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Abstract

In this work, we propose a new class of parallel time integrators for initial-value problems
based on the well-known Picard iteration. To this end, we first investigate a class of sequential
integrators, known as numerical Picard iteration methods, which falls into the general frame-
work of deferred correction methods. We show that the numerical Picard iteration methods
admit a min(J, M + 1)-order rate of convergence, where J denotes the number of Picard
iterations and M + 1 is the number of collocation points. We then propose a class of parallel
solvers so that J Picard iterations can be proceeded simultaneously and nearly constantly.
We show that the parallel solvers yield the same convergence rate as that of the numeri-
cal Picard iteration methods. The main features of the proposed parallelized approach are
as follows. (1) Instead of computing the solution point by point [as in revisionist integral
deferred correction (RIDC) methods], the proposed methods proceed segment by segment.
(2) The proposed approach leads to a higher speedup; the speedup is shown to be J (M + 1)
(while the speedup of the Jth order RIDC is, at most, J). (3) The approach is applicable for
non-uniform points, such as Chebyshev points. The stability region of the proposed methods
is analyzed in detail, and we present numerical examples to verify the theoretical findings.

Keywords Parallel computation - Picard iteration - Initial-value problems - Stability region

1 Introduction

Numerical methods are of significant importance in science and engineering for initial-
value problems (IVPs). In the past several decades, great efforts have been focused on the
construction of efficient, stable, high-order, and easily parallelized time integrators for solving
IVPs[3-5, 15-17]. While Runge—Kutta and linear multi-step methods are popular approaches
used to obtain a high-order rate of convergence, alternative approaches, such as enhancing the
convergence of low-order schemes through deferred correction (DC) methods [12, 21], have
also been proposed. Two important variants of DC methods, the spectral deferred correction
(SDC) method [12] and the integral deferred correction (IDC) method [6], have also been
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proposed in recent years. To further enhance efficiency, parallel-in-time computations have
begun to receive great attention. In fact, early studies along this line date back to more than
50 years ago [20]. Since then, there have been several interesting approaches for parallel-in-
time computations; the reader is referred to [13, 14, 19, 22] and references therein for more
detailed information.

In this paper, we propose a novel parallel-in-time integrator based on Picard iterations:
parallel numerical Picard iteration. The main reason for choosing the Picard iteration as our
starting point is that it is one of the simplest approaches and has been successfully applied to
the propagations of perturbed orbits in astrodynamics [26, 27]. The original efforts were made
by Clenshaw and collaborators [9-11], who developed the Picard iteration numerically with
Chebyshev polynomials. The Picard iteration has also been adopted in [24, 25] to improve the
convergence of SDCs and low-order methods. Nevertheless, the convergence of the numerical
Picard method has not been well studied. To this end, our first contribution in this work is
to present detailed convergence analysis of a class of numerical Picard iteration methods. In
particular, we show a super-convergence property of the numerical Picard iteration methods
by using the Legendre—Gauss points. More precisely, we demonstrate that the numerical
Picard iteration methods admit a min(J, M + 1)-order rate of convergence, where J denotes
the number of Picard iterations and M + 1 is the number of collocation points.

In addition, we propose a class of parallel solvers by rearranging the order of numeri-
cal Picard iterations in different sub-intervals so that J Picard iterations can be proceeded
simultaneously and nearly constantly. Furthermore, we demonstrate that the parallel solvers
yield the same convergence rate as that of the numerical Picard iteration methods. We remark
that our approach is analogous to that of the revisionist integral deferred correction (RIDC)
methods in [7, 8]. However, compared to RIDC, the approaches proposed herein yield the
following main features.

e Instead of computing the solution point by point (as in RIDC methods), the proposed
methods proceed segment by segment.

e The proposed approach leads to a higher speedup: the speedup is shown to be J (M + 1)
(while the speedup of the Jth order RIDC is, at most, J).

e The approach is applicable for non-uniform points, such as Chebyshev points.

The stability region of the proposed methods is analyzed in detail; we also present
numerical examples to verify the theoretical findings.

The rest of this paper is organized as follows. In Sect. 2, we review the numerical Picard
iteration methods and present our convergence analysis results. The parallel numerical Picard
iteration methods are presented in Sect. 3, followed by stability analysis in Sect. 4. Numerical
examples are presented in Sect. 5 to verify the theoretical results. We finally give concluding
remarks in Sect. 6.

2 Numerical Picard Iteration Methods
In this section, we present the basic ideas of the numerical Picard iteration methods. First,

we consider the following problem:

ey

y'(t) = ft, y(®), 1 € [a,b],
y(0) = ya,
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where y,, y(t) € C" and f : R x C™ — C™. We assume that the function f satisfies the
Lipschitz continuous condition

IfCoy) = fCy)ll = Ly — y2ll, (@)
where L is the Lipschitz constant and || - || denotes the Euclidean norm. Integrating Eq. (1)
with respect to ¢, we obtain
t
Y0 =y@+ [ fe v 3
a

The well-known form of the Picard iteration is given by [16]

t
yi+1(l)=y(a)+/ f@yi(m)dr, i=0,1,..., “

where yg is an initial guess. It has been shown that the above Picard iteration yields a super-
linear convergence rate when ¢ is close enough to a [18]. Consequently, for a large time
domain, one can split the interval [a, b] into small sub-intervals and conduct the Picard
iteration on each sub-interval.

