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Abstract
In this work, we consider numerical approximations of a thermally coupled incompressible
magnetohydrodynamic problem. By combining the scalar auxiliary variable method and
vector penalty projection approach, we construct a fully decoupled, unconditionally stable
finite element scheme to solve this nonlinear and coupled multi-physics system efficiently.
The proposed scheme has three distinct features: (i) although the nonlinear term is treated
explicitly, the scheme is still unconditionally stable; (ii) it can approximate divergence-free
solution, when penalty parameter tends to zero; (iii) all unknown physical quantities are
decoupled, and only a series of linear elliptic equations with constant coefficient need to
be solved. Moreover, the presented scheme is provably unconditionally stable. Then error
estimates for the velocity field, magnetic field and temperature of the fully discrete scheme
are established. Finally, various numerical simulations are provided to verify the features of
the presented scheme.

Keywords Thermally coupled magnetohydrodynamic · Divergence constraint · Vector
penalty projection · Zero-energy-contribution · Stability · Error estimate

1 Introduction

The thermally coupled incompressiblemagnetohydrodynamic (MHD)model,whichdescribes
the hydrodynamical behaviors of a conductive fluid in an electromagnetic field when buoy-

This work is supported by the Natural Science Foundation of Xinjiang Uygur Autonomous Region (Grant
Number 2021D01E11), the Postgraduate Research and Innovation Program of Xinjiang University (Grant
Number XJU2022BS021) and the Natural Science Foundation of China (Grant Number 11861067).

B Pengzhan Huang
hpzh@xju.edu.cn

Huimin Ma
huiminmhm@163.com

1 College of Mathematics and System Sciences, Xinjiang University, Urumqi 830017, People’s Republic
of China

123

http://crossmark.crossref.org/dialog/?doi=10.1007/s10915-023-02131-7&domain=pdf
http://orcid.org/0000-0002-2228-9111


14 Page 2 of 39 Journal of Scientific Computing (2023) 95 :14

ancy effects cannot be neglected in the momentum equation, has many vital applications in
the metal hardening, casting, melting, magnetic propulsion devices, design of electromag-
netic pumps, nuclear reactor technology, semi-conductor manufacture, etc. The governing
equations of this model are formed by coupling the incompressible Navier-Stokes equation
in fluid mechanics, the Maxwell equation in electromagnetism and the heat equation through
the Boussinesq approximation.

Let � ⊂ R
d(d = 2, 3) be a bounded region and final time T > 0, find fluid velocity

field u : (0, T ] × � → R
d , the pressure p : (0, T ] × � → R, the magnetic field H :

(0, T ] × � → R
d and temperature θ : (0, T ] × � → R satisfying [27]

ut − R−1
e �u + ∇ p − βθ j = f − (u · ∇)u + s curlH × H, in � × (0, T ],

divu = 0, in � × (0, T ],
Ht + R−1

m s curlcurlH = curlg + s curl(u × H), in � × (0, T ],
divH = 0, in � × (0, T ],

θt − κ�θ = ω − (u · ∇)θ, in � × (0, T ],

(1)

where Re denotes the fluid Reynolds number, Rm the magnetic Reynolds number, s the
coupling number, κ the thermal conductivity, and β is the thermal expansion coefficient.
Besides, the given function f is the external force, g is the known applied current with
divg = 0, ω is the heat source and j denotes a unit vector in the direction opposite to the
gravitational for u. The system is equipped with the following initial values and boundary
conditions [23]

u(x, 0) = u0(x), H(x, 0) = H0(x), θ(x, 0) = θ0(x) in �, (2)

u|ST = 0, (H · n)|ST = 0, (n × curlH)|ST = 0, θ |ST = 0, (3)

with divu0 = 0 and divH0 = 0. Here ST := ∂� × [0, T ], and n represents the unit outer
normal to the boundary ∂�.

For the steady-state thermally coupled incompressible MHD equations, Meir has proven
the existence and uniqueness of solutions in [27, 28], in which the dissipative heating and
Joule heating are disregarded. Bermúdez et al. [10] have studied the existence and uniqueness
of weak solutions. Yang and Zhang [38] have proposed three iterative finite element methods
on 2D/3D bounded domain and established the analyses of convergence and stability. Based
on the Arrow-Hurwicz iterative method, the finite element method has been proposed to
avoid solving saddle-point system coming from the considered problem [22]. For the time-
dependent thermally coupled incompressible MHD equations, Ravindran [29] has presented
a decoupled Crank-Nicolson time-stepping scheme, in which mixed finite element method
is used for spatial discretization, and has derived optimal order error estimates in suitable
norms. It is noteworthy that this scheme only decouples the MHD equations from the heat
equation. Ding et al. [17] have studied the Crank-Nicolson extrapolation scheme, where the
generalized Taylor-Hood element, Nédélec edge element, Lagrange element are employed to
approximate the Navier-Stokes, Maxwell’s and thermal equations, respectively. Meanwhile,
the authors have proven that the proposed scheme is unconditionally energy stable, and have
established optimal error estimates for the velocity,magnetic induction and temperature under
a weak regularity hypothesis of the exact solution. In [31], a modified characteristics finite
element method, which approximates the hyperbolic part with the modified characteristics
tracking scheme, has been presented by Si et al. When dissipative heating and Joule heating
are taken into account, a stabilized finite element method, which splits the unknowns into a
finite element component and a subscale, has been designed byCodina andHernández in [14].
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Finally, for solving the thermally coupled inductionlessMHD equations, Badia et al. [9] have
designed a new family of recursive block LU preconditioners. Although the worksmentioned
above have made essential contributions to the construction of the numerical method for the
thermally coupled incompressible MHD model, there is less research on explicit treatment
for the nonlinear terms in the model, and efficient scheme for the divergence-free constraint
concerning velocity and magnetic fields.

On the one hand, inspired by the scalar auxiliary variable method [25, 30], the “zero-
energy-contribution” idea has been proposed by Yang in [32–36], where an ordinary
differential equation is constructed to decouple the nonlinear system. With the help of
“zero-energy-contribution” idea, a fully decoupled finite element scheme, which involves
a pressure-correction method, explicit treatment for the nonlinear terms, second-order back-
ward differential scheme, has been proposed by Zhang et al. [39] for the MHD equations.
Note that the stability analysis for fully discrete scheme is carried out, but the error analysis
is not established. A fully decoupled algorithm for the MHD equations without “magnetic
pressure” can be found in [37].

On the other hand, for the time-dependent thermally coupled incompressible MHD flows,
it is essential to construct a numerical scheme that generates the numerical solution satisfying
the conservation ofmass andGauss’s law.As is known, by usingMini element or Taylor-Hood
element for spatial discretization, the velocity solutions are not divergence-free [13].Recently,
the vector penalty-projection (VPP) method, which approximately satisfies the divergence-
free conditions, has aroused the researchers’ attention. Based on the augmented Lagrangian
and splitting methods under vector form, Angot et al. firstly presented the two-step artificial
compressibility (VPPε) method and the two-parameter vector penalty-projection (VPPr ,ε)
method in [1]. For the VPPε method, the authors have developed it into incompressible non-
homogeneous or multiphase Navier-Stokes problems [2] and the fast numerical computation
of incompressible flows with variable viscosity and density [5]. Furthermore, Bruneau et
al. [11] have applied the combinatorial method of the VPPε method and corrected pressure
gradient scheme to the displacement of a moving body for the incompressible viscous flows.
Based on the stability result, the authors have proven the weak convergence of the scheme
towards the continuous incompressibleNavier-Stokes problemwith a penalization termwhen
time step and penalty parameter go to zero. In a following work of Angot et al. [1], the VPPr ,ε
method has been applied to compute the solution of unsteady incompressible Navier-Stokes
equations [3, 8], the incompressibleMHDequations [26], the time-dependent incompressible
Stokes equationswithDirichlet boundary conditions [6] and open boundary conditions [7]. To
be specific, the authors have proven that the numerical solution converges to theweak solution
of the Navier-Stokes equations when the penalty parameters tend to zero [8]. Moreover, the
stability of the proposed method and second convergence rate with respect to time step of
velocity and pressure are analyzed in [6]. As a matter of fact, based on Helmholtz-Hodge
decomposition [4], the divergence of the velocity is controlled by the parameter ε and r in
[1].

The aimof this paper is to construct a fully discrete decoupled finite element scheme for the
thermally coupled incompressibleMHDproblem. First, we introduce an ordinary differential
equation containing the nonlinear terms in the thermally coupledMHDequations,which leads
to an equivalent system of (1)–(3). Further, the VPPr ,ε method is used to penalize lack of the
mass conservation and Gauss’s law in the fully discrete scheme. Finally, we develop a fully
decoupled unconditionally stable finite element scheme by employing first-order backward
Euler scheme for the time derivative terms and explicit treatment for the nonlinear terms.
Theoretically, the unconditional stability of the proposed scheme will be derived, and error
estimates will be established. Numerically, several examples are given to test the stability and

123



14 Page 4 of 39 Journal of Scientific Computing (2023) 95 :14

accuracy of the presented scheme. By comparing with the implicit-explicit scheme, namely
Algorithm 5.1 in this paper, we illustrate the effectiveness of the proposed scheme.

The arrangement of this paper is organized in the following way. We start in Sect. 2
by writing down some notations, functional spaces and the basic facts. In Sect. 3, a fully
decoupled finite element scheme is proposed, and its stability is given. Then, some error
estimates of the velocity, magnetic and temperature are showed in Sect. 4. In the next section,
we present various numerical experiments to test the stability, accuracy and performance of
the presented scheme. In Sect. 6, the conclusion is given. The stability and error estimates of
the presented method are proved in the Appendix.

2 Preliminaries

Let us give some mathematical preliminaries and notations which will be frequently applied
throughout the paper. For m ∈ N

+ and 1 ≤ p ≤ ∞, let Wm,p(�) be the usually Sobolev
space, which is equipped with the norm ‖ · ‖Wm,p(�), with abbreviations L p(�) = W 0,p(�)

and Hm(�) = Wm,2(�). ‖ · ‖L p(�) and ‖ · ‖m denote L p(�), Hm(�) norm, respectively.
Particularly, (·, ·) and ‖·‖0 denote L2 inner product and norm on the domain�. For a function
space X on �, L p(0, t; X) and L∞(0, t; X) are the function spaces defined on (0, T ] × �

for which the norm

‖ · ‖L p(0,t;X) =
(∫ t

0
‖ · ‖p

Xdt

) 1
p

, if p ∈ [1,∞),

‖ · ‖L∞(0,t;X) = ess supt∈[0,t]‖ · ‖X , if p = ∞.

To setup the mathematical formulation of the problem (1)–(3), we introduce the following
Sobolev spaces:

X = {v ∈ H1(�)d : v|∂� = 0}, W = {B ∈ H1(�)d : B · n|∂� = 0},
M = {q ∈ L2(�) : (1, q) = 0}, Y = {ϕ ∈ H1(�) : ϕ|∂� = 0}.

Besides, for f an element in the dual space of X, denoted by X′, its norm is defined by
‖f‖−1 = supv∈X

|(f,v)|
‖∇v‖0 .

Next, we define the trilinear forms

b1(u, v,w) = 0.5((u · ∇)v,w) − 0.5((u · ∇)w, v), ∀u, v,w ∈ X,

b2(H,B, v) = (H × curlB, v), ∀B,H ∈ W, v ∈ X,

b3(u, θ, ϕ) = 0.5(u · ∇θ, ϕ) − 0.5(u · ∇ϕ, θ), ∀u ∈ X, θ, ϕ ∈ Y .

The following properties of the trilinear terms will be used in the next analysis and given in
the following lemma.

Lemma 2.1 [16, 19, 20, 24] The above trilinear forms satisfy following properties

|b1(u, v,w)| ≤ c‖∇u‖0‖∇v‖0‖∇w‖0, |b1(u, v,w)| ≤ c‖u‖
1
2
0 ‖∇u‖

1
2
0 ‖‖v‖

1
2
0 ‖∇v‖

1
2
0 ‖∇w‖0,

|b2(H,B, v)| ≤ c‖curlH‖0‖curlB‖0‖∇v‖0,
|b3(u, θ, ϕ)| ≤ c‖∇u‖0‖∇θ‖0‖∇ϕ‖0, |b3(u, θ, ϕ)| ≤ c‖u‖

1
2
0 ‖∇u‖

1
2
0 ‖‖θ‖

1
2
0 ‖∇θ‖

1
2
0 ‖∇ϕ‖0,

for all u, v,w ∈ X, H,B ∈ W and θ, ϕ ∈ Y . Moreover, if v,B ∈ H2(�)2, θ ∈ H2(�)

|b1(u, v,w)| ≤ c‖u‖0‖v‖2‖∇w‖0,
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|b2(H,B, v)| ≤ c‖H‖0‖curlB‖0‖v‖2, |b2(H,B, v)| ≤ c‖H‖0‖B‖2‖∇v‖0,
|b3(u, θ, ϕ)| ≤ c‖u‖0‖θ‖2‖∇ϕ‖0.

