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Abstract This article presents a defect modeling in eddy
current non-destructive testing systems by using a new de-
veloped method called coupled electric field. It permits to
improve qualitatively several models developed so far by
many authors using coupled circuit methods that consider
the defect only as loss of material. However, a defect can oc-
cur with a finite conductivity such as impurity, small burns
and micro-solder. For this reason, this investigation consists
of extending the coupled circuit method to the modeling
of this kind of defects. The proposed approach consists of
firstly considering the defect as an electric conductive vol-
ume and secondly changing the state variable presenting the
electric current by the electric field one. This procedure per-
mits expressing explicitly the impedance variation caused
by the presence of an axi-symmetrical defect according to
its characteristics. The comparison between the impedance
variations calculated using finite elements method and the
proposed one demonstrates a very good concordance. After
this validation, the study covers also the influence of the de-
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fect shape and position on encircling probe impedance. This
method is interesting since it permits a fully characterization
of this kind of defects and facilitates the inversion process.
Moreover, using a 3D finite element observation, this fast
tool of simulation can be adapted for a fast phenomenologi-
cal modeling of asymmetrical configurations.

Keywords Coupled electric field · Finite conductivity ·
Defect characterization · Eddy current · Non destructive
testing · Inverse problem

1 Introduction

Eddy current non-destructive testing (EC-NDT) methods are
used widely in aerospace, power and transportation indus-
tries where the cost of critical component failure can be
high. This technique is one of the most extensively used for
inspecting electric conductive materials at very high speeds
because it does not require any contact between the test
piece and the sensor [1]. The presence of the defect mod-
ifies the distribution of eddy current which causes alteration
in the magnetic flux depending on the position and shape
of the defects. Quantitative EC-NDE technique is needed
for evaluating sizes, shapes, and locations of defects and
cracks. A major aspect of current research is the inverse
or defect characterization problems whose solution will al-
low the implementation of high speed automated testing
equipment. The underlying assumptions in existing analyti-
cal models tend to invalidate any realistic application of the
results to the problem of defect characterization in materials
with complex defect boundaries or nonlinear physical char-
acteristics. Besides, numerical methods are found to be ac-
curate and applicable to any configurations (2D and 3D),
but they are heavy and inadequate for a quick resolution of
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the inverse problems [2]. In this paper we propose a semi
analytic method that we call coupled electric field method
(CEFM) permitting to overcome these inconveniences. Sev-
eral authors have applied the semi analytical methods for the
modelling of axi-symmetrical configurations in which the
defect is considered only as loss of material [3–11]. How-
ever, introducing the defect like an electric conductive vol-
ume has an immense utility, because it allows extending the
coupled circuit method for other applications such as the de-
tection of impurity, small burns and micro-solder [12, 13].
So, the main objective of this investigation is to manage to
express the impedance variation according to defect geomet-
rical (shape and size) and physical parameters, because dur-
ing the manufacturing process and functioning operation of
the conductive materials we need to detect and quantify sev-
eral shapes of flaw. In fact, obtaining an explicit relation be-
tween the variation of impedance and parameters describing
the defect shape remains a primordial objective [14, 15]. In
order to establish this relation, the suggested approach con-
sists of both formulating the coupled circuits equation ex-
pressing the defect as an electrically conductive volume and
changing of the state variable presenting the electric current
by the electric field one. In fact, the developed model is very
important since it permits to solve quickly the inverse prob-
lem and allows a full characterization of the defect when the
measured quantities are known [2].

2 Coupled Circuits Formulation

By using the coupled circuit notion, the electromagnetic
phenomenon is described by generalized punctual equa-
tion (1) [3, 16].
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where Gpq is called Green’s function and represents the re-
sponse of the system at a point p(rp, zp) to Dirac’s distri-
bution located at a point q(rq, zq). E1(k) and E2(k) are re-
spectively the first and the second species of the Legendre
elliptic function [3–6].

Equation (1) expresses the creation of the current density
Jp at a point p of electric conductivity σp under the influ-
ence of the voltage up applied at this point, and the current
intensity Jq situated at the point q .