Note that, in the above iterations, repeated evaluations of integrals are needed. To alleviate
this computational issue, a numerical version of the Picard iterations is proposed. To illustrate
its main idea, we consider a standard interval ] = [—1, 1] and let {¢; : i = 0,1, ..., M}
be a set of collocation points on / such that —1 < ¢y < ¢ < --- < ¢y < 1. For a given
vector ¢ = [@o, @1, ..., ¢m]', we introduce the standard Lagrange interpolation operator
Ty CHMH [ 5 C:

M
T, ) =Y ¢it;(t),t €1,
j=0
where the functions £;(¢) are given by
t—c )
=[] c'_c’., ji=0,....,M.
igj
i=0,1,...M

Weset YO (1) = y(—1),t € I,and once the ith approxjmation Ylilis obtained, the numerical
Picard iteration solves the (i 4+ 1)th approximation Y+11 by

t
Y“*”(t)=y(—1>+/ Iu(f (YU, 5)ds, i=0,1,..., )
-1

where
Y= [v1(ep), Y (cp), ..., Yl e T,
FOYY = [ f(co, Yil(eo)), fler, YIier)), ..., flem, YN e ™.

For easily presenting our analysis results, we next define a numerical-Picard-iteration-
based integrator for Eq. (1). To this end, we first discretize [a, b] into sub-intervals

My ={ty:a=tg<t <--- <ty =hb}.
Then, we set

I, == (t117t11+1]y I_I = {[n} Ul,, hy = Intl — Iy, = 0,1,....,N—1.
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We also define the size of the mesh M}, as
h:=max{h, :0<n <N —1}.
We now denote Sps4+1(My) as the space of the piecewise polynomial space
Su+1(Mp) :={v € C([a,b]) : v|j, € Tm41,0 <n < N — 1},

where 7741 denotes the space of all polynomials of degree M + 1. We assume that V), is the
initial condition for the interval I,, i.e., y(t,) = Y,, which is obtained by the previous step
or initial condition, and set an initial guess as Y,EO] (t) = Y,,. We then make a transform from
I, to I and adopt the numerical Picard iteration (5) to obtain

‘ h, [ ,
Yl = Yn+7/1 Tu(F OV, )ds, i=0,1,..., (6

where

h
toi ::r,,+7”(c,- +1), i=0,1,..., M.
Y= (71 1,0), Yt 1), . Y ] T
SO = [ f a0, YV 00,0))s £, Y G 0))s oo f Wty Y 0 )17

We are now ready to define the numerical Picard iteration solution on the entire domain: for
a given positive number J, the element 'IE,” € Sy4+1(My) is called the J-Picard solution of
Eq. (1) if it satisfies

W, =rYn=01,...,N -1,
where Y,E” is generated by Eq. (6).

Remark 1 Different kinds of collocation points have been proposed in the numerical Picard
iteration methods. For the special case in which Chebyshev points are used, i.e.,
im
ci=cos—, i=0,1,...,. M,
M

the method is called the modified Chebyshev-Picard iteration method [2].

To easily present the numerical Picard iteration method, we next introduce the integration
matrix associated with the points {¢; : i = 0,1,..., M} : given a vector ¢ € CM+1 and
¢ =[¢0, d1,...,¢u]" thatis given by

Ci
¢i=/ Im(ep,s)ds, i=0,1,...,M,
1

we define the linear mapping Sy : CM+! — CM+1 py
¢ =Su(p).
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With these notations, we summarize the numerical Picard iteration method as follows.

Algorithm 1: Numerical Picard iteration method
Input: Domain [a, b], initial condition y,, number of intervals N, number of points on
each interval M, number of Picard iterations J
QOutput: Evaluations on the endpoints of N intervals n := [77([)”, r;E”, ey ng\{]]T
1 (Initialize and pre-compute integration matrix);

2 Set n([)” = y, and derive the matrix Syy;
3forn=1+t N do

J J J
a | YYo=t T
5 | Set the initial approximate solution YLOJ =Y,
6 | (Picard iteration)
7 | for j=1toJ do
8
. h .-
Y/ =Y+ S, @
9 | end

10 | If cpy = 1, the approximation nE,J] at1 = 1, is included in Y51,

11 | Ifcpy # 1, derive the approximation at t = t,,

=0+ wf(Y“ ),

where © = (wg, @1, ..., op) T and w; = [* i(s)ds,i=0,1,..., M
12 end

According to (7) in the numerical Picard iteration method, it is clear that the values Y,[,] ]
at different nodes in ,, depend only on the values YElj “in the previous iteration; hence,
the numerical Picard iteration method refreshes the state values segment by segment, which
means that the values Y[’ I can be obtained simultaneously. This is quite different from the
SDC methods, in which the values at different nodes must be computed point by point.
This property has the merit that the matrix—vector product and the evaluations of the forcing
function f are easily computed in parallel in one numerical Picard iteration.

We next present the convergence analysis of the above numerical Picard method. For this
purpose, we recall the following interpolation error in terms of the Peano kernel theorem

[23].

Lemmal Ifp € C4(I,), 1 <d < M + 1, then the Lagrange interpolant defined on the set
{tn, ;) satisfies

hn h’l a (d) h"
pltnt 5 6+D)=Iue.s) == / Ka(s, )¢ +5Ge+D)dz,

where @ 1= [on,0), 0tn,1), ..., ‘P(tn,M)]T and

1 M
Ka(s,2) = s ORI P SO IR i 8

with (s — z)i :=0fors <zand (s — z)i = (s — )P fors > z.
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We also have the following lemma.

