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Abstract

This paper focuses on new error analysis of a class of mixed FEMs for stationary incom-
pressible magnetohydrodynamics with the standard inf-sup stable velocity-pressure space in
cooperation with Navier-Stokes equations and the Nédélec’s edge element for the magnetic
field. The methods have been widely used in various numerical simulations in the last several
decades, while the existing analysis is not optimal due to the strong coupling of system and the
pollution of the lower-order Nédélec’s edge approximation in analysis. In terms of a newly
modified Maxwell projection we establish new and optimal error estimates. In particular,
we prove that the method based on the commonly-used Taylor-Hood/lowest-order Nédélec’s
edge element is efficient and the method provides the second-order accuracy for numerical
velocity. Two numerical examples for the problem in both convex and nonconvex polygonal
domains are presented, which confirm our theoretical analysis.
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1 Introduction

Magnetohydrodynamics (MHD) is the study of the interaction between electrically conduct-
ing fluids and electromagnetic fields [7, 15, 33], such as liquid metals, and salt water or
electrolytes. Some more comprehensive discussion on the applications can be found in [15,
25, 32] and references therein. In this paper, we consider the steady state incompressible
MHD model on © € R?, d = 2, 3, defined by

—R;lAu+(u-V)u+Vp—S(be)xb:f in €, (1.1a)
SR;lle(be)—SVx(uxb)—Vr:g in €2, (1.1b)
V-u=0 1inQ, (1.1c)
V:-b=0 inQQ, (1.1d)
u=0 onodQ, (1.1e)
nxb=0 onodQ, (1.1f)
r=0 ond<2, (1.1g)
/pdx:O, (1.1h)
Q

where 2 a simply-connected Lipschitz polygonal or polyhedral domain and n is the unit
outward normal vector on 9<2. The solution of the above system consists of the velocity
u, the pressure p, the magnetic field b and the Lagrange multiplier r associated with the
divergence constraint on the magnetic field b. The above equations are characterized by three
dimensionless parameters: the hydrodynamic Reynolds number R,, the magnetic Reynolds
number R,, and the coupling number S. [2, 7, 15] provide detailed discussion of these
parameters and their typical values.

Numerical methods and analysis for the MHD model have been investigated extensively in
the last several decades, see [3, 14-17, 19, 21, 23, 24, 31, 40, 43] and references therein. The
model is described by a coupled system of electrical fluid flows and electromagnetic fields,
governed by Navier-Stokes and Maxwell type equations, respectively. Therefore, numerical
methods for the MHD system are based on a combination of the approximation to Navier-
Stokes equations and the approximation to Maxwell equations. Earlier works was mainly
focused on the classical Lagrange type finite element approximation to the magnetic field b.
Analysis has been done by many authors [10, 14, 17, 19, 31]. [17] firstly provides the exis-
tence, uniqueness, and optimal convergent finite element approximation to the MHD system
with nonhomogeneous boundary conditions. Instead of assuming the source terms f and g
are small enough, the analysis in [17] only requires that ||z || . is small enough (see [17,

(4.19)]). A more popular approximation to Maxwell equations is the H (curl)-conforming
Nédélec’s edge element methods, which have been widely used in many engineering areas.
It is well-known that Lagrange type approximation may produce wrong numerical solutions
for Maxwell equations in a nonconvex polyhedral domain, (see [1, 5]). For the MHD sys-
tem, a class of mixed finite element methods was first presented by Schotzau [40], where
the hydrodynamic system is discretized by standard inf-sup stable velocity-pressure space
pairs and the magnetic system by a mixed approach using Nédélec’s elements of the first
kind. Error estimates of methods were presented and the problem was considered in general
domains. Subsequently, numerous efforts have been made with the Nédélec FE approxima-
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tion [27, 30, 35, 37, 41-43] and the analysis has been extended to many different models and
approximations [8, 9, 12, 22, 28, 36]. For a convex polyhedral domain, the main result given
in [40] is the following error estimate

lu —unll g1 + 16— ball geun,o) < Ch' + h*) (1.2)

for the method with the approximation accuracy O (h') for hydrodynamic variables and
the approximation accuracy O (h¥) for the magnetic field b. By (1.2), one has to take the
combination with k = [ to achieve an optimal convergence rate. However, the method with
k < [ is more popular since high-order Nédélec’s edge elements are more complicated in
implementation and extremely time-consuming in computation. In particular, the method
based on the combination of the Taylor-Hood element and the lowest-order Nédélec’s edge
element has been frequently used in applications and numerical simulations have been done
extensively [11, 39, 41, 42]. In this case, k = 1 and [ = 2, the error estimate (1.2) reduces to

e — il 1) + 16 = il reur ) < C(R* + 1) (1.3)

One can see from (1.3) that the accuracy of numerical velocity is only of the first-order, which
is not optimal in the traditional sense and also, not a good indication for the commonly-
used method. It was assumed that the accuracy of the velocity is polluted by the lower-order
Nédélec’s edge finite element approximation. This is acommon question in many applications
when FEMs with combined approximations of different orders is used for a strongly coupled
system. The main purpose of this paper is to establish the optimal error estimate

lu — upll g1y < C(h' +H5Th (1.4)

for the standard combination, which shows that the numerical velocity is of one-order higher
accuracy than given in previous analysis for the case k < [ and which implies the second-order
accuracy

lu — upll g1 gy < Ch? (1.5)

for the combination of Taylor-Hood element and the lowest-order Nédélec’s edge element of
the first type. Our analysis is based on a new modified Maxwell projection. In terms of the
projection and the error estimate in a negative norm, a more precise analysis is presented in this
paper. The analysis shows clearly that the mixed method with the Taylor-Hood/lowest-order
Nédélec’s edge element approximations is efficient and the method provides second-order
accuracy for numerical velocity. The lower-order approximation to the magnetic field b does
not influence the accuracy of numerical solution of Navier-Stokes equations.

