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Abstract

In this paper, we develop a local discontinuous Galerkin (LDG) method for the Swift—
Hohenberg equation. The energy stability and optimal error estimates in L norm of the semi-
discrete LDG scheme are established. To avoid the severe time step restriction of explicit time
marching methods, a first-order linear scheme based on the scalar auxiliary variable (SAV)
method is employed for temporal discretization. Coupled with the LDG spatial discretization,
we achieve a fully-discrete LDG method and prove its energy stability and optimal error
estimates. To improve the temporal accuracy, the semi-implicit spectral deferred correction
(SDC) method is adapted iteratively. Combining with the SAV method, the SDC method can
be linear, high-order accurate and energy stable in our numerical tests. Numerical experiments
are presented to verify the theoretical results and to show the efficiency of the proposed
methods.
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1 Introduction

The Swift—-Hohenberg equation was first proposed by Swift and Hohenberg [19, 20] to model
the onset and evolution of roll patterns in Rayleigh-Bénard convection. Since then, it has
attracted considerable attention in several related fields, for instance, as a model for the study
of pattern formation [5] and biological materials [12]. It is the gradient flow with the energy

1 a 5
E(u):/ —(Au+ —u) + ®u) | dx, (1.1)
a\2 2

where Q € R?, @ > 0 is a physical parameter and

ut
€ 9 8 3
[0} —_—— . —,

& > 0 and g > 0 are constants with physical significance.
The chemical potential is defined by the variational derivative of the energy, i.e.

SE a\? ,
M_E;_(A+§)u+¢m) (12)
Then the gradient flow follows
a2
m:_uz_(A+§)u—@my (1.3)

For easy presentation of the analysis, we assume a periodic boundary condition for all the
variables throughout the paper. With the periodic boundary condition, the Eq. (1.3) is energy
dissipative, and the dissipation rate is

d
Eﬂ@:—ém&wsa

There have been various numerical methods to simulate the Swift-Hohenberg Eq. (1.3)
recently. For example, in [29], the authors presented a large time-stepping numerical method
for the Swift—-Hohenberg equation by adding an extra artificial term to preserve the uncondi-
tional energy stability. In [13], Lee presented first- and second-order semi-analytical Fourier
spectral methods as an accurate and efficient approach for solving the Swift—-Hohenberg
equation based on the operator splitting method. In [14], Liu and Yin developed discontinu-
ous Galerkin (DG) methods for spatial discretization, and the invariant energy quadratization
(IEQ) method for the temporal discretization. They further proposed a multi-stage alge-
braically stable Runge—Kutta method and could achieve high order accuracy in both space
and time in [15]. Several numerical results were presented to illustrate the efficiency of the
proposed numerical schemes, but no convergence or error analyses were discussed. Qi and
Hou [17] proposed and analyzed a second-order energy stable numerical scheme for the
Swift-Hohenberg equation, with a mixed finite element approximation in space, and they
presented an optimal error estimate for the scheme.

For spatial discretization, we will develop the high-order local discontinuous Galerkin
(LDG) methods for the Swift—-Hohenberg equation, since the LDG method has arbitrary
high-order accuracy, easy parallelization, the flexibility for arbitrary zp adaptivity and simple
treatment of boundary conditions. However, to the best knowledge of the authors, optimal
error estimates of the semi-discrete and fully-discrete DG schemes for the Swift—-Hohenberg
equation are lacking in the existing literature. Our contribution here is that we establish the
energy stability and optimal error estimates of the semi-discrete LDG scheme. The novelty
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of the error analysis is that we construct the energy equality for both the primal variable
and auxiliary variables to eliminate or control troublesome terms in the error equations.
To estimate the nonlinear term, we show the boundness of the LDG solution with similar
techniques in [10].

The LDG method considered in this paper is an extension of the DG method, which was
first designed for solving linear transport equation by Reed and Hill [18] and later extended
to Runge—Kutta DG (RKDG) methods for nonlinear conservation laws by Cockburn, Shu
[3]. As a method developed to solve partial differential equations (PDEs) with higher-order
derivatives, the LDG method was first constructed by Cockburn and Shu for convection-
diffusion equations in [2]. The main idea of LDG methods is to rewrite the higher-order
differential equation as a first order system by introducing auxiliary variables, then apply
the traditional DG method on the system. Besides, the auxiliary variables can be locally
eliminated, which is a key advantage of the scheme. Optimal error estimates of LDG methods
were also obtained for the fourth order time-dependent bi-harmonic type equations [7], high
order waves equations [28] and the Allen-Cahn equation [9]. For more details about LDG
methods, we refer the readers to the review article [27] and the references therein.

The Swift-Hohenberg equation contains fourth-order spacial derivatives, and explicit time
discretization suffers from extremely small time step restriction for stability. In this paper,
we will develop a first-order linear scheme based on the scalar auxiliary variable (SAV)
approach [11, 22, 23] for the Swift—-Hohenberg equation. By introducing a scalar auxiliary
variable to the nonlinear part of energy functional, the SAV approach has a modified energy
dissipation property for a large class of gradient flows. In addition, the SAV approach leads to
linear equations with constant coefficients thus it is remarkably easy to implement. Coupled
with the LDG method, we will construct a fully-discrete LDG scheme and prove its energy
stability and optimal convergence rate. To derive the optimal error estimates, O(h¥+! 4 Ar),
we adopt a technique of the elliptic projection to deal with troublesome terms caused by
auxiliary variables and jump terms of LDG schemes. In addition, we establish an extra
energy equality to handle the nonlinear term of the SAV approach.

To improve the temporal accuracy, we employ the semi-implicit SDC method [8, 24] iter-
atively. The SDC method was first developed by Dutt et al. [6]. Then, a semi-implicit SDC
method was introduced by Minion [16] to solve equations containing both stiff and nonstiff
components. It is based on first-order time integration methods, which are corrected itera-
tively, with the order of accuracy increased by one for each additional iteration. Combining
with the SAV method, the semi-implicit SDC method can be linear, high-order accurate and
energy stable in our numerical tests.

The organization of the paper is as follows. In Sect. 2, we will develop the LDG method
for the Swift—-Hohenberg equation and prove its energy stability and optimal error estimate
in L? norm. In Sect. 3, we first present a first-order linear temporal scheme based on the SAV
approach, prove its unconditional energy stability and optimal error estimate when coupled
with the LDG spatial discretization. Then, we employ the semi-implicit SDC method to
achieve high-order temporal accuracy. Sect. 4 contains various numerical experiments to
test the performance of the fully-discrete high-order scheme. Finally, we give concluding
remarks and optimal error estimates for the elliptic projection in Sect. 5 and in the appendix,
respectively.
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2 Energy Stability and Error Estimate of the Semi-discrete LDG Method

In this section, we will develop the semi-discrete LDG scheme for the Swift—-Hohenberg
equation and establish its energy stability and error estimate.