The previous equation describes only the electromagnetic
effect of one point upon another. To realize the electromag-
netic contribution of the complete domain Ω upon point p,
Eq. (1) is rewritten in the following form:

2πrp

σp

Jp + jωμorp

∫∫
Ω

GpqJqdΩ = up (5)

3 Coupled Electric Field Formulation

The problem consists in expressing the inductive phe-
nomenon according to the electric field. The utility of the
state variable transformation resides in the electromagnetic
problem type to be treated. In our case, this transformation
allows expressing the eddy current probe impedance vari-
ation, caused by the presence of a defect, according to its
physical and dimensional characteristics.

The current density Jp can be expressed according to the
electric field Ep as follows:

{
Jp = σpEp

Ip = spσpEp
(6)

sp is the cross section of the turn p.
By introducing the transformation of equation group (6),

Eq. (5) leads to Eq. (7). We have named this latter the gen-
eralized coupled electric field equation:

2πrpEp + jωμorp

∫∫
Ω

GpqσpEpdΩ = up (7)

3.1 Geometrical Model and Description

Different coil probe structures are available to detect a large
variety of cracks. In general, coil probes provide high crack
sensitivity when eddy current flow is strongly altered by dis-
continuities. Pancake-type probes are formed of coils whose
axis is perpendicular to the surface of the tested piece. When
a penetrating crack occurs on the surface, current flow is
strongly altered and the crack can be detected. Another
probe type is the encircling-coil. This later is sensitive to
parallel discontinuities to the axis of the tube or rods as eddy
currents follow around the radial circumferences in an op-
posing direction of coil currents around the energized coil
current. Figure 1 presents a geometric configuration of an
axially symmetric electromagnetic system. This latter in-
cludes a source of domain Ωo which delivers a sinusoidal
voltage, and a massive piece of domain Ωc affected by a
defect of domain Ωd .
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Fig. 1 Pancake and encircling
probes with defect on the
external surface

Fig. 2 Geometrical forms and meshing of the simplified models

The system is axially symmetric and the domain of so-
lution is reduced to half of the device. Since the depth of
penetration in the inductor is relatively big compared to the
radius of the turn’s section, we admit, for the standard fre-
quencies of control 100, 240 and 500 kHz, that the current
density distribution in the latter is uniform. Therefore, the
number of elements on the sensor is equal among turns of
both reels. In other words, the number of elements is No

distributed on Nor on the radial direction and Noz on the
axial one. The piece and the defect are, respectively, subdi-
vided into Nc(NcrNcz) and Nd(NdrNdz) elementary loops
as depicted in Fig. 2.

3.2 Equation in the Sensor

The presence of the induced currents in the piece and the
defect influences the source current density Jpo . To express
this induction phenomenon, we apply Eq. (5) to turns po of
electric conductivity σo.

2πrpo

σpo

Jpo
+ jωμorpo

∫∫
Ωo

GpoqoJqodΩo

+ jωμorpo

∫∫
Ωc

GpoqcJqcdΩc

+ jωμorpo (po)

∫∫
Ωd

Gpoqd
Jqd

dΩd = upo (8)

Jpo
and Jqo are the current densities of the turns po and

qo belonging to the coil (Ωo). Jqc and Jqd
are the current

densities of the turns qc and qd belonging to the charge (Ωc)
and the defect (Ωd ).

By considering that the sensor is subjected to a total volt-
age U , Eq. (8) becomes:
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spo , sqc and sqd
are respectively the turns sections of the coil,

the charge and the defect. σpo, σqc and σqd
are respectively

the turns sections of the coil, the charge and the defect. rpo is
the radius of the coil turns.

3.3 Equation in an Inspected Piece

To determine the induced electric field Epc in the inspected
piece, we can apply Eq. (7) and write the following expres-
sion:

2πEpc + jωμo

Nc∑
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Gpcqc sqcσqcEqc

+ jωμo

Nd∑
qd=1

Gpcqd
sqd

σqd
Eqd

+ jωμoIo

No∑
qo=1

Gpcqo = 0 (10)
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3.4 Equation in the Defect Region

The factors that exert an influence on electric conductivity
are the temperature, the alloy composition and the resid-
ual stress. For this reason, we consider the defect as a local
modification of electric conductivity (impurities, small burn,
micro-solder. . .). This approach completes the coupled cir-
cuit models developed by several authors. Such models con-
sider the defect as the loss of material [3–10].