The rest of the paper is organized as follows. In Sect. 2 we first provide the variational
formulation and the mixed method for the MHD model and some existing results and then,
we present our main theorem for an optimal error estimate of the method. To prove it,
we introduce a modified Maxwell projection and establish its approximation properties in
Sect. 3. In terms of this projection, we present our theoretical analysis. In Sect. 4, we provide
numerical experiments to confirm our theoretical analysis and show the efficiency of the
method.
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2 Mixed FEMs and Main Results
2.1 Mixed FEMs

To introduce the mixed method, we adopt the notations and norms used in [40, 43]. We denote
some standard vector and scalar function spaces by

H(curl, Q) ={c € [L2 ()] : V x ¢ € [L*(2)]9},
Hoy(curl, Q) ={c € H(curl, Q) : n x c|yq = 0},
X ={c € Hy(curl, 2) : V-¢c =0},
H(div, Q) ={c € [L>(Q)]? : V- ¢ € [L* ()]},
L§(Q) ={g € L) : /Q qdx =0},
H™(Q) =(H{(@)".
For any (v, ¢) € [HOl ()14 x H(curl, ), we define
I, O := Vol 72g) + SlelFreun,0- 2.1)
Moreover, we denote some bilinear or trilinear forms by
as(u,v) = R, (Vu, Vv)g,
am(b,¢) = SR,'(V x b,V x ¢)q,
1 1
co(w; u,v) = E(w -Vu,v)q — E(w -V, u)q,
cid;v,¢) =S((Vxce)xd,v)g=—-Swvxd,V xc)g,

forany u, v € [H} (2)]1¢ and any b, ¢, d € Hy(curl, Q) with d € [L*(Q)]“.
The exact solution (u, b, p, r) of the MHD system (1.1) satisfies the variational formula-
tion

as(u,v) +co(m; u,v) —ci(b;v,b) — (p,V-v)g =(f, v)q, (2.2a)
am(b, ¢) +ci1(b;u,c) — (Vr,c)q =(g, 0, (2.2b)

(V- u,q)q =0, (2.2¢)

(b, Vs)q =0, (2.2d)

forany (v, ¢, q,5) € [Hj ()14 x Ho(curl, Q) x L3(Q) x H} (Q).
Let 7, denote a quasi-uniform conforming triangulation of €2. On this triangulation, we
define several finite element spaces by

V), = [Hy () N P(T)]?,

Q), == Pi_1(Ty) N H'() N L§(<),

C); = {en € Ho(curl, Q) : el € [Pe1(K)1? @ Dj(K), VK € Ty},
Sy = Hy () N Pi(Th)

for! > 2and k > 1, where P;(7;) = {w € L2(Q) : w|g € Pi(K),VK € Tp}, DZ(K) =
{p € [f’k(K)]d :p(x)-x =0,Vx € K} and }N’k(K) is the collection of the k-th order
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homogeneous polynomials in P (K). C’,‘l is actually the k-th order first type of Nédélec’s
edge element space.

The mixed method in [40, 43] seeks an approximation (uy, by, pn, rn) € Vlh x C ’;l X
Qﬁ X Sﬁl to the exact solution (u, b, p, r) satisfying the following weak formulation:

as(up, vp) + co(up; wp, vip) — c1(bp; v, bp) — (pn, V- vp)a = (f, vn)a, (2.3a)
am (bp, €p) + c1(bp; up, ep) — (Vrp, en)a = (g, en)a, (2.3b)

(V-un, gn)o =0, (2.30)

(b, Vsp)o =0, (2.3d)

for all (vp, en, qn, sn) € Vlh X Cﬁ X Qi X S’}j.

The paper is focused on optimal error estimates of the mixed method defined in (2.3).
Iterative algorithms for solving the nonlinear algebraic system and their convergences were
studied by several authors [10, 37, 41-43] and numerical simulations on various practical
models can be found in literature [3, 11, 39]. Analysis presented in this paper can be extended
to many other mixed methods.

2.2 Auxiliary Results

The mixed method defined in (2.3a)-(2.3d) was analyzed by several authors. In this subsection,
we provide some existing results which shall be used in our analysis.
Mimicking the space X defined at the beginning of Sect. 2.1, we introduce

X = {en € CF < (en, Visn)a = 0, Vs, € Sf). (2.4)

Lemma 2.1 (see [43, (2.2, 2.3, 2.4)]) There exist positive constants Lo, A{, A1 and Ly such
that

rollell zeurt.) < IV X ¢llp2), Vee X, (2.5a)
”U”L3(Q) = )\T”VU”LZ(Q), ||U||L6(Q) = )\IHVU”LZ(Q)v Vv € H(} (€2), (2.5b)
ez < 220V x ellp2 ), Ve € X. (2.5¢)

Lemma 2.2 ([43, Lemma 2.1]) It holds that

as(w, v) + an(d, ¢) <max{R,; ', R, }(w,d)| - |, o),

Y(w, d), (v, ¢) € [H) ()] x Ho(curl, ), (2.6a)
as(v,v) + ap(c, ¢) =min(R, ", R, ' 20)ll(v, ©)|1%,
V(v,¢) € [Hi (]9 x X (2.6b)
and
sup cow: v, v) —MAE, (27a)
w,fz,ve[Hol(Q)]d ”vw“Lz(Q)”vv”LZ(Q)”vv”LZ(Q)
ci(d;v,c)

sup =Siir2, (2.7b)
deX,ve[HOI ()14, ce Hy(curl, ) ”d”H(curl,Q) ||Vv||L2(Q) ”c”H(curl.Q)
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co(w; v,v) —ci(d;v,¢) +ci1(d; v,¢)
sup =N

deX,Z',ceHo(curl,Q),w,ﬁ,vE[HO' (Q)]d ”(w’ d)” : ”(ij, E)” : ||(‘U, C)”

= /21 max{A*, A2} (2.7¢)

Here the constants Lo, AT, A1 and Ay are introduced in Lemma 2.1.