Lemma 2 Suppose that N and m are non-negative integers and h is a positive real number
such that Nh is a constant independent of N and h. If the sequence {¢, : 0 < n < N}
satisfies g = 0 and

€ntl = coh™ + (1 +cih)ey, 1 <n <N —1,

where co and c| are positive numbers independent of h, then there exists a positive number
¢ independent of h such that

€ <ch™ ' n<N.
Proof 1t is obtained through iteration that

n—1 m—1

- coh
& = ol Y (1 + e = T (e — 1)
i=0 a
< Y (ec'"h — l)hm_l, l1<n<N,
1

where we use the inequality 1 + x < e*. Since N#h is a constant independent of #, the
conclusion follows directly. O

We are now ready to present the following convergence analysis.

Theorem 1 Assume that the solution y(t) of Eq. (1) is (M + 2)-times continuously differen-
tiable and nyl is the J-Picard solution. For sufficiently small h, the following error estimate
holds:

[y =] = max [y = o}/ o)| < camnn, ®)

tela,b)
where the constant C is independent of h.

Proof We denote y, = [y(th.0), Y(tn,1)s-- -, y(tn,M)]T. By Lemma 1, there exists

, hn hn hn h \MH!
y (rn + 56+ 1)) =f (zn + 56Dy (rn + 5 G+ 1))) =Ty (f(Yn).5) + (7) Ha(s),
9)

where
1 (M+2) hn
H, (s) 2/ Kj(s,2)y <tn + 7(z+ 1) )dz.
-1

Integration of Eq. (9) leads to

B hy [ ha \MT2 [
y (zn F2G+ 1)) — () + 7fle(f(ynxz)dH (7) len(Z)dZ. (10)

Recalling the formula for Y,E” in the Picard iteration, we rewrite ej, (t) := y(t) — n,[f] (1) as

hn _ hn [* [J—1] hn M+2 ps
€h fn+7(5+1) —eh(tn)+7 IZM(f(Yn)*f(Yn ), 2)dz + > lHn(Z)dZ~

Using the Lipschitz condition, we have

h
len (rn + 7”(s + 1)) | < len(ta)| + chy,

M
vo = YY) Y il + e 2 an
i=0
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where SB;(s) = f ‘jl £;(z)dz and c is a generic constant independent of /. In particular, setting
s = 1, the following is obtained:

len(tng- )| < len(tn)| + chy

Vi —YL’—”H + chMA2, (12)

We next analyze the bounds of e (,) and

Yn — YLjfl] H Combining Egs. (6) and (10), we
have

Yn — Y£LJ]

j+1
Yo = Y| < Jen 0] + chy

‘—i—ch,’y“,j —0,1,...,J —2.
Note that we also have

Yn - Y;[P]

| < len)l+ _max 1300 = yt)] < len(ta)] + chy.

It then follows that

0
yn_YL]

J-2
v = Y < (lental + e +2) 3 cha) + (cha)’ ™!
j=0
I | | (13)
< len(ta)| Y _(chn)! + chy™-M+2),
j=0
By substituting (13) into Eq. (12), we obtain

J J
len(tasD)| < len(t)] Y (chp)! + chf™ UMD <oy (1)) D " (ch)! + ch™nU H1MHD),
j=0 j=0
(14)
For a sufficiently small /, there exists a constant c¢; independent of % such that

J
Y ehy < 1+ch.
j=0
Moreover, we have that ej, (fp) = 0. By Lemma 2, we have that
en(ty) < ch™VU-MED -y — 12 LN,

It then follows directly from (13) that

Y _Y[J—uH < cpmin( M+1)
n —_ :

Then, the desired error bound (8) follows by using the bounds of e, (t,,),

s

—

and the equality (11).

Next, we show that the J-Picard solution yields a super-convergence property when the
Gaussian quadrature points are adopted. For this purpose, let

5wy = =V + a0y @), 1 ela, bl

be the defect associated with the J-Picard solution. We first present the following lemma.
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Lemma3 If f is bounded and satisfies the Lipschitz condition, then there exists a constant
C independent of h such that

max s/ w0| = cn?
i=0,1,..M
n=0,1,....N—1
Proof Let n%”(t) = Y,,m(t),t € I, and {Ynm :j=0,1,..., J} be the sequences generated
by the Picard iteration on I,,. Fort € {t,; : i =0, 1, ..., M}, (SE/] can be represented by

8§70 = . YY) = £, vy,

Using the Lipschitz condition of f, there exists a constant independent of / such that

81| = |y =¥ M|, =012 M (15)
Let YLj I'be the vector of the function ¥, ,&j Ievaluated at the points {t,; :i =0,1,..., M}. It
is noted from the Picard iteration that Y,&Ol (tnhi) = n}l” (t,) and

i+1
YY) = 0t ) + >

Hence, there exists a constant C independent of & such that

h, [C .
*"f Tu(F(YEY, 9)ds, j=0,1,....,J —1.
1

HY’EHI] —yl! H < Ch, HY}Eﬂ —yli-1

(, =121,
and HY,E“ — Yl H < Chy,. 1t follows directly that

|t =11 < ey (16)
The desired inequality follows directly from (15) and (16). The proof is completed. O
We also recall the following standard lemma for the Gauss quadrature error [1].

Lemma4 If ¢ € C*M+2(].), and the points {c; : j =0,1,..., M} are chosen to be
Legendre—Gauss points, then the error

Iny1 hn M
Ey(p) = / Ot ==Y i ;)
In j=0
satisfies

[Em(@)] < Cigt™3,
where C is a constant independent of h,,.

