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Abstract

In this paper, we present a new corrector-predictor interior-point method for solving semidef-
inite optimization. We use an algebraic equivalent transformation of the centering equation
of the system which defines the central path. The algebraic transformation plays an essential
role in the calculation of the new search directions. We prove that the iteration complexity
of the algorithm coincides with the best known ones for interior-point methods (IPMs). To
the best of our knowledge, this is the first corrector-predictor interior-point algorithm that
uses the search directions obtained from the desired algebraic transformation for semidefinite
optimization. Finally, some numerical experiments are provided to demonstrate the efficiency
of our new algorithm.

Keywords Semidefinite optimization - Interior-point methods - Corrector-predictor
methods - New search directions - Polynomial complexity

Mathematics Subject Classification 90C22 - 90C51

1 Introduction

Semidefinite optimization (SDO) optimizes a linear objective function over the intersection
of the cone positive semidefinite matrices with an affine space. Many practical problems
in combinatorial optimization can be modeled or approximated as SDOs [1]. SDOs are
also used in control theory [4] and eigenvalue optimization problems [23]. SDOs can be
efficiently solved by IPMs. Independently of Nesterov and Nemirovskii [27] and Alizadeh
[2] generalized IPMs from linear optimization (LO) to SDO. Some articles on IPMs for SDO
are published by Helmberg et al. [14], de Klerk [12], Halicka et al. [13], Kheirfam [19, 20]
and Wang et al. [32].

The full-Newton step feasible IPM was first introduced for LO by Roos et al. [30]. They
provided a novel convergence analysis of the method and obtained the best known iteration
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complexity for such methods. The extension of this method to SDO based on Nesterov-Todd
(NT) directions is discussed by de Klerk [12]. In 2003, an algebraic equivalent transformation
(AET) of the system that defines the central path is proposed by Darvay [5]. He used the
Newton method for resulting system to obtain search directions based on the square root
function, and provided a full-Newton step IPM for LO. The method later generalized to SDO
[32], second-order cone optimization (SOCO) [31], symmetric cone optimization (SCO) [33]
and convex quadratic symmetric cone optimization (CQSCO) [3]. Subsequently, Wang et al.
[34, 35] have tried to improve complexity analysis of [IPMs for SDO and SCO, respectively.

Animportant class of interior-point algorithms which have proven to be efficient in practice
are called predictor-corrector (PC) IPMs (see [25, 26]). The first PC interior-point algorithm
that uses the AET method for defining the search directions has been proposed by Darvay [6]
for LO. Later on, Kheirfam [16—-18] developed corrector-predictor (CP) IPMs for P, (k) linear
complementarity problem, convex quadratic symmetric optimization (CQSO) and second-
order cone optimization (SOCO), which use the search directions based on the square root
function. Darvay et al. [11] introduced an CP interior-point algorithm for LO. The authors
used the AET method that is based on the difference of the identity map and the square root
function, which the first proposed by Darvay et al. in [10] for a full-Newton step IPM. Later
on, Darvay et al. [7] and Kheirfam et al. [21] generalized this method to P, (x)-LCP and
SCO, respectively.

The aim of this paper is to give a new CP IPM for SDO. The method uses the AET
technique that is based on the transformation v (t) = v (v/1) with ¥ (¢) = 12, which was first
introduced in [9]. To the best of our knowledge, this is the first CP interior-point algorithm
that uses the aforementioned AET for SDO, and therefore the analysis of the algorithm differs
from the existing ones. We prove that the complexity of the algorithm coincides with the best
known ones of [PMs.

The paper is organized as follows. In Sect. 2 the primal-dual pair of SDO problem, the
notation of the central path and the main idea of the AET of the system defining the central
path are given. In Sect. 3 we present the new CP interior-point algorithm. Section 4 is devoted
to the convergence analysis of the proposed algorithm. In Sect. 5 we present some numerical
results. Concluding remarks are given in Sect. 6.

