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Abstract

An initial-boundary value problem of subdiffusion type is considered; the temporal com-
ponent of the differential operator has the form Zle qi () D{u(x, t), where the ¢; are
continuous functions, each Df” is a Caputo derivative, and the «; lie in (0, 1]. Maxi-
mum/comparison principles for this problem are proved under weak hypotheses. A new
positivity result for the multinomial Mittag-Leffler function is derived. A posteriori error
bounds are obtained in L;(€2) and L (2), where the spatial domain 2 lies in R? with
d € {1, 2, 3}. An adaptive algorithm based on this theory is tested extensively and shown to
yield accurate numerical solutions on the meshes generated by the algorithm.

Keywords Multiterm time-fractional - Variable coefficient - Subdiffusion - A posteriori
error analysis

Mathematics Subject Classification 65M15

1 Introduction

The numerical solution of fractional differential equations (FDEs) is currently the subject
of much research (see for example [11, 23]), since such equations model many physical
processes but their exact solution is generally impossible. Of course this is also true for
classical integer-order differential equations, where mesh-adaptive numerical methods based
on a posteriori error analyses have played a significant role for many years. Methods of this
type have very general usefulness since they require no knowledge of the properties of the
unknown solution to the problem. But for FDEs, there has been little progress in theory-
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based adaptive numerical methods; their development has been impeded by the absence of a
satisfactory a posteriori theory for their error analysis.

As it is often difficult to analyse the regularity and other fundamental properties of the
unknown solutions to FDEs, it can be impossible to give any rigorous a priori error analysis
of numerical methods for their solution. This makes it even more desirable to devise an a
posteriori error analysis that does not require any information about the unknown solution.

Recently a new and very promising a posteriori error estimation methodology for FDEs
appeared in [14], which considered initial-value and initial-boundary value time-fractional
subdiffusion problems whose differential equations contained a single temporal derivative of
fractional order. It is clearly desirable to extend this theory to time-fractional FDEs contain-
ing several fractional derivatives, as these offer more powerful modelling capabilities. Our
primary aim in the current paper is to develop the a posteriori theory for this extension and
to show experimentally that an adaptive algorithm based on our theory is able to compute
accurate numerical solutions to problems whose solutions have singularities (as is usually the
case with FDEs). It should be noted that these accurate solutions are computed on nonuni-
form meshes that are constructed automatically by the algorithm — the user does not have
to provide any special mesh, nor input any attributes of the unknown solution.

The relationship between our paper, which studies a multiterm fractional derivative oper-
ator, and [14], where only a single fractional derivative appears, is the following. Section 3
below points out similarities between Lemma 3.1, Theorem 3.2 and Corollary 3.3 and results
from [15]; but while Corollary 3.4 is analogous to the second bound in [14, Corollary 2.4], the
proof of Corollary 3.4 is much deeper since it involves hypergeometric functions whereas [14]
needed only elementary functions. Outside Sect. 3 there are significant differences between
our paper and [14] — see Theorem 2.5, Remark 2.6, Lemma 2.9, eq. (2.7); Lemma 2.11 would
be trivial in the single-term case; the multinomial Mittag-Leffler function of Definition 2.7
that is needed for the multiterm case is less tractable than the more familiar two-parameter
Mittag-Leffler function that suffices for the single-term case — thus all of the rather technical
Appendix A is new.

The paper is structured as follows. Section 1.1 describes the multiterm time-fractional
initial-boundary value problem of subdiffusion type that will be studied. In Sect. 2, maxi-
mum/comparison principles and some of their consequences are derived for the associated
fractional initial-value problem; existence of a solution for that problem is also discussed. A
posteriori error bounds for L, (£2), where the spatial domain 2 lies in RY withd e {1,2,3},
are established in Sect. 3. A variant of this theory in Sect. 4 gives a posteriori error bounds
in Loo(2). Then in Sect. 5 we perform extensive numerical experiments to demonstrate the
effectiveness and reliability of the theory of Sects. 3 and 4. Finally, an Appendix proves a new
positivity result for the multinomial Mittag-Leffler function, then uses it to give an alternative
version of a result from Sect. 2.

1.1 The Multiterm Time-fractional Subdiffusion Problem

We shall study the multiterm time-fractional subdiffusion problem

4
> [ai () DY uCx. 0] + Lutx, 1) = f(x. 1) for (x.1) € Q2 x (0,71, (1.1a)
i=1

with initial and boundary conditions

u(x,0) =up(x) for x € 2, u(x,t)=0 for x €9 and 0 <t <T. (1.1b)
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Here £ is a positive integer, the constants «; (fori = 1,2, ..., £) satisfy
O<ap<...<ap <a; <1, (1.2)

while each ¢; € C[0, T'] with

14
Zq,-(t)>0 and ¢;(t) >0, i=1,...,¢, forte[0,T] (1.3)

i=1

This problem is posed in a bounded Lipschitz domain  C R? (where d € {1,2,3}), and
involves a spatial linear second-order elliptic operator £. Each Caputo temporal fractional
derivative Df” is defined [6] for 0 < «; < 1 and ¢ > O by

) o o 1 ! )
e A R A / (t — )% y(,5)ds, (1.4)
'l —a;) Jo
where I'(-) is the Gamma function, and d; denotes the partial derivative in s. From
[6, Theorem 2.20 and Lemma 3.4] it follows that lim,_, - Dffu(x, t) = d;u(x, t) for each
(x,1) €  x (0, T] when u(x, -) € C0, T, so for a; = 1 we take Df”u = Dtlu = 0su.