2.1 The LDG Method and Its Energy Stability

Let 7, = {K} be a shape-regular subdivision of 2. For example, K is a rectangle for
Cartesian meshes. &, denotes the union of the boundary faces of elements K € 7}, and
Eo = &, \ 0. Associated with this mesh, we define the DG finite element spaces

Vi =[<p: ¢lk € “(K), VK e ’Z’h}
Se={n=mm’: ik e QK 1=1.2, VK eT],

where QX (K) denotes the space of tensor product of polynomials of degree at most k > 0
on K € 7;, in each variable. For one-dimensional case, we have OX(K) = P*(K), which is
the space of polynomials of degree at most k defined on K. Set

(u,v);(:/ uvdx, (s,O)K:/ s-0dx, <u,0-n >3K:/ uf - nds,
K K 9K

which are the standard inner products in L?(K) and L?(3K), respectively. The associate L>
norm is defined by
ol = @. vk, lIslk = 6.9k, [vI5x =<v.v >k
and ||v||* = Zwﬁmw Zmpwm an
To develop the LDG scheme we first rewrite the Eq. (1.3) as a first order system

u,:—V-s—Eq—p, (2.1a)
s =Vgq, (2.1b)
qzv,wJF%u, (2.1c)
® = Vu, (2.1d)
p =@ ). (2.1e)

The LDG scheme to solve the system (2.1) is as follows: find uy, gn, pn € Vp, and
Sn, @p € Xj, such that, for all test functions ¢, ¢2, 3 € Vj, and 01, 0, € X, we have

. a
(Wr)e o)k = (Sn, Vo1)k— <Sp -1, @1 >3k _E(thwl)K — (Ph, 91k (2.2a)

(sn, 00k =—(qn. V- 0k+ < qn, 01 -n >k, (2.2b)
R a

(qn, )k = —(@n, Vo2)k+ < @) - 1, @2 >3k +E(uh, VK, (2.2¢)

(W, 02k = —(up, V- 02)gk+ < Up, 02-n >yk, (2.2d)

(Ph 93k = (' (up), 3)k - (2.2¢)

The “hat” terms in (2.2) in the cell boundary terms from integration by parts are the so-
called numerical fluxes. To properly define the numerical fluxes, we need to introduce the
following notations.
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Let e be an interior face shared by the “left” and “right” elements K, and K g and define
the normal vectors n;, and ng on e pointing exterior to K; and Kg, respectively. For our
purpose, “left” and “right” can be uniquely defined for each face according to any fixed rule.
For example, we choose n( as a constant vector. The left element K to the face requires
that ny - ng < 0, and the right one K requires ng - ng > 0. If ¢ is a function on K and
K g, but possibly discontinuous across e , let ¥, denote (Y|, )| and g denote (V¥ |kp)le,
the left and right trace, respectively.

In the following proof of the energy stability and error estimate, we can see the simple
alternating numerical fluxes can guarantee the energy stability, such as

Sh= (Sh)R. an = (g, ®p = (Wp)R, up = (up)r. (2.3)

In addition, we can see the above choice of fluxes is not unique. The crucial part is taking s,
and uy,, also @y, and gy, from opposite sides. For the convenience of presentation, we introduce
some LDG operators. Denote

Hg(r,v)=(r,V-v)g— <rp,v-n >k,
H;(v,r) =, Vr)k— < vg-n,r >y .

Summing up over K, we define (-, ) = > (-, g, <+, - >= Y < -, >yx and
K K

H™(r,v) =) Hg(r,v), H (v,r)=) H{(v,r).
K K
With the special choice of the flux (2.3) and the periodic boundary conditions, we have the
property
H™ (r,v)=—H"(,r). (2.4)
Next, we will prove its energy dissipation.

Proposition 2.1 (Energy stability for the semi-discrete LDG scheme). The solution to the
LDG scheme (2.2) with the numerical fluxes (2.3) satisfies the energy stability

d

L
ar Jo (5(%) + <1>(uh)) dx < 0. 2.5

Proof First, we take the time derivative of (2.2¢) and (2.2d), choose the test functions g2 = g,
and 0, = —s, separately to obtain

(g )k = —HE (@) qn) + g((uh),, ank. 2.6)
—((@n)essn)k = Hg ((up)e, sp)- 2.7

For other equations in scheme (2.2), we choose the test functions

o1 = (up)s, 01 = (on):, 03 = —(up)s,

respectively, to get

(@n)es up))x = Hg (sp, up)e) — %(Qha un))k — (Phy W)k, (2.8)
(Sn, (@n))k = —Hg (qn, (@p):), (2.9)
—(pns (up))x = —(D'(up), (up))k- (2.10)

Combining Egs. (2.6)—(2.10), we find

@ Springer



46 Page 6 0f 30 Journal of Scientific Computing (2022) 93:46

d 1
a ). (5<qh>2 + <I>(uh)> dx + /K ((un)r)>dx

= —H(@n)i, qn) — Hg (qn, @n)e) + Hy (p)e, s1) + He (sp, up)e). (2.11)

Finally, summing up (2.11) over K and by the property (2.4), we have

d 1
I <*(qh)2 + <I>(uh)> dx + / ((up))?dx =0, (2.12)
tJo\2 Q
which implies the energy stability result (2.5). O

2.2 Error Estimate of the Semi-discrete LDG Method

In this subsection, we will present the optimal error estimate of the LDG scheme (2.2). Before
stating the convergence results, we first give some projections and properties.

2.2.1 Projections and Properties

First, the one-dimensional Gauss-Radau projections P*u of a function u are defined as
follows. For any v € Pk’l(K_,'), k > 1, and an arbitrary subinterval K; = (x;_1, x;), there
hold

(P7u,v)k;, = W, v)g;, P u(x;)=u(x)), (2.13)
(Pru,v)g; =, v)g;, PTu(xjo1) =u(xj1). (2.14)

For Cartesian meshes in two dimension, we define the projection P~ for scalar functions on
a two-dimensional rectangle element I ® J = [x;—1, x;] X [yj—1, y;] as

P~ =P ® P, (2.15)

where the subscripts x and y indicate the one-dimensional projections defined by (2.13).
Denote the standard L? projection in x and y direction by 7y, my, respectively. The
projection IT™ for a vector-valued function 8 = (0 (x, y), 62(x, y)) is defined by

nt: [H'(@) — [@U o], 6+ 170 = (P @ 1,61, 7, ® P}}6), (2.16)

where P and PyJr are the one-dimensional projections defined in (2.14). Note that the

projection T1*8 satisfies the following properties, for any ¢ € QF(I ® J),

/ / ("6 —6) - Vodydx =0, (2.17a)
1JJ

/J (MF0(xi—1.y) — 0(xi—1.y)) -ne(x;" . y)dy =0, (2.17b)
/1 (M 0(x, yj—1) = 0(x, yj-1)) - ng(x, ;| )dx = 0. (2.17¢)

In addition, we have the following approximation properties of the projections mentioned
above,

|P~u —ulgn(zy) + 0P IPTu = ullg, < CR™™ U 0 g ), (2.18)

ITIT0 — 01z + 127" (170 = 0) - n|lg, < CA™™ " U="9]| 47 (), (2.18b)

@ Springer



Journal of Scientific Computing (2022) 93:46 Page70f30 46

for 0 < m < min{r, k + 1}. Here the positive constant C is independent of /. The projection
P~ on the Cartesian meshes defined by (2.15) has the following superconvergence property
(see [4], Lemma 3.6). For more details about the projections, we refer readers to [1, 7].

Lemma 2.2 Suppose (u,0) € H*2(Q) ® %, then the projection P~ defined by (2.15)
satisfies

=P u,V-0)— (u— P10 - n)| < CH* [l sz 101, (2.19)

where the “hat” term is the numerical flux.

2.2.2 Error Equations

Denote
er=r—ry, e;=2—2Z|

forr =u,q, pandz = s, . Let P and IT be the projections defined in the above subsection.
By adding and subtracting projections Pr and I1z, we divide the error into

e =r—Pr+Pr—r=n+¢, eg=z—-Mz+Tz—zp=n;+¢.