Similarly, as in the tested piece, Eq. (7) is applied on the
defect region. Hence, it yields the equation describing the
induced electric field Epd

in the affected zone, as follows.

2πEpd
+ jωμo

Nd∑
qd=1
qd �=pd

Gpdqd
sqd

σqd
Eqd

+ jωμo

Nc∑
qc=1

Gpdqc sqcσqcEqc

+ jωμoIo

No∑
qo=1

Gpdqo = 0 (11)

3.5 Impedance Variation

The impedance is the ratio between the voltage U and the
exciting current intensity Io. The calculation approach of
the impedance variation is very important for defect char-
acterization [17]. It’s the difference between the impedance
Zd(σd �= σc,Nd �= 0) in presence of the flawed piece and
that of the perfect one Zs(σd = σc,Nd = 0).

�Z = Zd − Zs (12)

We designate by (d) the state variable and the quantities re-
lated to the flawed piece.

From Eq. (9) and relation (12), we can finally deduce the
expression of the impedance variation:
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This impedance variation can also be expressed accord-
ing to defect electric conductivity (σd ), radial and axial

depths (Edr and Edz) as defined below.
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The first term of Eq. (14) expresses the impedance vari-
ation that occurs by the loss of material (vacuum) and the
modification of induced electric field distribution. The sec-
ond one expresses the impedance variation that occurs by
the induced electric field in the defect volume. We recall
that the previous developed model does not express explic-
itly the defect characteristics as given in expression (14), but
introduces the defect implicitly by removing the elementary
turns of the affected region. Contrary, the proposed CEFM
gives directly the impedance variation according to defect
characteristics.

4 Validation of the Proposed CEFM

In order to check and validate this formulation, the obtained
results using CEFM are compared with those of finite ele-
ment method (FEM). For three excitation frequencies 100,
240 and 500 kHz, usually used in EC-NDT, we calculate
the sensor impedance variation due to the presence of an axi
symmetric defect in electric conductive plate. The sensor of
330 turns is an exciting coil of internal radius of 1 mm, of
radial thickness of 0.75 mm and an axial length of 2 mm.
The plate has a thickness of 1.55 mm and conductivity of
1 MS/m and is subdivided into 1000 elementary turns. 50
turns are according to the radial axis and 20 are according to
the vertical axis. The defect has a thickness of 0.7525 mm,
a radius of 1.5 mm and an electric conductivity of 1 MS/m
(Fig. 3). Also, the defect is subdivided into 10 elementary
turns according to the radial axis and 10 according to the
vertical axis.

Our first objective is to validate the developed model
while considering the defect with a finite electric conduc-
tivity. So, we calculate the impedance variation (�Z) using
classic FEM and CEFM for a defect with electric conductiv-
ity of 0.000001 MS/m.

From Table 1, one can notice that the relative difference
between the impedance variations calculated by the pro-
posed model and those of FEM is very small and do not
exceed 0.47 %; which means that the concordance between
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Fig. 3 Piece with cylindrical
defect on the superior face

Fig. 4 Effect of defect electric conductivity on induced eddy currents, f = 100 kHz, (a): σd = σc , (b): σd = 0 MS/m, (c): σd = 0.5σc ,
(d): σd = 10σc

the results is very good and the model is hence validated. Af-
ter validating the developed formula, we exploit the model
to study the influence of defect characteristics.

5 Influence of Defect Characteristics

The purpose of the following simulations is to study the
influence of defect, with rectangular cross section and pa-
rameters such as electric conductivity, radial depth and axial
depth on the sensor impedance.