For any A > 0, we define

(Ifll2 ) + S~ Mgl2@)

" (min{R;I, R,;l,\})z

(2.8)

The well-posedness of the MHD system (1.1) is given in the following lemma and the proof
can be found in [40, 43].

Lemma 2.3 Suppose that
Nin(ro) < 1, (2.9)

where ﬁl is introducedin (2.7¢) and and n(Lo) is defined as (2.8) with A = ,g. Then the MHD
system (1.1) admits a unique solution (u, b, p,r) € [HO1 (D14 x Hy(curl, Q) x L%(Q) X
HO1 () satisfying

Il (e, B)Il < n(ho) min{R, ", R, "20} . (2.10)

Lemma 2.4 ([34, Lemma 7.20], [38, Lemma 5.1]) There exist positive constants AS, )»3
independent of h such that

)»ZSIICh ||H(curl,§2) <[V xe¢p ”Lz(Q)a llcn ||L3(Q) = /\§IIV X ch”[ﬂ(Q)v Ve, € X (2.11)

where the finite element space X}, is introduced in (2.4).

The well-posedness of the finite element system and error estimates of finite element
solutions were presented in [40, 43]. With the above lemma, the well-posedness with a
slightly weak condition is given in the following lemma. The proof follows those given in
[40, 43] and is omitted here.

Lemma 2.5 Supposed that
NanG) < 1., 2.12)

where ]Vz =2 max{AT, A3} and n (1) is defined as (2.8) with . = A{. Then the mixed
finite element system (2.3) admits a unique solution satisfying

Il n, bi)ll < n(r§) min{R, !, R, 'A%} (2.13)

Here the constants Ay, A are introduced in Lemma 2.4, while Ay, A are defined in Lemma?2.1.
In addition,

lu —unllg) + 16— ballgeune) < Ch' +h"). (2.14)

Remark 2.1 We can see that the condition (2.12) and discrete inverse inequality implies the
condition (2.9) and from (2.14) that

lupllyrr < C  forp <6. (2.15)
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2.3 Main Results

Under the assumptions of Lemma 2.3, the MHD system (1.1) is well-posed. We further
assume that the solution satisfies the following regularity condition: there exists a positive
constant K, such that

1Bl y1a+ @) + IV X Bllyra+ ) + 1l givr ) + P11 @) + 181 51 (@)
+ IV X bllgrq) + IIrllgr+1 ) < K. (2.16)

Here d™ denotes a constant strictly bigger than d.
Our main result is the following Theorem 2.1.

Theorem 2.1 We assume that the domain Q2 is a convex polygon or polyhedra in R? and
the conditions (2.12, 2.16) hold. Then the mixed finite element system (2.3) admits a unique
solution and there exists ho > 0 such that when h < hy,

e —unllgr ) + 1B, — bl 5 (cur.) < Ci (h[ + hk+]) , (2.17)
16— bunllHcur) < C1 (hl + hk> ,

where Cy is a positive constant depending upon the physical parameters S, Ry, Re, the
domain Q and the constant K introduced in (2.16). Here b), € Cﬁ is a projection of (b, r)
defined below in (3.2).

Corollary 2.2 Under the assumptions of Theorem 2.1, it holds that
e = wnl 2y + 16 = Ball g1y < Ca2 (W + 15T, (2.18)

where Cy is a positive constant depending upon the physical parameters S, R, R,, the
domain Q2 and the constant K introduced in (2.16).

Remarks. For the Taylor-Hood/lowest-order Nédélec’s edge element of the first type,
| = 2 and k = 1. From the above theorem, one can see that the frequently-used mixed
method provides the second-order accuracy for the numerical velocity, while only the first-
order accuracy was presented in previous analyses. For the MINI/lowest-order Nédélec’s
edge element of the first type, / = k = 1 and the optimal error estimate of the second-order
in L?-norm is shown in (2.18). For simplicity, hereafter we denote by Cx a generic positive
constant which depends upon K.

3 Analysis

Before proving our main results, we present a modified Maxwell projection in the following
subsection, which plays a key role in the proof of Theorem 2.1.

3.1 Projections

Let (@y,, pn) € Vﬁl X Qﬁl be the standard Stokes projection of (u, p) defined by

as — iy, vp) — (p — pn, V- vp)e =0, Vv, € V), (3.1a)
(V- (u—iip), gn)a =0, Yqu € Q. (3.1b)
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Let (Eh, ) € Cﬁ X S}]i be the modified Maxwell projection of (b, r) defined by
am(b — by, cn) + c1(b — by w, e) — (V(r —n). en)o =0, Ven € Cf,  (3.2a)
(b — by, Vsp)a =0, Vsj, € SK. (3.2b)

With the Stokes projection (3.1) and the modified Maxwell projection (3.2), we define an
error splitting by

u—up =(u—up)+ @y —up) =& + ey, (3.3a)
b—by =b—by) + (b, — by) =& + ep, (3.3b)
p—pn=(p—pn)+ (Pn — pn) =&p +ep, (3.30)
r—rp =0 —7rp)+ T —1p) =& + e (3.3d)

Moreover, we denote by (3;, .)€ C l,‘l X Sﬁ the standard Maxwell projection defined by

an(b — by, cr) = (V(r =), en)o =0, Ve, € CJ, (3.4a)
(b — by, Vsp)o =0, Vsj, € Sk, (3.4b)

By classic finite element theory, we have the error estimates

I&ull 2 (@) + RUIVEN 2(0) + 16p I L2(0) < CH ™ (lull vy + 1PNty (35)
for the Stokes projection in (3.1) when €2 is convex and
IV x (bn — b)ll 2y + 1br — bl L2y + VT — Pl 120
< CR™™ ) (1Bl gs (@) + IV % Bllas (@) + Il s+ ) (3.6)

for the Maxwell projection in (3.4). Here s > 0.
In order to provide the error estimates for the modified Maxwell projection, we consider
(z, ¢) € Ho(curl, Q) x H(} (2) satisfying

SRV x (V x 2) 4+ Su x (V x z) — Vop =9, (3.7a)
V .z =0, (3.7b)

where 0 € [L?(2)]¢. The well-posedness of the above system is presented in the following
theorem.