Here we take the projections (P,TI) = (P~, PT) defined by (2.13)~(2.14) for the
one-dimensional space, and take (P, 1) = (P~, I1") defined by (2.15)—(2.16) for two-
dimensional Cartesian meshes. Note that the exact solutions u, g, p, s, @ of the problem
(2.1) also satisfy (2.2). We obtain the error equations

(@i o)k = H (G, 1) — %(eq, vk — (ep, vk — ((Mw)e, PDK (2.20a)
(@, 01k = —Hg (&, 01) — (ns, 010k — Hy (0, 01), (2.20b)
(g 920k = —Hy Con2) + 5 (€ 20k = (g, 020k (2.200)
(w,02)k = —Hg (5, 02) — (Nw, 02)k — Hg (u, 02), (2.20d)
(ep, 93)k = (' (u) — D' (up), v3)k (2.20e)

forany @1, ¢, 93 € Vj,and 01, 0, € ;. Here we use the property (2.17) of the projections,
ie., H;g(ns, ¢1) = 0and H}r(nw, @) =0.

2.2.3 Optimal Error Estimates in L2 Norm

To deal with the nonlinear term in the analysis, we show the estimate for the numerical
solution uy,. Along the same idea as that in [10], the following lemma is required and thus
we need to introduce the “discrete Laplacian” operator [21] firstly.

For the second-order elliptic problem with a periodic boundary condition

—Au=f, 221

where f is a given function, the LDG discrete Laplacian operator can be derived through its
first order version

Vu=z,
—-V.z=f.
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Multiplying the first and second equations by the test functions # and @, respectively, and
integrating on K, we define the LDG “discrete Laplacian” A, as follows: given u, € Vj,
find —Ajuy € Vp, such that

(zn, Ok = —(up, V-Ox+ <up,0-n >k, (2.22)
(—Apup, )k = (2h, VO)gk— <Zp - 0,0 >k, (2.23)

where #;, = (up)r, Zn = (zn)r. The well-posedness of the operator can be obtained in
V)i={veVy:(v,1)=0}

Lemma 2.3 [21] For any uj, € V,?, we have

lunlloo = C(1 + llznlDy/log(X + [ Apunl),

where zj, satisfies (2.22).

Next we can obtain the estimate for the numerical solution.
Lemma 2.4 The solution of the LDG scheme (2.2) satisfies

lunll = C, llgnll = C, Nonl =C, lunlloo = C,

where C > 0 is independent of h.

Proof Applying Cauchy’s inequality, we have

d 1
Z(uh, up) = 2@up, (up)e) < 2(up, up) + 5((uh)z, (un)r).

Thus the energy equality (2.12) turns out to be

d

1 1
a ) <5<qh>2 + (up)? + d><uh>> dx+ 3 /Q ((un))*dx < 2(up, up).

By Gronwall’s inequality, we derive
1
<§(Clh, qn) + (up, up) + (P @up), 1)) ()

1
<e¥ <§(Qh»%) + (up, up) + (P un), 1)> 0 =c.

where the last inequality holds because of the choice of the initial condition. By Young’s

inequality, we have
8 1
3 4 2
fg”hd" = /g <E”h * W) *

1 g 4 g ¢ 2
dD(uh)dxz(f——)/udx— — 4+ — /udx.
/Q 4 6 )J)o " (65 2)Qh
Thus

1 1 1 8
5 @he ) + s ) + (Dup), 1) = [Q (fq% +(1-2-2)a +<f - i) ui) dx.

which implies

2
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Choose § such that
1
65 2 4
which yields
lupll < C, lgnll < C.

Taking the test functions ¢y = uy, 2 = @y, in (2.2¢)—(2.2d) derives

—~ a
(qn,up)k = —(@n, Vup)g+ < @p -1, up >3 +§(uh7 Up)K
(Wn, wp)k = —p, V-wp)k+ < Up, @p -1 >hK .

Adding them together and summing up over K, we get

+1

ol = % n, un) — @) = Ll + Zlgnl = €.
Note that the “discrete Laplacian” operator Ajuy, is defined by
(Apup, Vg = —(@n, VOK+ < @ - 1,0 >5K
= (gn vk — S @i VK. vE Vi,
where the second equality is by (2.2c¢). Taking v = Ajuy, in the above equation leads to
|Anunl < S llunll + llgnll < C.
Applying Lemma 2.3, we obtain

lunlloo = C(1 4+ ll@plDy/1og(l + | Apupl) < C,

which completes the proof. O

We would like to assume the exact solution of Eq. (1.3) has the following smoothness:
ueL®0,T; HY, u, € L0, T; H*). (2.24)

Now we are ready to derive the optimal error estimate of the semi-discrete LDG scheme
(2.2).

Theorem 2.5 Let uy, be the numerical solution of the scheme (2.2), and u be the exact solution
of equation (1.3). Suppose u satisfies the smoothness assumption (2.24), then there exists a
constant C, such that

lu(-, T) — up(-, T)|| < Ch*H, (2.25)

where C is independent of h, uy and dependent on k, the final time T, |ull o 7. g*+4 ()
and ||L£[ ||L°°(0,T;Hk+3 Q)

Proof Taking the test functions ¢ = &y, 01 = {w, 2 = &y, 02 = —&, 3 = —{, in the
error Eq. (2.20), respectively, and adding them together, we have

((Ces Gk + (qu gq)l( = RHS,

where
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RHS =— (M) Sk — (Ms, Sw)k — (qu fq)K + (Nw» &)k — %(qu LWk + %(Uus ;:;)K

+ Hif (¢, &) + Hy (Gu, &) — Hy (84, o) — Hi (o, &g)
- H;(nqa lw) + HE(W, &s) — (CD/(M) - qy(”h)v CwK-

Summing up over K and by the property (2.4), we obtain the first energy equality in the form
of ¢, and ¢,

(@i &) + (Car ) = 1, (2.26)
where
St == ()1 6) = (s, 8) = (g £0) + Gl &) = 5 (g, 60 + 5 00 &)
— H™ (g &) + H™ (s &) — (&) — ' (up), &),
Taking the time derivative of (2.20d), we have

()i, 02)k = —H g ((5u)1, 02) — (w1, 02) — Hy ()1, 02). (2.27)

Choosing test functions ¢ = —&,, 01 = &5, 92 = () in the error Egs. (2.20a)—(2.20c),
0> = ¢ in (2.27), and @3 = ¢, in (2.20e), we derive

(s> _gq)K = H;(gw _gq) - %(eqs _gq)K — (ep, _gq)l( = (e _gq)l(s
(&ss &)k = _H[;(gqs &) — (s, &)k — HE(’]qv Zs)s
(Cqs Gk = _H;(gwa (&) + %(eua Gk — (nqv )tk

(Co)t> )k = _H];(@u)ta tw) — (M)t Sk — H[;((nu)h {w),
(eps E)k = (@' (W) — ' (up), &)k -

Adding them together, summing up over K and by the property (2.4), we obtain the second
energy equality in the form of ¢ and ¢,

(ol o)+ (G &) = 56 8) = 5 G ) = S2. (2.28)
where
$2= (des £9) = (05, &) = (g @) = () G0) + 5 (g £0) + 5 s G)0)
— H™ (g, &) = H™ (0)s> €o) + (@ 00) — & (), &)
Then, a x (2.26) + (2.28) gives
2@ 6 + 5@ G + (G b0) + G t) = Ti + T+ T+ T (229)

where

2 a?

Ty = —a(Mu)s Su) — a(ns, L) — a(’]qv é'q) +a(w, &) — %(nqv Cu) + ?(nu» Cq)
(e &) = 15, £0) = () G0) + 5 1. 8.