We are now ready to present the super-convergence result.

Theorem 2 Assume that the solution y(t) of (1) is (2M +3)-times continuously differentiable
and VIE,” is a J-Picard solution. If the step size h is sufficiently small and the points {c;} ?4:0
are chosen to be Legendre—Gauss points, then the following error estimate holds:

max [y(1) — i (1)| < Cpmint 2M+2), (17)
teMy

where the constant C is independent of h.
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Proof By Theorem 1, it holds that [|ep|| := [|y(t) — 0t/ (#) | < CR™PV-M+D Moreover, we

have

eh(t) = £, y) = £, 0 @)+ 81 0) = £y, y@))en () + 8 1) + Ru(@), 1 € [a, b]
(18)

with ey (a) = 0 and || Ry, || < CA™INZ/.2M+2) We then have

t
eh(t):/ r(t, $)(8)\(s) + Ru(s))ds, t € [a, b],

where 7 (¢, s) denotes the resolvent of the ODE (18):

'
r(t,s) :=exp (/ fr(z, y(z))dz) , with r € C2M+2(D),

where D := {(t,s) : a <s <t < b}. The error ¢} (t,) can be written as
ot
en(ty) = Z[ r(tn, )85 \(s)ds.
j=0"1

Supposing that each of the integrals is approximated by the Gaussian quadrature based on
the Legendre Gauss points, we have

M

Lj+1 h;
/ rn. )8 5)ds = 53 nr(tn. 10,08, () + v
1 k=0

where the term Ej , denotes the quadrature error. Then, Lemma 4 indicates that Ejy ,, is
bounded by C h2M+3  Furthermore, Lemma 3 shows that

M

3 oxr (e ta )8 0 0) < CHITY,
k=0

hj
2

where C is a generic constant independent of /. Hence, the integral fti;”l r(ty, s)(SL” (s)ds
is bounded by CA™n/+1.2M+3) \which completes the proof. O

3 Parallel Numerical Picard Iteration Methods

In addition to the parallelization in one Picard iteration due to the property of computation
segment by segment, we further investigate the parallelization between the numerical Picard
iterations on different sub-intervals. We propose a new parallel method called the parallel
numerical Picard iteration (PNPI) method. Note that in the traditional numerical Picard
iteration method one must complete the Picard iterations on the current interval before moving
on to the next one. Instead, the proposed PNPI method allows one to perform Picard iterations
simultaneously on different sub-intervals, once rough initial conditions and approximations
are obtained.

We first illustrate one parallelization idea by considering a case with N = 4and J = 3. We
denote by nLj] the jth approximation value att, foralln =0,1,...,N,j =0,1,...,J—1,,
and set .

i =ye, j=0,1,..., -1
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Step: 0 1 2 3 4 5 6

Fig. 1 Diagrams of parallel algorithm

The notation Y,[j I denotes the Jjth approximation of solution on the sub-interval I,,. The
computation consists of the following steps (See Fig. 1):

e On the first sub-interval I, the initial-state value nBO] is known and a rough approximation

Y(EO] is obtained by setting Y(gO] ) = n([)o], t € Ip. One numerical Picard iteration can be

performed to obtain a more accurate solution Y(%H on Iy and an initial-state value nEOJ for
the second sub-interval ;.
e The second numerical Picard iteration can proceed on Iy with r]([)l] and Y(gl] to obtain

a more accurate solution Y(gz] for Iy and a more accurate initial-state value ngl] for 1.

Meanwhile, another numerical Picard iteration can be conducted on /; with nEO] and

Y 1[0] = ’7[10] to obtain a more accurate approximation Y 1[ ! for 1) and an initial-state value

ng)] for 1.

e We can next conduct three numerical Picard iterations on Iy, /1, and I, simultaneously
to obtain a more accurate approximation for the current sub-interval and provide a more
accurate initial-state value for the next sub-interval.

e The procedure can continue until the computations are finished.

We note that there are J numerical Picard iterations that can be computed in parallel all
the time, except at the beginning and last J — 1 steps.

However, the parallelization of the numerical Picard iterations shown in Fig. 1 leads to
bad convergence of the iteration. To explain this, we focus on the second Picard iteration on
I with the initial-state condition n%” and a rough approximation Y 1[1]. Although nE” is more

accurate than nEOJ, it is easily found that the accuracy of Y. 1[1] is of the same level as that of

nEO] according to (6); that is,

(1] o, b frem! [0]
o ="+ 2 / Ty (£ (YY), 5)ds.
—1
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Then, the accuracy of ngl] andY 1[2] obtained from the numerical Picard iteration will be limited
by the accuracy of Yl[l], i.e., that of r][lo]. In fact, it can also be proved that the convergence of
the numerical Picard iteration method with the above parallelization is only of one order. To
overcome bad convergence, we make a slight modification for Y 1[1] by adding the difference

between n%ol and n%“,

(1] [1] [1] [0]
Yy =Yr 40—,

and then conduct the numerical Picard iteration with 7751] and Y 1[ U'to derive ngll and Y 1[2]. It
will be shown in Theorem 3 that the convergence order stays the same as that of the serial
numerical Picard iteration methods.

We are now ready to present parallel numerical Picard iteration methods that make use of
both the merits of the parallelization and the high-order convergence.