Theorem 3.1 Suppose that (2.9) holds. Then the system (3.7) has a unique solution. If we
further assume Q is a convex polygon or polyhedra, u € [L>®°(Q) N W3(Q)1¢ and 0 €
H(div, Q), then

Izl gy + IV X zll gy + 1@lp2@) < C3ll01l H@iv.) (3.8)

where C3 is a positive constant depending upon the physical parameters S, Ry, the domain
Q and the constant K introduced in (2.16).

Proof To show the uniqueness of the solution of the system (3.7), we only consider the
corresponding homogeneous system with # = 0. By standard energy argument, we have

SR, IV X 2l 72, + S x (V x 2),2)0 = 0.
By noting (3.7b), we see that z € X. According to (2.5b) and (2.5c), we further have

RV X 2l 72 ) < M2l Vall 2 IV % 2li7s g
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which with the condition (2.9) shows that |V x z||;2 = 0 and by noting z € X,z = 0in Q.
By (3.7a) and the assumption § = 0, we obtain ¢ = 0 in 2. So the system (3.7) has a unique
solution.

Again by standard energy argument, we have

SR,V % 2l 2 + S @ x (V x 2), 2)g = (0, 2.

By (2.5b, 2.5¢c, 2.9) and noting the fact that z € X, we see that

— — —14—1
SRV x 21200 < STHION 20121 20 < ST 10120 IV X 2ll 2
L2(Q) () () () ()

2
where we have noted (2.5a). It follows that
lzllreun, ) < ClON 2 (3.9
and therefore,
lu x (V x Z)”LZ(Q) < llullLe@ IV x Z||L2(Q) = C||0||L2(Q)- (3.10)

When 2 is a convex polygon (or polyhedra), we have
Izl g1 = CUV Xzl + IV - zll2q) -
From the system (3.7), (3.10) and the fact that ¢ € H(} (€2), we can see that
Izl i) + IV X zll g1y + 181l g1 < ClOlL2 @ (3.11)
and then,

IV - (@ x (Vx2) 20 < C(IVullzq + lullzo@) IV x 2l gig) < ClOllL2 -

(3.12)
Moreover, by taking divergence on the both sides of (3.7a), we get the equation
—Ap=V-0—-SV-@ux(Vxz).
By noting (3.12) and the assumption that €2 is a convex polyhedral,
Pl h2) < ClOIH@iv.)- (3.13)
(3.8) follows from (3.11) and (3.13) and the proof is complete. ]

Now we present the error estimates of the modified Maxwell projection below.

Theorem 3.2 We assume that u € [H2(2)1¢ and the condition (2.12) holds. Then the modi-
fied Maxwell projection (3.2) is well defined for any (b, r) € X x HO1 (2) and for any s > 0,

1&p 1 curt.) + IVE N L2(q) < Cah™nE) (3.14a)
If we further assume Q2 is a convex polygon or polyhedra, then

1€p 1l 3y < Cah™n) (3.14b)

1€l 10y + IV X &l g-1() < Cah* . (3.14¢)

Here Cy is a positive constant depending upon the physical parameters S, R,,, the domain
Q and the constant K introduced in (2.16).
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Proof To prove the well-definedness of the modified Maxwell projection (3.2), we only
consider the corresponding homogeneous system

am(bi, ) + c1(bp; u, ep) — (Vin, ep)g =0,
(b, Vsn)a =0,
for any (cp, sp) € Cﬁ X S’,j. Taking ¢p, = I;h and s, = 7y, leads to
am by, br) + c1(by; u, by) = 0.
from which, we can see that
Ry MY X ball 72y < 1Bmll L3 el o) 1V X Bal 12
72
< MMVl 20y IV X Bl g -
This further shows that

(1= NanOG)IV x bil72 g < 0.

By noting the condition (2.12), we get 5;, = 0 in Q. It is straightforward to verify 7, = 0
in Q2. Thus the modified Maxwell projection (3.2) is well defined when the condition (2.12)
holds.
With the standard Maxwell projection (3.4), we rewrite the system (3.27b) and (3.27d)
into
am (b, — by, en) + c1(by — by u, en) — (V@ — 1), en)a
= ap(by — b, ) + c1(by — by u, ¢) — (V@ — 1), en)g,
by — b, Vsi)a =0,
for any (cp, sp) € C’;l X Sﬁ. By taking (¢p, sp) = (/b\h — I;h,?h — 7j) in above two equations
and applying (3.4), we have
an by — by, by, — by) + c1(by — by; u, by, — by)
= ap (b, — b, by, — by) + c1(by — b; w, by, — by) — (V@ — 1), by — by)g
= c1(by — by u, by, — by),
where we have noted that Zh — 5;, € X (see (2.4)). By Lemmas 2.1 and 2.2, we further see
that
1B — ball ey < Cllull o 1Br — bll 120
< Ch™™ 9y ooy (1Bl s () + IV X Bllgsc) + 171l gs+1.0))

where we have used the approximation error (3.6). Therefore,

1B — bl 1 (curt.2) (3.15)
< Cpmintk.s) (llellzoocy + 1) (181 s @) + IV X bllas@) + ||V||Hx+1(9)) .

Since V7, Vi, € C’;l, taking ¢, = V7, — V7, and noting
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an by — by, V@ — 1)) = c1(by — by; w, V@ — 7))
= c1(by — b; u, V@ — 7)) =0,

we get
Th = Fp. (3.16)

(3.14a) follows (3.15, 3.16) and the approximation property of the standard Maxwell projec-
tion (3.6).