Here and after, we denote c andC (with or without a subscript) are general positive constants
depending on Re, Rm, s, κ, β, �, T , u0, H0, θ0, f , ω and g, which may represent for
different values at their different occurrences. Additionally, we recall the following essential
formulas that are useful in the numerical analysis [15, 18]: for all u, v,w ∈ H1(�)d and
H ∈ W,

curlu × u = (u · ∇)u − 1

2
∇|u|2, (4)

curl(v × w) = (w · ∇)v − (v · ∇)w + (∇ · w)v − (∇ · v)w, (5)

‖∇H‖20 ≤ ‖curlH‖20 + ‖divH‖20. (6)

By using the above notations and function spaces, the desired weak formulation of the
problem (1)–(3) reads: find u ∈ L2(0, T ;X),H ∈ L2(0, T ;W), θ ∈ L2(0, T ; Y ) and
p ∈ L2(0, T ; M) such that for any (v, q,B, θ) ∈ X × M × W × Y and t ∈ (0, T ],

(ut , v) + a1(u, v) + b1(u,u, v) + sb2(H,H, v) − d(v, p) − (βθ j, v) = (f, v), (7)

(Ht ,B) + a2(H,B) − sb2(H,B,u) = (g, curlB), (8)

(θt , ϕ) + a3(θ, ϕ) + b3(u, θ, ϕ) = (ω, ϕ), (9)

d(u, q) = 0, (10)

u(x, 0) = u0(x), H(x, 0) = H0(x), θ(x, 0) = θ0(x), (11)

where a1(u, v) = R−1
e (∇u,∇v), a2(H,B) = R−1

m s(curlH, curlB), a3(θ, ϕ) = κ(∇θ,∇ϕ)

and d(v, q) = (divv, q).

Through this paper, we make the following assumption in advance for (7)–(11), which
will be used in the subsequent analysis.

Assumption 2.1 Assume that the initial data u0, H0, θ0, the force f , heat source ω and the
current g satisfy

sup
0≤t≤T

(
‖f(t)‖0 + ‖ω(t)‖0 + ‖g(t)‖0

)
+ ‖u0(x)‖2 + ‖H0(x)‖2 + ‖θ0(x)‖2 ≤ c.

From now on, let πh be a uniform partition of the domain� into element K with diameters
bounded by a real positive parameter h = maxK∈πh {diam(K )}.Next, we introduceXh ⊂ X,

Mh ⊂ M, Wh ⊂ W and Yh ⊂ Y as the conforming finite element spaces under the partition
πh

Xh = {vh ∈ C0(�)d ∩ X : vh |K ∈ P2(K )d , ∀K ∈ πh},
Mh = {qh ∈ C0(�) ∩ M : qh |K ∈ P1(K ),∀K ∈ πh},
Wh = {Bh ∈ C0(�)d ∩ W : Bh |K ∈ P2(K )d ,∀K ∈ πh},
Yh = {ϕh ∈ C0(�) ∩ Y : ϕh |K ∈ P2(K ),∀K ∈ πh}.

Furthermore, the finite element space pair Xh × Mh is assumed to satisfy the usual discrete
inf-sup condition or LBBh condition for the stability of the discrete pressure: there is a
constant α independent of the mesh size h such that

inf
qh∈Mh

sup
vh∈Xh

(qh, divvh)
‖∇vh‖0‖qh‖0 ≥ α > 0.
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We also recall the Poincaré inequality: there exists a positive constant c such that

‖vh‖0 ≤ c‖∇vh‖0, ∀vh ∈ Xh .

The standard inverse inequality [12] will be used:

‖∇vh‖0 ≤ cinh
−1‖vh‖0, ∀vh ∈ Xh,

where the constant cin > 0 depends on the domain.
As is known, the discrete Grönwall’s inequality will play an important role in analysis of

convergence, so we list it in the following lemma.

Lemma 2.2 [21] Let k and an, bn, dn, for integers n1 ≤ n be nonnegative numbers such that:

am + k
m∑

n=n1

bn ≤ k
m−1∑
n=n1

andn + C, ∀m ≥ n1.

Then, one has

am + k
m∑

n=n1

bn ≤ exp

(
k

m−1∑
n=n1

dn

)
C, ∀m ≥ n1.

3 A Fully Decoupled Linearized Scheme for the Thermally Coupled
MHD Equations

In this section, we construct a fully decoupled unconditional stable finite element scheme,
which approximately satisfies the conversation ofmass andGauss’s law, to solve the thermally
coupled incompressible MHD system (1)–(3).

Introduce an auxiliary scalar variable Q and an ordinary differential equation, which is
being shown as follows:

dQ

dt
= b1(u,u,u) + sb2(H,H,u) − sb2(H,H,u) + b3(u, θ, θ), Q|t=0 = 1.

Note that b1(u,u,u)+sb2(H,H,u)−sb2(H,H,u)+b3(u, θ, θ) = 0. So we have the exact
solution Q(t) ≡ 1. Then, the thermally coupled MHD system (1)–(3) can be rewritten in the
following equivalent system:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ut + Q(u · ∇)u − R−1
e �u − sQcurlH × H + ∇ p − βθ j = f, (12)

divu = 0, (13)

Ht + R−1
m scurlcurlH − sQcurl (u × H) = curlg, (14)

divH = 0, (15)

θt − κ�θ + Q(u · ∇)θ = ω, (16)
dQ

dt
= b1(u,u,u) + sb2(H,H,u) − sb2(H,H,u) + b3(u, θ, θ). (17)

Let {tn}Nn=0 (N > 0) be a uniform partition of [0, T ] with time step �t =
T
N . Next, (unh, p

n
h ,H

n
h, θ

n
h ) denotes the fully discrete approximation to the solution

(u(tn), p(tn),H(tn), θ(tn)) of the problem (12)–(17) at t = tn . Besides, we set fn = f(tn),
gn = g(tn) and ωn = ω(tn).
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Then, we propose a fully discrete decoupled finite element scheme, which combines the
first order backward Euler scheme for temporal discretization and explicit treatment for
nonlinear terms. Moreover, a modified VPPr ,ε method is introduced to decouple the pressure
and penalize the lack of mass conservation and Gauss’s law.

Algorithm 3.1 Step 1: Given unh ∈ Xh,Hn
h ∈ Wh, p̃nh ∈ Mh, θ

n
h ∈ Yh, find

(ũn+1
1,h , ũn+1

2,h , H̃n+1
1,h , H̃n+1

2,h ) ∈ Xh ×Xh ×Wh ×Wh satisfying: for all (vh,Bh) ∈ Xh ×Wh,

(
ũn+1
1,h − unh

�t
, vh

)
+ a1

(
ũn+1
1,h , vh

)
− d

(
vh, p̃nh

) − (βθnh j, vh)

+ r
(
divũn+1

1,h , divvh
)

= (
fn+1, vh

)
, (18)(

H̃n+1
1,h − Hn

h

�t
,Bh

)
+ a2

(
H̃n+1

1,h ,Bh

)
= (

curlgn+1,Bh
)
, (19)

(
ũn+1
2,h

�t
, vh

)
+ a1

(
ũn+1
2,h , vh

)
+ b1(unh,u

n
h, vh) + sb2(Hn

h,H
n
h, vh)

+ r
(
divũn+1

2,h , divvh
)

= 0, (20)(
H̃n+1

2,h

�t
,Bh

)
+ a2

(
H̃n+1

2,h ,Bh

)
− sb2(Hn

h,Bh,unh) = 0, (21)

where r > 0 is the augmentation parameter.
Step 2 : Given unh ∈ Xh, θ

n
h ∈ Yh, find (θn+1

1,h , θn+1
2,h ) ∈ Yh × Yh satisfying: for all ϕh ∈ Yh,

(
θn+1
1,h − θnh

�t
, ϕh

)
+ a3

(
θn+1
1,h , ϕh

)
= (

ωn+1, ϕh
)
, (22)

(
θn+1
2,h

�t
, ϕh

)
+ a3

(
θn+1
2,h , ϕh

)
+ b3(unh, θ

n
h , ϕh) = 0. (23)

Step 3: Compute Qn+1 ∈ R satisfying(
1 − A

n+1
1

)
Qn+1 = Qn + A

n+1
2 , (24)

where A
n+1
1 = �t

(
b1(unh,u

n
h, ũ

n+1
2,h ) + sb2(Hn

h,H
n
h, ũ

n+1
2,h ) − sb2(Hn

h, H̃
n+1
2,h ,unh)

+b3(unh, θ
n
h , θn+1

2,h )
)

, and A
n+1
2 = �t

(
b1(unh,u

n
h, ũ

n+1
1,h ) + sb2(Hn

h,H
n
h, ũ

n+1
1,h )

−sb2(Hn
h, H̃

n+1
1,h ,unh) + b3(unh, θ

n
h , θn+1

1,h )
)

.

Step 4: Find ũn+1
h ∈ Xh, H̃

n+1
h ∈ Wh, θ

n+1
h ∈ Yh such that

ũn+1
h = ũn+1

1,h + Qn+1ũn+1
2,h , H̃n+1

h = H̃n+1
1,h + Qn+1H̃n+1

2,h ,

θn+1
h = θn+1

1,h + Qn+1θn+1
2,h .

(25)

Step 5: Update p̃n+1
h ∈ Mh satisfying: for all qh ∈ Mh,

( p̃n+1
h − p̃nh , qh) + rd(ũn+1

h , qh) = 0. (26)
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Step 6: Based on ũn+1
h and H̃n+1

h from (25), find (ûn+1
h , Ĥn+1

h ) ∈ Xh × Wh satisfying: for
all (vh,Bh) ∈ Xh × Wh,(

ûn+1
h

�t
, vh

)
+ a1(û

n+1
h , vh) + 1

ε1

(
divûn+1, divvh

) = − 1

ε1

(
divũn+1

h , divvh
)

, (27)

(
Ĥn+1

h

�t
,Bh

)
+ a2(Ĥ

n+1
h ,Bh) + 1

ε2

(
divĤn+1

h , divBh

)
= − 1

ε2

(
divH̃n+1

h , divBh

)
(28)

with some penalty parameters 0 < ε1, ε2 ≤ 1.
Step 7: Combine the Step 4 and Step 6, then get (un+1

h ,Hn+1
h ) ∈ Xh × Wh by

un+1
h = ũn+1

h + ûn+1
h , Hn+1

h = H̃n+1
h + Ĥn+1

h . (29)

Step 8: Update pn+1
h ∈ Mh satisfying: for all qh ∈ Mh,

(pn+1
h − p̃n+1

h , qh) + 1

ε1
d(un+1

h , qh) = 0. (30)

Remark 3.1 Note that some initial values are required for the unknowns in Step 1, 2 and 5.
Setting u0h = Rhu0(x), H0

h = ThH0(x), p̃0h = Lh p0(x) and θ0h = Ghθ0(x), the definitions
of the projections Rh, Th, Lh,Gh are displayed in next section. Under the Assumption 2.1,
we have ‖u0h‖0 ≤ c, ‖H0

h‖0 ≤ c, ‖ p̃0h‖0 ≤ c, and ‖θ0h ‖0 ≤ c.

Remark 3.2 In (18), (20) and (26), the added penalty terms can be seen as artificial com-
pressibility method but the augmentation parameter r is totally independent of the time step
�t . Further, in order to ensure the fully discrete numerical method is unconditionally stable,
we choose p̃ni,h instead of p

n
i,h in (18) and (26), which is different from the common VPPr ,ε

method in [7].

Remark 3.3 In Step 1 and 2, the explicit treatment for convection terms and Lorentz force
terms results in constant coefficient system at each time layer, which makes the computa-
tion easy. Moreover, the addition of penalty term further decouples the pressure from the
momentum equation and achieves full decoupling of the physical variables in (1).

Remark 3.4 FromHelmholtz-Hodgedecomposition in [4], Step 6-8, called the vector penalty-
projection step, perform the penalty for lack of mass conservation and Gauss’s law.When the
penalty parameters are small enough, Step 6 and 7 are used to approximate well divergence-
free solution for velocity and magnetic fields.

We next establish stability of the partitioned scheme in Algorithm 3.1.
First of all, one needs to check the solvability of (24). In fact, if 1 − A

n+1
1 = 0, then one

can not solve (24). Moreover, if one can prove −A
n+1
1 ≥ 0, then 1−A

n+1
1 ≥ 1 �= 0. So (24)

can be solved.
In fact, by taking vh = �t ũn+1

2,h , Bh = �tH̃n+1
2,h , ϕh = �tθn+1

2,h in (20), (21) and (23),
respectively, and combining the ensuing equations, one has

− A
n+1
1 = −�t

(
b1(unh,u

n
h, ũ

n+1
2,h ) + sb2(Hn

h,H
n
h, ũ

n+1
2,h ) − sb2(Hn

h, H̃
n+1
2,h ,unh)

+b3(unh, θ
n
h , θn+1

2,h )
)

= ‖ũn+1
2,h ‖20 + R−1

e �t‖∇ũn+1
2,h ‖20 + r�t‖divũn+1

2,h ‖20
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+ ‖H̃n+1
2,h ‖20 + R−1

m �t‖curlH̃n+1
2,h ‖20

+ ‖θn+1
2,h ‖20 + κ�t‖∇θn+1

2,h ‖20 ≥ 0,

which implies the solvability of (24).
Now, we mainly list and prove the stability of Algorithm 3.1.

Theorem 3.1 Under Assumption 2.1, there holds

‖uN
h ‖20 + ‖HN

h ‖20 + �t

r
‖ p̃Nh ‖20 + ‖θN

h ‖20 + |QN |2 +
N−1∑
n=0

‖ũn+1
h − unh‖20

+
N−1∑
n=0

‖un+1
h − ũn+1

h ‖20

+
N−1∑
n=0

‖H̃n+1
h − Hn

h‖20 +
N−1∑
n=0

‖Hn+1
h − H̃n+1

h ‖20

+
N−1∑
n=0

‖θn+1
h − θnh ‖20 +

N−1∑
n=0

|Qn+1
h − Qn

h |2

+ R−1
e �t

N−1∑
n=0

(‖∇un+1
h ‖20 + ‖∇un+1

h − ∇ũn+1
h ‖20)

+ �t

ε1

N−1∑
n=0

‖divun+1
h ‖20

+ R−1
m �t

N−1∑
n=0

(‖curlHn+1
h ‖20 + ‖curlHn+1

h − curlH̃n+1
h ‖20)

+ 2�t

ε2

N−1∑
n=0

‖divHn+1
h ‖20

+ �t
N−1∑
n=0

r‖divũn+1
h ‖20 + κ�t

N−1∑
n=0

‖∇θn+1
h ‖20

+ ε1�t
N−1∑
n=0

‖pn+1
h − p̃n+1

h ‖20 ≤ C,

where C = C(Re, Rm, κ, β, T ,�,u0,H0, θ0, f, ω, g) is a positive constant.