2 The SDO Problem

Let us consider the following primal-dual pair of SDO problems

(P) min{tr(CX) : tr(A;X)=b;, i=1,...,m, X >0},

and

m
(D) max{b’ y : ZyiAi+S=C, S > 0},
i=1
where C, X, S € S",b; e Rand A; € S§",i =1, ..., m are linearly independent. Here, S"
denotes the set of real symmetric n x n matrices and X > 0 means that X is a symmetric

positive semidefinite matrix. For convenience, we denote the feasible set of the primal-dual
pair of (P) and (D) as

F = {(X,y, S)eS" xR" xS" :tr(A; X)
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m
=bj, i=1...m X=0) yA+S=C, 550},
i=1
and its relative interior by

F={X,y,9eF:X>0,8>0},

where X > 0 is to mean that X is a symmetric positive definite matrix. Throughout this
paper, we assume that F° = (. Under this last assumption, it is well known that the problem
pair (P) and (D) have optimal solutions and their optimal values coincide. Hence, the set of
optimal solutions contain of all solutions (X, y, S) € S" x R” x §" to the following system
is [12]:

(A X)=bj, X>0, i=1,....,m,

m

> yidi+S=C, 50,

i=1

XS =0, (M
where the last equality so-called the complementarity condition. The primal-dual path-

following IPMs usually replace the complementarity condition with XS = pul where
i € R, > 0. Under this, we have

tr(A; X)=b;, X>=0, i=1,...,m,

m
Y viAi+S=C, §>0,
i=1

XS =ul. ()

It is also well known that the system (2) has a unique solution; (X (1), y(n), S(n)), for each
n > 01[22, 27]. The set of all solutions (X (), y(u), S(w)) is called the central path. The
limit of the central path exists as ; |, 0 and is a solution of (1) [13].

Let

| 1 1
Vi=—D"XD" =—DSD 3)
N N

where
o1 1 -1 1,1 S N D B B R
D = (Xz(XzSXz) 2 Xz)l[: (S 7(S2XS2)1572 )2]
Note that the matrices D and V are symmetric and positive definite. Thus, we have

2 (L oy -y (L _ Ll _
V2= D'XD DSD) = —D"'XSD =1
"w

JH I
) XS (XS)?
sV=loVi=vVe 2= .
2 I

Now the central path problem (2) can be equivalently stated as

tr(A; X)=b;, X>0, i=1,...,m,

Y viAi+S=C, §>0,
i=1
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XS (XS)?

1 NG

Let xﬁ : (52, o0) - R, with 0 < & < 1, be a continuously differentiable, invertible and
monotone increasing function. Now, by applying the AET to the central path problem in the
form (2), we have

. “

(A X)=bj, X=0, i=1,....,m,

m
Y viAi+S5=C, S>0,
i=1

/XS —
#(52)-5(r)
7
However, if the AET is applied to (4), using the continuously differentiable, invertible function

¥ @ (€2, 00) — R such that 2tw/(t2) - 1//’(1) > (Qforallt > & with0 < & < 1 [8], then we
have

tr(A; X)=b;, X>0, i=1,...,m,

m
Y viAi+S=C, §>0,
i=1

o(5) = (X2 ©

Assuming that we are given a feasible solution (X, y, S) with X > Oand S > 0 and applying
Newton’s method to system (6) leads to the following system, which defines the search
directions AX, Ay and AS

tr(A;AX) =0, i=1,...,m,

m

> Ay A+ AS =0,

i=1

XS XASH+AXSH+ AXAS XS XASHAXSH+ AXAS :
S (T B

7
Applying Lemma 2.5 in [32], the third equation of system (7) can be written as

D) () o ()

g g w g
G0 T EDHEET) =

Therefore, we obtain the following system
tr(A;AX) =0, i=1,...,m,
m
> AyiAi+AS =0,
i=1
AX + XASS™!
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XS\ L (XS)2IN-L L (XS)E -
=u(v'(50) 250 V()
2 AN VI

() v (325
X -y — .

VI 2

Clearly, from the second equation of (8) we have AS € S". However, in generally AX
does not belong to S”, because X ASS~! may be non-symmetric. To remedy this situation,
many researchers have proposed methods for symmetrizing the third equation in the system
(8) such that the resulting new system has a unique symmetric solution. Here, we consider
the symmetrization scheme that yields the Nesterov—Todd (NT) direction [28, 29]. In the
NT-scheme, the term X ASS~! is replaced by DZAS(D?*)T, where D is defined as in (3).
Moreover, let us define

. 1 1 1
A; := —DA;D, Dyx:=—D'AXD™", Dg:= —DASD. 9)

Ji Ji Ji

Using these notations, the Newton system (8) can be written as
tr(A;Dx) =0, i=1,...,m,
m
Y Ay;Ai+ Ds =0,

i=1
Dx + Dg = Py, (10)

where

Py = JuD N (Dy' (v)D™! — %D*l v='ppy' (v)D") !