Definition 1 For a given positive number J, the element n,[f] € Sy+1(My) is called the
parallel J-Picard solution of Eq. (1) if it satisfies

n=0,1,...,N —1,

where Y,E” is generated by the iteration

[i] :

~p: Y, '(t),i =0,

v = rfi]() l -1 (19)
Yo () +m' —mn , =102, 0 -1,

hn

i+ = glil 4 :

5 (t—t)—1 .
/ In(fY, 5)ds, i =0,1,...,J =1, (20)
-1

withng! = yo, j=0,1,..., =1, =¥ Ny k=1, N=1,j=0,1,...,J—
Land Yty =0l r € [k =0,1,...,N - 1.

With the above definition, the PNPI method is presented in Algorithm 2. It is clear from
Algorithm 2 that there is no restriction on the selection of points in each subinterval for the
PNPI method. It is more flexible for the PNPI method than the RICD method [8] which
requires the uniform nodes for easily conducting the parallelization.

The convergence analysis of the PNPI method is given in Theorem 3.

Theorem 3 Assuming that the solution y(t) of (1) is (M +2)-times continuously differentiable
and that nL” is a parallel J-Picard solution, if the step size h is sufficiently small, then the
following error estimate holds:

y(@) = @) < epmintd MH1 Q1)

] = e

o0 t€la,b]

where the constant c is independent of h.
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Algorithm 2: Parallel Numerical Picard Iteration Method

Input: Domain [a, b], initial condition y,, number of intervals N, number of points on
each interval M, number of Picard iterations J

Qutput: Evaluations on the endpoints of N intervals n := [n([)“, 77%”, R n%]]—r
1 (Initialize and precompute integration matrix);
2 Set n([)ﬂ =1y, j=1,2---,J, and derive the matrix Syy;
3fork=2to N+ 1do
4 | for j =1tomin(k —1,J) do
5 (Parallel Computation)
6 n=k—j;
7 = [ﬂ,[,]_]lyﬂij_]l,---,n,,j]l]T
8 if j = 1 then
0
9 Y =y
10 Ay, :=10,0,.. .,O]T;
11 else
1 i—1 i—1
12 ‘ Ay, = [77,[1]]1 n,[f 1 ]7 nfl]]l 7],[1],1 ], cees 77,[1]]1 Uicl ]]T;
13 end
j 1

w || Y =y, sy (Y 4 Ay

1
15 =g 4 e p (YT 4 Ay
16 | end
17 end
18fork=N+2to N+ Jdo
19 | for n = max(1,k — J) to N do
20 (Parallel Computation)
21 j =k — n
2 =T
23 1f j =1 then
24 Yo = \H
25 Ay, :=10,0,.. .,O]T;
26 else

[j] =1 [l [j—1] [j] [j=114T.

27 ‘ Ay [nnl Mp—1 > Mp—1 — My ""’nnl_nnl] >
28 end
29 Y[]] _ yn + hnS f(Y[J*I] + AYn)

1
o ||t =+ Be r(n T 4 Ay);
31 | end
32 end

Proof Denotmgtheerrore,,](t) =y)-Y () and &l := y(t,) - n =0, 1,
i=0,1,...

it (

— 1, it is obtained that
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withi =0,1,...,J—1,n=0,1,..., N—lands € [—1, 1]. Using the Lipschitz condition,

we have P
eli+l] (t,, + 7"(s + 1))

where c is a generic constant independent of /. In particular, we have from Eq. (22) that

Yo — YU

| +chMH2, (22)

Jyn = 2] < [l 0]+ en Hy,, — Yl 4 epM+2, 23)

Noting that $n+1 = e,, (tn+1) n=012...,.N—1,i =0,1,...,J — 1, it follows
from Eq. (22) that

6| <[] + cn Hy — V| 4 cnt+2, 24)
We next present the bounds for S,EO] and H Yo — f(,[q !
=0 <l — vl + [6] < e+ Je!
we obtain from Eq. (24) that
’g}g‘j}l < (1+ch) FehMY2 i =0,1,.. . N—1. (25)
Since S(EO] = 0, Lemma 2 shows that
01 < oy H —iﬂ‘”” < ch. 2
%M BT o e X @

‘We then turn to the bound of

it is obtained by induction that

i > 1. With the combination of Egs. (23) and (24),

$n+]

n+1’ < it1—j (‘EVEJ]‘ + (ch)M+2) + (chy ! Hy" _ {410] ‘ + (chyM+2,
(27)
Combining the bound (26) for ||y, — ﬂ,o] and Eq. (27), we have, for a small enough #, that
£ + Z(eh)l“ |6 4 cpminti+2: 2], 28)

Combining the inequality (28) and the fact that §(gj 1 = 0, =0,1,...,J — 1, it can be
verified by induction on i with the help of Lemma 2 that

max - ‘g[' ‘ < cpminHLMEL G gy g, (29)
n=1,2,...,

Combining Egs. (23) and (29), we have

Hy” _yli+n H <ch ”yn ~ Y| g pminti+2. M1

By induction on i, it is obtained from |y, — ?LOJ ‘ < ch that
max < chMnUHLMAL S — 01, T (30)
n=12,...,N—1
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It follows directly from Egs. (22), (29), and (30) that

‘e[l”‘ < cpminls M+1)

=
|
3;—
TS
I
=
1)
kel

n=0,1,...,N—1

which finishes the proof. O

We remark that the PNPI methods also possess the super-convergence property. We present
this property as the following theorem, the proof of which is similar to that of Theorem 2.