Moreover, let qurl be the projection P; onto C’;l in [4, Section 5]. Then by [4, Proposi-
tion 5.65], we have

1B — 5B L3 @) <CR™ DB s 0.
1B — B cun, ) <CR™™ & (1Bl s () + IV X bllas(e) -
We define oy, € S;f by
(Von, Vsp)a = (M5, Vsp)q, Vs € S
Since l'[;‘"lb — Vop, € X, by Lemma 2.4 and (3.14a),
(T — Vou) — bill 3y < CITIEb — byl g eurt )
< Ch™ D (Jlull ) +1) (1810 @) + IV % Bllis (@) + Il s @) -
We define by o the solution of
Ao =V-(b—T"D)inQ, o =0o0ndQ.
Following [26, Theorem 0.5] (see also [6, Corollary 3.10] and [6, Remark 3.11] ),
lollwisg < Clib— Hf,urleLz(Q) < Chmin(k’s)||b||ws,3(9).
By the definition of o and noting the fact that V - b = 0, we see that
(Vou, Vsp)a = (5" — b, Vis)q = (Vo, Vsp)a,  Vsi € Sf.

By [18, Theorem 2] with the assumption €2 being convex and standard interpolation argument
for bounded linear operator, we have

lonllwia@ < Clolwisgy < CA™™ (b)),
and
16 — bl 3 (3.17)
< b — 115"l 13 ) + IV Ol L3 + IATMb — Vo) — byl 13
< Ch™™ %9 (Jlul| g2y + 1) (1Bl as @) + IV % bllas@) + 1Bl + 17l gs1q)) -

(3.14b) follows immediately.
We notice that

; (b —by.0)0
16— bullg-1@) =  sup 0o
0c[Hy ()1 H'(Q)
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Let (z, ¢) € Hy(curl, 2) x H(} (2) be the solution of the system (3.7a)-(3.7b). Since the con-
dition (2.12) implies the condition (2.9) and the assumptionu € [H 2, by Theorem 3.1,
the system (3.7) is well-posed and

Izl 1) + IV X zll g1 + 18l g2 < C3l0ll g1 (). (3.18)
where the constant C3 is introduced in Theorem 3.1. Then we have
(b — by, 0)q (3.19)
= SR, (V x (b—by), V x D)o+ S x (V x2),b—by)g — (b— by, V)o
= (b — by, 2) +c1(b—by;u,2) — (b — by, Voo
=an(b—bp,z—zp) +c1(b—bp;u,z—z1) + (VO — 1), 2 — Z)e
— (b= b1, V(¢ — P,

for any (z;, ¢n) € C ﬁ x S ;‘l The last equality follows the definition of the modified Maxwell
projection (3.2) and the fact that V - z = 0. By Lemma 2.2, we further have

(b—bn.0)o <C((1 + llullL~@)Ib — ball Heun. ) IV X (2 — 20)ll 20 (3.20)
F VG =Pl 2@z — zall 2y + 1B — Ball 2y V(@ — o)l L2¢q))-

We choose zj, and ¢, to be the best approximations to z and ¢ in C ’;l and § L‘ for H (curl)-norm
and H'-norm, respectively. By (3.18),

16— Ball -1y <CCsh (IIb —billH ) + IV (r — Fh)llmg)) (3.21)
<CC3h T (1Bl gr oy + IV % Bl ey + 171l e @) -

On the other hand, it is easy to see

- (Vx (b —bi). e (b— by, V x o
IV X (b= bl = sup - G2 xWa
ﬂE[H(;(Q)]d ”n”Hl(Q) TIE[H(% (Q)]d ”n”Hl(Q)
(3.22)

Then for any 5 € [H] (£2)]%, the same argument obtaining (3.19) implies

(b—by,V X Nq =anb—by,z—z1) +c1(b—by;u,z—z1)+ (Vi — 1),z — Zn)a
—(b—by, V(e —dn))a,  Y(zn dn) € Ck x Sk

Here (z, ¢) € Hy(curl, 2) x HO1 (2) is the solution of the system (3.7a)-(3.7a) with@ = V x 7.
By Lemma 2.2, we have

(b—bin, V x Mo <C((1+ llullLo@)lIb — ball neur ) IV X (2 — 20)ll 20
HIV =)l 2 1z—2all L2 HIB—Ball L2 IV (D —n) I 2(0)) -

Notice that |0| g@iv.2) = IV X 1liz2@) < IInllg1(q)- By Theorem 3.1, we have

Izllgt@) + IV X zllgi@) + 12llg2 @) < C3ll0llH@v.) < C3lnllg @) (3.23)

where the constant C3 is introduced in Theorem 3.1. We choose z;, and ¢, to be the best
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approximations to z and ¢ in C’Z and Sﬁ for H (curl)-norm and H'-norm, respectively. By
(3.23),

(b= b1,V x Mg <CC3h (Ib = bl + 190 =)l 2@ ) 1l sy
<CCR* (1Bl ey + IV X Bll iy + 171l i1 ) 101l a1 -
(3.22) and the last inequality implies
IV x b= bw) -1 (3.24)
= CCsh (I = bull .y + 1V0 = )l 2o )
< CC* M (1Bl ey + IV X Bl + 17 [l i )

by the same argument with (3.18) in last paragraph. Thus (3.14c¢) holds by (3.21) and (3.24).
Now we conclude that the proof is complete. O

Remark 3.1 If the condition (2.12) holds, we claim that
IBallz(@) < C. (3.25)

Here iwh is defined in (3.2).
By (3.14b) and the condition (2.12), we have that

b — bill 3 < Ch.

We denote by bg the standard L-orthogonal projection of b onto [ Py(7;)]%. By the condition
(2.12) again, we have that

11l < Clibllzoo@y < Clblly1a+
Ib — bl 13y < Ch.

Then by discrete inverse inequality, we have that
IBnllzo@) < b — Byl ) + 1BY1 (@)
< Ch™ by — Bl 13 ) + 1B) llL=@) < C.

Thus (3.25) holds.
In fact, by (3.14b,2.14) and the same argument above, we have that

lbnllLe@) < C, (3.26)
if the condition (2.12) holds.