x(Dy(V)D™' = Dy (vH)D s~ D7

3 Corrector-Predictor Algorithm

In this section, we present a corrector-predictor interior-point algorithm based on the search
directions obtained by using the function ¥ (t) = >, ¢ > \%2 introduced in [9]. In this way,

we have
Py =Q@Vi-D7N(V -V,
and the third equation of (8) becomes
1
2
For analysis of our algorithm, we define a norm-based proximity measure §(X, S; 1) as
follows:

AX + D*AS(DY)T = (M(2XS—MI)’1XS—XS>S’1. (11)

P 1
5(V) = 8(X. S 1) = | ;”F =slv—vihaev:-n-

Using this, we give the t-neighborhood of the central path as follows:

N@ ={(X,y.8) e F': §(X, 8 ) <1},

"y (12)

where T € (0, 1). Our algorithm starts with a given point (X, y, S) € N(t) and performs
corrector and predictor steps.
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Algoritm 1 : Corrector — predictor interior — point algorithm for SDO
Input :
Let > 0 be the accuracy parameter, 0 <6< 1 the update parameter
(default value 6 = ﬁ) and t the proximity parameter (default value v = %).

Let (XO, yo, SO) be a primal dual strictly feasible,uo = % and
Amin(VO) > % Furthermore, suppose that 5(X0, s9; ;LO) < %
begin
k:=0;
while tr(X* SF) > ¢ do
begin
solve system (13) and set (Xk s S]jr) = (Xk, Sk) + (ACXk, ACSk);
solve system (15) and set (XP), (SP)K) = (XK, sk) +o(aP Xk, AP Sk);
(P = (1 = §Hpk;
Xk+l = (Xp)k’ yk+l = (yp)k’ Sk+l = (Sp)k;
k:=k+1;
end
end.

Inacorrector step, the search direction (DS, A€y, Dg) is obtained by solving the following
scaled system:

tr(A;D$) =0, i=1,...,m,
m _
> A%, A + D§ =0,
i=1
D + DS = v2 — D~ Hv — V3. (13)
Using the first two equations of the system (13), it follows that
tr(Dg D) = 0. (14)

Now, using (9), we have A°X = ,/uDD$D and AS = ﬁD_] DgD_]. In this way, the
corrector iterate is calculated by considering a full-NT step as follows:

(X4, y40 S4) = (X, 3, 8) + (A°X, Ay, A°S).
In general, the goal of the predictor step is to reach the optimal solution of the underlying

problem in a greedy way. This corresponds to the case when we set © = 0 in (11), which
leads to

1
AX + D*AS(DHT = -3,
or equivalently, in terms of scaled directions, we have
1
Dx +Dg=—=V.
2
Therefore after updating

1 1 1 _ 1 1
Py = X2(X2S,X2)7 X2, Dy =P},
_ 1 I
Aiy = —D,ADy, Vy = —D, S, Dy,
i+ \/ﬁ i \/ﬁ
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where y = TS in the predictor we follow the search direction (D%, APy, Dg ) by solving

the following scaled Newton system
tr(A; DY) =0, i=1,....m,
m
> APyiAi, + D =0,
i=1
p P 1
Dy +D =—5V+. (15)
Then, we compute the predictor directions in the original space as
APX = JuD+DYDy, APS = /uD;'DEDT, (16)
and the new predictor iterate is given by
(XP, ypa SP) = (X+a y—‘r, S+) + G(Ava Apy7 AFS)’

where 0 € (0, 1) is the update parameter and also u? = (1 — %9) . We expect to obtain
a new iterate which belongs to the same neighborhood, thus (X7, y?, S?) € N(t). The
algorithm repeats corrector and predictor steps alternatively until tr(X S) < ¢ is satisfied.

4 Analysis of the Algorithm

In this section, we will analyze the corrector and the predictor steps in detail, respectively.
We first recall some results from [12] which are required in the rest of this paper.

Lemma 1 Suppose that X > 0 and S > 0. Moreover, let X(a) = X + «AX and S(a) =
S+ aAS for0 <o < 1. Ifone has

det (X(@)S()) >0, VO<a&<a,
then X () = 0 and S(a) > 0.