Ty =— (g, (Cu)0) + g(nu, @),
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I =— aH*(’]qv {w) +aH ™ (nu, &) — Hﬁ(’]qv &) — H™ (M1 Sw)-
Ty = —a(®'(u) — ' (up), &) + (' () — ' (up), ¢y).

By Cauchy—-Schwarz inequality, the approximation properties (2.18) and the linearity of the
projections, we get

71 < CRF(1Gull + 1gg 1l + 1151l + 12l
As for the term 73, Lemma 2.2 implies that
T3 < CH (g + 11wl
Considering the nonlinear term 74, we apply Lagrange’s mean value theorem to obtain
Ty = —a(®" () (u — up), &) + (P"(E) — up), &)

= C('(” — U, {u)' + |(M — Up, é‘q)l),

where & is between u and uj,. Here we use the fact that ||uy||coc < C derived in Lemma 2.4

and ® () is a polynomial of u. Note that u — u;, = ¢, + n,. The estimate of 74 turns out to
be

Ta < CUMa NGl + 18l + Il 1+ 181124 1D
a
< Clicall® + Z||;:,||2 + Ch2+2,

Here the approximation properties (2.18) are used again. Combine the estimates of 77, 73,
T4 and the energy equality (2.29) together to get

d (a 2 1 2 a 2 2

yr <4||¢u|| + 51l ) + 512 + sl
1 a

< Cll&l* + Zu;wnz + 5||;¢,||2 + 185012 + Ch*H2 4+ 1. (2.30)

For the term T3, using integration by parts with respect to ¢, we have

T T
/0 Tydt = fo |50 @0 = @1g. @) | do

(50060 = g )| - /OT [ 5@ 80 = (@i 20|

=

T
6T + 16O + /0 \culPdt + CHY+2.

|

Integrating (2.30) with respect to ¢ to obtain
a 1
216 + S

T 1 a 1
5/0 (C||;,||2+Z||cw||2+rz) dt+1||§u(0)||2+§||§w(0)||2+Ch2"+2.

With the special choice of the initial condition, it is easy to see that

15 (O] < CR*FL, 12,(0)]| < CR*FL.
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Thus

1 r 1
gugmnz + Encwmnz < f (cncu 12+ chwnz) dt + Ch*+2,
0

Finally, the optimal error estimate (2.25) follows by using Gronwall’s inequality and triangle
inequality. O

3 Time Discretization

In this section, we first describe a first-order time stepping scheme for the Swift—-Hohenberg
equation, which is based on the SAV approach. Coupled with the LDG spatial discretization,
we then achieve the fully-discrete LDG scheme and prove its energy stability and optimal
error estimates. Lastly, we employ the semi-implicit SDC method iteratively to improve the
temporal accuracy.

3.1 A Linear Scheme in Time

In order to develop a linear and energy stable scheme, we first describe the SAV approach [23]
briefly. Let £y (u) = fQ ® (#)dx. Then we introduce the scalar variable r () = /E|(u) + B,
where B is a constant to ensure E(u) + B > 0.

Using the variable r, the energy functional (1.1) can be recast as

1 a 5 2
E(u,r) = —(Au+ —u)”)dx +r-— B. 3.1
o \2 2
Then, we have the following equivalent equation

——(A+f)2 S — ) (3.2)
e VN T E A '

ry = 2m/ ' (w)u;dx. 3.3)

The initial conditions are

u(t =0)=uy, rit=0)=+Ei(uy) + B.

Further, the equivalent equation preserves an energy law, i.e.

iE(u, r) = —/(ut)zdx <0. (3.4)
dt Q

Obviously, we hope to construct a linear scheme that preserve the energy law (3.4) in the
discrete sense. A first-order SAV scheme can be given as follows

n+l _ ,n 2 n+1
e = (A ) W - 0, (3.5)
At 2 VE{(u")+ B
r”+1 —pn 1 , n+1 _ u
= / ' (u")———dx. (3.6)
At 2JVE (") + B Jo At
Since (3.6) is a simple algebraic equation we can rewrite it as
I’n+1 - / d (un)(un+1 n)dx
2«/E1(u") + B
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Denote

b" = &' w")/VE(u") + B.

Then the scheme (3.5) can be written as

2 1
=_(A+3) W r”+f/ Pt —uMydx ). (3.7)
2 2/,

n+1 n

u —Uu

At
Now, we show an efficient implementation of the scheme (3.5). We derive from (3.7) that
2 At At
(1 + A (A + %) ) W' SO ) = = A+ S0 ). (3.8)

Denote the right hand side of (3.8) by ¢. Multiplying (3.8) with (I + At(A + $)*)~!, then
taking the inner product with 5", we obtain

At 2\ !
B "+ Sy ) = (b”, (1 +ar(A+ g) ) c") : (3.9)

where y" = (b", (I + At(A + $)*)~'b"). Hence

0", (I + At(A+$HH) 7L

(b”, un+l) —
1+ Atyn/2

(3.10)

The details related to the scheme implementation are summarized in the following algo-
rithm.

Step 1 Compute b" and c";
Step 2 Compute (5", u"*!) by (3.10);
Step 3 Compute u” ! by (3.8) and 7! by (3.6), then goto the next step.

3.2 The Fully-Discrete LDG Scheme and Its Energy Stability

In this subsection, we will develop the LDG scheme to solve the linear scheme (3.5)—(3.6).
Firstly we rewrite it as a first order system

1
un+ —u __v. sn+1 _ gq"‘“ _ r;1+1bn’ (3113)
At 2
sn+l — Vqthl’ (3’11b)
¢t =v. " 4 %u”+1, G-l
o' = vyt (3.11d)

The LDG scheme to solve the linear scheme (3.5)—(3.6) becomes the following: find
MZ—H, q,’f’l € Vj and sZ+1, wZ+1 € X, such that, for all test functions ¢, ¢ € V), and

01,0, € Xj, we have

1 a
= o0k = HE 6 o0 = S @t ek — b ek, (B120)
i 00k = —Hg (), 01), (3.12b)
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a
@ ek = —H @)™ 00) + E(”Z“#’z)/« (3.12¢)
@ 0k = —Hg )™, 0,), (3.12d)
where
1
il 7/ ' (u u"+l udx,
h "2 /E\ul) + B () (@ "
b} = &' (up)/\/E1(u}) + B. (3.13)
The numerical fluxes are
St =(he, @ =@, @ = @) g, =™y
(3.14)

Next, we will prove its energy dissipation.