Remark 1.1 One might wonder whether the presence of lower-order fractional derivatives in
the differential operator would invalidate the above presumption that u(x,-) € C Lo, 77if
op = 1,butwhena; = 1 (and g (¢) > O for all #) and the data are continuous, in Lemma 2.11
we prove that the solution of the associated initial-value problem does lie in C'[0, T]. See
also Remark 2.6, where it is shown that if «; = 1 then at = 0 the solution is better behaved
than if @1 < 1. Furthermore, in the case of constant coefficients ¢;, when oy = 1 one can
deduce that the solution of the initial-value problem lies in C0, T from the explicit solution
given by Remark 2.10 and eq. (2.7), though we omit the details.

In the case where each g; is a positive constant and 1 < 1, existence of a solution to (1.1)
follows from [15, Theorems 2.1 and 2.2]. For the general case of variable ¢; satisfying (1.3),
one can show uniqueness of a solution to (1.1) by imitating the argument of [17, Theorem
4].

The problem (1.1) with constant ¢; was considered in [5, 15] and their references. Two-term
fractional differential equations (i.e., £ = 2 in (1.3)) appear in [19] modelling anomalous
transport and in [22] modelling solute transport in aquifers. In [22, eq. (14)], the time-
fractional PDE

9,C+ BDIC—LC =0 (1.5)

is used to model solute transport in aquifers, where C = C(x, t) denotes concentration and
o € (0, 1). This is the particular case of our fractional PDE (1.1a) where £ = 2, o1 = 1 and
ar = o, withg) = land g3 = B > 0o (1.3) is satisfied. The “fractal immobile capacity"
in (1.5) may be time-dependent; for example in [22, Figure 4] the authors take 8 = 0.084~%-¢
where d is time measured in days. Thus it is of interest to consider time-dependent ¢; in (1.1).

Alternatively, to incorporate uncertainties in the data of the physical problem, one can
use a variably distributed-order subdiffusion problem like that of [26], where the distributed-
order fractional derivative is defined by Dtp u(x,t) = fol p(a)Dfu(x,t)da with p = p(«)
a probability density function. To handle this numerically one must apply a quadrature rule
to [)fu, which can lead to a PDE such as (1.1a) that satisfies the hypothesis (1.3).

It appears that (1.1) with variable g; () has never been rigorously studied in the mathe-
matics literature. This variant, however, is of some interest since it is a simple (and hence
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attractive) alternative to models with variable-fractional-order equations, which have received
a lot of attention in recent years (see [27] and its references).

Notation. We use the standard inner product (-, -) and the norm || - || in the space L2 (£2), as well
as the standard spaces Lo (Q2), H} (), Lo (0, t; L2(2)), and Wh (¢, t"; Ly () (see [7,
Section 5.9.2] for the notation used for functions of x and ¢). The notation v := max{0, v}
is used for the positive part of a generic function v. For convenience we sometimes write

J4
DY =" qi()D}". (1.6)
i=1

2 Nonnegative Solutions of Certain Initial-Value Problems

Our a posteriori analysis will rely on the property that the solutions of certain multiterm
fractional initial-value problems are nonnegative; we derive this result in this section after
presenting a reformulation of the definition (1.4) of the fractional derivative Df‘i y(-, t) that
can be applied to a more general class of functions.

For simplicity, in this section we write y(¢) instead of y(x, t) since the dependence on x
is irrelevant here.

2.1 Function Regularity and Reformulated Caputo Derivative

In (1.4) one can integrate by parts to reformulate the definition of D" y(¢) for a; < 1 as

1
T(1—a) D' y(0) =17 [y(1) = y(0)] +f0 ai(t =)~ [y() — y(©)l ds (2.1)

for0 < ¢ < T. This reformulation appeared already in [14, eq. (2.4)], and in, e.g., [4, Lemma
3.1], [10, Lemma 2.10], [ 16, Proof of Theorem 1], and [25, Theorem 5.2]. We will show that
it has the advantage that it permits the use of less smooth functions y than (1.4); this attribute
is needed, for example, to prove Lemma 3.1 below.

Recall that (2.1) was obtained from (1.4) by integration by parts. From the proof of the
integration by parts formula, one sees that this calculation is valid if for each t' € [0, 1)
the function v (¢; -) defined by ¥ (¢; s) := (t — s)" % [y(s) — y(¢)] is absolutely continuous
on [0, '] and satisfies lim, _,,- ¥ (¢; t') = 0, because one can integrate by parts fé/ (t —
§)~% y/(s) ds, then take lim,_, ,-.

For example, if y lies in the standard Holder space CP[0, T] for some B > «;, then this
derivation of (2.1) from (1.4) is valid; see [4, Lemma 3.1].

Asin [14], we consider now a more general class of functions for which the definition (1.4)
is unsuitable but (2.1) can be used.

Let us assume that

yeC[0, T]IN Wl’oo(e, t) foralle,r satisfying0 <e <t <T. 2.2)

The hypothesis that y € W1 (e, 1) is equivalent to assuming that y is Lipschitz continuous
on each interval [e, t]; see [9, p.154]. If «; = 1, then we strengthen (2.2) by assuming that
y € C[0, T]and y’ is aleft-continuous function on (0, T'] that may have jump discontinuities;
see Sect. 2.2.