3.2 Proof of Theorem 2.1
By Lemma 2.5, the mixed finite element system (2.3) admits a unique solution and the

boundedness (2.15) holds.
From (1.1) and (2.3), we can see that the error functions satisfy the following equations

as(u —up, vy) = — (co(u; u, vy) — colup; up, vp)) + (c1(b; vy, b) — c1(by; vy, by))
—(p—=pn.V-vp)a, (3.27a)
am(b — by, cp) = — (c1(b; u, cp) — c1(bp; up, ¢p)) + (V@ —rp), en)a, (3.27b)
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(V- (u—wup),qn)e =0, (3.27¢)
(b —bp, Vsp)a =0, (3.27d)
for any (vy, ¢i, qn, Sh) € Vﬁl X Cﬁ X Qil X Sl,:.

With the splitting (3.3), by taking v, = e,, ¢, = ep, qn = €p and s, = e,, the error
equations (3.27) reduce to

as(ey, ey) + (ep, V- ey)q = — (co(u; u, ey) — co(up; up, ey))

+ (c1(b; ey, b) — c1(bn; eu, bp)) (3.28a)
am(ep, en) — (Ver, ep)o = — (c1(b; u, ep) — c1(bp; upn, ep) — c1(6p; u, ep)),  (3.28b)
(V-eu,ep)a =0, (3.28¢)
(ep, Ver)o =0, (3.28d)

where we have noted the definition of these two projections (3.1) and (3.2). Notice that if we
used the standard Maxwell projection (3.4), then the term ¢ (&p; u, ep) would not appear in
the error equation (3.28b).

Summing up the first two equations in (3.28) leads to

as(eu, eu) + am(ep, ep)
= — (co(u; u, ey) — co(up; up, ey))
+[(c1(b; eu, b) — c1(bp; eu, by)) — (c1(b; u, ep) — c1(bn; up, ep) — c1(6p; u, ep))]
= I, + Iy. (3.29)

By the skew-symmetry of the operator c¢g, Lemma 2.2 and Theorem 2.5,
Iy = — (co(6u; u, ey) + coleu; u, ey) + co(up; &u, eu)) (3.30)

2
<hA1Vall 2y 1 Veal gy + € (Il yrar g + ltnllyrasey ) 1ull 2oy leall ey

2
< (M1 Vall 2y +e) Vel g +Ce ™ (Itllpras gy +Hltnllynar ) 16l g,
< (MAfIVall 2 +€) IVeullFa g, + Cre™ B2
we have used (2.15) and noted || - [lLo(@) < Cll - Ily1.a+ @ We recall that dT > d is a

constant introduced in (2.16).
On the other hand, by rearranging terms in I, we have

Iy = (c1(b; eu, b) — c1(bi; eu, by)) — (c1(b; u, ep) — c1(bi; un, ep) — c1(8p; u, ep))

=c1(b —bp; ey, b) + c1(bp; ey, b — by)

—c1(b—bp;u,ep) —ci(bp;u —up, ep) +c1(p; u, ep)
=c1(b — bp; ey, b) + c1(bp; eu, &p)

—c1(b —bp; u, ep) — ci1(bp; &u, ep) + c1(8p; u, ep). (3.31)

Notice that
—ci(b—bp;u,ep) + c1(ép; u, ep)
= —c1(&p; u, ep) — c1(ep; u, ep) + c1(&p; u, ep) = —ci(ep; u, ep). (3.32)

Then by (3.31) and (3.32), we have

Iy =c1(b — bp; ey, b) + c1(by; ew, &p) — c1(ep; u, ep) — c1(bp; &u, ep)
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=c1(&p; eu, b) + c1(b; ew, &) + (c1(ep; ew, b) — c1(ep; eu, &) — c1(5p: €u, &p)
— ci(ep; u, ep)) — c1(by; u, ep). (3.33)
We estimate these terms in the right-hand side of the above equation below. By the definition

of the operator ¢, the sum of the first two terms in the right-hand side above can be rewritten
by

c16ps eu, b) + c1(b; eu, §p) = SEp, eu X (V x b)) — S(V x &p, ey X b)g
which, by Theorem 3.2 and the fact that e, € [Hj ()1, is bounded by

c1(Ep; eu, b) + c1(b; eu, &p)
< Sl g1 llea x (V x Bl gy + IV x &pll g1 llew x bl g1 ()
=< C||§b||1—1—1(§2) (”‘—’u ||L6(Q) IV x b||W1v3(Q) + IVeull 2 IV % b||L°°(SZ))
+ CIIV X &pllg-1() (||eu||L6(Q)”b”W1~3(Q) + IVeull2 ) 151l L))
< Clésllg-1@lleall mi) (IV x bllyisq) + IV X bliLg)
+ CIV x &l g1 leull ) (I1B1w13@) + 1B1l2(2)
<C (||b||W1~d+(Q) +1IV x b||W|,d+(Q)) lewll g1 () (”%—b”H*‘(Q) + IV x gb”H*l(Q))
< Cxkh " eull g - (3.34)
We notice ep, b, € Xp,. By Theorem 3.2, (3.25) and the definition of ¢, the last term in
(3.33) is bounded by
l1(bis Eus en)| = le1(bi; Eus ep) — c1(en; us ep)]
< CUIV x epll 2@ lEull Logay + 1Ball o) 1Eull 2 @) lles |l Heur o)

2 242
< €llepllfcun @) + Cxh *

where we have noted (|6, [l 16 (q) < Clléullgi (@) < Cxh! < ewhenh < hg for some ho > 0.
Moreover, by Lemma 2.1, Lemma 2.4, the sum of the rest terms in the right-hand side of
(3.33) is bounded by

ci1(ep; eu, b) — c1(ep; eu, §p) — c1(6p; eu, Ep) — c1(ep; u, ep)
< SMM NV x bl 2 IV X epll 2l Veull 12
+ Cllepll i curl, @) leull 1 o) 156 | H (curl @)
+ C||$b||L3(Q)||eu||H1(Q) ||$b||H(curl,Q) + SM)»§||Vu||Lz(Q) IV x eb||iz(9)
1
= SRSV X bl 2yl (en, eI + Clléplneun. o 1 (en, ) I
€ 2 —1 2 2 2
+ Eneu”[_]l(g) + Ce ||§b||L%(Q) “ngH(curl,Q) + S)‘l)‘;”Vll”Lz(Q) ”V X eb”L2(Q)
1
< (e +Ch+ ES”zménv x bllem)) ll(ep. )1