Proof See Appendix A.1. ��

4 Error Estimates

In this section, we establish error estimate results of Algorithm 3.1 for the thermally coupled
incompressible MHD equations. First, we make the following regularity assumption for the
weak solution to system (7)–(11).
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Assumption 4.1 The exact solution of (7)–(11) satisfies

u ∈ L∞(0, T ; H3(�)d ), ut ∈ L2(0, T ; H3(�)d ), ut t ∈ L2(0, T ; H−1(�)d ),

H ∈ L∞(0, T ; H3(�)d ), Ht ∈ L2(0, T ; H3(�)d ), Ht t ∈ L2(0, T ; H−1(�)d ),

θ ∈ L∞(0, T ; H3(�)), θt ∈ L2(0, T ; H3(�)), θt t ∈ L2(0, T ; H−1(�)),

p ∈ L∞(0, T ; H2(�)), pt ∈ L2(0, T ; H2(�)) ∩ L∞(0, T ; L2(�)).

Next, we introduce the Stokes projection for the velocity field and pressure, L2-orthogonal
projection for the magnetic field and Ritz projection for temperature as follows [17–19]:
given u ∈ X ∩ H3(�)d , H ∈ W ∩ H3(�)d , p ∈ M ∩ H2(�), θ ∈ Y ∩ H3(�), find
(Rhu, ThH, Lh p,Ghθ) ∈ Xh × Wh × Mh × Yh such that

a1(u − Rhu, vh) − d(vh, p − Lh p) = 0, d(u − Rhu, qh) = 0, ∀vh ∈ Xh, qh ∈ Mh,

(H − ThH,Bh) = 0, ∀Bh ∈ Wh, a3(θ − Ghθ, ϕh) = 0, ∀ϕh ∈ Yh,

which satisfy the following approximation properties

ν‖u − Rhu‖0 + h(ν‖u − Rhu‖1 + ‖p − Lh p‖0) ≤ ch3(ν‖u‖3 + ‖p‖2), (31)

‖H − ThH‖0 + h‖H − ThH‖1 ≤ ch3‖H‖3, ‖θ − Ghθ‖0 + h‖θ − Ghθ‖1 ≤ ch3‖θ‖3.
(32)

In order to facilitate the error estimates, we set v = vh in (7), B = Bh in (8), ϕ = ϕh in
(9) and q = qh in (10) with t = tn+1 to get

(
u(tn+1) − u(tn)

�t
, vh

)
+ a1(u(tn+1), vh)

− d(vh, p(tn+1)) + Q(tn+1)b1(u(tn+1),u(tn+1), vh)

+ sQ(tn+1)b2(H(tn+1),H(tn+1), vh) − (βθ(tn+1)j, vh)

= (fn+1, vh) − 1

�t

∫ tn+1

tn
(t − tn)(ut t , vh)dt, (33)

(
H(tn+1) − H(tn)

�t
,Bh

)
+ a2(H(tn+1),Bh) − sQ(tn+1)b2(H(tn+1),Bh,u(tn+1))

= (gn+1, curlBh) − 1

�t

∫ tn+1

tn
(t − tn)(Ht t ,Bh)dt, (34)

(
θ(tn+1) − θ(tn)

�t
, ϕh

)
+ a3(θ(tn+1), ϕh) + Q(tn+1)b3(u(tn+1), θ(tn+1), ϕh)

= (ωn+1, ϕh) − 1

�t

∫ tn+1

tn
(t − tn)(θt t , ϕh)dt, (35)

(p(tn+1) − p(tn), qh) + rd (u(tn+1), qh) = (p(tn+1) − p(tn), qh) . (36)
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Then, we show the following notations here and hereafter

ẽnu = u(tn) − ũnh, ẽnH = H(tn) − H̃n
h, ẽnp = p(tn) − p̃nh , enQ = Q(tn) − Qn

h,

enu = u(tn) − unh, enH = H(tn) − Hn
h, enp = p(tn) − pnh , enθ = θ(tn) − θnh .

Next, we get the following error equations by subtracting (A.1)–(A.3) from (33)–(35), respec-
tively.

(
ẽn+1
u − enu

�t
, vh

)

+ a1(ẽn+1
u , vh) + Q(tn+1)b1(u(tn+1),u(tn+1), vh)

− Qn+1b1(unh,u
n
h, vh)

+ sQ(tn+1)b2(H(tn+1),H(tn+1), vh) − sQn+1b2(Hn
h,H

n
h, vh)

− d(vh, ẽnp) + r(divẽn+1
u , divvh)

− (βθ(tn+1)j, vh) + (βθnh j, vh)

= − 1

�t

∫ tn+1

tn
(t − tn)(ut t , vh)dt − d(vh, p(tn) − p(tn+1)), (37)

(
ẽn+1
H − enH

�t
,Bh

)
+ a2(ẽ

n+1
H ,Bh)

− sQ(tn+1)b2(H(tn+1),Bh,u(tn+1)) + sQn+1b2(Hn
h,Bh,unh)

= − 1

�t

∫ tn+1

tn
(t − tn)(Ht t ,Bh)dt, (38)

(
en+1
θ − enθ

�t
, ϕh

)

+ a3(e
n+1
θ , ϕh) + Q(tn+1)b3(u(tn+1), θ(tn+1), ϕh) − Qn+1b3(unh, θ

n
h , ϕh)

= − 1

�t

∫ tn+1

tn
(t − tn)(θt t , ϕh)dt. (39)

Besides, subtracting (26) from (36), we arrive at

(ẽn+1
p − ẽnp, qh) + rd(ẽn+1

u , qh) = (p(tn+1) − p(tn), qh). (40)

Further, in order to derive estimate for error, we need to split the errors. For future conve-
nience, we define here and hereafter,

ẽnu = ηnu − φ̃
n
h, ẽnH = ηnH − ψ̃

n
h, ẽ

n
p = ηnp − χ̃n

h , enu = ηnu − φn
h,

enH = ηnH − ψn
h, e

n
p = ηnp − χn

h , enθ = ηnθ − ϑn
h ,

where

ηnu = u(tn) − Rhu(tn), φ̃
n
h = ũnh − Rhu(tn), ηnH = H(tn) − ThH(tn), ψ̃

n
h = H̃n

h − ThH(tn),
ηnp = p(tn) − Lh p(tn), χ̃n

h = p̃nh − Lh p(tn), φn
h = unh − Rhu(tn), ψn

h = Hn
h − ThH(tn),

χn
h = pnh − Lh p(tn), ηnθ = θ(tn) − Ghθ(tn), ϑn

h = θnh − Ghθ(tn).
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Lemma 4.1 Consider Step 6 in Algorithm 3.1. The following estimate holds

‖φ̃n+1
h ‖20 + ‖ψ̃n+1

h ‖20
≥ ‖φn+1

h ‖20 + ‖φn+1
h − φ̃

n+1
h ‖20 + R−1

e �t
(
‖∇φn+1

h ‖20 − ‖∇φ̃
n+1
h ‖20

)
+ ‖ψn+1

h ‖20
+ R−1

m �t
(
‖curlψn+1

h ‖20 − ‖curlψ̃n+1
h ‖20

)
+ R−1

m �t‖curl(ψn+1
h − ψ̃

n+1
h )‖20

+ R−1
e �t‖∇(φn+1

h − φ̃
n+1
h )‖20 + ‖ψn+1

h − ψ̃
n+1
h ‖20 + �t

ε1
‖divφn+1

h ‖20

+ �t

ε2
‖divψn+1

h ‖20 − �t

ε1
‖divηn+1

u ‖20 − �t

ε2
‖divηn+1

H ‖20.

(41)

Proof From (13) and (15), it is found that the following equations hold

(
u(tn+1) − u(tn+1)

�t
, vh

)
+ a1(u(tn+1) − u(tn+1), vh) + 1

ε1
(divu(tn+1), divvh) = 0,

(42)(
H(tn+1) − H(tn+1)

�t
,Bh

)
+ a2(H(tn+1) − H(tn+1),Bh) + 1

ε2
(divH(tn+1), divBh) = 0.

(43)

Applying (29) to (27)–(28) and subtracting ensuing equations from (42) and (43), respectively,
we get

(
en+1
u − ẽn+1

u

�t
, vh

)
+ a1(en+1

u − ẽn+1
u , vh) + 1

ε1
(diven+1

u , divvh) = 0, (44)

(
en+1
H − ẽn+1

H

�t
,Bh

)
+ a2(e

n+1
H − ẽn+1

H ,Bh) + 1

ε2
(diven+1

H , divBh) = 0. (45)

Then, set vh = 2�tφn+1
h ,Bh = 2�tψn+1

h in (44) and (45), respectively, and decompose
the errors.

‖φn+1
h ‖20 − ‖φ̃n+1

h ‖20 + ‖φn+1
h − φ̃

n+1
h ‖20

+ R−1
e �t

(
‖∇φn+1

h ‖20 − ‖∇φ̃
n+1
h ‖20 + ‖∇(φn+1

h − φ̃
n+1
h )‖20

)

+ ‖ψn+1
h ‖20 − ‖ψ̃n+1

h ‖20 + ‖ψn+1
h − ψ̃

n+1
h ‖20 + R−1

m �t
(
‖curlψn+1

h ‖20 − ‖curlψ̃n+1
h ‖20

)

+ R−1
m �t‖curl(ψn+1

h − ψ̃
n+1
h )‖20 + 2�t

ε1
‖divφn+1

h ‖20 + 2�t

ε2
‖divψn+1

h ‖20

≤ �t

ε1
‖divηn+1

u ‖20 + �t

ε1
‖divφn+1

h ‖20 + �t

ε2
‖divηn+1

H ‖20 + �t

ε2
‖divψn+1

h ‖20,
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where we have used the Cauchy-Schwarz and Young inequalities. Then, the desired result is
obtained. ��

Now, we are ready to state the main result of this section.

Theorem 4.1 For the 2D thermally coupled incompressible MHD equations, under Assump-
tion 4.1 and the assumption of Theorem 3.1, we have the following estimate

‖u(tN ) − uN
h ‖20 + ‖H(tN ) − HN

h ‖20 + ‖θ(tN ) − θN
h ‖20

+ �t

r
‖p(tN ) − p̃Nh ‖20 + |Q(tN ) − QN |2

+ R−1
e

2
�t

N−1∑
n=0

‖∇(u(tn) − unh)‖20 + R−1
m

2
�t

N−1∑
n=0

‖curl(H(tn) − Hn
h)‖20

+ κ

N−1∑
n=0

�t‖∇(θ(tn) − θnh )‖20

+ �t

ε1

N−1∑
n=0

‖div(u(tn) − unh)‖20 + �t

2ε2

N−1∑
n=0

‖div(H(tn) − Hn
h)‖20 ≤ c1(�t2 + h4),

where c1 = c1(Re, Rm, s, κ, ε1, ε2, r , β) is a positive constant.

Proof The proof is similar to the 3D case (see Theorem 4.2) except some bounds as follows.
For the 2D case, the terms A2, D2, E2, F2 can be bounded by

A2 ≤ δ4R
−1
e �t‖∇φ̃

n+1
h ‖20 + δ5R

−1
e �t‖∇φn

h‖20
+ cRe�t2‖∇ut‖2L2(tn ,tn+1;L2(�)2)

‖∇Rhu(tn)‖20
+ cR3

e�t3‖∇ut‖4L2(tn ,tn+1;L2(�)2)
‖φn

h‖20 + cRe�t‖∇ηnu‖20‖∇unh‖20
+ cR3

e�t‖unh‖20‖∇unh‖20‖φn
h‖20,

D2 ≤ δ6R
−1
e �t‖∇φ̃

n+1
h ‖20 + cRes

2�t2‖Ht‖2L2(tn ,tn+1;H2(�)2)
‖Hn

h‖20
+ cRes

2�t‖curlηnH‖20‖curlHn
h‖20

+ cRes
2�t‖ψn

h‖20(‖H(tn)‖22 + ‖curlψn
h‖20 + ‖divψn

h‖20 + h−2‖curlηnH‖20),
E2 ≤ δ7R

−1
m �t‖curlψ̃n+1

h ‖20 + δ8R
−1
e �t‖∇φn

h‖20
+ cRms

2�t2‖ut‖2L2(tn ,tn+1;H2(�)2)
‖Hn

h‖20
+ cRms

2�t‖∇ηnu‖20‖curlHn
h‖20 + cR2

ms
2Re�t‖Hn

h‖20(‖curlHn
h‖20 + ‖divHn

h‖20)‖φn
h‖20,

F2 ≤ δ9κ�t‖∇ϑn+1
h ‖20 + δ10κ�t‖∇ϑn

h ‖20 + cκ−1�t2‖θt‖2L2(tn ,tn+1;H2(�))
‖unh‖20

+ cκ−1�t‖∇ηnθ‖20‖∇unh‖20 + cκ−3�t‖unh‖20‖∇unh‖20‖ϑn
h ‖20.

Then, according to the proof in Appendix A.2, it is easy to get the desired result.
��
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For the 2D thermally coupled incompressible MHD equations, we find that there is no
constraint on the time step. Further, we consider the error estimate for the 3D case.

