants for mode pairs S0–s0 and S1–s2 at 
the propagation distance of 100 mm. In comparison, α of 
the mode pair S1–s2 is noticeably larger than that of the 
mode pair S0–s0. When the third-order elastic constants 

Fig. 4   a Relative acoustic nonlinearity parameter A2/A1
2 as a function of the propagation distance and bthe harmonic signals at a propagation 

distance of 100 mm for mode pair S0–s0 with the third-order elastic constants increased by 0, 10% and 30%, respectively

Fig. 5   a Relative acoustic nonlinearity parameter A2/A1
2 as a function of the propagation distance and b the harmonic signals at a propagation 

distance of 60 mm for mode pair S1–s2 with the third-order elastic constants increased by 0, 10% and 30%, respectively

Fig. 6   Normalized relative acoustic nonlinearity parameter A2/A1
2 as 

a function of the third-order elastic constants for mode pairs S0–s0 
and S1–s2 at the propagation distance of 100 mm
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increase by 30%, αS1–s2 is 1.49 and αS0–s0 is 1.35. The mode 
pair S1–s2 is more sensitive to the change of the third-order 
elastic constants than S00.

4 � Experiments

4.1 � Experimental Setup and Specimen Preparation

A 7075 aluminum alloy was used in the experiments, whose 
material parameters were listed in Table 1. The longitudi-
nal velocity, shear velocity, density and Poisson’s ratio were 
6372.7 m/s, 3146.2 m/s, 2.757 kg/m3, and 0.338, respec-
tively. The experimental setup is schematically illustrated in 
Fig. 7. A high-power gated amplifier (RITEC SNAP RAM-
5000, RITEC Inc., Warwick, RI, USA) and a wedge piezo-
electric transducer were used to generate tone burst signal. 
In addition, it also consisted of a high-power attenuator, a 
pre-amplifier, low and high pass filters, an oscilloscope and 
a computer.

Figure 8 shows the nominal dimension of the flat dog-
bone specimen. The surface of each specimen was mechani-
cally polished to a final roughness of ~ 0.2 µm. The two sides 

of the specimen were clamped and the middle parallel sec-
tion was used for the nonlinear ultrasonic Lamb waves meas-
urements. Instron hydraulic servo universal testing system 
(8803 Floor Model Fatigue Testing system) was employed 
to conduct the low-cycle fatigue testing under laboratory 
environment. The specimens were subjected to the fatigue 
tests under the stress-control using a sinusoidal waveform 
with a constant frequency of 3 Hz and a stress ratio of 0.1. 
In the fatigue experiment, the average stress σm is 198 MPa, 
and the stress amplitude σa is 162 MPa.

Interruption fatigue test was conducted, namely, the spec-
imen was loaded with a certain pre-determined number of 
cycles, and then unloaded (i.e., with 0 stress) to carry out 
the nonlinear ultrasonic Lamb waves measurement. When 
the nonlinear ultrasonic Lamb waves measurement was com-
pleted, the specimen was put back to the fatigue test machine 
and loaded again with the fatigue stress. The above process 
was repeated until the end of the predetermined cycles or 
fracture. One pristine specimen was employed to calibrate 
the measurement system before each nonlinear ultrasonic 
measurement on damaged specimens. In addition, a series of 
undamaged specimens with slight difference in the relative 
acoustic nonlinearity parameter A2/A1

2 were selected for the 
interruption fatigue tests.

4.2 � Nonlinear Ultrasonic Lamb Waves 
Measurements

In the experimental measurements, the longitudinal piezo-
electric transducers were coupled to the plexiglas wedges 
and specimens with light lubrication oil were used for the 
excitation and the reception of Lamb waves signals. In order 
to minimize measurement errors caused by uneven contact 
force artificially applied during the coupling process, a spe-
cial fixture was uniformly used. The excitation frequency of 
Lamb waves mode pair S0–s0 was determined to be 300 kHz 
according to the FE simulations. A transducer with a center 
frequency of 300 kHz and a longitudinal piezoelectric trans-
ducer with a center frequency of 600 kHz were selected to 
excite and to receive propagation signals, respectively. An 
incident angle of 29.5° was set for Lamb waves mode pair 
S0–s0 according to Snell’s law by sin� = Cwedge−l

/

C(�)
p

 . The 
frequency sweep analysis of Lamb waves mode pair S1–s2 
was done before experimental measurements. The amplitude 
maximum of the second harmonic appeared at an excitation 
frequency of 2 MHz. Therefore, the excitation frequency of 
Lamb waves mode pair S1–s2 was set as 2 MHz in the exper-
imental measurements. The S1 mode Lamb waves were 
excited by a longitudinal piezoelectric transducer with a 
central frequency of 2.25 MHz. Since the amplitude of the 
second harmonic is much smaller than that of the primary, 
a wide-band transducer with a central frequency of 5 MHz 

Fig. 7   Schematic of the experimental setup for the nonlinear ultra-
sonic Lamb waves measurements

Fig. 8   Schematic diagram of the fatigue specimen. All dimensions 
are in mm
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was selected for receiving the nonlinear Lamb waves signals. 
All transducers used here are Olympus commercial probes. 
An incident angle θ of 24.5° satisfies Snell’s law for Lamb 
waves mode pair S1–s2. The difference between the actual 
excitation frequency in the experimental measurements and 
the predicted one might be attributed to the calculation error 
of the dispersion curve, interference of other modes in the 
dispersion curve, the influence of the filter and other elec-
tronic components, and/or operational errors in the process 
of the experimental measurements.