Lemma 2 Suppose that Q € S\ |, and let M € R™™" be skew-symmetric. One has det(Q +
M) > 0. Moreover, if Li(Q + M) e R,i =1, ...,n, then

0 < Amin(Q) < Amin(Q + M) < Anax(Q + M) < Amax(Q),
which implies Q + M > 0.

Lemma3 Let Dy, Ds € S" be such that tr(Dx Ds) = 0. Then

I Dxslloo < %HDX + Dsll3. IDxslr < gHDx + Dsl7,
where Dys := %(DxDs + DsDx).
Let Qv = D§ — D5. In this way, by using (14), we have
IPvII} = ID§ + D§lI% = IDGIIF + 1D513 = 1Qv 13-

Thus, we can define

_lovir

(X, S5 ) >
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Furthermore, we have

Py + Qv . Py — 0y
Ds = VT2V pe VT2V
2 2
hence
P2 _ Q2
ks =" (17)

4.1 The Corrector Step

The next lemma gives a condition which guarantees the strict feasibility of the corrector step.

Lemma4d Let§ :=6(X, S; u) < 1 and Ayin(V) > \%2 Then X4 > 0and S4+ > 0.

Proof Let us consider 0 < o < 1 and denote X(«) = X + aA°X and S(a) = S + a A€S.
In this way, using (3) and (9), we have

X(@) = JuD(V +aD$)D, S(@) = JuD "(V +aD§)D™".

We have

X@5@) ~ (V4+aD{)(V +aDY)

= V2 4 a(VD§ + D§V) + a® D§ DS
= V2 4 a(VD§+ VDY) +a(DSV — VD)
1 :
+a? DS + 5oﬂ(Dg(Dg — D$DY)
= (1 -V +a(VE+VPy) +a? Dy
1
+a(D$V — VD) + Eoﬂ(Dg(Dg — D$DS)
=:0(a) + M(). (18)
It is clear that M () is skew-symmetric and also we have
VEevpPy =Vigevi-Dhvi-vh
=QVi-D W T+
=QVi-D'WVi-1?+1
> 1.

From this last inequality and (17) we deduce that

P5—Q2v)

Q(Oé)z(l—oz)V2+a(I+a ,

2 2
= (1 —a)V? +a<1 — (- a)% _a&),

4
In view of the above inequality, Q(«) is positive definite if « < 1 and
P2 2
I—(1—-a)-L %,
4 4
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The last condition follows from

P2 P2 2

oo 2o F %

I Pyl +a”QV”12V
4 4

=(l-a)8 +as? =6 <1.

<(l-w

Thus, by Lemma 2, det(X(«)S(x)) > 0,Va € [0, 1], in addition since X(0) = X >
0, S(0) = S > 0, Lemma 1 implies that X(1) = X > Oand S(1) = S+ > 0. Thus we have

completed the proof. O
Lemma5 Letd :=45(X, S;n) < % and hpin(V) > % Then, min(Vy) > \i@ and
562/1 — 82
S(X4, St < — .
(X4, S5 1) 252
Proof From (18), with @ = 1, we obtain
P2 QZ
2 )
VZ~ Q) +M() =V +VPV+T —+M(1)
P2 2
=I1+QVi-DT'V2-D*+ TV - QT + M(1)
P2 2
+@evi-nvzi+n-L 1 Q— + M(1)
P2 2
+(OVv? - 41)v—2)TV - %‘/ + M(1). (19)

Therefore, we have

[r=v2l = S s v —anv ) - ) <o)

n 2 2
:in(((9v2—41)v*2)PV v +M(1))

i=1

=u((OV2—4nv- )If - %%/ +M(1))
vy - G

||PV||%: n ||QV||%:)2
4 4
< (98% + §%)2 = 1008, (20

= (lov2—4anv=2|

. I . . . . P2
where the first inequality is due to M (1) is skew-symmetric. Beside these, since TV > 0 and

VZ 4+ VPy > I, we have
P 0% o

- M) = 1= = M),

VvZ~v2iivp
+ + V+4 4
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Therefore,

Q2
Ann(V2) 21— | 5] =182 @)

Using § < \% we have Amin (V+) >/1—-6%2> % This proves the first part of the lemma.
Moreover, we have

1 _
S(Va) =Xy, Sz = S [ = VRVL@VE= D7 (22)
Let us consider the function f () = [2 1,Vt > % We get f/ (t) < 0, this means that f(¢)
is decreasing on ¢ > ﬁ' Using this, (22), (21) and (20), we obtain
1 V/1-82 562/1 — 82
S(Vy) == 08(X 4, Sy -V}, = ——5
V1) (X4 +IL)_22(1 57) 1” ol =252

This completes the proof. O

Lemma 6 Suppose that § := (X, S; n) < and Amin (V) > 1 Then

tr(X184) < pu(n+4).