Theorem 4.2 For the 3D thermally coupled incompressible MHD equations, under Assump-
tion 4.1 and the assumption of Theorem 3.1, if

c2(Re + κ−1) exp (TW0) (�t + h2)(�t
1
2 R

1
2
e + cinh)

≤ min{R−1
e , κ}
4

,

c2s
2 exp (TW0) (�t + h2)

(
Rm�t

1
2 R

1
2
e + Re�t

1
2 (R

1
2
m

+ε
1
2
2 ) + (Re + Rm)cinh)

)
≤ min{R−1

m , ε−1
2 }

4
,

(46)

where c2 = c2(Re, Rm, s, κ, ε1, ε2, r , β) is a positive constant, W0 = W1 + W2 + W3 + 9
2

and W1,W2,W3 are defined in (A.32), then we have

‖u(tN ) − uN
h ‖20 + ‖H(tN ) − HN

h ‖20 + ‖θ(tN ) − θN
h ‖20

+ �t

r
‖p(tN ) − p̃Nh ‖20 + |Q(tN ) − QN |2

+ R−1
e

2
�t

N−1∑
n=0

‖∇(u(tn) − unh)‖20 + R−1
m

2
�t

N−1∑
n=0

‖curl(H(tn) − Hn
h)‖20

+ κ

N−1∑
n=0

�t‖∇(θ(tn) − θnh )‖20

+ �t

ε1

N−1∑
n=0

‖div(u(tn) − unh)‖20

+ �t

2ε2

N−1∑
n=0

‖div(H(tn) − Hn
h)‖20 ≤ c2(�t2 + h4).

Proof See Appendix A.2. ��

5 Numerical Experiment

In this section, we present some numerical examples to verify the established theoretical find-
ings, and show the performances of Algorithm 3.1 for the thermally coupled incompressible
MHD problem. In order to gauge the effectiveness of the proposed algorithm, we compare it
with the classical implicit/explicit scheme, which reads as

Algorithm 5.1 Given unh ∈ Xh,Hn
h ∈ Wh and θnh ∈ Yh, find (un+1

h , pn+1
h ,Hn+1

h , θn+1
h ) ∈

Xh × Mh × Wh × Yh satisfying: for all (vh, qh,Bh, ϕh) ∈ Xh × Mh × Wh × Yh,
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(
un+1
h − unh

�t
, vh

)
+ a1

(
un+1
h , vh

)
+ b1

(
unh , u

n
h , vh

) + sb2
(
Hn

h ,H
n
h , vh

) − d(vh , p
n+1
h ) + d(un+1

h , qh)

− (jβθnh , vh) =
(
fn+1, vh

)
,

(
Hn+1

h − Hn
h

�t
,Bh

)
+ a2

(
Hn+1

h , curlBh

)
− sb2

(
Hn

h ,Bh , unh
) + R−1

m s
(
divHn+1

h , divBh

)
=

(
gn+1, curlBh

)
,

(
θn+1
h − θnh

�t
, ϕh

)
+ a3

(
θn+1
h , ϕh

)
+ b3

(
unh , θ

n
h , ϕh

) =
(
ωn+1, ϕh

)
.

5.1 Stability Test

In order to verify the stability of the presented algorithm, the thermally coupled incom-
pressible MHD problem (1)–(3) in the unit square domain [0, 1]2 is considered. Set physical
parameters Re = Rm = 50, s = κ = β = 1 and the final time T = 10. We choose
r = ε1 = ε2 = 1 and impose the source functions f = g = 0, ω = 0. The initial values are
taken as follows:

u0(x, y) = (10x2(x − 1)2y(y − 1)(2y − 1),−10y2(y − 1)2x(x − 1)(2x − 1)),

B0(x, y) = (sin(πx) cos(π y),− sin(π y) cos(πx)), p0(x, y) = 0,

θ0(x, y) = 10x2(x − 1)2y(y − 1)(2y − 1) − 10y2(y − 1)2x(x − 1)(2x − 1).

Due to the zero source functions and the homogeneous boundary conditions in the considered
domain, the numerical solutions are expected to remain bounded over time.

We denote En
h = ‖unh‖20 + ‖Hn

h‖20 + ‖θnh ‖20 + �t
r ‖ p̃nh‖20 + |Qn |2, which will be computed

with thefixedmesh size h = 1
32 . Figure 1 shows the values of E

n
h and Q

n versus time evolution
for different time steps �t = 0.1, 0.05, 0.01, 0.005. We observe that it shows monotonic
decay for all time step sizes, which numerically confirms that the proposed algorithm is
unconditionally stable. The scalar auxiliary variable Qn of the numerical algorithm converges
to 1 when the time step �t decreases.

Further, resetting the physical parameters Re = Rm = 100, s = 10, and taking the time-
step �t = 0.1, 0.05, 0.01, we compare the value of ‖unh‖20 + ‖Hn

h‖20 + ‖θnh ‖20 by Algorithm

Fig. 1 The values of En
h (a) and Qn (b) with different time steps
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Fig. 2 The values obtained by Algorithm 3.1 (a) and Algorithm 5.1 (b) with different time steps

3.1 with that of Algorithm 5.1 showed in Fig. 2. It is clear that both algorithms are stable with
the time step �t = 0.01. However, Algorithm 5.1 blows up when �t = 0.1, 0.05, which
shows that the classical implicit/explicit algorithm does not work well when some large time
steps are adopted. On the contrary, Algorithm 3.1 still works well.

5.2 Convergence Test

5.2.1 2D Convergence Test

Based on the same bounded domain as it in the unconditional stability test, we consider
two-dimensional time-dependent thermally coupled incompressible MHD equations with
the exact solution as follows:

u1 = απ sin2(πx) sin(π y) cos(π y) cos(t), u2 = −απ sin(πx) sin2(π y) cos(πx) cos(t),

H1 = α sin(πx) cos(π y) cos(t), H2 = −α cos(πx) sin(π y) cos(t),

θ = απ sin2(πx) sin(π y) cos(π y) cos(t) − απ sin(πx) sin2(π y) cos(πx) cos(t),

p = α cos(πx) cos(π y) cos(t),

where we choose α = 0.01. The boundary conditions and the body forces are given by the

exact solution. Set Err(ei ) =
(
�t

N−1∑
n=0

‖en+1
i ‖20

) 1
2
with i = u, H, p and θ. The errors for

corresponding norms and convergence rates are tested with parameters Re = Rm = s =
κ = β = 1, r = ε1 = ε2 = 1 and the terminal time T = 1. Results with various time-space
steps such that �t = h2 are listed in Table 1. This table shows that the proposed algorithm
works well and keeps the convergence rates just like the theoretical analysis.

5.2.2 3D Convergence Test

This example is to test the convergence rate for the 3D thermally coupled incompressible
magnetohydrodynamic system in the domain � = [0, 1] × [0, 1] × [0, 1]. The right-hand
sides f, g, ω and boundary conditions are chosen such that the exact solution is given as

u1 = y2z2 sin(t), u2 = x2z2 sin(t), u3 = x2y2 sin(t),
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Table 1 Errors and convergence rates of the current algorithm with �t = h2 for the 2D problem

h Err(∇eu) Rate Err(curleH) Rate Err(ep) Rate Err(∇eθ ) Rate

1/4 9.80E−03 – 1.11E−03 – 2.88E−03 – 5.15E−03 –

1/8 2.68E−03 1.87 2.80E−04 1.99 3.16E−04 3.19 1.35E−03 1.93

1/16 6.82E−04 1.97 6.98E−05 2.00 4.46E−05 2.82 3.41E−04 1.98

1/32 1.71E−04 2.00 1.74E−05 2.00 9.77E−06 2.19 8.54E−05 2.00

1/64 4.28E−05 2.00 4.35E−06 2.00 2.42E−06 2.00 2.14E−05 2.00

Table 2 Errors and convergence rates of the current algorithm with �t = h2 for the 3D problem

h Err(∇eu) Rate Err(curleH) Rate Err(ep) Rate Err(∇eθ ) Rate

1/2 8.49E−02 – 1.98E−02 – 3.71E−02 – 3.48E−01 –

1/4 1.92E−02 2.14 5.50E−03 1.85 9.58E−03 1.95 9.19E−02 1.92

1/6 8.38E−03 2.05 2.50E−03 1.94 4.29E−03 1.98 4.18E−02 1.95

1/8 4.68E−03 2.02 1.42E−03 1.96 2.38E−03 2.05 2.37E−02 1.96

1/12 2.07E−03 2.01 6.37E−04 1.98 1.07E−03 1.96 1.06E−02 1.98

H1 = y(1 − y)2z(1 − z)2 sin(t), H2 = x(1 − x)2z(1 − z)2 sin(t),

H3 = x(1 − x)2y(1 − y)2 sin(t),

θ = sin(πx) sin(π y) sin(π z) sin(t), p = (1 − x)(1 − y)(1 − z) sin(t).

The selection of parameters Re, Rm, s, κ, β, r and the terminal time T is the same as those
in the 2D convergence test. The other parameters are set as ε1 = ε2 = 0.001. The errors for
corresponding norms and convergence rates are displayed in Table 2, from which we can see
that numerical results are in good agreement with the theoretical analysis.

5.3 Assessment 2D Driven Cavity Flow

The following numerical simulations are carried out with the 2D lid-driven flow as the
experimental model. The external body force is vanished for this problem. Besides, we
choose the same bounded domain as it in the unconditional stability test. The initial values
are given by H0 = (0, 0), θ0 = x and u0 = (0, 0). Then, the boundary conditions are
u|ST = (w, 0), (H × n)|ST = H1 × n and θ |ST = θ0, where w satisfies w(x, 1) = 1 and
w(x, y) = 0, ∀y ∈ [0, 1), andH1 = (1, 0). Next, we set Re = 10, Rm = 10, s = κ = r =
1, and ε1 = ε2 = 0.1. The time step and mesh size are�t = 0.01 and h = 1

32 . The final time

T is chosen such that ‖uN
h − uN−1

h ‖0 + ‖HN
h − HN−1

h ‖0 ≤ 1.0E−05, which implies that
the fluid fields are almost steady state. Figures 3 and 4 show numerical velocity streamlines,
magnetic and isotherms obtained by Algorithms 3.1 and 5.1 with different thermal expansion
coefficient. By comparison, it is easy to find that the numerical results of both algorithms are
almost consistent with β = 1 and 100.

Further, we compare the computed divergence values which are listed in Tables 3 and 4.
From these tables, we see that the current algorithm computes approximations with signifi-
cantly better mass conservation and Gauss’s law than those of the implicit/explicit algorithm.
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Fig. 3 The numerical velocity field (a), magnetic field (b) and temperature (c) by Algorithm 3.1 for β =
1, β = 100 from up to down

X

Y

0 0.2 0.4 0.6 0.8 10

0.2

0.4

0.6

0.8

1

X

Y

0 0.2 0.4 0.6 0.8 10

0.2

0.4

0.6

0.8

1

0.05
0.05

0 .
05

0 .1
0.15

0.
15

52
.0

0.
25

0.35

0.
35

0.45

0.
45

45

.0 55

0.
55

0.6
0 .65

0.
65

0.7
0. 75

0.
75

0.85

.0
58

0.95
0.95

0 .
95

X

Y

0 0.2 0.4 0.6 0.8 10

0.2

0.4

0.6

0.8

1

X

Y

0 0.2 0.4 0.6 0.8 10

0.2

0.4

0.6

0.8

1

X

Y

0 0.2 0.4 0.6 0.8 10

0.2

0.4

0.6

0.8

1

0.
05

0.
05

0.
15

0.
15

0.
25

0.
25

0.
35

0.
35

0.
45

0.
45

0.55

0.
55

0.55

0.
65

0.
65

0.75

0.
75

0.75

0.
85

0.85

0.95

0.
95

0.95

X

Y

0 0.2 0.4 0.6 0.8 10

0.2

0.4

0.6

0.8

1

Fig. 4 The numerical velocity field (a), magnetic field (b) and temperature (c) by Algorithm 5.1 for β =
1, β = 100 from up to down
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Table 3 The divergence of velocity and magnetic fields with β = 1, r = 1 for the 2D problem

Algorithm 3.1 Algorithm 5.1
ε = 1.0 ε = 0.1 ε = 0.01 ε = 0.001 ε = 0.0001 ε = 0.00001

‖divunh‖0 1.85E−01 1.09E−01 4.52E−02 1.16E−02 1.59E−03 1.67E−04 1.66E+00

‖divHn
h‖0 4.67E−03 2.03E−03 6.75E−04 1.30E−04 1.49E−05 1.52E−06 1.15E−02

Table 4 The divergence of velocity and magnetic fields with β = 1, ε = 0.1 for the 2D problem

Algorithm 3.1 Algorithm 5.1
r = 0.1 r = 1.0 r = 10 r = 100 r = 1000 r = 10000

‖divunh‖0 1.17E−01 1.09E−01 8.11E−02 4.06E−02 1.10E−02 1.53E−03 1.66E+00

‖divHn
h‖0 2.04E−03 2.03E−03 2.01E−03 1.90E−03 1.79E−03 1.75E−03 1.15E−02

5.4 Assessment 3D Driven Cavity Flow

In this example, let us consider thermally coupled incompressible MHD problem in a 3D
case. The domain is defined in � = [0, 1] × [0, 1] × [0, 1]. Impose boundary conditions:
u|ST = (w, 0, 0), (H × n)|ST = H1 × n and θ |ST = θ0, where w satisfies w(x, y, 1) = 1
and w(x, y, z) = 0 for z �= 1, and H1 = (1, 0, 0). We choose initial values H0 = (0, 0, 0),
θ0 = x and u0 = (0, 0, 0), and set time-mesh step sizes as �t = 0.01, h = 1

8 . The final

time T is chosen such that ‖uN
h − uN−1

h ‖0 + ‖HN
h − HN−1

h ‖0 ≤ 1.0E − 05. Next, we
plot the velocity streamline, isodynamic and isotherm obtained by Algorithms 3.1 and 5.1
with Re = Rm = β = s = κ = r = ε1 = ε2 = 1 in Fig. 5. It is easy to find that the
numerical results of both algorithms are almost consistent. Finally, we list divergence values
for different algorithms in Tables 5 and 6, from which we can get that the current scheme is
superior to the classical implicit/explicit scheme.