Fixt € (0, T]. The integral fot/zoz,- (t—s)"% 1 [y(t) — y(s)] ds is defined and finite as its
integrand lies in C [0, %t] For frl/zoe,- (t—s) %! [y(t) — y(s)] ds,since y € wloeo (%t, t)

@ Springer



Journal of Scientific Computing (2022) 92:73 Page50f23 73

one has |y(t) — y(s)| < C(¢ — s) with a constant C that depends on ¢ but is independent of
s, which implies that the integral exists and is finite. Thus for all y satisfying (2.2), we can
define D;" y(t) by (2.1).

The next two remarks describe weakenings of the hypothesis (2.2) on the function y that
still allow us to define Dy y(¢) by (2.1).

Remark 2.1 One could replace y € W1 (e, 1) in (2.2) by y € CP (e, T]forall e, ¢ satisfying
0 < € <t < T, where B is any constant satisfying o; < 8 < 1 and CP(e, T is a standard
Holder space.

Remark 2.2 (initial discontinuity in y) Notethat y € W1 (e, 1) forall e, 7 satisfying 0 < € <
t < T implies y € C(0, T']. In (2.2) one could replace the hypothesis that y € C[0, T'] by an
assumption that y € L, (0, T'), and still work with (2.1). In particular we can replace C[0, T']
in (2.2) by an assumption that lim;_, o+ y () exists; this will be useful in the forthcoming error
analysis.

2.2 The Initial-Value Problem

Consider the initial-value problem
Df‘w(t) +2w(@) =v() forO0 <t <T, w(0) = wg, 2.3)

where we assume that the parameter A > 0. (We shall use the notation u(x, ) for the solution
of (1.1) and w(z) for the solution of (2.3).)

In the next lemma we specify hypotheses allowing, for example, the possibility that w is
a piecewise polynomial. Given a function g that has a jump discontinuity at a finite number
of points in (0, T7') but is continuous otherwise on (0, T'], at any point of discontinuity T we
take g(t) = lim,_, .- g(¢). That is, we regard g as left-continuous on (0, T'].

Lemma 2.3 (Comparison principle for the initial-value problem) Consider (2.3) where v > 0
may have a finite number of jump discontinuities in (0, T') and is left-continuous on (0, T'].
Suppose that w satisfies the regularity hypothesis (2.2). Define Diw by (2.1) ifa; < 1. If
ay = 1, suppose also that w' may have jump discontinuities but is a left-continuous function
on (0, T)]. Assume that wy > 0. Then w(t) > 0 fort € [0, T].

Proof Suppose that the result is false. Then since w € C[0, T] and w(0) > 0, there exists
a point 7o € (0, T] such that w(fp) < 0 < w(0) and w(fy) < w(t) for all t € [0, T].
From (2.1) one sees immediately that each Df” w(tg) < 0if o; < 1, while if ; = 1 then
w'(t9) < 0 (consider the interval [0, 79] and use the left-continuous property of w’(z) at #p).
Hence Df‘w(to) + Aw(ty) < 0 < v(fp), so w cannot be a solution of (2.3). (The case where
qi(tp) = 0 fori = 2,3, ..., ¢ is exceptional, as we then get only w’(f9) + Aw(fp) < 0; to
derive a contradiction, one can make a change of variable w(¢) := e~#* w(t) for suitable 1
as in [12, Section 2] and consider the initial-value problem satisfied by w.) O

The following extension of Lemma 2.3 weakens the requirement that w € C[0, T]. It will
be needed to deal with the discontinuous function &y of Sect. 3.

Corollary 2.4 In Lemma 2.3, replace the hypothesis that w € C[0, T] by lim;_, o+ w(t) > 0
exists. Then w(t) > 0 fort € (0, T].

Proof Recalling Remark 2.2, one can use the same argument as for Lemma 2.3, with minor
modifications. O
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We now use Lemma 2.3 to derive a stronger bound on w. First, recall the well-known
two-parameter Mittag-Leffler function Eq4 g(s) :== Y, sk/ T (ak + B).

Theorem 2.5 Consider (2.3), where v € C[0, T] with v > 0 and woy > 0. Suppose that
w satisfies the regularity hypothesis (2.2). Define D;" w by (2.1) ifa; < 1. Ifa; = 1, suppose
also that w € C1(0, T). Setgj = minseo,719;() for j =1,..., L Then

w(t) = wo max Eq,1(~21%/q,) fort € [0.T], 2.4)
]: T

.....

where one sets Eaj,l(—)»t"‘i /gj) =0 ifgj =0.

Proof Fix j € {1, ..., £}. Define the barrier function B; by ng;xj Bj(t) + ABj(t) = 0 for
0 <t =<T,B;j(0) = wp. Then B;(t) = onajgl(—)Lt”‘//gj) by [10, Example 3.1]; this
function is completely monotonic [10, Theorem 3.5], which says in particular that B (t) > 0
and B} (r) < 0. (In the case gj = 0 one takes B; = 0.) Consequently (w — B;)(0) > 0 and

(DF +2) =B =) = [4;0) =, | D7 Bj0) = Y i D Bj(0) = 0 for 1 > 0.
‘ i#]

Lemma 2.3 now yields w(¢) > B;(t) forall¢ € [0, T'], which implies the desired result since

j e {l,..., ¢} was arbitrary. O

In the case £ = 1, constant ¢; > 0, and v = 0, the bound of the theorem is sharp.