+ SVl 2 IV X epll7a g, + Cre ' R2ETD

(€2)

The last inequality holds since k > 1. By combining the above inequalities, we get the
estimate
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1
I< (2e+Ch+5s1/2A1A§||va||Lz(Q)> ICep, ) IP+S2A5 [ Vall 2y 1V xep 12 g
+e Lo h?k+D), (3.35)
Substituting (3.30)-(3.35) into (3.29) gives
1
as(eus eu)+am(ep, ep) < <e+Ch + Esl/%xz IV x b||Lz(Q)) ll(ep, ea) I

+max{A1A5, MATHIVa 2ol (ep, eu) >+ 'Cr(n*ETD 4n?+2)
< (e+Ch+Nall(u, b)) ll(ep, ea) > +e ' Cx (W2 ETD 4 12142)

(3.36)
for some € > 0. Since
as(eu, eu) + am(ep, ep) = min{R; ', Ry, A} (e, en) I
for € being small enough, we get
I(ep, )| < Cix (W' 4 1T (3.37)
when i < hg for some hg > 0. The proof of Theorem 2.1 is complete. O

3.3 Proof of Corollary 2.2

Since u — uy = &, + ey, the L?-norm estimate in (2.18) follows (3.37) and the projection
error estimate (3.5). To show the H ~!-norm estimate in (2.18), we follow the approach used
for Theorem 3.2. By (3.7), we have

(b—bp,0)q =an(b—>by,z) +c1(b—bp;u,z) — (b—bp, Vo)g
=au(b—>by,z—2zp) +c1(b—>by,u,z—2z5) —ci1(bp, u —uy, z)
+ (V@ =),z —zn)a — (b —bp, V($ — ¢n))a,
=au(b—>by,z—z1)+c1(b—>byu,z—2z5) +c1(by,u—up, z—zp)
—c1(bp,u—up,2) + (V@ —1n), 2 —zn)a — (b — by, V(¢ — dn))a,

for any (zp, ¢n) € C]Z X S,’j, where we have used (3.27a) with v;, = z;,. By Lemma 2.2,
Lemma 2.4, Lemma 2.5 and Theorem 2.1 , we further have

(b —bpn,0)q
< C((lullze(@) + DIb = ball a2 IV X (2 = z0) 12
+ B bl eunt. ) 18 — wall 20 IV % (2 = 20) [l 120
+ 1brll Loy llu — unll 2 IV X zll g1
FIVE = r)llz@llz = zall 2@ + 1B = bull 2 IV @ — ¢l 12(g)
< Cx (W + 1R8] 1)
which in turn shows that

1B — byl -1 < Ck (h’“ + hk“) . (3.38)

The proof is complete. O
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4 Numerical Results

In this section, we present two numerical examples to confirm our theoretical analysis and
show the efficiency of methods, one with a smooth solution and one with a non-smooth
solution. The discrete MHD system (2.3) is a system of nonlinear algebraic equations. Iterative
algorithms for solving such a nonlinear system have been studied by several authors, e.g. s
ee [10, 16, 41, 43] for details. Here we use the following Newton iterative algorithm in our
computation:

Newton iteration

For given (uzfl, b1, solve the system

as(uj, vy) + co(uh_l, up, vp) + couy, u;’l_l, V) — (bz_l, v, b)) — c1(B), vy, bZ_])
+ by (pjy» vi) — bs(qn, uj) 4.1
= (f. o) +co) " ul o) — 1@ v B, (vh.qn) € Vi x O
am (), cn) + 1B ul en) + 1B, ultt en) + b (rll, €n) — b (i, b))

scn)s  (en,qn) € Cp x Qp “4.2)

= (g.cn) +ar (b !
forn=1,2, ..., until |V (u) — uZ_l)Ile(Q) < 1.0e — 10.
All computations are performed by using the code FreeFEM++.

Example 4.1 In the first example, we consider the MHD system (1.1) on a unit square (0, 1) x

(0, 1) with the physics parameters R, = R, = S = 1. We let
2 2
X2 —=1D2y(y — D2y - 1))
- , =2x—-DQC2y—1),

__( sin(mx) cos(my)
“ \sin(ry) cos(mx) )’

be the exact solution of the MHD system and choose the source terms f, g and boundary
conditions correspondingly.

r=0.

We solve the nonlinear FE system (2.3) by the Newton iterative algorithm (4.1)-(4.2)
with Taylor-Hood/piecewise linear (P2 — P1) for (u, p) and the lowest-order first type
of Nédélec’s edge element and the lowest-order second type of Nédélec’s edge element,
respectively, for the magnetic field . To show the optimal convergence rates, a uniform
triangular partition with M + 1 nodes in each direction is used, see Fig. 1 for an illustration.
We present in Table 1 numerical results with the lowest-order first type of Nédélec’s edge
element for M = 4, 8, 16, 32, 64, 128. From Table 1, we can observe clearly the second-
order convergence rate for the velocity u in H'-norm and the pressure in L2-norm and
the first-order rate for the magnetic field b in H (curl)-norm. This confirms our theoretical
analysis, while in all previous analysis, only the first-order convergence rate for the velocity
was presented. Our numerical results also show that the lower order approximation to the
magnetic field does not pollute the accuracy of numerical velocity in H'-norm, although
these two physical components are coupled strongly in the MHD system. Moreover, we
present in Table 2 numerical results with the lowest-order second type of Nédélec’s edge
element approximation to the magnetic field. The accuracy of the lowest-order second type
of Nédélec’s edge element approximation is also of the order O (h) in H (curl)-norm. Our
numerical results show the same convergence rates as numerical results obtained by the
lowest-order first type of Nédélec’s edge element.
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Fig.1 A uniform triangular mesh 1
on the unit square
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Table 1 Errors of Taylor-Hood/lowest-order Nédélec’s edge element of the first type for MHD system (Exam-

ple 4.1)