Proposition 3.1 (Energy stability for the fully-discrete LDG scheme). The solution to the
LDG scheme (3.12) with the numerical fluxes (3.14) satisfies the energy stability

En(@th it + — / @it — w2 dx < Ep(gp, rh), (3.15)
where
1
En(qn, rn) = 5/ qidx +r}.
Q

1

Proof Let Du denote u"+ — uj,. For (3.12¢) and (3.12d), subtracting the equations at time

level 1" from the equations at time level !, choosing the test function ¢, = qZH nd
0, = —sZ“, we obtain

(Pg.q; "k = —H{ (Dw.q; ™) + 5 (Du. g . (3.16)

— (Do, sk = Hg (Du, si ), 3.17)

where Dg := ¢"T! — ¢" and Dw := w"t! — @". For (3.12a) and (3.12b), taking the test
functions as ¢; = Du and §; = Dw, we have

i(pu,pu),( = H (", Du) — (q,ﬁ1 Du)g — (b}, Du)k, (3.18)
(s"+1 Dw)x = —Hg (g™, Dw). (3.19)
Now combining Egs. (3.16)—(3.19), we find
(Dq. gk + L(Du, Du)k + (rp b}, Du)
= —H} (Do, q"“) — Hg (g™, Dw) + Hg (Du, s + HE (s}, Du). (3.20)

Summing up (3.20) over K and by the property (2.4), we get

/ quhﬂdx + — / (Du)*dx —I—/ JrlbZDudx =0. (3.21)
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Multiplying the Eq. (3.13) with 2r/""!, we obtain
2t Gt — ey = /Q b Dudx. (3.22)
Combining Eqs. (3.21) and (3.22) and using the identity
a(a—b) = %(a2 —b* + (a - b)?),
we have the discrete energy stability

1 1 1
= / (@r™2dx + Y2 + — / (Du)*dx < ~ / (g])dx + (r]")>.
2 Q At Q 2 Q

Note that
[ e e [ A
It follows from the discrete energy stability (3.15) that
1 n+1,2 1 ny2 ny2 1 ny2
— <= + +— .
AL oy, 7017 = 2|Iqh =+ ) AL [l I
Then by special initial solutions, we can easily get

lupll < C,  Jufllee <C. (3.23)

1
Slan I+ e+

The second inequality can be proved by the essentially same procedure as that in Lemma
2.4.

3.3 Optimal Error Estimates of the Fully-Discrete LDG Scheme

To obtain the optimal error estimates of the first-order fully-discrete LDG scheme (3.12),
we would like to introduce the elliptic projection [7], which plays an important role in our
analysis. Firstly, we assume the exact solution of Eq. (1.3) is sufficiently smooth with bounded
derivatives,

ue L0, T; H, u, € L2, T; H*tY), u,; € L2, T; L?). (3.24)

Then suppose u, s, g, ® are the exact solution of the first order system (2.1), we define the
elliptic projection Uy, Qp € Vi, Si, W, € 3, satisfying

HY(Sh, 1) = H' (s, 91), (3.252)
(S, 01) + H (Qn,01) =(s,01) + H (q,01), (3.25b)
(Qp> 92) + H (Wi, 2) = (¢, 92) + H' (@, ¢2), (3.25¢)
(Wp,02) + H (Up, 02) = (w,02) + H™ (u, 0>), (3.25d)

for any ¢, 2 € Vp, 01,0, € Xj. Following [7], we assume (« — Uj, 1) = 0 to ensure the
problem (3.25) is well-defined. In addition, we consider the adjoint problem

0 =Vo, p=V-0, (¢ =Vp, z=V-¢, (3.26)
and assume the elliptic regularity result (see, e.g., [7])

1Sl a1 @) + el a2y + 101 a3 @) + ol ga@) < Cxlizll, (3.27)
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then we derive the approximation property of the elliptic projection.

Lemma 3.2 Suppose u, g are the exact solution of the first order system (2.1) and Uy, Qp
are the elliptic projection (3.25), there hold

lu — Upll + llg — Qnll < CA*H, (3.28)

where C > 0 is independent of h, At, but depends on the regularity of u and the elliptic
regularity constant C..

Remark 3.3 The proof will be obtained by the aid of the duality argument and the pro-
jections defined by (2.13)—(2.14) for the one-dimensional space and (2.15)—(2.16) for
two-dimensional Cartesian meshes. It is very similar to [7], in which the L? projection for
triangular meshes is considered and only the optimal error estimate of u in (3.28) is obtained.
The details of the proof will be shown in the Appendix.

Denote the error between the exact solution and the numerical solution of the fully-discrete
LDG scheme (3.12) by ej; = u(x,t") —uj, ey = s(x,t") —s}. As usual, we divide the error
into

en =u(x,t"y-Ul + U —uy =R} +E, el =sx,t")—S,+8; —s, =R +&,

where Uy}, S} are the elliptic projections (3.25) of u(x, t") and s (x, "), respectively. Similar
notations are used for ¢ and w. By the approximation property in Lemma 3.2, we have

IR + |RM || < CAAFY, RPN — RY| < CAth* T, (3.29)
u q u u

Next we consider the error equation of the fully-discrete LDG scheme (3.12). It is easy to
verify that

u(@y = u@) — AtV - s — %Atq(t”“) — Atr(@" by + pf, (3.30)

Pt = r@") + %(W), u@" —u() + p5. (33D

Here we omit the spacial variable x for simplicity and s, ¢ are the auxiliary variables (2.1b)—

(2.1d), b(1") = @' (u(t"))/E1(u(t™)) + B. p; and p; are the local truncation errors in time
satisfying

lofll < C(AD?, lIpsll < C(AD?. (3.32)

Multiply the test function ¢; € V}, on both sides of (3.30) and integrate the equation by parts
to yield

(@™, 1) =(u@), @1) + AtH T (s(t"T), ¢1) — gm(qa"“), 1)

— At(r("THb("), @1) + (o ¢1)-

Subtracting the above equation from the first equality of the scheme (3.12) gives the error
equations for & as follows

(! —alon) == (R = Rloo) + At (5 1) = San(e 1)
— At(r(@™Hba™) — 1B 1) + (ol 1) (3.33)

Note that the auxiliary variables ¢, s, @ also satisfy the scheme (3.12) and we have
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(o) =—H (1. 0)), (3.34a)
(& o) = —H (65 o) + 5 (el ) (334b)
(271, 0,) = —H (61", 05). (3.34¢)

Here we use the definition of the elliptic projection (3.25). For the error e/! = r(t") —r", we
have

At = e S (), () — () — S (o — ) + 08
1 1
= e+ 5 (b(") by, w(d") —u(t")) + &t et —el) + 5. (335)

Now we give the optimal error estimates in the following theorem.

Theorem 3.4 Let ”Z be the numerical solution of the scheme (3.12), and u be the exact
solution of equation (1.3). Suppose u satisfies the smoothness assumption (3.24), then there
exists a constant C > 0 such that

llu(x, ") —uf | < C(K*T! + A1), (3.36)
where C is independent of h and u}, and dependent on the regularity of u and Ck.

Proof Taking the test function ¢; = & ,:H'l in (3.33), we obtain the first energy equality in the
form of &,

SIS — I+ S g =T T+ B,
where
Ti=—(Ry™ = R &) + (o ).
T = AcHT (g1, €1 — %At(62+l’ g,
T3 = —At(r("™Hba") — ri by ERTY).

The terms will be estimated separately. Adopting the Cauchy—Schwarz inequality, the prop-
erty of the elliptic projection (3.29) and (3.32), we obtain

Ti < CA g + c(an?)ig . (3.37)
For the second term, by (2.4) and (3.34), we have
HY(5.81") = —H™ (& &) = (65.&) = —H™ (5. &)
= HE (50 61) = (&) &) + S (el &), YmI=nmn+1. (339)

Thus
a a
T = _At”%-;l-HHZ + EA[(C‘;H_I, g;t-H) _ EAt(eZ_H’ %-I:l+l)
a a
— —Al||§;+l ”2 + 5At(RZ+l7 §;+1) _ EAt(RZ+l’ é;”rl)
< —AEFHE 4 CAR T (ET A+ (g ). (3.39)
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where the property (3.29) is used. For the nonlinear term, we can obtain

73 = _ At (r(tn+1)(b(t") _ bZ)’ %-’:H-l) — At <(r(tn+]) _ V;;H_l)b;ll, %-’:l-‘rl)

< Atlr@ O IbE™) = BEINIEET ] + Arle 1B IIE T

With the definition of b ("), bz and through some calculations, we derive

o Qe )
b = by = VE\w(@™)+B JE\u})+B
o' (uf}) Ei(up) — E1(u(t"))

~ JE(@) + BYE (@) + B JEW)) + B+ VE @) + B
' (u(t")) — @' (ul)
VE@@) + B

which leads to

6™ — byl = ClI®" (™) — @' )| + CIE (up) — Ex(u(t™)||
< ClIR" () ™) — up)ll + ClI®" (2) (u)y — u@™)||
< CURGI+1ED. (3.40)

Here the first and last inequalities have used the boundness (3.23) and 71, 1> lie between u},
and u(#"). It follows from r (" 1) < C and (3.29) that

Tz < CAt T+ ERIDIELT I + Arlb el g . (3.41)

Combine the estimates (3.37)—(3.41) to yield
1 1 1
SIEFE = SIENE + SEt! - £ < Ry (3.42)

where

Ri = —ArE T + CAR T + CArm T 118+ Anlgrt!
+ Atllbplller g

1 1
= Mg = SAHIETTIP + SAIBL Il + CArTE 4 ] + (AD).