In the conclusion (2.4) of Theorem 2.5, the value of j such that Eaj,l(—)»t"‘i/gj) is
the dominant term may change as ¢ varies. This phenomenon is illustrated in Fig. 1, where
=3 wy=A= q; = 1 for each j, and or; € {1, 0.7, 0.3}; one sees that Theorem 2.5
yields w(t) > Ej,1(—t) for0 <t < 0.7 (approx.) but w(z) > E0V3,1(—t0'3) for0.7 <t < 2.

In the next remark we discuss the behaviour of w’(¢) ast — 0.

Fig. 1 Illustration of result of Theorem 2.5: graphs of Ey 1 (—1%) fora =1,0.7,0.3
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Remark 2.6 Assume the hypotheses of Theorem 2.5 and that v € C'[0, T]. Assume also
that ¢1(0) # 0 and ¢; € C'0, T1; without loss of generality we can take ¢1(0) = 1. Set
o) :=1t*"/T(1 + «y). Then

gi(0)re e A
rd+oa; —a;) r'ad+a)

4
(DE+2)o0 =a)+ Y = 1+ 0@M®),
i=2

so (DY + 1) [1 —2p(1)] = O(1*172).
Let 8 be a nonzero constant. Set iis (1) := wo [1— ¢ (1)]+[v(0) +81 ¢ (1). Then i5(0) =
wo and

(DY +2) Ws(t) = Ot ~2) + [v(0) + 8] [1 + O™ )] = v(1) + 6 + O (1*1~*2)

since v(t) = v(0) + O(#). Now choose § to be a small positive constant. Then choose
€ > 0 such that for t € (0, €) one has |0 (t*'~%2)| < § in the previous equation. Now the
comparison principle (Lemma 2.3) yields w_s(¢) < w(r) < ws(¢) for 0 <t < €. That is,

[v(0) = Awo — 8] (1) = w(t) —wo =< [v(0) —Awp + 8] (1) for0 <1 <e.

Hence (w(t) — w(0))/t =~ [v(0) — Awgl¢p () as t — 0, and assuming that v(0) # Awg, one
has (w(t) — w(0))/t = 0¢¥ Y ast — 0.

Thus, when oy < 1 we expect that w’(f) — —oo ast — 07, but if «; = 1, then the
behaviour of the solution is quite different: we expect that w’(t) remains bounded as t — 0.
This behaviour when o1 = 1 concurs with the existence result for (2.3) that we shall prove
rigorously in Lemma 2.11.

Notation. From Lemma 2.3 it follows that any solution of (2.3) is unique. We shall use the
notation (Df‘ + )»)71 v for this unique solution when the initial condition wg = 0.

When the g; are positive constants, then the solution of (2.3) exists and can be written in
an explicit form; this will be seen in Sect. 2.3. For the general case of variable g; (), existence
of the solution to (2.3) seems reasonable but it does remain an open question; nevertheless,
almost all of our analysis does not require this existence result — the only exception is
Corollary 3.5.

2.3 Solution of (2.3) for Constant-Coefficient D;'

Throughout Sect. 2.3, let all g; in (1.6) be positive constants. Without loss of generality, we
assume that g1 = 1.

Then the structure of the solution of (2.3) is intimately related to the following multinomial
Mittag-Leffer function, which is a generalisation of the two-parameter Mittag-Leffler function
Eq p(s).

Definition 2.7 [15, 18] Let By € (0,2). For j = 1,...,¢,let0 < B; < 1, s; € R and
kj € No. Then the multinomial Mittag-Leffler function is defined by

. ¢k
(ksky, ... k) [Tizs;
E@,,..50).60 815 - -+ 5¢) i=Z Z — 23)

L
k=0 ky+-+k¢ L'(Bo + Zj:] ﬁjkj)
=k
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where the multinomial coefficient

k!
(ks ki, ... ke) = X

kil k!

4
with k = ki.

Remark 2.8 The symmetry of Definition 2.7 implies that the value of Eg, ... 8,),6,(51, - ., S¢)
remains unaltered if we perform any permutation of (1, ..., B¢), provided that we also per-
form the same permutation of (s, ..., s¢). In particular one has Eg, ... ,),8,(51,--.,5¢) =

Egy,...80.80(8¢s - -, S1).

We shall also use the more succinct notation of [2, eq.(2.4))]:

. . -1
Flut iy B a1, a2, @) = P E G p—ant?l —agtt2 L —ait)

(2.6)

for t > 0, any positive integer m, 8 € (—00,2), 0 < u; < 1 for each j, and any real
constants ap, ..., ap.

Lemma 2.9 SupposethatO < wy, <---<uy <P =<landaj >O0forj=1,...,m. Then

Equ i,y p(—a1t*t, —asth?, .. —ayt'm) > 0 forall t > 0.

Proof Taking$ = 1in[2, Theorem3.2] showsthat? = F(u us,.... 1), 8t A1, a2, ..., Q) is
a completely monotone function, which implies that 7, ... 10,0,8(t; @1, a2, ..., ap) > 0.
The desired result now follows from (2.6). ]

If wg = 0, then [18, Theorem 4.1] gives the solution of (2.3) as

w(t) = (Df‘ +k>_l v

t
ap—1 o] —o o] —o o] —o o
= f Os 1 E(alfaz,atlfog ,,,,, o] —oy,0q),0] (_q2s ! 2’ —q3S ! 3v cees TGS ! b, —As l)
s=|
v(t —s)ds
t
ap—1 o ap—o ap—o o] —o
:/s—OS ! E(otl,atl—ag,...,al—og,al—az),al(_)"5 Uo—qes™ 7% —q3s®1 T, —qps®1T92)

v(t —s)ds
t

:/ 0-7:((11,051—0(( ..... 0(1—0(3,0(1—0{2),(11(‘9; g, -, q3,92) v(t —s)ds, (27)
s=

where we used Remark 2.8 and (2.6). The formula (2.7) is the multiterm generalisation of
[14, eq.(2.1)].