Theorem 4 Assuming that the solution y(t) of (1) is 2M + 3)-times continuously differen-
tiable and ny] is a parallel J-Picard solution, if the step size h is sufficiently small and the
points {c; : j =0,1,..., M} are chosen to be Legendre—Gauss points, then the following
error estimate holds:
max (1) —n;/ (0] < ChmNV M), (31)
te My

where the constant C is independent of h.

We end this section by presenting the speedup property of PNPI. To this end, we define
the following index for speedup:

Tserial

Speedup =

parallel

where Terial and Tpararel are the computational times for the traditional method and PNPI
method, respectively. We denote by ug one unit time to evaluate one force function and by
u; one unit time to compute a dot product of two vectors of size (M + 1). To implement one
numerical Picard iteration to obtain one Y,[,j and n,[1j ], (M + 1) functions and m (M + 1) dot
products must be evaluated, as shown in Algorithm 2. Since N J Picard iterations in total are
needed, it is clear that

Tserial = NJ (M + 1)(ug + muy).

Supposing that P cores are adopted in Algorithm 2, for simplicity we assume that there
are J numerical Picard iterations in each outer iteration. In each outer iteration, there are
(M + 1)J functions and m(M + 1)J dot products to be evaluated independently, which can
be computed in parallel. It then follows that

1
Tparallel ~ ;(N +J =DM + 1)J (up + muy).

Thus, the speedup of the parallel numerical Picard method is given by

PN

Speedup = m

Owing to the combination of parallelizations inside one numerical Picard iteration and
between numerical Picard iterations on different sub-intervals, the parallel numerical Picard
iteration method yields a larger speedup compared to the RIDC method [8]. In fact, the
speedup of a Jth-order RIDC is at most J, while that for PNPI with the speedup can be
J(M + 1), at least in theory.
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Fig.2 Stability regions for numerical Picard iteration methods. Dependence of stability on a orders, b number
of points, ¢ iteration, and d type of points

4 Stability Analysis

We now investigate the numerical stability region for the numerical Picard iteration method.
First, we recall the following definitions.

Definition 2 The amplification factor for a numerical method, Am(}), can be interpreted as
the numerical solution to Dalhquist’s test equation,

Y (@) =xy@), y(0) =1, (32)

after one time step of size 1 for A € C, i.e., Am(1) = y(1).

Definition 3 The stability region S for a numerical method is the subset of the complex plane
C consisting of all A such that Am(A) < 1,

S={x:Am®) < 1.

The stability regions for the numerical Picard iteration methods with different settings
are computed numerically and presented in Fig.2. In Fig.2a—c, we explore the dependence
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Fig. 3 Stability regions for parallel numerical Picard iteration methods. Dependence of stability on a orders,
b number of points, ¢ iteration, and d type of points

of the stability on the convergence order, number M of points, and iteration number J with
Chebyshev points. One observes a circle of radius 1 for the stability region after one Picard
iteration, which is the same as the forward Euler integrator used. This is shown clearly in
Fig. 2a, i.e., the area of the stability regions increases with increasing convergence order of
the numerical Picard iteration methods. When the convergence order is unchanged, Fig. 2b
shows that the stability regions would not increase with increasing number M of points, while
Fig. 2c shows that the stability regions still increase with increasing iteration number J before
the value J attaches 2(M + 1). We also study the dependence of the stability regions on the
choice of points. We chose three different types of points: Chebyshev, Legendre—Gauss, and
uniform points. Interestingly, FIg. 2d shows that the stability regions almost do not depend
on the choice of the points.

To study the stability regions of the PNPI methods, we introduce another definition of the
stability region based on a uniform mesh.

Definition 4 The stability region S for a numerical method with a uniform mesh that has a
size of At is the subset of the complex plane C consisting of all LAt such that Am(A) < 1,

S ={AAt: Am(h) < 1}.
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Fig.4 Absolute error as function of number of intervals for different numbers of iterations, J,. NPM with J
iterations adopts a five Chebyshev-Gauss nodes per interval and b three Legendre—Gauss nodes per interval.
Expected orders of accuracy are observed

The stability regions for the parallel numerical Picard iteration methods with different
settings are displayed in Fig.3. In the first three Fig. 3a—c, we explore the dependence of
the stability of the methods on the number M of points and the iteration number J while
using Chebyshev points. One can also observe a circle of radius 1 for the stability region
after one Picard iteration. Figure 3a shows that the area of the stability regions decreases
with the convergence order of the numerical Picard iteration methods, but they encompass an
increasing amount of the imaginary axis. This result is consistent with the stability regions
of the RIDC [8]. We also note in Fig. 3b that the stability regions do not nearly depend on
the number M of points, which is quite different from that for the numerical Picard iteration
methods. The stability regions in Fig. 3c are nearly the same as those in Fig. 3a, which
indicates that the stability regions depend mainly on the number of the iterations. Similarly,
Fig. 3d shows that the stability regions do not nearly depend on the choice of points.

5 Numerical Examples

In this section, we illustrate the performance of numerical Picard iteration (NPI) and PNPI
methods by numerical examples.

Example 1 Our first example is taken from [21]

yi(@) = ty2(t) + y1(0),
y5() = —ty1 (1) + y2(2), (33)
y©0) = (1, D7, r [0, T

. o 22 22 .
The analytic solution s y(z) = (¢’ (cos %5 +sin %), e’ (cos & —sin %))T. We use this example
to show the convergence rate of NPI methods.