Taking the test function ¢ = ("1 — &)/ At in (3.33), multiplying 2¢"*1 on both sides of

u

(3.35) and adding them together, we obtain the second energy equality

1
~ IEPTT — &2 + (€T — (e + (ef T — e = L1+ Lo + L3+ La,

where
1 1
L= (Ry = RELEM — &0 + = (o] &5 — &) + 205,
At At
a
Lo= HY L EM — &) — St et — &),
L3 = =" ™ba") — b g0 — £ + e T B el — e,

Lq =D = bl u@™ ) — ue)).
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Using the Cauchy—Schwarz inequality and the approximation properties (3.29), (3.32), we
have

L1 < CRNEt — gl + Catllgr™ — &1 + Can?|ef . (3.43)
By the property (3.38), we derive
a
Sleg L ET =D
a a
=~ =g g + SR = R ETD - SR ET -6

< — (€M =gl g+ enf I A + g — £, (3.44)

a
L= L&D + S — el gD -

where the approximation property (3.29) of the elliptic is used again. For the term £3, some
calculations yield

L3 =—(r@"™ba") — b)), 5T =) — (e by g — gD + et b ep T — el
< @ HIBE" — b lIES — &0+ e T IB IR — Ry
< CHT g DIEST — 21l + CAth T er . (3.45)
Here we use the estimate (3.40) and (3.29). Similarly, we have
Ly < ClEPT AT 4 8D NuE™™) — u@™)| < CAtlel TR + gD, (3.46)

Then by the estimates (3.43)—(3.46), the second the energy equality turns out to be

LHS < Ro, (3.47)
where
1
LHS =E||s::+‘ —EMP 4 @) = (€ (e —eh)?
1 n+1,2 1 ny2 1 n+1 nn2
+ 16 = SIEFI + gy — &7,
Ry =CH !+ Ar 4 1&7 DIET — £01 + CR* Arg) ™|
+ CAt(R* T IER ] + An) et
1 n+1 nn2 1 n+1,2 1 n+1,2
=16 = GNP S ALETHIE 4 S Arler
+ CAt(W 2 4 (A1) + |IEM ).
Note that

IEs 1P < 200012 + 15 = &0, 1P <23l P+ (¢ = eh?).
Add the energy inequalities (3.42), (3.47) together to get
IEFTIE = &M + I = &017 + 2(efTH2 = 2(ef)? + 2(ef T — €f)?
+12 2 +1 2
HIESTIE = IEMIZ + EPT — £ < Ra,
where
Rs < 4At|ET = &012 + 2801 + BRI |ef T — €|
2k+2 2 2 2
+ CAtR*! 2 4 (AD” + 7 + (€DD).
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If
4Ar <1, At(14 B2 < 1,
we can get the estimate by using the discrete Gronwall’s inequality
IERIZ + IEM 1% + 2(eP)? < Ch* T + (An?).

By the triangle inequality and (3.29), we complete the proof. O

3.4 The Semi-implicit SDC Method

The linear scheme proposed above is unconditionally energy stable. However, it is only first-
order accurate in time, while the LDG method is high-order accurate in space. To obtain
high-order accuracy in both space and time, we will employ the semi-implicit SDC method
iteratively to improve the temporal accuracy.

The semi-implicit SDC method is based on a first-order scheme, for example the SAV
method (3.12) here. An advantage of the SDC method is that it is a one step method and
can be constructed easily and systematically for any order of accuracy. More details for the
semi-implicit SDC method can be found in [16, 26].

We do the SDC procedure in every interval [¢”, "+11. We divide the time interval [#", " T!]
into P subintervals by choosing the points > form = 0, 1, ..., P such that t" = 0 <
<<t << P = L Let A = 1L — M and ul ™ denotes the
kth order approximation to u(t""*). The points {¢"*"" }£=0 can be chosen to be the Chebyshev
Gauss—Lobatto nodes on [, *11] to avoid the instability of approximation at equispaced
nodes for high order accuracy. Starting from u” and r”, we give the algorithm to calculate
w1 and "+ in the following.

Compute the initial approximation

u?’o = u" and rf’o ="

Use the first-order scheme (3.12) to compute a first-order accurate approximate solution u
and rq at the nodes {r™}P_ . ie.

Form=0,...,P—1

) rn,m+l

i (a2 gn). o
2 El(u'f’m + B)

r;t,m+1 — r;l,m 111,m+1 — uﬁ"m)dx. (3.49)

1 /. / n,m
| WU
2/E (™) + B /9 1

Compute successive corrections
Fork=1,...,K
n0 _ n n0 _ n
g =u"andr i =r".
Form=0,...,P—1
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n,m

a\2 r
W =g+ A | = (a4 5) ! - ==
[E1(u;’ 1) + B
a\? n,m+1 ’l?’m /oon,m m—+1
+ (A + 3 Uy + P | + L (Fuk, r1)), (3.50)
JE ™) + B
it = E (uZ;’”ﬁ‘) + B, (3.51)
where
Fagr = - (a+ %) L
U, Tr) = — —) up — ———=9 (ui).
2 VEi(uy) +B
Here, I,’,’]“ (F (ug, rr)) is the integral of the P-th degree interpolating polynomial on the P +1

points ("™, F(u"™, V]?’m)),izg over the subinterval [, " +1], which is the numerical

quadrature approximation of

tn,m+l

/ F(u(t),r@))dt.
t

n,m

+1 _ nP n+1 n,P
=ug andr

Finally we have u" =TIl

Remark 3.5 (Local truncation error) The local truncation error obtained with the above semi-
implicit SDC scheme [26] is

O(Tmin[K+],P+1])

where T = max A",
n,m

4 Numerical Experiments

In this section, we present some numerical experiments using the LDG spatial discretization
and the semi-implicit SDC temporal discretization for the Swift-Hohenberg equation. In all
examples, we assume periodic boundary conditions. We first perform an accuracy test, which
shows the expected accuracy in time and space. Then, we present an example to show the
energy stability of the first-order scheme and the semi-implicit SDC scheme, and to illustrate
the advantage of the high-order SDC method. Lastly, we present some long time simulations
to verify the energy stability and show the effectiveness of the proposed schemes.

Example 4.1 (Accuracy tests and efficiency of the proposed numerical methods) Consider the
Swift-Hohenberg equation in the square domain € = [0, 27]%. For the tests, we choose a
suitable source term such that the exact solution is taken as

u(x, y, 1) = e~ sin(x) sin(y).
Choose the parameters ¢ = 0.025, g = 0 and a = 2.