Remark 2.10 1t is easy to see that (D& + 1) [1] = A. Hence if wy # 0, then the initial-value
problem (2.3), with positive constant coefficients ¢g;, has the unique solution

w(t) = wo + (Df‘ +A)7l [v(1) — wo] fort € [0, T].

Furthermore, an explicit solution representation for (D;" + A)il [v — Awop] is provided
by (2.7) with v(¢ — s) replaced by v(r — s) — Awp.
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2.4 The Special Case a1 = Tand ¢q;(t) > 0

In this subsection we consider the special case where «; = 1 and ¢ (¢) > Oforallt € [0, T].
In this setting we are able to prove existence of a solution w to the variable-coefficient
initial-value problem (2.3) , and moreover this solution lies in C 1o, 1.

Lemma 2.11 Assume that «y = 1 and q1(t) > O forallt € [0, T], with v, q; € C[0, T] for
all i. Then the initial-value problem (2.3) has a solution w € CY0, T, and this solution is
unique.

Proof Lemma 2.3 implies that any solution of (2.3) is unique. To show existence of a solution
we assume without loss of generality that g; () = 1 fort € [0, T], since one can divide (2.3)
by q1(¢). Set ¢ (1) = w'(¢). Using the definition (1.4), write (2.3) as

14 t t
o) + Z/ (t — )% gi (1) (s) ds + A/ d(s)ds = v(t) — Awp for 1 € [0, T1(2.8)
i=2 70 0

This is a Volterra integral equation of the second kind in the unknown function ¢. Observe
first that any solution of (2.8) in C[0, T] must be unique, because two distinct solutions
@1, ¢2 would yield two distinct solutions w; () := wo + f(; ¢i(s)ds (i =1,2)of (2.3). Itis
well known (see, e.g., [3, Appendix A.2.2]) that each of the operators

t t
¢(t)|—>/0(t—s)_“"qi(t)qﬁ(s)ds and ¢([)l—>/o o (s)ds

is a compact operator from the Banach space (C[0, T'], || - |lo) to itself, and a finite sum
of compact operators is also a compact operator, and we saw already that any solution
of (2.8) is unique; thus we can apply the Fredholm Alternative Theorem [3, Theorem A.2.17]
to conclude that (2.8) has a solution ¢ € C[0, T']. Hence (2.3) has the solution w(z) :=
wo + f(; ¢ (s) ds, and this solution clearly lies in clo, 1. O

3 L,(R2) a Posteriori Error Estimates

Let uj, be our approximate solution. We assume throughout our analysis that uj, (-, 0) = u(-, 0)
on Q and up(x,t) = u(x,t) for x € dQ and ¢+ > 0. For the case up(-,0) # u(-,0), see
[14, Corollary 2.5].

Lemma 3.1 Suppose that r(-,0) =0andr € Lo(0,T; L2(2)) N Whoo(e, T L, (S2)) for
each e € (0, T], Then

l L
<Zqi(t> Dfir (1), r(-,r>> > <Zqi(r> Dy ||r<~,t)||> Ir¢ooll - for 1> 0.
i=1 i=1

Proof One can use the same proof as for [14, Lemma 2.8], based on the reformulation (2.1)
and recalling Remark 2.2. O

Define the residual

14
Ru(x, 1) i= (Z qi(t) D +£> up(x, 1) — f(x, 1) forall (x,1) € Q x (0, T].

i=1
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Theorem 3.2 In (1.1a) assume that {Lr,r) > A|r||* for all r € HO1 (), where A > 0 is
some constant. Suppose that a unique solution u of (1.1) and its approximation uj, are in
C([0, T]; La() N WhX(e, T L>(2)) for each € € (0, T], and also in HO1 (R2) for each
t > 0. Suppose also that
e
IRu (. DIl < (Z gi (1) D + A) ) Vi>0 3.1)
i=1

for some barrier function £ that satisfies the regularity condition (2.2), with moreover E(t) >
0Vt >0. Then |(up —u)(-, )| <EEX) Vet > 0.

Proof (This is similar to the proof of [14, Theorem 2.2 and Corollary 2.3].)

Sete :=uj —u,so0e(-,0) =0, e(x,1) =0forx € IQ, and (D + L) e(-, 1) = Ry (-, 1)
for ¢+ > 0. Multiply this equation by e(-, t) then integrate over €2; invoking Lemma 3.1 and
(Lv, v) > Al[v]|?, we get

(Df + WlleC, DIl < IRy, DIl fort > 0. (3-2)

Combining this with our hypothesis (3.1), one has (Df‘ + X (€ — |le(-, t)]) = 0. Now an
application of Lemma 2.3 yields ||(uy, — u)(-, )| < E@) Vi > 0. O

In Theorem 3.2, one can replace the condition £ € C[0, T] of (2.2) by lim,_, ¢+ £(¢) > 0
exists; see Remark 2.2 and Corollary 2.4.

Note that the proof of Theorem 3.2 did not require existence of a solution of (2.3), which
we have proved only for the constant-coefficient case of Sect. 2.3 and the case @1 = 1 and
q1(t) > 0 of Sect. 2.4.