Weset T = 1 and adopt five Chebyshev—Gauss points, i.e., {cos n”_Tl :i=0,1,...,n—1.}
in the NPI methods. The numerical errors with respect to the number of intervals is presented
in Fig. 4a for different numbers of iterations. It is noted that the rates of convergence confirm

the theoretical results. The super-convergence property with the Legendre—Gauss points is
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interval. Expected orders of accuracy are observed

Table 1 Rate of convergence of NPI methods with five different nodes (J = 5,7 = 1)

N Chebyshev points Uniform points Irregular points

Error Order Error Order Error Order
10 7.1188¢—08 - 1.1426e—07 - 2.2807¢—07 -
20 2.2623¢—09 4.98 3.6240e—09 4.98 7.2287¢—09 4.98
40 7.1275¢—11 4.99 1.1408¢—10 4.99 2.2747¢—10 4.99
80 2.2387e—12 4.99 3.579%4e—12 4.99 7.1458e—12 4.99
160 7.0166e—14 5.00 1.1369¢—13 4.98 2.4025¢e—13 4.89
Table 2 Rate of convergence of NPI methods with 10 nodes (J = 10, T = 6)
N Chebyshev points Uniform points Irregular points

Error Order Error Order Error Order
10 9.2939¢4-00 - 9.2920e+4-00 - 9.2528¢+4-00 -
20 1.2409¢—02 9.55 1.2407¢—02 9.55 1.2361e—02 9.55
40 1.4560e—05 9.74 1.4561e—05 9.73 1.4739¢—05 9.71
80 1.2176¢—08 10.22 1.3068¢—08 10.12 1.1963¢—07 6.94
160 1.3188e—11 9.85 8.7309¢—10 3.90 8.7145¢—08 0.46

also presented in Fig.4b, where three Legendre—Gauss nodes are used. It is clearly shown
in Fig. 4b that the order increases as the number of iterations increases before it reaches two

times the number of nodes.

The NPI methods with different choice of collocation points were also tested. More pre-
cisely, we compared three different types of nodes: Chebyshev—Gauss points, uniformly
spaced nodes, and irregularly spaced nodes. Table 1shows the numerical errors and rates
of convergence for the NPI methods M, J = 5, while Table 2 shows similar results with
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Igg'vee fgegé’emffa;;‘;)“l ‘;‘; NP N PNPI methods NPI methods
methods with five Chebyshev Error Order Error Order
points and J =5
10 1.4723e—06 - 1.1684e—06 -
20 3.0713e—08 5.58 3.1909¢—08 5.19
40 8.1510e—10 5.24 9.2687e—10 5.11
80 2.3644e—11 5.11 2.7884e—11 5.05
160 7.1321e—13 5.05 8.5487¢—13 5.03
Table 4 Rate of convergence of PNPI methods with 10 nodes (J = 10, T = 5)
N Chebyshev points Uniform points Irregular points
Error Order Error Order Error Order
20 5.3941e—04 - 5.3941e—04 - 5.3941e—04 -
40 1.7467¢—08 14.91 1.7467¢—08 14.91 1.7457¢—08 14.92
80 6.2746e—12 11.44 6.1571e—12 11.47 3.0896e—11 9.14
160 3.8858e—15 10.66 3.9563e—13 3.96 2.8869¢—11 0.10

M, J = 10. Here, the uniform points are chosen as

2i )
[-1+ i=01.n— 1),
n—1

while the irregular points are selected as [-0.9 — 0.6 — 0.5 0.2 0.25] in Table 1 and as
[-0.9 — 0.8 —0.6 —0.55 —0.5 —0.15 0.2 0.225 0.25 0.4] in Table 2. It is noted
that, when the numbers of nodes and iterations are not too large (Table 1), the NPI methods
steadily yield a fifth-order rate of convergence of no matter what kinds of nodes are adopted.
However, when the numbers of nodes and iterations are relatively large (Table 2), the NPI
methods with irregular points and uniform points demonstrate a reduction of the convergence
order, while the NPI methods with Chebyshev points behave more stably.

Example 2 We next consider the following nonlinear ODE system [8]

Vi) = =y () + 1) (1 — yi (1) — y3 (1),
¥y(@) = y1(t) 4+ 3y2()(1 — yi(t) — y3(1)), (34)
)= (1,07, [0, T).

The analytic solution is given by y(z) = (cost, sint) . We use this example to validate the
order of accuracy of PNPI methods. Figure 5 shows the error with respect to the number of
intervals for different numbers of iterations. The desired order of accuracy is observed and
the super-convergence of the PNPI methods is also observed in Fig. 5b when the Legendre—
Gauss points are used. Comparison of the performance between the NPI and PNPI methods
is presented in Table 3. The numerical result shows that the PNPI methods can preserve the
convergence order of the NPI methods. As seen in Table 4, the PNPI methods exhibit similar
behaviors as the NPI methods.

Example 3 The last example is the one-dimensional N-body problem [8]. Supposing that
N ions are uniformly spaced on the interval [0, 1] and that N_ electrons are also uniformly
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Table 5 Performance of PNPI methods with different numbers of iterations and of cores for fixed numbers of
intervals, N = 1000, and of points, M + 1 = 12, on each interval

J Error ST (s) Cores PT (s) Speedup Efficiency
Theoretical Actual
2 4.1069¢—02 154.88 2 59.86 2.00 2.59 1.29
4 1.7261e—04 238.93 4 60.37 3.99 3.96 0.99
6 2.7795¢—07 358.56 6 63.59 5.97 5.64 0.94
8 1.2337¢—10 477.79 8 73.88 7.94 6.47 0.81
10 1.2218¢—13 597.19 10 79.23 9.91 7.54 0.75
12 2.6756e—14 716.68 12 87.02 11.86 8.24 0.69

spaced on the interval [0, 1], the motion of particles is then dominated by the equations

- U,+ -

—+ 1
X. .
|:v’+i| = ' ZNJr q+(xi+7x;') + N, q (x x , 1= 1,...,N+,
i M+ j=l (cF—x)2442 Jj=l & )2+d2
i

- Vi

X; R .