To test the temporal accuracy of the first-order scheme (3.12), we use the meshes N = 64
and P2 approximation to ensure that the spatial discretization error is small enough, and the
temporal discretization error is dominant in the numerical test. The time step refinement path
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Table 1 Temporal accuracy test

m L2 error Order L error Order
1 2.24E—03 - 7.83E—04 -

2 1.10E—03 1.03 3.83E—-04 1.03
3 5.47E—-04 1.01 1.96E—04 0.97
4 2.75E—04 0.99 1.02E—-04 0.94

L% and L errors and orders of convergence at T = 0.1. The time
step refinement path is taken to be At

Aty/2", Atg = 0.1 and

m=1,2,34
Zgg'zgo tszfr}(l)trlsla?liicgzgstz?. L? N L2 error Order L error Order
convergence at T'= 0.1 Pl 8 1.86E—01 - 125E-01 -
16 4.72E—-02 1.98 3.36E—02 1.90
32 1.18E—02 1.99 8.56E—03 1.98
64 2.96E—-03 2.00 2.15E-03 1.99
P2 8 2.39E—-02 - 2.28E—-02 -
16 3.00E—03 2.99 2.82E-03 3.02
32 3.76E—-04 3.00 3.48E—-04 3.02
64 4.76E—05 2.98 4.48E—-05 2.96

The mesh size refinement path is taken to be Ax = Ay = 27w /N with

N =8,16,32,64

Table 3 Spatial and temporal

2 00
accuracy test. 1.2 and L® errors N L~ error Order L*® error Order
and orders of convergence at 1
T — 0.5 with A7 = 02Ax P 8 8.42E—-02 - 5.83E—02 -
16 2.12E-02 1.99 1.52E—02 1.93
32 5.33E-03 2.00 3.85E—-03 1.98
64 1.33E-03 2.00 9.66E—04 2.00
P2 8 1.16E—02 - 9.79E—03 -
16 1.38E—-03 3.06 1.23E—-03 2.99
32 1.70E—04 3.02 1.54E—04 3.00
64 2.12E—-05 3.00 1.93E—-05 2.99
Tal:fle 4 Total CPU timej for the - Third-order SDC method First-order method
Swift-Hohenberg equation using
various time-stepping methods CPU time 158 34145

is taken tobe At = A1y/2", Aty = 0.1 andm = 1,2, 3, 4. The L? and L™ errors and orders
of convergence are presented in Table 1, which shows first-order accurate in time and agrees

with the theoretical result.

To test the spatial accuracy numerically, we set the time step as Az = 10~ to ensure that
the spatial discretization error is dominant. The mesh sizes are set to be Ax = Ay =27 /N
with N = 8, 16, 32, 64. The L? and L errors and convergence rate at 7 = (.1 are reported
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At=0.0005 1000

1000 |- 3rd SDC, At=0.05
At=0.005 first order, At=0.0005
At=0.05

>
o
@
(=
w
0 L PRI PR PRI PRI 0 i I IS T SR I ST S N SR
02 04 06 08 02 04 06 08
Time Time
(a) First-order scheme, At = 0.05,0.005,0.0005 (b) Third-order SDC scheme, At = 0.05

Fig. 1 Energy evolution of the first-order scheme and the third-order semi-implicit SDC scheme

20 40 60 80 20 40 60 80

() t=60 @ t=120

Fig. 2 Numerical results of the Swift—-Hohenberg equation using the third-order SDC method and the piecewise
P+ polynomial basis with e = 0.3, g = 0.0
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Fig. 3 Numerical results of the Swift—-Hohenberg equation using the third-order SDC method and the piecewise
‘P< polynomial basis with e = 0.1, g = 1.0

in Table 2, which shows (k 4 1)-th orders of accuracy for P* approximation and agrees with
the theoretical result.

The L? and L* errors and accuracy of the third-order SDC scheme are presented in Table
3. The error is expected to be at the order of min{O(A3), O(Ax¥T1)) for P* approximation.
Namely, high order accuracy in both space and time is easy to achieve for our proposed LDG
and SDC methods with larger time step sizes.

For the sake of comparison of efficiency, we document the CPU time of the third-order SDC
method and the first-order method for solving the Swift-Hohenberg equation. We choose P2
polynomial for spatial discretization, and the suitably chosen At which yields an L* error
at the level of 10~ for both methods. The results are contained in Table 4. Comparing the
CPU times, we notice that the third-order SDC method requires less time.

Example 4.2 (Energy stability test) In this example, we perform stability tests to verify the
energy stability, the initial condition is taken as

u(x,y,0) =rand(x,y),
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Fig.4 Energy evolution of the third-order SDC method

where rand(x, y) is a random number between 0 and 1. The computational domain is Q2 =
[0, 100]2. Choose the parameters ¢ = 0.3, g = 0and a = 2.

Figure 1a presents the energy evolution of the first-order scheme (3.12) with three different
time step sizes, i.e. At = 0.05, 0.005, 0.0005. We can see the energy curves decay with all
time step sizes, which agrees with the theoretical result of the unconditional energy stability.
In addition, the energy curves are far away from the energy trace with At = 0.0005 if
we use Ar = 0.05, 0.005 due to the low-accuracy of the first-order scheme (3.12). Thus,
to obtain more accurate numerical solutions, a smaller time step is necessary. However, our
semi-implicit SDC scheme can enhance the accuracy, we can see from Fig. 1b that the energy
curve of the third-order SDC scheme with At = 0.05 is better coincident with the energy
trace with Az = 0.0005.

Example 4.3 (Long time simulations) In this example, we will show the long time simula-
tions of the Swift-Hohenberg equation with the random initial data between 0 and 1. The
computational domain is Q = [0, 100]2. We take a = 2. For other parameters, we use the
values ¢ = 0.3, g = 0.0 and ¢ = 0.1, g = 1.0, separately.

We adopt the third-order SDC method and the piecewise P> polynomial basis. The com-
puted mesh is composed of 128 x 128 elements with uniform mesh. The time step is
At = 0.05. In Fig. 2, we show the contour plots of u with ¢ = 0.3, g = 0.0. While for
e = 0.1, g = 1.0, the corresponding results are contained in Fig. 3. The numerical results
compare very well with the numerical calculations performed by Liu and Yin [15].

The energy evolution for both cases are presented in Fig. 4, we can see the energy is
decreasing in time, which shows that the SDC method based on the first-order SAV scheme
can maintain the energy stability.

5 Concluding Remarks

In this paper, we studied the LDG method for the Swift—-Hohenberg equation and proved the
energy stability for the semi-discrete and fully-discrete schemes. In addition, we derived the
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optimal convergence rates for the semi-discrete and fully-discrete LDG schemes. The LDG
methods are high-order accurate in space, while the proposed linear scheme is only first-order
accurate in time, which motives us to develop high-order temporal discretization methods.
Thus, we employed the semi-implicit SDC method to improve the temporal accuracy based
on the first-order SAV scheme. Numerical experiments verified the theoretical analysis and
capabilities of the LDG and semi-implicit SDC methods.
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6 Appendix

In this section, we will present the proof of Lemma 3.2, the optimal error estimate of the
elliptic projection, by two lemmas. Denote the errors between the exact solutions of (2.1)
and the elliptic projection (3.25) by Ry, Re. Ry, Rs. Suppose (P, IT) = (P~, P*) is defined
by (2.13)—(2.14) for the one-dimensional space, and take (P, 1) = (P~, IT") defined by
(2.15)—(2.16) for multidimensional Cartesian meshes. Then the errors can be divided into

R,=u—Pu+PR,=1n,+PR,, R, =0—Tw+TIR, =n,+IR,,
Ry=q—Pq+ PR;=n,+ PRy, Ry=s—Tls+TIR; =ns + IR;.