The next corollary presents a possible choice of £(¢) to use in (3.1).

Corollary 3.3 Assume the hypotheses of Theorem 3.2. Then the error e = uj — u satisfies

{ IRLC, )l
Ro(s)

e
} , where Ro(t) := A + Zqi Ot %/TA —a;)
i=j

[(up —w)(, )|l < sup

O<s<t
(3.3)
where j = lifa; < land j =2ifa; = 1.

Proof (The proof is similar to part of the proof of [14, Corollary 2.4].)

Set k = supg_;< {IRr (-, $)[I/Ro(s)}. If k = oo the result is trivial, so assume that
0 < k € R. Define the barrier function Eo(t) by E(t) == 1fort > 0 and & (0) := 0. Note
that &y satisfies the conditions of Theorem 3.2. From (2.1) (see also [14, Remark 2.9]) one
has D &y(t) = t7% /T (1 —a;) fort > 0if; < 1, while D' &y(t) = 0fort > Oifa; =1,
SO (Df‘ + A) k&(t) = kRo(t) in all cases. Thus we can apply Theorem 3.2 with £ = k&
to finish the proof. O

We shall present a second possible choice of £(¢) after we list some properties of the
hypergeometric function » i («;, — B ; o1 ; s) thatis discussed in [1, Section 15] and [20].

Set B := 1 — ay. Then ,%(SiﬁzFl(Oli, —Biar; ) =—Bs P HF (e, —B; —B; 5)
[1, Section 15.2.4] [20, item 15.5.4], while by [1, Section 15.1.8] [20, item 15.4.6] one gets
2F1(ei, =B —B; s) = (1 —s)"*%. Hence

d
E(s_ﬁgFl (@i, —fB: ar: s)) — _BsFI(1 — g, (3.4)
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Furthermore,

_ Tlepl’d —ap)

2P (e, =B 1) = T — o) (3.5)

by [1, Section 15.1.20][20, item 15.4.20].

Corollary 3.4 Assume the hypotheses of Theorem 3.2 and that oy < 1. Then the error e =
uyp — u satisfies

[Rn ()l }

3.6
Ri(s) G0

—1
lun — w0l < 71 sup {
O<s<t
where

gi(t)t™%

m[l N pi(f)]’ pi(s) =0 fors > 1,

4
Ri@) = A& @) + 1P Z
i=1

pi(s) =2 Fi (e, —B; a1 5) — DRI o < (1 —)!7% < 1 fors € (0, 1), 3.7)

with B :=1—ay, T := 1/t and £ (t) := (max{z, t})*' " fort > 0, £(0) := 0. Heret > 0
is an arbitrary user-chosen parameter.
Furthermore, in (3.6) one can replace 1%~ by E1(t) if desired.

Proof Set k = supg_,< IR, (-, $)[|/R1(s)}. If k = oo the result is trivial, so assume that
0 < k € R. Observe that (1) = 1 &) — (t7# — t7P)T, where & was defined in
the proof of Corollary 3.3. From (2.1) one has Df"' Eot)y =t7% /T (1 — ;) fort > 0 and
i=1,...,¢ssofort <7 (ie,T > 1) we get (Df‘ +A) k&1(t) = kR1(t) since in R one
has p; () = 0 for all i.

Fort > t,since d;(t % — s Pyt = —9,(s P) = ﬁs’ﬁ’l, fori =1,2,...,¢ we have

t
F(d—a)DNE () =1t Pro — 5/ sl —s)"% ds
T

1
A Y T / §7PN1 = §) % ds

T

= P P (f*ﬁ pi(f)),

from (3.4) and (3.7). But 1= F~% £7F = t7F1=% o I'(1 — o) D1 (1) = v Pr7[1 —
pi(£)]. Hence, (D¥ + 1) k€1 (1) = kR (1) fort > 7.
For the bound on p; in (3.7), the above argument shows that

1
7P pi(3) = ,Bﬁ 7P — 57 ds

1
< B —f)“"“"[ sTPl 1 =5 g5

T
=1 =) (f—ﬁ(l - f)“"“) =P (1 =)™,
where we also used (1 — §)7% /(1 —§)~% < (1 — )%~ % as o > «;. Hence, p;(T) <

(1 — 7)%, as desired.
We can now apply Theorem 3.2 with £ = &) to obtain the bound

Ry (-,
wp — u), D) < &) osii’,{”/éf(s;)”} :
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then & (1) < 191! completes the proof. O

One could extend the proof of Corollary 3.4 to include the case @ = 1, but in this case the
result becomes the same as that of Corollary 3.3.

Note that (3.7) for i = 1 simplifies to p;(s) = ((1 — s)“‘)lio{1 because of [1, Section
15.1.8] [20, item 15.4.6] and {T"(a; — o)}~ = 0.

Finally, we give a general result that relates || (u, — u)(-, t)|| to || Ry, (-, ¢)|| without involv-
ing any barrier function — but this result, unlike Corollaries 3.3 and 3.4, depends on the

assumption that (Df‘ + )\)71 IRy (-, 1) exists.