[UL] = | 4 ZN+ 4+ 0 =x)) N_ q-(x; —x}) ,i=1,...,N_,
i dr m_ =1 / *)2+d2 _l /(xf—x;)2+d2

where ¢t € [0, T], {xi }171 and {x; , v; }fvz’l denote the locations and velocities of the

ions and the electrons, respectlvely. The charge of each ion and electron is set to g+ = L

Ny
1000
Ny and

m_ = i respectively, which are physically reasonable mass ratios to work with. d is a
regularization constant, which is set to 0.05 in this simulation. The initial conditions are set
to

and ¢g_ = —i, respectively. The mass of each ion and electron is set to m =

i~ 0.5
PO =2 v ) =0, i=1,.... Ny,
Ny

1

i —0.5
x._(O):lN , v (0) =sin(6mx;(0), i=1,...,N_.

1

In this example, we set 7 = 20 and Ny = N_ = 200, and the reference solution is
obtained using the built-in solver ode45 in MatLab (MathWorks, Natick, MA, USA). We
consider the maximum norm errors at the terminal time. For a fixed number of intervals,

= 1000, and a fixed number of collocation points, M + 1 = 12, in each interval, we
tested the efficiency of the PNPI methods with different iterations J on different numbers
of cores ranging from 2 to 12. The associated numerical results are presented in Table 5. It
is noted that the error decays rapidly when the number of iterations, J, increases. To show
the efficiency, we present both the CPU time of sequential computation (denoted ST) and
of parallel computation (denoted PT) with different cores. We also introduce two indexes,
speedup and efficiency, which are defined, respectively, by

ST . Speedup
Speedup = —, Efficiency = ——.
PT number of cores
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Table 6 Performance of PNPI

methods with different numbers
of cores for fixed numbers of Theoretical Actual
intervals, N = 1000; of

No. of cores Time (s) Speedup Efficiency

iterations, J = 12; and of points, 1 716.68 - - -

M + 1 = 12, on each interval 2 361.03 1.98 1.99 0.99
4 185.01 3.96 3.87 0.97
6 133.10 5.94 5.38 0.90
8 111.68 7.92 6.42 0.80
10 97.46 9.90 7.35 0.73
12 87.02 11.88 8.24 0.69
oded5 174.07 (Error=1.0819¢—13)

Table 7 Performance comparison between PNPI methods with / = M + 1 = 8 and RIDC8 based on forward
Euler method with different cores

Cores PNPI methods (Error = 2.45¢—10) RIDCS (Error = 5.47¢—10)
Time (s) Speedup Efficiency Time (s) Speedup Efficiency
1 318.18 - - 442.55 - -
2 159.40 2.00 1.00 236.54 1.87 0.94
4 81.94 3.88 0.97 122.80 3.60 0.90
8 48.93 6.50 0.81 70.07 6.31 0.79
12 40.64 7.83 0.65 70.45 6.28 0.52

To achieve similar accuracy, number of intervals is set to N = 1000 for PNPI methods and to N = 6000 for
RIDCS8

The results are listed in Table 5. It is noted that the speedup well matches that of theory
and that the parallel efficiency is approximately 69% when 12 cores are used. According to
theory, the CPU time is expected to decrease if one increases the number of cores until up
to 12J. We also adopted different cores to implement the PNPI methods with J = 12 and
M + 1 = 12 in parallel, and the resulting computation times are listed in Table 6. Speedup
in this table is defined by

CPU time of one core

Speedup = .
peecup CPU time of multiple cores

Again, the results match the theoretical results very well and the efficiency can be maintained
above 69%. As a comparison, we present the computation time of the built-in function ode45
in MatLab. It is noted that that the PNPI methods with more than six cores outperform the
ode45 solver.

We also performed a parallel performance comparison between the PNPI methods and the
eighth-order RIDC method (denoted RIDC8). We set J = M + 1 = 8 and N = 1000 for the
PNPI methods. To achieve similar accuracy, the number of intervals was set as N = 6000
for RIDCS8. The numerical results are shown in Table 7, from which it can be seen that the
PNPI methods take less time to achieve comparable accuracy and exhibit better speedup and
efficiency.
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6 Concluding Remarks

In this paper, we propose a new class of parallel time integrators for initial-value problems
based on Picard iterations. We demonstrate that the parallel solvers yield the same conver-
gence rate as the traditional numerical Picard iteration methods. The main features of our
approach are as follows. (1) Instead of computing the solution point by point (as in RIDC
methods), the proposed methods proceed segment by segment. (2) The proposed approach
leads to a higher speedup: the speedup is shown to be J(M + 1) (while the speedup of the
Jth-order RIDC is, at most, J). (3) The proposed approach is applicable to non-uniform
points, such as Chebyshev points. We also present a stability analysis and numerical exam-
ples to verify the theoretical findings. In future work, we plan to apply the proposed PNPI
method to more challenging engineering problems.
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