M V@ —up)ll;2 Rate  |[p—pull;z2 Rate  b—byllcurr  Rate lr = rpll g
1.398e-2 2.774e-2 8.254e-1 1.232e-7
2.342e-3 2.58 7.369¢e-2 1.91 4.274e-1 0.984 5.676e-10

16 4.219e-4 2.47 1.887e-3 1.96 2.093e-1 0.996 2.349¢-12

32 8.983e-5 223 4.750e-4 1.99 1.047e-1 0.999 3.732e-13

64 2.130e-5 2.08 1.190e-4 2.00 5.237e-2 1.00 1.553e-12

128 5.250e-6 2.02 2.976e-5 2.00 2.168e-2 1.00 6.273e-12

Table 2 Errors of Taylor-Hood/lowest-order Nédélec’s edge element of the second type for MHD system

(Example 4.1)

M IV @ —up)li2 Rate  |lp—ppli2 Rate 16 —bpllcurs  Rate lr = rpll g
1.137e-2 3.943e-2 8.093e-1 2.007e-4
1.829e-3 2.63 1.041e-2 1.92 4.095e-1 0.982 7.128e-6

16 3.669e-4 2.32 2.640e-3 1.98 2.054e-1 0.996 2.331e-7

32 8.484e-5 2.03 6.624e-4 1.99 1.028e-1 0.999 7.415e-9

64 2.075e-5 2.03 1.658e-4 2.00 5.140e-2 1.00 2.334e-10

Example 4.2 The second example is to study numerical solution of the MHD system on a
non-convex L-shape domain Q := (—1,1) x (—1,1)/(0, 1] x [—1, 0). The solution of the
system may have certain singularity near the re-entrant corner and the regularity of the solution
depends upon the interior angles in general. Here we investigate the convergence rates of
the method for the problem with a nonsmooth solution. We set R, = R, = 0.1, § = 1,
and choose the source terms and the boundary conditions such that the singular solutions are

defined by

20
b=V <p% sin (?
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Fig.2 Top Left: the first mesh with 65 nodes, Top Right: the second mesh with 236 nodes, Bottom Left: the
third mesh with 872 nodes, Bottom Right: the fourth mesh with 2550 nodes

in the polar coordinate system (p, 6), where

. cos(Aw) . cos(Aw)
¢ (@) = sin((1 + 1)0) ———— — cos((1 + A)0) — sin((1 — 1)) ———— 4+ cos((1 — A)0)
1+ 1—2
and the parameters A = 0.54448 and w = 2/3. Clearly (u, p) € H*T17€0(Q) x H*~(Q)
andb € H?/3—<0 (R2) for any €9 > 0. This is a benchmark problem in numerical simulations,
which was tested by many authors, e.g., see [3, 16, 43].

The accuracy of numerical methods usually depends upon the regularity of the exact
solution, while theoretical analysis given in this paper is based on the assumption of high
regularity. Here we use the same method as described in Table 1. For the solution of the weak
regularity as mentioned above, the interpolation error orders on quasi-uniform meshes are

IV @ = w2 = OB )
1B — bl trcurt, @) = Oh*370).

To test the convergence rate, a uniform triangulation is made on the L-shape domain €2, see
Fig. 2 (top left) for a sample mesh, where M + 1 nodal points locate in the interval [0, 1].
We present in Table 3 numerical results obtained by the method with uniform meshes. One
can see clearly that the orders of numerical approximations for # in H'-norm and for b in
H (curl)-norm are 0.57 and 0.63, respectively, which are very close to the optimal ones in
the sense of interpolation. It has been noted that a local refinement may further improve the
convergence rate. Here we test the method with locally refined meshes, although our analysis
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Table 3 Errors of Taylor-Hood/lowest-order Nedelec FEM of the first type for MHD system with the nons-
mooth solution in an L-shape domain and uniform meshes (Example 4.2)

M IV —up)ll;2  Rate Ilp—prll2  Rate b —bpllcurr  Rate 7 =7l g
4 1.1281 4.775 2.933e-1 1.470e-3
7.284e-1 0.815 2273 1.07 1.742e-1 0.751  2.464e-3
16 4.626e-1 0.655  1.256 0.856  1.117e-1 0.640  1.786e-3
32 3.216e-1 0525  8.14le-1 0.814  7.279%-2 0.618  1.052e-3
64  2.162e-1 0573  5.34le-1 0534  4.703e-2 0.630  4.574e-4

Table 4 Errors of Taylor-Hood/lowest-order Nedelec FEM of the first type for MHD system with the nons-
mooth solution in an L-shape domain and adaptive meshes (Example 4.2)

Mesh V@ —upll2  Rae  llp—ppll,2  Rate b —=bpllcurs  Rate  fIr =yl
Mesh I 1.280e-1 4.667¢-1 2.912¢-1 1.480e-4
MeshI1l  6.415¢-2 1.07  1.960e-1 134 1.591e-1 094  3.95lc-4
Mesh Il 2.017e-2 177 6.236e-2 175 5.562¢-2 160 2.771e-5
Mesh IV~ 7.521e-3 1.85  2.243¢-2 191 2.715e-2 133 2.668¢-5

was given only for a quasi-uniform mesh. We present three non-uniform meshes in Fig. 2
with a finer mesh distribution around the re-entrant corner. We present in Table 4 numerical
results obtained by the method with these four types of meshes in Fig. 2. From Table 4,
we can see the second-order convergence rate for the numerical velocity and the first-order
convergence rate for the magnetic field approximately. This shows again that the accuracy of
the numerical method can be improved dramatically by using such locally refined meshes.
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