Corollary 3.5 Assume the hypotheses of Theorem 3.2. Recall the definition of(Df‘ + A)_l in
Sect. 2. If (DF + 1)~ | Ry (-, 1)|| exists, then

' -1
(p —w) 0Ol < (Zqz'(t)Dfx" +k) IR, Ol for t > 0. (3.8)

i=1

Proof Set £(t) := (D% + )" MR, (-, ). Then £(0) = 0 and (DY + M)E) = |IRu(, 1)l
imply £(¢) > 0 by Lemma 2.3. Thus we can invoke Theorem 3.2 to get (3.8). O

4 L., (Q) a Posteriori Error Estimates

Throughout Sect. 4, let Lu := Y{_, {ax(x) 821 + by (x) du} + c(x) u in (1.1), with suf-
ficiently smooth coefficients {a}, {bx} and ¢ in C (). Assume also that for each k one has
ax > 0in €, and that ¢ > A > 0.

The condition (Lv, v) > A|jv||? is not required in this section.

Lemma 4.1 (Comparison principle for the initial-boundary value problem) Suppose that

¢
Z[qi(t) D v(x, t)] + Lv(x,t) >0 for (x,t) € & x (0, T], 4.1
i=1

where v(-, 1) € C2(Q) for each t > 0, and for each x € Q2 we have v(x, ) € Wb, 1)
SJor all €,t satisfying 0 < € < t < T, and lim,;_, o+ v(x,t) > O exists. In (4.1) define
Dfl"v(x, ) foreachx € Q by (2.1) ifa; < 1. If oy = 1, suppose also that v, (x, -) (for each
x € Q) may have jump discontinuities but is a left-continuous function on (0, T). Assume
thatv(x,0) > O0forx € Qandthatv(x,t) > 0forx € 0Qand0 <t <T.Thenv(x,t) >0
forall (x,t) € 2 x (0, T].

Proof Imitate the argument of Corollary 2.4, with the extra detail that Lv(xo, fp) < O at any
point (xg, t9) € 2 x (0, T] where v(x, ¢) attains a negative minimum. ]

A result similar to Lemma 4.1 is proved in [17, Theorem 2] under the stronger hypothesis
that v(x, -) € clo, T1nwhko, T) for each x € 2. See also [4, Lemma 3.1].

Theorem 4.2 Assume that a unique solution u of (1.1) and its approximation uy, each satisfy

the regularity hypotheses imposed on v in Lemma 4. 1. Then the error bounds of Theorem 3.2
and Corollaries 3.5, 3.3 and 3.4 remain true with || - || = || - ||1,(q) replaced by || - || L. («)-
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Proof Note that LE(t) = cE(t) > AE(t) for t > 0. Consider first Theorem 3.2, whose
hypothesis now becomes || Ry, (-, )|l 1..@) < (DY + 1)E() for t > 0. But (DY + A)E(t) <
(D¥+L)E(t) and Ry (x, t) = (D¥+L)(up —u)(x, 1), s0 we have | (DY + L) (up, —u) (x, )| <
(Df‘ +L£)E(t) forx € Qandt > 0. Thus one can invoke Lemma 4.1 to get |(up —u)(x, t)| <
E()on Q x [0, T], i.e., Theorem 3.2 is valid in the L., (£2) setting.

We can now deduce L, (£2) variants of the other results. To get the new Corollary 3.5, take
E(t) = (Df + N YRR, 1)l L. (e in the new Theorem 3.2. For the new Corollaries 3.3
and 3.4, use their old proofs with || Ry replaced by ||Rpll1. () and appeal to the new
Theorem 3.2. O

5 Application to the L1 Method. Numerical Experiments

In this section we examine in detail the practical application of our a posteriori analysis to
the well-known L1 discretisation of each fractional derivative D;" . Other discretisations will
be discussed in a future paper [8].

o on [0, T], let {u{q}?”zo be the semi-discrete
approximation for (1.1) obtained using the popular L1 method [23]. Then its standard
Lagrange piecewise-linear-in-time interpolant uy,, defined on € x [0, T'], satisfies

Given an arbitrary temporal mesh {¢ j}ﬁ’l

e
(D@ @) D+ L)unr, 1) = forr)  for xe@, j=1...M, (1)
i=1

subject to u2 := ug and u; = 0 on 9LQ. In the case of ; = 1, the term Df”uh(x, tj) =
[up(x,tj) —up(x,tj—1)]/(t; —tj—1), which corresponds to d,uy, treated as a left-continuous
function in time.

First, consider the case oy < 1. For the residual of u; one immediately gets R (-, ¢;) =0
for j > 1, i.e., the residual is a non-symmetric bubble on each (t;_1, t;) for j > 1. Hence,
for the piecewise-linear interpolant R} of Rj, one has R} = 0 fort > 11, and, more generally,
R,’l = [Lug — f(-,0)](1 —t/t;)* for t > 0 (where we used R;(-,0) = Lug — f(-,0)
because Df"'ug(', 0) = 0). Finally, note that R, — R,’l = (Df‘uh —f) - (Df‘uh — f)’ since
(Lup)' = Luy. In other words, one can compute R; by sampling, using parallel/vector
evaluations, without a direct application of £ to {ufl}.