6 Conclusion

In this paper, we propose a fully decoupled finite element for solving the thermally coupled
incompressible MHD problem (1)–(3), which allows solving single variable at each time
layer. Theoretically, we use energy estimate to prove unconditional stability of the proposed
algorithm. Further information of the convergence properties is obtained using numerical
analysis under certain assumptions. Numerically, a series of numerical simulations, including
the stability test, convergence rate test and assessment driven cavity flow are presented to
validate the stability and accuracy of the proposed algorithm. All computational results
support the theoretical analysis and demonstrate the effectiveness of the presented algorithm.
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Fig. 5 The velocity field, magnetic field and temperature from top to down by Algorithm 3.1 (left) and
Algorithm 5.1 (right)

Table 5 The divergence of velocity and magnetic fields with r = 1 for the 3D problem

Algorithm 3.1 Algorithm 5.1
ε = 1.0 ε = 0.1 ε = 0.01 ε = 0.001 ε = 0.0001 ε = 0.00001

‖divunh‖0 2.65E−01 2.01E−01 9.82E−02 2.33E−02 3.01E−03 3.13E−04 3.56E−01

‖divHn
h‖0 2.66E−03 1.59E−03 6.27E−04 1.11E−04 1.23E−05 1.24E−06 2.23E−03

Table 6 The divergence of velocity and magnetic fields with ε = 0.1 for the 3D problem

Algorithm 3.1 Algorithm 5.1
r = 0.1 r = 1.0 r = 10 r = 100 r = 1000 r = 10000

‖divunh‖0 2.08E−01 2.01E−01 1.69E−01 8.90E−02 2.18E−02 2.84E−03 3.56E−01

‖divHn
h‖0 1.69E−03 1.59E−03 1.59E−03 1.59E−03 1.42E−03 1.33E−03 2.23E−03
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Appendix A

A.1. Proof of Theorem 3.1

Proof According to (25), multiplying (20), (21), (23) by Qn+1, and combining the ensuing
equations with (18), (19), (22), respectively, we arrive at

(
ũn+1
h − unh

�t
, vh

)
+ a1

(
ũn+1
h , vh

)
− d

(
vh, p̃nh

) + Qn+1b1(unh,u
n
h, vh)

+ sQn+1b2(Hn
h,H

n
h, vh) + r

(
divũn+1

h , divvh
)

= (
fn+1, vh

) + (
βθnh j, vh

)
, (A.1)(

H̃n+1
h − Hn

h

�t
,Bh

)
+ a2

(
H̃n+1

h ,Bh

)
− sQn+1b2(Hn

h,Bh,unh) = (
gn+1, curlBh

)
,

(A.2)(
θn+1
h − θnh

�t
, ϕh

)
+ a3

(
θn+1
h , ϕh

)
+ Qn+1b3(unh, θ

n
h , ϕh) = (

ωn+1, ϕh
)
. (A.3)

Taking vh = 2�t ũn+1
h in (A.1), Bh = 2�tH̃n+1

h in (A.2) and ϕh = 2�tθn+1
h in (A.3), we

obtain

‖ũn+1
h ‖20 − ‖unh‖20 + ‖ũn+1

h − unh‖20 + ‖H̃n+1
h ‖20 − ‖Hn

h‖20
+ ‖H̃n+1

h − Hn
h‖20 + ‖θn+1

h ‖20 − ‖θnh ‖20
+ ‖θn+1

h − θnh ‖20 + 2R−1
e �t‖∇ũn+1

h ‖20
+ 2R−1

m s�t‖curlH̃n+1
h ‖20 + 2κ�t‖∇θn+1

h ‖20
+ 2�t Qn+1b1

(
unh,u

n
h, ũ

n+1
h

)

+ 2�t Qn+1sb2(Hn
h,H

n
h, ũ

n+1
h )

− 2�t Qn+1sb2(Hn
h, H̃

n+1
h ,unh)

+ 2�t Qn+1b3(unh, θ
n
h , θn+1

h )

− 2�td(ũn+1
h , p̃nh ) + 2r�t‖divũn+1

h ‖20
= 2�t

(
fn+1, ũn+1

h

)
+ 2�t

(
βθnh , ũn+1

h

)

+ 2�t
(
gn+1, curlH̃n+1

h

)
+ 2�t

(
ωn+1, θn+1

h

)
,

(A.4)

where we have used (a − b, 2a) = |a|2 − |b|2 + |a − b|2.

123



14 Page 22 of 39 Journal of Scientific Computing (2023) 95 :14

Next, applying (25) to (24), it follows that

Qn+1 − Qn

�t
= b1(unh,u

n
h, ũ

n+1
h )

+ sb2(Hn
h,H

n
h, ũ

n+1
h ) − sb2(Hn

h, H̃
n+1
h ,unh) + b3(unh, θ

n
h , θn+1

h ). (A.5)

Multiplying (A.5) by 2�t Qn+1, we have

|Qn+1|2 − |Qn |2 + |Qn+1 − Qn |2
= 2Qn+1�tb1(unh,u

n
h, ũ

n+1
h )

+ 2sQn+1�tb2(Hn
h,H

n
h, ũ

n+1
h )

− 2sQn+1�tb2(Hn
h, H̃

n+1
h ,unh) + 2Qn+1�tb3(unh, θ

n
h , θn+1

h ). (A.6)

Set qh = 2�t p̃n+1
h in (26) to get

�t

r

(
‖ p̃n+1

h ‖20 − ‖ p̃nh‖20 + ‖ p̃n+1
h − p̃nh‖20

)
+ 2�td(ũn+1

h , p̃n+1
h ) = 0. (A.7)

Moreover, combining (A.4) with (A.6)–(A.7), we have

‖ũn+1
h ‖20 − ‖unh‖20 + ‖ũn+1

h − unh‖20 + ‖H̃n+1
h ‖20 − ‖Hn

h‖20
+ ‖H̃n+1

h − Hn
h‖20 + ‖θn+1

h ‖20 − ‖θnh ‖20
+ ‖θn+1

h − θnh ‖20 + |Qn+1|2 − |Qn |2 + |Qn+1 − Qn |2
+ 2R−1

e �t‖∇ũn+1
h ‖20 + 2R−1

m s�t‖curlH̃n+1
h ‖20

+ 2κ�t‖∇θn+1
h ‖20

+ �t

r

(
‖ p̃n+1

h ‖20 − ‖ p̃nh‖20 + ‖ p̃n+1
h − p̃nh‖20

)

+ 2�td(ũn+1
h , p̃n+1

h − p̃nh ) + 2r�t‖divũn+1
h ‖20

= 2�t
(
fn+1, ũn+1

h

)
+ 2�t

(
βθnh j, ũ

n+1
h

)

+ 2�t
(
gn+1, curlH̃n+1

h

)
+ 2�t

(
ωn+1, θn+1

h

)
. (A.8)

By the Cauchy-Schwarz and Young inequalities, one gets

− 2�td(ũn+1
h , p̃n+1

h − p̃nh )

≤ r�t‖divũn+1
h ‖20 + �t

r
‖ p̃n+1

h − p̃nh‖20,
2�t(fn+1, ũn+1

h ) + 2�t
(
βθnh j, ũ

n+1
h

)

+ 2�t(gn+1, curlH̃n+1
h ) + 2�t

(
ωn+1, θn+1

h

)

≤ R−1
e �t‖∇ũn+1

h ‖20 + cRe�t‖fn+1‖2−1 + cRe�tβ2‖θnh ‖20
+ R−1

m �t‖curlH̃n+1
h ‖20 + Rm�t‖gn+1‖20

+ κ�t‖∇θn+1
h ‖20 + κ−1�t‖ωn+1‖2−1. (A.9)

Furthermore, substitute (29) into (27)–(28), and set vh = 2�tun+1
h , Bh = 2�tHn+1

h in
the ensuing equation to obtain

‖un+1
h ‖20 − ‖ũn+1

h ‖20 + ‖un+1
h − ũn+1

h ‖20 + ‖Hn+1
h ‖20 − ‖H̃n+1

h ‖20 + ‖Hn+1
h − H̃n+1

h ‖20
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+ 2�t

ε1
‖divun+1

h ‖20
+ R−1

e �t(‖∇un+1
h ‖20 − ‖∇ũn+1

h ‖20
+ ‖∇un+1

h − ∇ũn+1
h ‖20) + R−1

m �t(‖curlHn+1
h ‖20 − ‖curlH̃n+1

h ‖20
+ ‖curlHn+1

h − curlH̃n+1
h ‖20) + 2�t

ε2
‖divHn+1

h ‖20 = 0. (A.10)

Setting qh = 2�t(pn+1
h − p̃n+1

h ) in (30), we have

2ε1�t‖pn+1
h − p̃n+1

h ‖20 + 2�td(un+1
h , pn+1

h − p̃n+1
h ) = 0. (A.11)

Then, combining (A.10) and (A.11), we get

‖un+1
h ‖20 − ‖ũn+1

h ‖20 + ‖un+1
h − ũn+1

h ‖20
+ R−1

e �t(‖∇un+1
h ‖20 − ‖∇ũn+1

h ‖20 + ‖∇un+1
h − ∇ũn+1

h ‖20)
+ ‖Hn+1

h ‖20 − ‖H̃n+1
h ‖20 + ‖Hn+1

h − H̃n+1
h ‖20 + R−1

m �t(‖curlHn+1
h ‖20 − ‖curlH̃n+1

h ‖20
+ ‖curlHn+1

h − curlH̃n+1
h ‖20) + 2�t

ε1
‖divun+1

h ‖20

+ 2�t

ε2
‖divHn+1

h ‖20 + 2ε1�t‖pn+1
h − p̃n+1

h ‖20

≤ ε1�t‖pn+1
h − p̃n+1

h ‖20 + �t

ε1
‖divun+1

h ‖20.

(A.12)

Finally, combining (A.8) and (A.12) and applying (A.9), we obtain

‖un+1
h ‖20 − ‖unh‖20 + ‖ũn+1

h − unh‖20 + ‖un+1
h − ũn+1

h ‖20
+ ‖Hn+1

h ‖20 − ‖Hn
h‖20 + ‖H̃n+1

h − Hn
h‖20

+ ‖Hn+1
h − H̃n+1

h ‖20 + ‖θn+1
h ‖20 − ‖θnh ‖20

+ ‖θn+1
h − θnh ‖20 + �t

r
(‖ p̃n+1

h ‖20 − ‖ p̃nh‖20)
+ ε1�t‖pn+1

h − p̃n+1
h ‖20 + |Qn+1|2 − |Qn |2 + |Qn+1 − Qn |2

+ r�t‖divũn+1
h ‖20

+ R−1
e �t(‖∇un+1

h ‖20 + ‖∇un+1
h − ∇ũn+1

h ‖20) + κ�t‖∇θn+1
h ‖20

+ �t

ε1
‖divun+1

h ‖20
+ R−1

m �t(‖curlHn+1
h ‖20 + ‖curlHn+1

h − curlH̃n+1
h ‖20)

+ 2�t

ε2
‖divHn+1

h ‖20
≤ cRe�t‖fn+1‖2−1 + cRe�tβ2‖θnh ‖20

+ cRm�t‖gn+1‖20 + κ−1�t‖ωn+1‖2−1.

(A.13)

Then, summing up (A.13) from n = 0 to N − 1 and applying Assumption 2.1, we arrive at
the desired result with the help of Grönwall lemma. ��
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A.2. Proof of Theorem 4.2

Proof Taking vh = 2�t φ̃
n+1
h , Bh = 2�tψ̃

n+1
h , ϕh = 2�tϑn+1

h in (37), (38), (39), respec-
tively, and combining the ensuing equations, we get

‖φ̃n+1
h ‖20 − ‖φn

h‖20 + ‖φ̃n+1
h − φn

h‖20
+‖ψ̃n+1

h ‖20 − ‖ψn
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n+1
h )

+2�t
(
Q(tn+1)b1(u(tn+1),u(tn+1), φ̃

n+1
h )

−Qn+1b1(unh,u
n
h, φ̃

n+1
h )

)

+2�ts
(
Q(tn+1)b2(H(tn+1),H(tn+1), φ̃

n+1
h )

−Qn+1b2(Hn
h,H

n
h, φ̃

n+1
h )

)
(A.14)

−2�ts
(
Q(tn+1)b2(H(tn+1), ψ̃

n+1
h ,u(tn+1))

−Qn+1b2(Hn
h, ψ̃

n+1
h ,unh)

)

+2�t
(
Q(tn+1)b3(u(tn+1), θ(tn+1), ϑ

n+1
h ) − Qn+1b3(unh, θ

n
h , ϑn+1

h )
)

+2�td(φ̃
n+1
h , ηn+1

p − ηnp)

+2r�t(divηn+1
u , divφ̃

n+1
h ) + d(φ̃

n+1
h , p(tn) − p(tn+1))

+2
∫ tn+1

tn
(t − tn)(ut t , φ̃

n+1
h )dt

+2
∫ tn+1

tn
(t − tn)(Ht t , ψ̃

n+1
h )dt + 2

∫ tn+1

tn
(t − tn)(θt t , ϑ

n+1
h )dt =:

15∑
i=1

Ii ,

where we have added ±2�td(φ̃
n+1
u , ηn+1

p ) and used the projections.
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In what follows, we estimate Ii in (A.14), respectively. Applying the Cauchy-Schwarz
and Young’s inequalities, we have

I1 + I2 + I3 ≤ δ0R
−1
e �t‖∇φ̃

n+1
h ‖20 + δ1κ�t‖∇ϑn+1

h ‖20
+ δ2R

−1
m �t‖curlψ̃n+1

h ‖20
+ cRe‖ηut‖2L2(tn ,tn+1;L2(�)3)

+ cκ−1‖ηθ t‖2L2(tn ,tn+1;L2(�))

+ cRm�t‖curlηn+1
H ‖20,

I4 + I5 ≤ δ3R
−1
e �t‖∇φ̃

n+1
h ‖20 + cRe�tβ2‖ηnθ ‖20

+ cRe�tβ2‖ϑn
h ‖20 + cRe�t2β2‖θt‖2L2(tn ,tn+1;L2(�))

.