Proof Since V+2 ~ XLSJ“ we have tr(X+S4) = /Ltr(Vf) Therefore, from (19) it follows
that
r; 0}
r(X;8;) = p,(n Fr(OV? —anv 2 - SV M(l)))
PN 07
< -+ dnax(OV? = 4DV () —(F1))
IPvIE Qv
< n(n+9—F = =E) = wn +85) < p(n + 4,
where the first inequality is due to M (1) is skew-symmetric. O

4.2 The Predictor Step

The next lemma gives a sufficient condition for the strict feasibility of the predictor step.
Lemma7 Let (Xi,y.,S;) € Fland u > 0. Let

XP =X, +0APX, SP =8, +6AFS
denote the iterates after a predictor step, where 0 € [0, 1]. Then (X?, y?, 8P) € FO if

1 n/262

2
225, 16— g2 *H) =0

h(S4,0,n) =

where 84 = 8(X1, S+ ) and p(84) = 84 +,/1+ 82,
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Proof Let0 <« < 1.Weset XP () = X4 +afAPX and S” () = Sy + ¢6APS. In this
way, we have

XP(@)SP(a) = (X4 + a0 APX) (S5 + afAPS)
~ u(Vy + a0 DY) (V4 + ab DY)
= u(VE+a0(DgVy + ViDF) + %02 DY DY)

= u((l - ?)\ﬂ +a9(D” Vi — ViDR) + a202D§D§)

= n((1- 0‘29)\/2 +50%0*(D}D§ + D D))
+patd((DY Vs = VDY) + %a@(Df(Dg -Dfg)). @3
Note that

0 1
TIVE +5a’0*(Df DY + DDY) € 81 .

Oa) = (1 )

and
M(@) = (D§Vy — V,D}) + 3a0(D} D} — D DY)

is skew-symmetric. Invoking Lemmas 2 and 3, and using (23) it follows that

(XP@)SP @)y 2 ﬂ PP PP
<(l—a9/2)u) Amm(‘/ +2(1_ g/z)(DXDS‘l‘DsDx))
a?6?
= hin(V3) = 57 g7, 1PR DS + DEDL
V2a%6?
AQAWJ—4H_QWDHD + D2
V262 )
= awin (Vi) — m” Vi e (24)

where the third inequality follows from Lemma 3 and the last inequality is due to the fact

that the g(«) = % function is increasing with respect to 0 < o < 1 and each fixed
0 <6 < 1 thatis g() < g(1), and the third equation of (15).
Now, we define o = %” VJ:I - Vi || - that was first introduced by Jiang [15] (without

the constant %) and with the coefficient % in [12]. In this case, for each 1 < i < n we have

= Ai(Vy) = ploy). (25)
p(o)

On the Other hand, we ha\/e
1 2 —1 2 -1 >
6 — ‘/ (‘/ — ‘/ )(Z‘/ — [) —04,

where the inequality follows from the inequality of V; > \%2 I and the fact that the function

(0 = 55

> % fort > % The above inequality implies that o < 25. Since p (o)
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is increasing with respect to o4, we obtain p(oy) < p(2564). Hence, Amin(V4) > p(%&r)'
Therefore,

(X2 (@)SP(@) 1 V202 K,
Fmin ((1 —oce/zm) 2 2@ 161 a7 24
1 nv20*
= P25y 16 —gp)”
= h(64+,6,n) > 0. (26)

The above inequality implies that det(X? («)S?(«)) > 0 for each 0 < o < 1. Therefore,
in view of Lemma 1 it follows that X?(1) = X? > 0 and S”(1) = S? > 0. The proof is
completed. O

Let VP = ﬁ(pf’)—‘xp(m)—‘ = ﬁD"S”D”, where
D7 = [(xnExnisrxnh T aen i wr = (1 D).
In this way, we have
(VP)? = %(D”)_IX”S”D” ~ %X”S”. 27)
Invoking (26) with ¢ = 1, together with (27), we obtain
Amin((VP)?) = h(8+,6,n) > 0. (28)