5.1 Defect Electric Conductivity

EC-NDT can detect impurities, small burn and micro-solder
affecting locally electric conductivity [18–20]. The target of
the next simulation is to study the influence of this defect
physical parameter on induced eddy current trajectory and
the sensor impedance. The studied device is the one treated
previously (Fig. 3), but the defects differ by their electric
conductivity while the other characteristics are fixed (cross
section Sd = 1.5 × 0.752 mm2). The external defect detec-
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Fig. 5 Parameters of impedance variation according to defect electric conductivity

tion is treated by the calculation of the impedance varia-
tion at the ports of the sensor using the developed CEFM
implanted in MATLAB environment. The results are sum-
marised on Table 2.

In order to observe more clearly the effect of defect elec-
tric conductivity on induced eddy current distribution, we
consider four kinds of defects (a, b, c and d) (Fig. 4).

From Table 2 and Fig. 4, we observe a great disruption
of induced currents in the piece when the difference be-
tween electric conductivity of the affected and non affected
region is significant (b and d); and weak in the case (c).
This distortion is caused by the interaction between the al-
ternating excitation current and the secondary electromag-
netic quantities. The later are distorted by the presence of
defects in the specimen and cause an apparent change in
the impedance [1]. To demonstrate these effects on the mea-
sured quantities such as impedance variation, we calculate

the corresponding impedance for each defect electric con-
ductivity while other defect parameters are fixed (Edr =
0.5 mm, Edz = 2 mm) (Fig. 5).

From Fig. 5, we can see that the impedance variation am-
plitude passes by three stages:

• σd < σc The impedance variation parameters decrease
when electric conductivity of defect increases.

• σd > σc The impedance variation parameters increase
when electric conductivity of defect increases.

• σd = σc The impedance variation parameters are null.

These results can be interpreted by the difference in elec-
tric conductivity between the piece and the defect regions.
When the difference in conductivity is significant, the de-
fect signature will be also. When the two regions present the
same electric conductivity, no signal is detected. We recall
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Fig. 6 Induced eddy current distribution. (A): Edr = 0 mm, Edz = 0 mm, (B): Edr = 0.5 mm, Edz = 2 mm, (C): Edr = 1 mm, Edz = 2 mm,
(D): Edr = 0.5 mm, Edz = 4 mm

Table 1 Comparison of �Z

calculated by finite element
method (FEM) and CEFM in
presence of the flawed plate
(σd = 1MS/m)

Frequency (kHz) 100 240 500

�Z (FEM) −1.002 + 0.480i −3.572 + 3.057i −8.366 + 11.033i

�Z (CEFM) −1.000 + 0.477i −3.598 + 3.036i −8.529 + 10.990i

Relative error (%) 0.27 0.13 0.47

Table 2 Impedance variation �Z calculated for three kinds of defects for f = 100 kHz, and σc = 1 MS/m

Defect electric conductivity σd [MS/m] 0σc 0.5σc 10σc

Impedance variation �Z [Ω] −1.000 + 0.477i −0.485 + 0.2591i 2.968 − 5.921i

that other defect geometrical presenting a significant influ-
ence must be studied.

5.2 Study of the Influence of Defect Geometrical
Parameters

This section will be devoted to the influence of defect shape
and size affecting the impedance of an encircling coil at
100 kHz. The cylindrical EC-NDT system being studied is
shown in Fig. 1b. The piece is a cylindrical rod of 2 mm ra-

dius, 10 mm length (−5 mm to 5 mm) and 1 MS/m electrical
conductivity. The encircling coil of 59.6 MS/m is composed
of No = 330 turns distributed over 30 turns following the
axial direction and 11 turns following the radial one. It has
an inner radius of 2.1 mm, an outer radius of 2.844 mm and
a length of 2 mm. We can note that the mesh density de-
pends strongly on the frequency. As well the frequency in-
creases the mesh must be refined until the current density in
the turn’s cross section becomes uniform. The affected re-
gion and the piece are regularly subdivided into 400 turns
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Fig. 7 Parameters of impedance variation according to defect radial depth. Ez = 2 mm, σd = 0.5σc

(Nc + Nd = 400); although the values of Nc and Nd change
for each defect size.

Equation (14) shows clearly that the impedance variation
depends strongly on defect position and its geometrical pa-
rameters such as radial (Edr ) and axial (Edz) depths. In ad-
dition, referring to Fig. 6, one can observe that the induced
eddy current trajectory is perturbed by the presence of de-
fect and this perturbation depends on the defect radial and
axial depth as demonstrated by Eq. (14).