(A.15)

Besides, for I6, we get

I6 = 2�tb1(u(tn+1),u(tn+1) − unh, φ̃
n+1
h ) + 2�tb1(u(tn+1) − unh,u

n
h, φ̃

n+1
h )

+ 2�ten+1
Q b1(unh,u

n
h, φ̃

n+1
h ) =:

3∑
k=1

Ak,

which can be bounded by employing Lemma 2.1 and Cauchy-Schwarz inequality. Then one
has

A1 + A2 ≤ δ4R
−1
e �t‖∇φ̃

n+1
h ‖20 + δ5R

−1
e �t‖∇φn

h‖20
+ cRe�t‖∇ηnu‖20

(‖∇u(tn+1)‖20 + ‖∇unh‖20
)

+ cRe�t2‖∇ut‖2L2(tn ,tn+1;L2(�)3)

(‖∇u(tn+1)‖20 + ‖∇Rhu(tn)‖20
)

(A.16)

+ cR3
e�t

(
�t2‖∇ut‖4L2(tn ,tn+1;L2(�)3)

+ ‖∇u(tn+1)‖40 + ‖∇Rhu(tn)‖40
)

‖φn
h‖20

+ cRe�t‖φn
h‖0‖∇φn

h‖0‖∇φn
h‖20.

Moreover, arguing in exactly the similar way as I6, for I7 and I8, we have

I7 = 2s�tb2(H(tn+1) − Hn
h,H(tn+1), φ̃

n+1
h ) + 2s�tb2(Hn

h,H(tn+1) − Hn
h, φ̃

n+1
h )

+ 2s�ten+1
Q b2(Hn

h,H
n
h, φ̃

n+1
h ) =:

3∑
i=1

Di ,

I8 = −2s�tb2(H(tn+1) − Hn
h, ψ̃

n+1
h ,u(tn+1)) − 2s�tb2(Hn

h, ψ̃
n+1
h ,u(tn+1) − unh)

− 2s�ten+1
Q b2(Hn

h, ψ̃
n+1
h ,unh) =:

3∑
i=1

Ei .
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Applying Lemma 2.1, the Cauchy-Schwarz inequality, the inverse inequality and (4)–(6), we
have

D1 + D2 ≤ δ6R
−1
e �t‖∇φ̃

n+1
h ‖20 + cRes

2�t‖curlηnH‖20
(‖curlH(tn+1)‖20 + ‖curlHn

h‖20
)

+ cRes
2�t2‖Ht‖2L2(tn ,tn+1;H2(�)3)

‖Hn
h‖20 + cRes

2�t2‖Ht‖2L2(tn ,tn+1;L2(�)3)
‖H(tn+1)‖22

+ cRes
2�t‖ψn

h‖20
(‖H(tn+1)‖22 + ‖H(tn)‖22 + h−2‖curlηnH‖20

)
+ cRes

2�t‖ψn
h‖0

(‖curlψn
h‖0 + ‖divψn

h‖0
) (‖curlψn

h‖20 + ‖divψn
h‖20

)
,

E1 + E2 ≤ δ7R
−1
m �t‖curlψ̃n+1

h ‖20 + cRms
2�t

(‖u(tn+1)‖22‖ηnH‖20 + ‖∇ηnu‖20‖curlHn
h‖20

)
+ δ8R

−1
e �t‖∇φn

h‖20 + cRms
2�t(‖curlψn

h‖20 + ‖divψn
h‖20)‖φn

h‖0‖∇φn
h‖0

+ cRms
2�t2

(
‖Ht‖2L2(tn ,tn+1;L2(�)3)

‖u(tn+1)‖22 + ‖ut‖2L2(tn ,tn+1;H2(�)3)
‖Hn

h‖20
)

+ cRms
2�t2‖u(tn+1)‖22‖ψn

h‖20 + cR2
m Res

4�t‖∇ThH(tn)‖40‖φn
h‖20.

(A.17)

In addition, I9 is estimated by

I9 = 2�tb3(u(tn+1) − unh, θ(tn+1), ϑ
n+1
h ) + 2�tb3(unh, θ(tn+1) − θnh , ϑn+1

h )

+ 2�ten+1
Q b3(unh, θ

n
h , ϑn+1

h ) =:
3∑

i=1

Fi .

With help of Lemma 2.1 and the Cauchy-Schwarz inequality, we have

F1 + F2 ≤ δ9κ�t‖∇ϑn+1
h ‖20 + δ10κ�t‖∇ϑn

h ‖20
+cκ−1�t2‖∇ut‖2L2(tn ,tn+1;L2(�)3)

‖∇θ(tn+1)‖20
+cκ−1�t‖∇ηnu‖20‖∇θ(tn+1)‖20 + cκ−1�t2‖θt‖2L2(tn ,tn+1;H2(�))

‖unh‖20
+cκ−1�t‖∇ηnθ‖20‖∇unh‖20
+cκ−1�t‖φn

h‖20‖θ(tn+1)‖22 + cκ−1�t‖φn
h‖0‖∇φn

h‖0‖∇ϑn
h ‖20,

+cκ−3�t‖∇Rhu(tn)‖40‖ϑn
h ‖20. (A.18)

Note that the remaining terms A3, D3, E3 and F3 will be eliminated in the following estima-
tion.

The following estimates result from application of the Cauchy-Schwarz and Young
inequalities,

I10 + I11 + I12 ≤ δ11R
−1
e �t‖∇φ̃

n+1
h ‖20 + cRe�t2‖ηp,t‖2L2(tn ,tn+1;L2(�))

+ cr2Re�t‖∇ηn+1
u ‖20 + cRe�t2‖pt‖2L2(tn ,tn+1;L2(�))

.
(A.19)

And then finally, let’s estimate the truncation error terms on the right-hand side (RHS) of
(A.14):

I13 + I14 + I15 ≤ δ12R
−1
e �t‖∇φ̃

n+1
h ‖20 + δ13κ�t‖∇ϑn+1

h ‖20 + ‖ψ̃n+1
h − ψn

h‖20
+ �t‖ψn

h‖20
+ cRe�t2‖ut t‖2L2(tn ,tn+1;H−1(�)3)

+ c�t2‖Ht t‖2L2(tn ,tn+1;L2(�)3)

+ c�t3‖Ht t‖2L2(tn ,tn+1;L2(�)3)
+ cκ−1�t2‖θt t‖2L2(tn ,tn+1;H−1(�))

. (A.20)
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Now, setting δ0 + δ3 + δ4 + δ6 + δ11 + δ12 = 1
2 , δ2 + δ7 = 1

2 and δ1 + δ9 + δ13 = 1
2 ,

combining (A.14) with the bounds in (A.15)–(A.20) and applying Theorem 3.1, Assumption
4.1, we obtain the following inequality

‖φ̃n+1
h ‖20 − ‖φn

h‖20 + ‖φ̃n+1
h − φn

h‖20 + ‖ψ̃n+1
h ‖20

− ‖ψn
h‖20 + ‖ϑn+1

h ‖20 − ‖ϑn
h ‖20 + ‖ϑn+1

h − ϑn
h ‖20

+ 3R−1
e

2
�t‖∇φ̃

n+1
h ‖20 + 3R−1

m

2
�t‖curlψ̃n+1

h ‖20
+ 3κ

2
�t‖∇ϑn+1

h ‖20 − 2�td(φ̃
n+1
h , χ̃n

h )

+ 2r�t‖divφ̃n+1
h ‖20 − (A3 + D3 + E3 + F3)

≤ (δ5 + δ8)R
−1
e �t‖∇φn

h‖20
+ δ10κ�t‖∇ϑn

h ‖20 + cRe‖ηut‖2L2(tn ,tn+1;L2(�)3)

+ cRe�tβ2‖ηnθ ‖20 + cκ−1‖ηθ t‖2L2(tn ,tn+1;L2(�))

+ cRm�t‖curlηn+1
H ‖20 + cRe�t2β2‖θt‖2L2(tn ,tn+1;L2(�))

+ cRe�t‖∇ηnu‖20
(
1 + ‖∇unh‖20

) + cRe�t2‖∇ut‖2L2(tn ,tn+1;L2(�)3)

+ cr2Re�t‖∇ηn+1
u ‖20

+ cRes
2�t‖curlηnH‖20

(
1 + ‖curlHn

h‖20
)

+ cRes
2�t2‖Ht‖2L2(tn ,tn+1;H2(�)3)

+ cRes
2�t2‖Ht‖2L2(tn ,tn+1;L2(�)3)

+ cRms
2�t

(‖ηnH‖20 + ‖∇ηnu‖20‖curlHn
h‖20

)
+ cRms

2�t2
(
‖Ht‖2L2(tn ,tn+1;L2(�)3)

+ ‖ut‖2L2(tn ,tn+1;H2(�)3)

)

+ cκ−1�t‖∇ηnθ‖20‖∇unh‖20 + cκ−1�t2‖∇ut‖2L2(tn ,tn+1;L2(�)3)

+ cκ−1�t‖∇ηnu‖20 + cκ−1�t2‖θt‖2L2(tn ,tn+1;H2(�))

+ cRe�t2‖ηp,t‖2L2(tn ,tn+1;L2(�))
+ cRe�t2‖pt‖2L2(tn ,tn+1;L2(�))

+ c�t2‖Ht t‖2L2(tn ,tn+1;L2(�)3)
+ cRe�t2‖ut t‖2L2(tn ,tn+1;H−1(�)3)

+ c�t3‖Ht t‖2L2(tn ,tn+1;L2(�)3)
+ cκ−1�t2‖θt t‖2L2(tn ,tn+1;H−1(�))

+ cR3
e�t

(
�t2‖∇ut‖4L2(tn ,tn+1;L2(�)3)

+ 1
)

‖φn
h‖20

+ c
(
κ−1 + R2

ms
4Re

)
�t‖φn

h‖20 + cRms
2�t2‖ψn

h‖20
+ �t‖ψn

h‖20 + c�t
(
Reβ

2 + κ−3) ‖ϑn
h ‖20

+ cRes
2�t‖ψn

h‖20
(
1 + h−2‖curlηnH‖20

)
+ cκ−1�t‖φn

h‖0‖∇φn
h‖0‖∇ϑn

h ‖20
+ cRms

2�t‖φn
h‖0‖∇φn

h‖0(‖curlψn
h‖20 + ‖divψn

h‖20)
+ cRe�t‖φn

h‖0‖∇φn
h‖0‖∇φn

h‖20
+ cRes

2�t‖ψn
h‖0

(‖curlψn
h‖0 + ‖divψn

h‖0
) (‖curlψn

h‖20 + ‖divψn
h‖20

)
. (A.21)
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Further, taking qh = 2�t χ̃n+1
h in (40), we get

�t

r

(
‖χ̃n+1

h ‖20 − ‖χ̃n
h ‖20 + ‖χ̃n+1

h − χ̃n
h ‖20

)
+ 2�td(φ̃

n+1
h , χ̃n+1

h )

= 2�t

r
(ηn+1

p − ηnp, χ̃
n+1
h ) − 2�t

r
(p(tn+1) − p(tn), χ̃

n+1
h ).

(A.22)

Adding and subtracting 2�t
r (ηn+1

p − ηnp, χ̃
n
h ), and using the Cauchy-Schwarz and Young

inequalities, we have

2�t

r
(ηn+1

p − ηnp, χ̃
n+1
h ) = 2�t

r
(ηn+1

p − ηnp, χ̃
n+1
h − χ̃n

h ) + 2�t

r
(ηn+1

p − ηnp, χ̃
n
h )

≤ c�t2

r
‖ηp,t‖2L2(tn ,tn+1;L2(�))

+ �t

4r
‖χ̃n+1

h − χ̃n
h ‖2

+ 2�t2

r
‖χ̃n

h ‖20 + �t

2r
‖ηp,t‖2L2(tn ,tn+1;L2(�))

.

The second term on the RHS of (A.22) can be rewritten as

− 2
�t

r
(p(tn+1) − p(tn), χ̃

n+1
h )

= −2�t

r
(p(tn+1) − p(tn), χ̃

n+1
h − χ̃n

h )

− 2�t

r
(p(tn+1) − p(tn), χ̃

n
h )

≤ c�t2

r
‖pt‖2L2(tn ,tn+1;L2(�))

+ �t

4r
‖χ̃n+1

h − χ̃n
h ‖20

+ 2�t2

r
‖χ̃n

h ‖2 + �t2

2r
‖pt‖2L∞(tn ,tn+1;L2(�))

.

Note that 2�td(φ̃
n+1
h , χ̃n+1

h − χ̃n
h ) ≤ 2r�t‖divφ̃n+1

h ‖20 + �t
2r ‖χ̃n+1

h − χ̃n
h ‖20.