Lemma8 Let X1 > 0and S+ > 0 be a primal-dual feasible solution and p? = (1 — %)p,,
where 0 < 60 < 1. Moreover, let h(6+,60,n) > % and let (XP, yP, SP) denotes the iterate
after a predictor step. Then, Ain(VP) > % and

(., 0,n) (1052 N n92p2(28+)> '

h(s4.0,n) — 1) 8v2(1 -9

§P = 8(XP, SP; uP) <
( M)_z(z

Proof From the assumption (8, 6, n) > % and (28) it follows that Amin (V) > % From
Lemma 7, together with 2(8, 60, n) > % > 0, we deduce that the predictor step is strictly
feasible; i.e, (X?, y?, SP) e FO.
By the definition of proximity measure at (X”, y”, S”) one finds that
87 =8(XP, SP ) = S |(VP = (v - D7,

(1= Py )yvrewry? —n™',

N — N —

n 2
% Z <MVP)(1 _ AZ.Z(VP))> . (29)

—\ @i -1
Let us consider the function

gt) = , > —.

t
2022 = 1) NG
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Since g’(t) < 0, g(¢) is decreasing, from (29) and A; (V?) > Amin(VP) it follows that

n

02
h(y,0.n)) |1 =V} — ————(DYD§ + DYD}) -

2(1—6/2) 1 2M(l))”F

6/

[ = V2l + 5 |D§ g+ DEDY )

0
By /2)

(
(”1 — Vi + m”Di +D§’Hi)
(

|1-v2

IA
o9

I+ s 1)
Vh(+,0,n) (1082+ no2p2(28.) )

= 2Q2h(84,60,n) — 1) 8v2(1—-0/2)/"

where the second inequality follows from that g is decreasing and (28), the equality is due
to (23) with o = 1 and (27). Since M (1) is skew-symmetric, the third inequality is obtained
in a similar fashion to the proof of Lemma 4.8 in [24] and the triangle inequality, the fourth
inequality concludes from Lemma 3, the fifth inequality is obtained from the third equation
of the system (15) and the last inequality is due to (20), (25) and p(o+) < p(254). Thus we
have completed the proof. O

In the next lemma, we give an upper bound for the duality gap after a main iteration.

Lemma9 Supposethat$ :=§(X, S; n) < % and Amin (V) > %.Moreover, let) <6 < 1.
Then

tr(XPSP) < (n+4)u?
Proof Using (27) and (23) with @ = 1, we have

tr(XPSP) = pPue((VF)?)
2

2(1-0/2)

XS
- MPﬁ(‘/_%) — M!ﬁ(ﬂ) < uP(n+4),
m

(DY DS + DYDY +

_ Mf’tr(vf n 1_9/21\4(1))

where the third equality is due to the fact that M (1) is skew-symmetric and tr(Dg Dg ) =
tr(Dg DQ) = 0 and the last inequality follows from Lemma 6. The proof is completed. O

4.3 Fixing Parameters

In this subsection, we fix the parameters 6 and t to guarantee that after a main iteration, the
proximity measure will not exceed the proximity parameter t.
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Let (X, y, S) € N(7) be the iterate at the start of a main iteration with X > 0 and S > 0
suchthat§ :=§(X, S; u) <71 < % Then, after a corrector step, by Lemma 5, we have

562
8y < V1—282.

1 — 2682
One can easily verify that the right-hand side of the inequality above is increasing with respect
to §, thus we have

5t2V/1—12

Following the predictor step and the p-update, by Lemma 8, we obtain

2.2
gp < V1C+ 0 (1052+n9 p (25”). 31

= 2205, 0,m) — 1) 8v2(1- 0)

The function i (84, 6, n) is decreasing with respect to 6, hence 7 (64, 6, n) > h(w(t), 6, n).

We have seen earlier that the function g(¢) = m fort > % is decreasing, thus we get

g(Vh(1,6.m) < g(Vh(w(),6,m). (32)

By invoking (31) and using (32) and the fact that p (84 ) is increasing with respect to 5, we
deduce that

8P <
= 2Qh(w(1),0,n) — 1)

T ——————

V(e @), 0, n) ,  n0?p?Qw(r))
10 .
8v/2(1 - %)

To keep 87 < t, it suffices that

h(w (7). 0, 1) (10 ) nezpzaw(f))) .