5.2.1 Impedance Variation According to Defect Radial
Depth

By modifying the defect radial depth and setting its axial
depth at 2 mm, we calculate the impedance parameters of the
encircling coil. Figure 7 illustrates the impedance variations

due to an external defect presenting different radial depths
(Edr ) for the frequencies of 100 kHz, 240 kHz and 500 kHz.

It is clear from Fig. 7 that the defect signature changes ac-
cording to frequency and defect depth. In addition, the am-
plitude of the impedance variation increases when the defect
depth increases, but changes slowly beyond Edr = 1 mm,
because beyond these depths the induced currents become
feeble (Fig. 6c). For this reason, a higher perturbation is ob-
tained for higher values of frequency and radial depth.

5.2.2 Impedance Variation According to Defect Axial
Depth

Similar to the previous study, we set the radial depth at
0.5 mm and then we modify the axial depth from 1 mm to
10 mm. The yielded results are shown in Fig. 8.
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Fig. 8 Parameters of impedance variation according to defect axial depth. Edr = 0.5 mm, and σd = 0.5σc

One can observe, in this case, that the impedance vari-
ation parameters increase when the defect axial depth in-
creases but stabilize and become nearly constant beyond of
Edz = 4 mm because of the axial skin effect (Fig. 6d). This
effect limits the propagation of induced eddy current ac-
cording to the axial direction and the coil sensor becomes
less sensitive to the increase of the axial depth (beyond of
Edz = 4 mm). On another hand, the impedance variation
amplitude becomes more important as the frequency gets
higher.

5.3 Impedance Variation According to Defect Position

The Lissajous curves of the impedance are obtained for 10
positions of the sensor that corresponds to a 2 mm sensor

displacement step along a cylindrical rod of 20 mm axial
length and electric conductivity of 1 MS/m. The defect is of
radial depth of 0.5 mm, the axial depth of 2 mm and the elec-
tric conductivity of 0.5 MS/m. To get accurate results, the
tested piece is regularly meshed into 1600 turns (very dense
mesh). The resulted curves are depicted in Fig. 9. They illus-
trate the variations of the impedance parameters according
to the displacement of the sensor along the cylindrical rod.

When the sensor is far from the defect, the impedance
variations components (resistance, reactance, module and
phase) are null. As the sensor approaches from the defect,
we observe an increase in the variation of these components.
We observe also, that a high frequency causes an increase of
the induced currents being concentrated on the piece sur-
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Fig. 9 Parameters of impedance variation according to defect position. Edr = 0.5 mm, Edz = 2 mm and σd = 0.5σc

face (skin effect) that becomes therefore more sensitive to
the presence of an external defect.

6 Conclusion

Throughout this study, we have elaborated a direct semi ana-
lytical modeling of eddy current non destructive testing sys-
tems. The developed model, so called the coupled electric
field approach, can be considered as an adaptation of the
coupled electric circuit method [3–10] for the modeling of
defect with finite electric conductivity. This approach has a
great utility, since it permits expressing the semi-analytical
impedance variation (defect signature) according to defect
physical and geometrical characteristics (width, length, lo-
cation and electric conductivity); and henceforth helping to

study clearly the influence of every parameter. More impor-
tantly, considering its short simulation time (depending on
frequency and the size of the studied system), this method
facilitates the resolution of inverse problem in real time, by
expressing the defect characteristics according to the mea-
sured quantities [21, 22]. Besides, this quick and reliable
simulation tool can provide a starting stage for the devel-
opment of 3D phenomenological modeling of asymmetric
EC-NDT configurations. Firstly, by the help of 3D finite el-
ement observation, we study the eddy current trajectory for
every sensor position. The piece is discretized into elemen-
tary turns for which the shape and the size are given consis-
tently according to the observation. Then, the geometrical
functions (Green’s function) are calculated and parameter-
ized. While introducing the properties of every region, the
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induced currents and the impedance variation are calculated
in the same manner as in 2D.
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