With the definition of the elliptic projection (3.25) and the property (2.17), we obtain the
error equation

0= H" (IR, ¢1), (6.1a)
(Rs,01) =—H (14,01) — H (PRy,01), (6.1b)
(Ry, 92) = —H ' (TIIRy, ¢2), (6.1c)
(R, 02) = —H ™ (1,,02) — H (PR, 67). (6.1d)

Note that for the one-dimensional space, H ™ (ny4, #1) = 0 and H™ (7, 02). The analysis will
be the same as that in [25]. Now we show the following estimates.

Lemma 6.1
ITIRs || < A5 IRl + A2\ Rs - mllg, < REHL,
IPR N S IPRN A+ BT, IRy S I PRI+ R,
IR I S IPRuN + BT, Rl + 7' 2R - mllg, S IIPRyII+ R

Here and below the notation a S b means that, there exists a constant C > 0 such that
a <b.

Proof Taking 6, = I1R in (6.1b) and by the property (2.4), (6.1a), we have
(Rs, TIRy) = _H_(T)qs [TRy) — H_(PRqs ITRy)
=—H" (ng, TIRs) + H*(TIIRy, PRy) = —H ™ (ng, TIRy),
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which yields
ITIRy||> = (TIRy, TIRs — Ry) + (Ry, TIRy)
= (TITRy, —ns) — Hﬁ(’]qv ITRy)
< HHYTIR .

Here we use the approximation properties (2.18) and (2.19). Thus by the trace inequality and
the triangle inequality, we have

ITIR || + h'2|TIRy - nllg, S R (IRl + 2 2|[Rs - nllg, < REH.
Taking ¢ = PR, in (6.1¢) and by (2.4) and (6.1b), we obtain
(Rg, PRy) = —H+(HRa,, PRy;) = H (PRy, TIRy)
= —H_(nq, I[MRy) — (R, [1Ry,).

Then
IPR,I* = (PRy, PRy — Ry) + (Ry, PRy)
= (PRg, —n¢g) — H (ng, IRw) — (R, TRy,)
< %nmeqn2 + %nmewu2 + Ch2H2,
where the Young’s inequality and (2.18)—(2.19) are used. Hence, we get
1P Ryl S ITIRw | + L IRy | S ITTRw |+ REHE. (6.2)
Finally, we take 8, = T1R,, in (6.1d) and apply (2.4), (6.1c) to derive

(Rw, TIRy) = —H ™ (ny, [1Ry) — H™ (PR,, I1Ry)
= —H (., [IRy) — (Ry, PRy).

Then by Cauchy—Schwarz inequality, the Young’s inequality and (2.18)—(2.19), we have
IR, = (TRy, TTRy — Ry) + (Re, TIR,)
= (ITRy, —1w) — H™ (u, 1TRy) — (Ry, PRy)
< SITRGI 4 1P R + CHAH,
which yields
IRl S PRl + 25 RNl S 1P Ryl + A
It follows from (6.2) that
1P Ry S NP Rall + Y RIS NP R+ R
A simple use of the trace inequality and the triangle inequality gives
W'2ITRe - nlle, S IPRu+ K 1 2Ry - nlle, S IPR+ A
The proof is completed. O

With the help of the adjoint problem (3.26), we will show the second lemma, which is used
for the estimate of PR,,.

@ Springer



46 Page280f30 Journal of Scientific Computing (2022) 93:46

Lemma 6.2 Forz € L%(Q), we get
(PRy.z) =—H™ (qu, 11§) — H™ (14, 110)
— (Ro, T1& = &) + (Ry, P9 — ¢) — (Ry, 16 — 0)
+(@—Pp,V:-Ry)+ (0 — Po,V - Ry)
— <Ry —Ry) n,9p—Pp>—<(Ry—Ry) - n,0 —Pa >. (63)
Proof By the adjoint problem (3.26) and integrating by part, we have
(PR,,z) = (PR,,V-¢)=—(,VPR)+ < ¢ -n, PR, >
=-H'(¢. PR)— <& —¢)-n PR, >
=—-H"(¢ —T¢, PR,) — HT (1L, PRy)
= H (PR, T1{). (6.4)

Here the second line uses the definition of H™T, the third line holds since ¢ is continuous
across the element interface and we adopt the property (2.17) of IT as well as (2.4) for the
last line. By (6.1d), we obtain

H™ (PR, T1¢)
=—H (), 11§) = (Ry, I18) = —H " (14, T1¢) — (Ro, [1§ = &) — (Rw. §).
Similarly as (6.4), we derive
—(Rw,8) = —=(Ro, V¢) = = (Ro, V(¢ — P9)) — (Ro, VPy)
=(V-Ry,¢p — Pp)— <Ry -n, 90— Pp >
— HY(Ry, Po)— < Iéw -n, Pp >
=(V Ry, ¢ — Pp)— < (Ry — Ry) -1, — Py >
+ (Rg, Po — @) + (Ry, 9), (6.5)

where the second line holds by integrating by parts, the third line uses the definition of H+
and the fourth line uses the fact that < Iéw -n, ¢ >= 0, since ¢ is continuous and we consider
the periodic boundary condition. In addition, we adopt (2.17), (6.1c¢) for the last line. Along
the same line to obtain (6.4)—(6.5), we have

(Rqs @) = (nqv V-0)— H_(ﬂq, I10) — (R, 160 — 0) — (Ry, 6),
—(Rg,0) = (0 — Po,V - Rg)— < (Rg —Iés)~n,o—Pa > .
Thus we complete the proof by combining the above equalities. O

Now we are ready to prove the optimal error estimates of the elliptic projections. Take
z = PR, in (6.3) and denote each line of the right hand in (6.3) by S;, i = 1, 2, 3, 4. Then
the approximation properties (2.18)—(2.19) and the triangle inequality yield

Sy < CRI (Mg || + 1101 < CR 18 N g1 + 101113 a))-
By Cauchy—Schwarz inequality and (2.18), we derive
Sy < ClRIA™™ 12| 10y + ClIRG IIR™ W | 112
+ CI R 1™ K10 113
< ChUIP R+ D UL @) + 0l 20y + 10113 (2)
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for k > 1. Here we use the estimates in Lemma 6.1. It follows from the triangle inequality,
the inverse inequality, the property (2.18) and Lemma 6.1 that

S3 < llg — Poll(IV - noll + IV - TIRo ) + llo = Pol|(IV - ngll + [V - TIR]))
< CH™™M M o)l o o (BFFT + TR 1) + CR™M M 6| ya ) (HFH! + I TR, )
< Ch(I PRy + F Yl 20 + 0 4 )-

For the last term S4, we adopt (2.18) and Lemma 6.1 to obtain

Si < IR - nlig, ¢ — Polle, + |Rs -nlg,llo — Polle,
< CR™K o)l o @ KT+ PR, 1) + CR™MB3H 1o | s g HFH!
< Ch(IPRuIl + K™Y U@l g2y + 101 54 g))-

Adding the estimates of S;, i = 1, 2, 3, 4 to the equality (6.3) and by the elliptic regularity
(3.27), we have

IPRAI? < CRUIP RNl + K U a1 @) + Il a2y + 1013 ) + 1011 0)
< CCh(I PRI + )| PR, .

Thus we can obtain the optimal error estimate (3.28) of the elliptic projection by the Young’s
equality, the triangle inequality and Lemma 6.1.
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