Now, combining (A.21) and (A.22)with above bounds, and summing the ensuing equation
from n = 0 to m, we arrive at

m∑
n=0

‖φ̃n+1
h ‖20 −

m∑
n=0

‖φn
h‖20 +

m∑
n=0

‖φ̃n+1
h − φn

h‖20 +
m∑

n=0

‖ψ̃n+1
h ‖20

−
m∑

n=0

‖ψn
h‖20 + ‖ϑm+1

h ‖20 +
m∑

n=0

‖ϑn+1
h − ϑn

h ‖20

+ 3Re
−1

2
�t

m∑
n=0

‖∇φ̃
n+1
h ‖20

+ 3Rm
−1

2

m∑
n=0

�t‖curlψ̃n+1
h ‖20 + 3κ

2
�t

m∑
n=0

‖∇ϑn+1
h ‖20

+ �t

r
‖χ̃m+1

h ‖20 −
m∑

n=0

(A3 + D3 + E3 + F3)
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≤
m∑

n=0

(
(δ5 + δ8)R

−1
e �t‖∇φn

h‖20 + δ10κ�t‖∇ϑn
h ‖20

)

+ ‖ϑ0
h‖20 + �t

r
‖χ̃0

h ‖20 + ch4
[
Re(1 + s2 + Re) + �t

r

+ Rm
(
1 + s2(1 + Re)

) + (1 + Re)(κ
−1 + r2Re + �t2)

]

+ c�t2
[
1 + Re(1 + |β|2 + s2) + Rms

2

+ κ−1 + 1

r
(1 + h4)

]
+

m∑
n=0

[
c�t

(
Reβ

2 + κ−3) ‖ϑn
h ‖20

+ cR3
e�t(1 + �t2)‖φn

h‖20 + c(Res
2 + 1)�t‖ψn

h‖20
+ cRes

2�t‖ψn
h‖20h2 + cRms

2�t2‖ψn
h‖20

+ c�t
(
κ−1 + R2

m Res
4) ‖φn

h‖20
+ 4�t2

r
‖χ̃n

h ‖20 + cκ−1�t‖φn
h‖0‖∇φn

h‖0‖∇ϑn
h ‖20

+ cRms
2�t‖φn

h‖0‖∇φn
h‖0(‖curlψn

h‖20 + ‖divψn
h‖20)

+ cRe�t‖φn
h‖0‖∇φn

h‖0‖∇φn
h‖20 + cRes

2

�t‖ψn
h‖0

(‖curlψn
h‖0 + ‖divψn

h‖0
) (‖curlψn

h‖20 + ‖divψn
h‖20

) ]
, (A.23)

where we have used Theorem 3.1, Assumption 4.1 and (31)–(32).
In order to obtain the final error estimates, we now establish error analysis of the scalar

equation. Subtracting (A.5) from the scalar equation (17) at t = tn+1 gets

en+1
Q − enQ

�t
= b1(u(tn+1),u(tn+1),u(tn+1)) − b1(unh,u

n
h, ũ

n+1
h )

+ sb2(H(tn+1),H(tn+1),u(tn+1))

− sb2(Hn
h,H

n
h, ũ

n+1
h ) − sb2(H(tn+1),H(tn+1),u(tn+1))

+ sb2(Hn
h, H̃

n+1
h ,unh)

+ b3(u(tn+1), θ(tn+1), θ(tn+1))

− b3(unh, θ
n
h , θn+1

h ) + Rn+1
Q ,

(A.24)

where Rn+1
Q = Q(tn+1)−Q(tn)

�t − Qt (tn+1) = 1
�t

∫ tn+1
tn

(tn − t)Qttdt. Multiplying both sides

of (A.24) by 2�ten+1
Q , we get

|en+1
Q |2 − |enQ |2 + |en+1

Q − enQ |2

= 2�ten+1
Q

(
b1(u(tn+1),u(tn+1),u(tn+1)) − b1(unh,u

n
h, ũ

n+1
h )

+ sb2(H(tn+1),H(tn+1),u(tn+1))

− sb2(Hn
h,H

n
h, ũ

n+1
h ) − sb2(H(tn+1),H(tn+1),u(tn+1)) + sb2(Hn

h, H̃
n+1
h ,unh)

+ b3(u(tn+1), θ(tn+1), θ(tn+1)) − b3(unh, θ
n
h , θn+1

h )
)

+ 2�t(Rn+1
Q , en+1

Q ) =:
9∑

k=1

Lk .

(A.25)
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First, for the first four terms in the RHS of (A.25), we treat them as follows:

L1 + L2 = 2�ten+1
Q

(
b1(u(tn+1),u(tn+1), η

n+1
u )

+ b1(u(tn+1),u(tn+1) − unh, Rhu(tn+1))

+ b1(u(tn+1) − unh,u
n
h, Rhu(tn+1)) − b1(unh,u

n
h, φ̃

n+1
h )

)
=:

4∑
k=1

Jk,

L3 + L4 = 2s�ten+1
Q

(
b2(H(tn+1),H(tn+1), η

n+1
u )

+ b2(H(tn+1),H(tn+1) − Hn
h, Rhu(tn+1))

+ b2(H(tn+1) − Hn
h,H

n
h, Rhu(tn+1)) − b2(Hn

h,H
n
h, φ̃

n+1
h )

)
=:

4∑
i=1

Ki .

Applying the Cauchy-Schwarz and Young inequality and Lemma 2.1, we get

J1 + J2 ≤ ε0|en+1
Q − enQ |2 + ε1�t |enQ |2

+ c�t(1 + �t)‖∇ηn+1
u ‖20‖∇u(tn+1)‖40

+ c�t(1 + �t)
(
‖∇ηnu‖20 + �t‖∇ut‖2L2(tn ,tn+1;L2(�)3)

)

× ‖∇u(tn+1)‖20‖∇Rhu(tn+1)‖20
+ c�t(1 + �t)‖u(tn+1)‖22‖∇Rhu(tn+1)‖20‖φn

h‖20,
J3 ≤ �t

2M
|en+1

Q |2‖∇unh‖20 + ε2R
−1
e �t‖∇φn

h‖20 + cM�t2‖ut‖2L2(tn ,tn+1;H1(�)3)

× ‖∇Rhu(tn+1)‖20 + cM�t‖∇ηnu‖20‖∇Rhu(tn+1)‖20
+ cM2Re�t‖φn

h‖20‖∇Rhu(tn+1)‖40,
K1 + K2 ≤ ε3|en+1

Q − enQ |2 + ε4�t |enQ |2 + cs2�t(1 + �t)‖∇ηn+1
u ‖20‖curlH(tn+1)‖40

+ cs2�t(1 + �t)‖curlH(tn+1)‖20
(
‖curlηnH‖20 + �t‖curlHt‖2L2(tn ,tn+1;L2(�)3)

)

× ‖∇Rhu(tn+1)‖20 + cs2�t(1 + �t)‖H(tn+1)‖22‖∇Rhu(tn+1)‖20‖ψn
h‖20,

K3 ≤ �t

2M
|en+1

Q |2‖curlHn
h‖20 + ε5R

−1
m �t‖curlψn

h‖20 + ε6�t

ε2
‖divψn

h‖20
+ cMs2�t‖curlηnH‖20‖∇Rhu(tn+1)‖20
+ c(Rm + ε2)M

2s4�t‖ψn
h‖20‖∇Rhu(tn+1)‖40

+ cMs2�t2‖curlHt‖2L2(tn ,tn+1;L2(�)3)
‖∇Rhu(tn+1)‖20,

(A.26)

where we have used (5)–(6) and M := C(2Re + Rm + κ−1).
To estimate residual nonlinear terms in the RHS of (A.25), we rewrite them as

L5 + L6 = −2s�ten+1
Q

(
b2(H(tn+1), η

n+1
H ,u(tn+1))

+ b2(H(tn+1), ThH(tn+1),u(tn+1) − unh)

+ b2(H(tn+1) − Hn
h, ThH(tn+1),unh) − b2(Hn

h, ψ̃
n+1
h ,unh)

)
=:

4∑
i=1

Zi ,
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L7 + L8 = 2�ten+1
Q

(
b3(u(tn+1), θ(tn+1), η

n+1
θ )

+ b3(u(tn+1), θ(tn+1) − θnh ,Ghθ(tn+1))

+ b3(u(tn+1) − unh, θ
n
h ,Ghθ(tn+1)) − b3(unh, θ

n
h , ϑn+1

h )
)

=:
4∑

i=1

Pi ,

From the Cauchy-Schwarz and Young inequalities, (6) and Lemma 2.1, there hold

Z1 + Z2 ≤ ε7|en+1
Q − enQ |2 + ε8�t |enQ |2 + cs2�t(1 + �t)

×‖curlηn+1
H ‖20‖curlH(tn+1)‖20‖∇u(tn+1)‖20

+cs2�t(1 + �t)
(
‖∇ηnu‖20 + �t‖∇ut‖2L2(tn ,tn+1;L2(�)3)

)

×‖curlThH(tn+1)‖20‖curlH(tn+1)‖20
+cs2�t(1 + �t)‖φn

h‖20‖curlThH(tn+1)‖20‖H(tn+1)‖22,
Z3 ≤ �t

2M
|en+1

Q |2‖∇unh‖20 + ε9R
−1
m �t‖curlψn

h‖20
+ε10�t

ε2
‖divψn

h‖20
+cs2�t‖curlηnH‖20‖curlThH(tn+1)‖20 + c(Rm + ε2)M

2s4

×�t‖ψn
h‖20‖curlThH(tn+1)‖40

+cs2�t2‖curlHt‖2L2(tn ,tn+1;L2(�)3)
‖curlThH(tn+1)‖20,

P1 + P2 ≤ ε11|en+1
Q − enQ |2 + ε12�t |enQ |2

+c�t(1 + �t)‖∇ηn+1
θ ‖20‖∇θ(tn+1)‖20‖∇u(tn+1)‖20

+c�t(1 + �t)(�t‖∇θt‖2L2(tn ,tn+1;L2(�))

+‖∇ηnθ ‖20)‖∇u(tn+1)‖20‖∇Ghθ(tn+1)‖20
+c�t(1 + �t)‖u(tn+1)‖22‖ϑn

h ‖20‖∇Ghθ(tn+1)‖20,
P3 ≤ �t

2M
|en+1

Q |2‖∇θnh ‖20
+ε13R

−1
e �t‖∇φn

h‖20
+cM�t2‖∇ut‖2L2(tn ,tn+1;L2(�)3)

‖∇Ghθ(tn+1)‖20
+cM�t‖∇ηnu‖20‖∇Ghθ(tn+1)‖20 + cM2Re�t‖φn

h‖20‖∇Ghθ(tn+1)‖40.
(A.27)

Finally, for the last term in the RHS of (A.25), we have

L9 ≤ ε14|en+1
Q − enQ |2 + ε15�t |enQ |2 + c�t2(1 + �t)

∫ tn+1

tn
|Qtt |2dt. (A.28)

Now, setting ε0 + ε3 + ε7 + ε11 + ε14 = 1, ε1 + ε4 + ε8 + ε12 + ε15 = 1
2 , combining

(A.25) with (A.26)–(A.28) and applying Theorem 3.1, Assumption 4.1 we get

|en+1
Q |2 − |enQ |2 − J4 − K4 − Z4 − P4

≤ 1

2
�t |enQ |2 + �t

2M
|en+1

Q |2 (
2‖∇unh‖20 + ‖curlHn

h‖20 + ‖∇θnh ‖20
)
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+ c�t2(1 + �t)
∫ tn+1

tn
|Qtt |2dt

+ (ε2 + ε13)R
−1
e �t‖∇φn

h‖20 + (ε5 + ε9)R
−1
m �t‖curlψn

h‖20
+ (ε6 + ε10)�t

ε2
‖divψn

h‖20
+ c(1 + s2)�t(1 + �t)

(‖∇ηn+1
u ‖20 + ‖∇ηnu‖20

)
+ c�t2(1 + �t + M)‖∇ut‖2L2(tn ,tn+1;L2(�)3)

+ cs2�t(1 + �t)(‖curlηnH‖20 + �t‖curlHt‖2L2(tn ,tn+1;L2(�)3)
)

+ cM�t‖∇ηnu‖20
+ cs2�t(1 + �t)‖curlηn+1

H ‖20 + cs2�t2(1 + �t)‖∇ut‖2L2(tn ,tn+1;L2(�)3)

+ cMs2�t‖curlηnH‖20
+ c�t(1 + �t)(‖∇ηnθ ‖20 + ‖∇ηn+1

θ ‖20
+ �t‖∇θt‖2L2(tn ,tn+1;L2(�))

)

+ c(1 + M)s2�t2‖curlHt‖2L2(tn ,tn+1;L2(�)3)

+ c�t(1 + �t)(‖φn
h‖20 + ‖ϑn

h ‖20) + cM2Re�t‖φn
h‖20

+ cs2�t(1 + �t)(‖ψn
h‖20 + ‖φn

h‖20) + c(Rm + ε2)M
2s4�t‖ψn

h‖20. (A.29)

Add up (A.29) from n = 0, 1, · · · ,m∗, where tm∗ is a time that makes |em∗+1
Q | get its

maximum value. Then, we give

|em∗+1
Q |2 −

m∗∑
n=0

(J4 + K4 + M4 + P4)

≤
m∗∑
n=0

(
1

2
�t |enQ |2 + �t

2M
|en+1

Q |2 (
2‖∇unh‖20 + ‖curlHn

h‖20 + ‖∇θnh ‖20
))

+ c�t2(1 + s2)(1 + �t)

+ ch4
[
(1 + s2)(1 + Re)(1 + �t) + M(1 + Re + s2)

]

+
m∗∑
n=0

[
c�t(1 + �t)(‖φn

h‖20 + ‖ϑn
h ‖20)

+ cM2Re�t‖φn
h‖20 + cs2�t(1 + �t)(‖ψn

h‖20 + ‖φn
h‖20) + c(Rm + ε2)M

2s4�t‖ψn
h‖20

]

+
m∗∑
n=0

(
(ε2 + ε13)R

−1
e �t‖∇φn

h‖20 + (ε5 + ε9)R
−1
m �t‖curlψn

h‖20

+ (ε6 + ε10)�t

ε2
‖divψn

h‖20
)