The time-domain signals were analyzed by STFT to 
obtain the relative acoustic nonlinearity parameters A2/A1

2 
at a propagation distance of 60 mm. The calibration was 
carried out by normalizing the A2/A1

2 to the initial value 
of 8.85 × 10–3 and 2.74 for mode pairs S0–s0 and S1–s2, 
respectively. Figure 9a and b show the normalized relative 
acoustic nonlinearity parameters A2/A1

2 as a function of the 
fatigue life for the specimen fractured at 24.5 thousand load-
ing cycles. The normalized A2/A1

2F of both two mode pairs 
shows a mountain-shape dependence on the fatigue life frac-
tion. The profile is similar for both mode pairs, but the value 
of normalized A2/A1

2 is quite different.
At the incipient stage, the normalized relative acoustic 

nonlinearity parameter A2/A1
2 increases substantially with 

the fatigue life. The normalized A2/A1
2 reaches its maximum 

at about 60% of the fatigue life, and then decreases with the 
fatigue cycles. The variation of the normalized A2/A1

2 of the 
mode pair S0–s0 is relatively small as compared with that 
of the mode pair S1–s2, with a change at the maximum of 
about 3.9% of its minimum value. However, the variation 
of the normalized A2/A1

2 of mode pair S1–s2 reaches about 
42% of its minimum value. The variation of the normalized 
A2/A1

2 of mode pair S1–s2 is much larger than that of mode 
pair S0–s0. Consequently, the Lamb waves mode pair S1–s2 
is more effective for evaluating the evolution of fatigue dam-
ages, which may be attributed to the quasi phase-velocity 

matching of mode pair S0–s0, while the condition of strict 
phase-velocity matching is satisfied for mode pair S1–s2.

The slope of the relative acoustic nonlinearity parameter 
A2/A1

2 as a function of the propagation distance is defined as 
the excitation efficiency parameter γ [35]. Figure 10 shows 
the normalized A2/A1

2 of mode pairs S0–s0 and S1–s2 as a 
function of the propagation distance. The A2/A1

2 was nor-
malized to the value at the propagation distance of 30 mm 
and 50 mm in FE simulations and experiments, respectively. 
It can be seen that the excitation efficiency parameter γS1–s2 
is much larger than γS0–s0. Simulation results show that the 
excitation efficiency of the mode pair S1–s2 is 2.13 times 
higher than that of the mode pair S0–s0. Experimental 
results show that the excitation efficiency of the mode pair 
S1- s2 is 4.85 times higher than that of the mode pair S0–s0. 
In FE simulations, the in-plane displacement signals were 
received and analyzed to calculate the excitation efficiency. 
The transducers with wedges were used in the experimental 
measurements to receive both the in-plane and the out-of-
plane displacements. This may lead to the difference of the 
excitation efficiency between the experimental measure-
ments and FE simulations. The results show that the mode 
pair S1–s2 has higher excitation efficiency and can better 
excite nonlinear ultrasonic Lamb waves, which is conducive 
to practical applications.

5 � Results and discussion

The acoustic nonlinearity parameter presented in the pre-
vious experimental measurements show a mountain-shape 
curve versus the fatigue life. In addition, in view of the 
higher sensitivity of the mode pair S1–s2 to fatigue damage, 
it was used again to characterize the formation and propaga-
tion of fatigue-induced micro-cracks. Before the interruption 
fatigue test, one small hole was prefabricated in the middle 

Fig. 9   Normalized relative acoustic nonlinearity parameter A2/A1
2 as a function of the fatigue life fraction: b mode pair S0–s0; bmode pair S1–s2
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of each specimen as the source of crack initiation by laser 
ablation, as shown in Fig. 11. The interruption fatigue test 
was performed on three specimens. The small holes of these 
three specimens are shown in Fig. 12. The depth and diam-
eter of the small hole were about 1 mm and 100 μm, respec-
tively. The acoustic nonlinearity parameter was obtained at 
different fatigue cycles. For each specimen, nonlinear ultra-
sonic measurements were repeated five times at each propa-
gation distance by completely removing and then reattaching 
the wedge transducer assembly to the plate. Meanwhile, the 
formation and growth of micro-cracks near the holes were 
observed by means of an optical microscope. In order to 
determine the stability of the measurement system and the 

experimental process, the undamaged specimen was used as 
a reference during the experimental measurements. The nor-
malized relative acoustic nonlinearity parameter as a func-
tion of the fatigue period was shown in Fig. 13, where the 
black and red points are the measured data of the normalized 
A1 and the normalized A2/A1

2, respectively, while the black 
and red curves are the corresponding fitting curves. The 
relative acoustic nonlinearity parameter shows a mountain 
shape, reaching the maximum at around 60% fatigue life, and 
the corresponding number of fatigue cycles is about 150 k.