2h@@.6m D\ A -5

ﬁ, n > 2, then the above inequality holds and 2 (64, 6, n) > %
This means that X, S > 0 and 8(X, S; n) < % are maintained during the algorithm.
Therefore, the algorithm is well-defined.

If we take T = l—loande =

4.4 Polynomial Complexity

The next lemma gives an upper bound for the total number of iterations produced by the
algorithm.

Lemma 10 Let X° > 0 and S° > 0 be strictly feasible primal-dual solutions, n° = Lieshw]

n
and 8(X°, 8% 1% < ﬁ Moreover, let X* and S* be the iterates obtained after k iterations.

Then, tr(X*S*) < e if

2 5tr(x0s°
k>1+ [5logM].

Proof Let ;X denote the barrier parameter after the k main iteration. From Lemma 9 we
deduce that

k—1 k—1
r(X*8) < i n+4) <5(1 - %) uOn =5(1- %) r(X°s9).
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Table 1 The number of iterations and CPU time

Name (n,m) New Algor. Algor. in [17] Algor. in [18]
Iter. Time Iter. Time Iter. Time
MC (25, 25) 147 4.51 184 6.05 353 11.25
(40, 40) 195 17.07 244 19.97 467 37.51
(50, 50) 223 28.67 278 36.16 532 69.31
(60, 60) 248 69.38 309 87.36 590 168.33
Nm (20, 20) 110 0.96 137 1.17 265 2.25
(30, 30) 136 3.16 170 3.88 326 7.42
(40, 40) 157 6.24 196 7.90 376 14.63
(50, 50) 176 11.45 220 13.91 421 26.70
(60, 60) 193 34.59 241 42.49 461 81.99
C (24, 11) 182 3.91 232 5.46 442 9.62
(35, 16) 221 10.12 282 13.24 535 24.60
(48, 22) 263 21.87 334 27.62 633 53.03
(63, 29) 284 51.63 388 72.05 751 89.45
Gp (20, 21) 187 4.35 234 4.53 452 8.88
(30, 31) 244 12.01 305 14.80 586 28.79
(40, 41) 294 26.33 367 32.06 703 62.50
(50, 51) 339 47.61 423 59.43 810 115.03

This means that tr(Xk Sk) < ¢ holds if
O\ k—1
5(1- E) r(X°s%) <e.
Taking logarithms, we obtain
6 0 0
k — 1) log (1 - 5) + log 5tr(X°8%) < loge.
Since log(1 4+ ) < B for B > —1, we obtain that the above inequality holds if
0
_E(k — 1) +log 5tr(XOSO) <loge.
From this, we conclude that
2 5u(x°s0
k> 14 2log M)
0
This proves the lemma. o

Using Lemma 10, we can easily conclude the main result of the paper.

Theorem 1 Let 6 = - and t = L. Then, the proposed corrector-predictor interior-point
3/n 10

algorithm is well-defined and requires at most
5tr(Xx0s°
) (\/?z log ¥)
€

iterations. The output is a strictly feasible primal-dual pair (X, S) satisfying tr(XS) < e.
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5 Numerical Results

In this section, we compare our new algorithm (new Algor.) with the presented algorithms
in [17, 18]. Numerical results were obtained by using MATLAB R2014b on an Intel Core i7
PC with 8GB RAM under Windows 10 to test some SDO problems: Max-cut problem(Mc);
Norm-min problem(Nm); Control problem(C) and Graph partitioning problem (Gp). The
algorithms are stopped when w < e with e = 107> In Table 1, we present the names of
the test problems, the dimension of the blocks and the number of the constraint equations
(denoted by (n, m)), the number of iterations (iter) and CPU time. Numerical results show
that our presented algorithm is reliable and promising.

6 Concluding Remarks

We have presented a new CP interior-point algorithm for SDO. We used the AET method
based on the function v/ (t) = v (+/1) with ¥ (¢) = 12 for the system which defines the central
path. We then used the symmetrization scheme that yields the NT directions and applied
Newton’s approach to the transformed system in order to get the new search directions.
Furthermore, we presented the convergence analysis of the proposed algorithm and obtained

the iteration complexity bound O(ﬁ log %OSO)) We had to assure that the smallest

eigenvalue of V-matrices of the scaled space is greater than % To our best knowledge,

this is the first CP IPM for solving SDO where the AET method based on the function
Y(t) = ¥ (/1) is used to derive the new search directions. According to our preliminary
numerical results, the new algorithm performs efficiently.
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