, (A.30)

where we have used Assumption 4.1 and (31)–(32).
Next, setting m = m∗ in (A.23), combining the ensuing inequality with (A.30) and

choosing δ10 = 1
4 , we get
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m∗∑
n=0

‖φ̃n+1
h ‖20 −

m∗∑
n=0

‖φn
h‖20

+
m∗∑
n=0

‖ψ̃n+1
h ‖20 −

m∗∑
n=0

‖ψn
h‖20 + ‖ϑm∗+1

h ‖20 + Re
−1�t

m∗∑
n=0

‖∇φ̃
n+1
h ‖20

+ Rm
−1

m∗∑
n=0

�t‖curlψ̃n+1
h ‖20

+ κ

m∗∑
n=0

�t‖∇ϑn+1
h ‖20 + �t

r
‖χ̃m∗+1

h ‖20 + |em∗+1
Q |2

+ κ

4
�t‖∇ϑm∗+1

h ‖20

≤
m∗∑
n=0

(
�t

2M
|en+1

Q |2 (
2‖∇unh‖20 + ‖curlHn

h‖20 + ‖∇θnh ‖20
))

+ (δ5 + δ8 + ε2 + ε13)R
−1
e �t

m∗∑
n=0

‖∇φn
h‖20

+ (ε5 + ε9)R
−1
m �t

m∗∑
n=0

‖curlψn
h‖20

+ ε6 + ε10

ε2
�t

m∗∑
n=0

‖divψn
h‖20 + ch4

[
(1 + s2)(1 + Re)(1 + �t)

+ M(1 + Re + s2) + Re(1 + s2 + Re) + Rm
(
1 + s2(1 + Re)

)

+ (1 + Re)(κ
−1 + r2Re + �t2) + �t

r

]

+ c�t2
[
1 + Re(1 + |β|2 + s2) + Rms

2 + κ−1

+ 1

r
(1 + h4) + (1 + s2)(1 + �t)

]

+ �t
m∗∑
n=0

[
W1‖φn

h‖20 + W2‖ψn
h‖20

+ W3‖ϑn
h ‖20 + 4

r
‖χ̃n

h ‖20 + 1

2
|enQ |2 + W

n
1‖∇φn

h‖20
+ W

n
2‖∇ϑn

h ‖20
+ W

n
3(‖curlψn

h‖20 + ‖divψn
h‖20)

]
, (A.31)

where

W1 = cR3
e (1 + �t2) + cκ−1 + cM2Re + (1 + �t)(1 + s2),

W3 = cReβ
2 + cκ−3 + (1 + �t),

W2 = c + Res
2h2 + cs2(1 + �t(1 + Rm) + Re) + (Rm + ε2)M

2s4),

(A.32)
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and

W
n
1 = cRe‖φn

h‖0‖∇φn
h‖0, W

n
2 = cκ−1‖φn

h‖0‖∇φn
h‖0,

W
n
3 = cRms

2‖φn
h‖0‖∇φn

h‖0 + cRes
2‖ψn

h‖0
(‖curlψn

h‖0 + ‖divψn
h‖0

)
.

Furthermore, setting δ5 + δ8 + ε2 + ε13 = 1
4 , ε5 + ε9 = 1

4 and ε6 + ε10 = 1
4 , summing (41)

over n = 0, · · · ,m∗ and combining the ensuing equation with (A.31), we have

‖φm∗+1
h ‖20 + ‖ψm∗+1

h ‖20 + ‖ϑm∗+1
h ‖20 + 3R−1

e

4
�t

m∗∑
n=0

‖∇φn+1
h ‖20

+ 3R−1
m

4

m∗∑
n=0

�t‖curlψn+1
h ‖20

+ κ

m∗∑
n=0

�t‖∇ϑn+1
h ‖20 + �t

r
‖χ̃m∗+1

h ‖20 + |em∗+1
Q |2

+ R−1
e

4
�t‖∇φm∗+1

h ‖20 + 3�t

4ε2

m∗∑
n=0

‖divψn+1
h ‖20

+ R−1
m

4
�t‖curlψm∗+1

h ‖20 + �t

ε1

m∗∑
n=0

‖divφn+1
h ‖20

+ �t

4ε2
‖divψm∗+1

h ‖20 + κ

4
�t‖∇ϑm∗+1

h ‖20

≤
m∗∑
n=0

(
�t

2M
|en+1

Q |2 (
2‖∇unh‖20 + ‖curlHn

h‖20 + ‖∇θnh ‖20
))

+ ch4
[
(1 + s2)(1 + Re)(1 + �t) + �t

r

+ (M + Re)(1 + Re + s2) + Rm
(
1 + s2(1 + Re)

) +
1 + Re

ε1
+ 1

ε2
+ (1 + Re)(κ

−1 + r2Re + �t2)

]

+ c�t2
[
1 + Re(1 + |β|2 + s2) + 1

r
(1 + h4) + κ−1 + Rms

2 + (1 + s2)(1 + �t)

]

+ �t
m∗∑
n=0

[
W1‖φn

h‖20 + W2‖ψn
h‖20 + W3‖ϑn

h ‖20 + 4�t

r
‖χ̃n

h ‖20

+ �t

2
|enQ |2 + W

n
1‖∇φn

h‖20 + W
n
2‖∇ϑn

h ‖20
+ W

n
3(‖curlψn

h‖20 + ‖divψn
h‖20)

]
. (A.33)

where we have used (31) and (32). Note that

�t

2M

m∗∑
n=0

|en+1
Q |2 (

2‖∇unh‖20 + ‖curlHn
h‖20 + ‖∇θnh ‖20

)
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≤ �t

2M
|em∗+1

Q |2
m∗∑
n=0

(2‖∇unh‖20 + ‖curlHn
h‖20 + ‖∇θnh ‖20) ≤ 1

2
|em∗+1

Q |2.

So as to derive |em∗+1
Q |2 ≤ c(�t2 + h4), we employ the inductive method to prove that

‖φm∗+1
h ‖20 + ‖ψm∗+1

h ‖20 + ‖ϑm∗+1
h ‖20 + �t

r
‖χ̃m∗+1

h ‖20

+1

2
|em∗+1

Q |20 + R−1
e

2
�t

m∗∑
n=0

‖∇φn+1
h ‖20

+κ

m∗∑
n=0

�t‖∇ϑn+1
h ‖20 + R−1

m

2

m∗∑
n=0

�t‖curlψn+1
h ‖20

+�t

ε1

m∗∑
n=0

‖divφn+1
h ‖20 + �t

2ε2

m∗∑
n=0

‖divψn+1
h ‖20

+ R−1
e

2
�t‖∇φm∗+1

h ‖20 + R−1
m

2
�t‖curlψm∗+1

h ‖20
+ �t

2ε2
‖divψm∗+1

h ‖20 ≤ c2(�t2 + h4). (A.34)

Firstly, set m∗ = 0 in (A.33), we have

‖φ1
h‖20 + ‖ψ1

h‖20 + ‖ϑ1
h‖20 + �t

r
‖χ̃1

h‖20 + 1

2
|e1Q |2 + R−1

e

2
�t‖∇φ1

h‖20

+ κ�t‖∇ϑ1
h‖20 + R−1

m

2
�t‖curlψ1

h‖20
+ �t

ε1
‖divφ1

h‖20 + �t

2ε2
‖divψ1

h‖20 ≤ c2(�t2 + h4).

(A.35)

Next, we assume that (A.34) holds at 1 ≤ k ≤ m∗ − 1, i.e.

‖φk+1
h ‖20 + ‖ψk+1

h ‖20 + ‖ϑk+1
h ‖20 + �t

r
‖χ̃k+1

h ‖20 + 1

2
|ek+1

Q |2 + R−1
e

2
�t

k∑
n=0

‖∇φn+1
h ‖20

+ κ

k∑
n=0

�t‖∇ϑn+1
h ‖20

+ R−1
m

2

k∑
n=0

�t‖curlψn+1
h ‖20 + �t

ε1

k∑
n=0

‖divφn+1
h ‖20

+ �t

2ε2

k∑
n=0

‖divψn+1
h ‖20 ≤ c2 exp

(
�t

k∑
n=0

W0

)
(�t2 + h4),
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which implies that

W
k
1 = cRe‖φk

h‖0‖∇φk
h‖0 ≤ c2Re exp (TW0) (�t + h2)(�t

1
2 R

1
2
e + cinh) ≤ R−1

e

4
,

W
k
2 = cκ−1‖φk

h‖0‖∇φk
h‖0 ≤ c2κ

−1 exp (TW0) (�t + h2)(�t
1
2 R

1
2
e + cinh) ≤ κ

4
,

W
k
3 = cRms

2‖φk
h‖0‖∇φk

h‖0 + cRes
2‖ψ1

h‖0
(
‖curlψk

h‖0 + ‖divψk
h‖0

)

≤ c2s
2 exp (TW0) (�t + h2)

(
Rm�t

1
2 R

1
2
e + Re�t

1
2 (R

1
2
m + ε

1
2
2 ) + (Re + Rm)cinh)

)

≤ 1

4
min{R−1

m , ε−1
2 }.

(A.36)

Hence, the following inequality holds for

‖φm∗+1
h ‖20 + ‖ψm∗+1

h ‖20 + ‖ϑm∗+1
h ‖20 + R−1

e

2
�t

m∗∑
n=0

‖∇φn+1
h ‖20

+ R−1
m

2

m∗∑
n=0

�t‖curlψn+1
h ‖20

+κ

2

m∗∑
n=0

�t‖∇ϑn+1
h ‖20 + �t

r
‖χ̃m∗+1

h ‖20 + 1

2
|em∗+1

Q |2

+ R−1
e

2
�t‖∇φm∗+1

h ‖20 + �t

2ε2

m∗∑
n=0

‖divψn+1
h ‖20

+ R−1
m

2
�t‖curlψm∗+1

h ‖20 + �t

ε1

m∗∑
n=0

‖divφn+1
h ‖20

+ �t

2ε2
‖divψm∗+1

h ‖20 + κ

2
�t‖∇ϑm∗+1

h ‖20

≤ c2(h
4 + �t2) + �t

m∗∑
n=0

[
W1‖φn

h‖20 + W2‖ψn
h‖20 + W3‖ϑn

h ‖20

+4

r
‖χ̃n

h ‖20 + 1

2
|enQ |2

]
. (A.37)

Applying Lemma‘ 2.2 to (A.37), we obtain (A.34) and complete the induction.
In the next part, replacing m∗ by N − 1 in (A.33) to get the error estimate of end-of-step

velocity filed, magnetic filed, pressure and temperature, it reads as

‖φN
h ‖20 + ‖ψN

h ‖20 + ‖ϑN
h ‖20 + �t

r
‖χ̃N

h ‖20 + |eNQ |2

+3R−1
e

4
�t

N−1∑
n=0

‖∇φn+1
h ‖20 + κ

N−1∑
n=0

�t‖∇ϑn+1
h ‖20

+3R−1
m

4

N−1∑
n=0

�t‖curlψn+1
h ‖20
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+�t

ε1

N−1∑
n=0

‖divφn+1
h ‖20 + 3�t

4ε2

N−1∑
n=0

‖divψn+1
h ‖20 (A.38)

≤ c(�t2 + h4) + �t
N−1∑
n=0

(
cW1‖φn

h‖20 + cW2‖ψn
h‖20 + cW3‖ϑn

h ‖20
)

+4�t2

r

N−1∑
n=0

‖χ̃n
h ‖20 + �t

2

N−1∑
n=0

|enQ |2

+�t
N−1∑
n=0

[
W

n
1‖∇φn

h‖20 + W
n
2‖∇ϑn

h ‖20 + W
n
3(‖curlψn

h‖20 + ‖divψn
h‖20)

]
,

where we have used |em∗+1
Q |2 ≤ c(�t2 + h4).

Besides, we also use the induction method to prove the main results of this section

‖φN
h ‖20 + ‖ψN

h ‖20 + ‖ϑN
h ‖20 + �t

r
‖χ̃N

h ‖20 + 1

2
|eNQ |2

+ R−1
e

2
�t

N−1∑
n=0

‖∇φn+1
h ‖20 + κ

N−1∑
n=0

�t‖∇ϑn+1
h ‖20

+ R−1
m

2

N−1∑
n=0

�t‖curlψn+1
h ‖20 + �t

ε1

N−1∑
n=0

‖divφn+1
h ‖20 + �t

2ε2

N−1∑
n=0

‖divψn+1
h ‖20

≤ c2 exp

(
�t

N−1∑
n=0

W0

)
(�t2 + h4). (A.39)

Firstly, when N = 1, from (A.35), the result is obviously true. Secondly, we assume that
(A.39) holds for the case of 2 ≤ k ≤ N − 1, i.e:

‖φk
h‖20 + ‖ψk

h‖20 + ‖ϑk
h‖20 + �t

r
‖χ̃k

h ‖20 + 1

2
|ekQ |2

+ R−1
e

2
�t

k−1∑
n=0

‖∇φn+1
h ‖20 + κ

k−1∑
n=0

�t‖∇ϑn+1
h ‖20

+ R−1
m

2

k−1∑
n=0

�t‖curlψn+1
h ‖20 + �t

ε1

k−1∑
n=0

‖divφn+1
h ‖20 + �t

2ε2

k−1∑
n=0

‖divψn+1
h ‖20

≤ c2 exp

(
�t

k−1∑
n=0

W0

)
(�t2 + h4).

(A.40)

By a similar argument as (A.36), from (46) and (A.40), we obtainWk
1 ≤ R−1

e
4 ,Wk

2 ≤ κ
4 , and

W
k
3 ≤ 1

4 min{R−1
m , ε−1

2 }. Finally, applying Lemma 2.2 to (A.38), we obtain (A.39), which
together with the triangle inequality and (31)–(32) gives desired result. ��
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