Fig. 10   Normalized relative acoustic nonlinearity parameter A2/A1
2 as a function of the propagation distance: a FE simulations; b Experiments

Fig. 11   The original specimen with a small hole

Fig. 12   Micrographs of small holes in three specimens

Fig. 13   Relative acoustic nonlinearity parameter A2/A1
2 as a function 

of the fatigue life fraction for mode pair S1–s2
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A Zeiss optical metallographic microscope (Observer.
A1m, Zeiss, Germany) was used to observe the micro-crack. 
Figures 14 and 15 show the micrographs of the micro-crack 
at various loading cycles, where the red lines represent the 
micro-crack propagation paths. Only one main micro-crack 

initiates and propagates in each specimen. The micro-crack 
propagation can be found at two edges of the same hole. The 
micro-crack lengths and widths were quantitatively obtained 
based on these micrographs, as illustrated in Fig.  16. 
The acoustic nonlinearity acquired in our experimental 

Fig. 14   Micrographs of microc-
racks at a0, b 50, c 100, d 150, 
e 170, f180, g 190, h 200, i 
220 and j 240 thousand fatigue 
cycles
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measurements is generated mainly from one crack in each 
specimen. It could be found that the micro-crack width 
barely changes before 150 thousand fatigue cycles, while 
the micro-crack length increases obviously. Therefore, the 
increase of the relative acoustic nonlinearity parameter is 
mainly attributed to the increase of the micro-crack length 
at the incipient stage. The increase of the micro-crack width 
may lead to a decrease of the relative acoustic nonlinearity 
parameter. In the later stage, as both the micro-crack length 
and width grow with the fatigue cycles, the contribution of 
the micro-crack width overcomes that of the micro-crack 
length to the relative acoustic nonlinearity parameter. As a 
result, the relative acoustic nonlinearity parameter starts to 
decrease.

The experimental results show that the length of the 
fatigue micro-cracks has a major effect on the relative 
acoustic nonlinearity parameter at the incipient stage of 
fatigue damage. The relative acoustic nonlinearity param-
eter increases with increasing length of the fatigue macro-
cracks. In the later stage of fatigue damage, the width of the 
fatigue micro-cracks has a predominant effect on the rela-
tive acoustic nonlinearity parameter. The relative acoustic 

nonlinearity parameter decreases with increasing width of 
the fatigue cracks. Our results can be used to explain rela-
tionship between the relative acoustic nonlinearity parameter 
and the evolution of fatigue-induced micro-cracks.

6 � Conclusion

In this paper, experimental measurements and FE simu-
lations were performed to study the ultrasonic nonlinear 
responses from the fatigue damage in 7075 aluminum alloy 
plates. A FE simulation model was presented to investigate 
the behavior of nonlinear ultrasonic Lamb waves propaga-
tion associated with the material and the fatigue damage. 
The FE simulations focus on possible contributions of the 
third-order elastic constants to the acoustic nonlinearity 
parameter. Results show that the sensitivity of the mode pair 
S1–s2 is 1.1 times higher than that of the mode pair S0–s0, 
when the third-order elastic constants increase by 10% and 
30%, respectively. Meanwhile, the excitation efficiency of 
mode pairs S0–s0 and S1–s2 was quantitatively analyzed. 
Results from the simulation and the experiments show that 

Fig. 15   The cracks width at a 
220 thousand and b 240 thou-
sand cycles

Fig. 16   a Crack length and b crack width versus the loading cycles
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the excitation efficiency of the mode pair S1–s2 is much 
higher than that of S0–s0.

In addition, the normalized A2/A1
2 of the two mode pairs 

shows a mountain-shape curve as a function of the fatigue 
cycles, and the maximum appears at about 60% of the fatigue 
life. The normalized A2/A1

2 changes by about 3.9% and 42% 
of its respective initial values for the mode pairs S0–s0 and 
S1–s2, respectively. Therefore, the mode pair S1–s2 is more 
sensitive to evaluate the fatigue damage. The relationship 
between the length and width of the fatigue-induced micro-
cracks and the relative acoustic nonlinearity parameter is 
established. Below a length of about 300 μm, the micro-
crack width changes little, and the relative acoustic non-
linearity parameter increases with the micro-crack length. 
When the length is larger than 300 μm, the micro-crack 
width increases rapidly, and the relative acoustic nonlinear-
ity parameter decreases with increasing micro-crack width. 
Thus, it confirms the effect of fatigue damage on generation 
of nonlinear ultrasonic Lamb waves.
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