Next, consider the case @y = 1. Then Df"uh = 0,uy, is piecewise constant in time, and
it is convenient to treat it as a left-continuous function, viz., o;u; = 8,] up = [up(, t;) —
up(-, tj—1)]/(tj —t;j—1) is constant in time on each time interval (¢; 1, t;]. As before, one gets
Rp(-,tj) =0forj > 1,s0 R/I; = [Lug— f(-,0)](1 —t/t;)" fort > 0—but Ry, is no longer
continuous in time. (To be precise, R, — q1(t) d;uj, is continuous on [0, 7], assuming that ug
is smooth; a modification for the case when Lug ¢ L, (S2) is discussed in [14, Remark 2.7].)
Nevertheless, we can still employ R;, — Ré = (D?uh - f) - (Df‘uh — £)!, but one needs
to be more careful when evaluating the component (qlatuh)’ of (Df‘)’ :on each (11, t}]
with j > 1, one gets

tj —1

. . -
(@13un)’ =g 8 un — q1tj—1) [Stjuh -8 Mh]
tp—1tj—

(to check this formula, observe that it is linear in time and equals g (;) 8,] up at t; and
ql(tj,l)S,]_luh at tj_1). On [0, #1], i.e., when j = 1, the situation is simpler as uy is
continuous in time, so (g1 d,u;)’ = qll 8}14 1, so one can still employ the above formula after
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“2 :=wug; to:=0; t1 :=min{r,, T}; m:=0;
while t,, < T
m:=m+1; flag:= 0;
while t,, — tim—1 > Tusx
compute uj" using (5.1)
if ||Rp(-,0)|| £ TOL-Ry(t) Vit € (tp—1,tm)
if ty, =T
M :=m; break
elseif t, <T
up' = up'; Lo i= b
ty = min{tm—l + Q(tm - tm—l)a T}; flag =1

end
else
if flag=20
tym = tm—1 + (tm - tmfl)/Q;
else

upt = up'y by = Lon:
tmt1 = min{ty, + (tm, — tm-1), T'}; break
end
end
end
end

Fig.2 Adaptive algorithm

setting S?M hoi= 8,1 uyp. Thus, even when o1 = 1, one can still compute Rj, by sampling, using
parallel/vector evaluations, without a direct application of £ to {u{l}.

Finally, for completeness we include in Fig. 2 a description of the adaptive algorithm of
[14], to aid the reader’s understanding of the numerical results that follow. This algorithm is
motivated by (3.3) and (3.6); it constructs a temporal mesh such that || Ry, (-, £)|| < TOL-R ,(t)
for p =0, 1, with Q := 1.1, 74 := 0and 7, := 5¢; in R;. (Experiments with larger values
of O and a discussion of implementation of the algorithm are given in [8].) Note that the
computation of the mesh in the algorithm is one-dimensional in nature and is independent of
the number of spatial dimensions in (1.1), since it is based on the scalar quantity || Ry (-, )]

5.1 Numerical Results with a; < 1

We start our numerical experiments with three initial-value problems of the form (2.3) to
illustrate orders of convergence, since time discretisation is the main focus of our paper. A
subdiffusion test problem of the form (1.1) (i.e., containing spatial and temporal derivatives)
will then be considered.

As well as results computed on our adaptive mesh, some of the figures compare the adaptive
mesh itself with the (M + 1)-point graded mesh ty := T (k/M)" fork =0, 1, ..., M that is
often used in conjunction with the L1 scheme (see [23]). Here > 1 is a user-chosen mesh
grading parameter and it is known [13, 24] that when ¢ = 1 the choice r = (2 — «) /« yields
the optimal mesh grading for the problem (1.1); we make an analogous choice of  in our
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-©-adaptive mesh error —e—adaptive mesh
-E>-ToL , ——graded mesh
2M?

102 10* 102 107 10°
M J/M

Fig. 3 Adaptive algorithm with R (#) for Example 5.1: loglog graphs of max[o 7] |e(t)| on the adaptive
mesh and the corresponding TOL, for o = 0.4 (left) and @ = 0.9 (centre). Right: loglog graphs of {lj}y:()

as a function of j/M for our adaptive mesh and the standard graded mesh with r = 2 — o) /o, « = 0.4,
TOL =103, M =51

1o} adaptive mesh, |e(1)| . adaptive mesh, |e(1)] —e—adaptive mesh error|
a TOL 10 TOL ! —TOL -t

05002 o2 102

>

10 10
5 5 10°

10’ 102 10% 10’ 102 10° 10* 10® 10* 102 10°
M M t

Fig. 4 Adaptive algorithm with R (¢) for Example 5.1: |e(1)| on the adaptive mesh and the corresponding
TOL, fora = 0.4 (left) and @ = 0.7 (centre). Right: log-log graph of the pointwise error |e(7; )| on the adaptive

mesh and TOL - 1~ ! for @ = 0.4, TOL = 1075, M = 346

experiments. We shall see that the adaptive mesh constructed by our algorithm — without
using any information about the exact solution and without any guidance from the user —
is remarkably similar to the optimal graded mesh. Of course this holds great promise for the
performance of the algorithm in problems where no a priori analysis of the exact solution
(and therefore no optimal a priori mesh) is available.

To begin, we present three initial-value examples to demonstrate that an adaptive approach
based on our a posteriori analysis works well in widely-differing regimes.

Example 5.1 Consider (1.1) without spatial derivatives, with £ := 1,7 = 1,and £ = 2, and

v =, wy=30 q)=3"" @O)=1-q@). u0) =0 f@) =1,

(5.2)
where a € (0, 1). In this example one has ¢;(¢) > 0 and ¢>(¢) > 0 for all . The unknown

exact solution is replaced by a reference solution (computed on a considerably finer mesh).
See Figs. 3 and 4 for errors in the computed solutions and the meshes generated.

Example 5.2 We modify Example 5.1 by resetting
q1(t) = cosz(nt) for t < %, qi1(t) =0 for t > %, q(t) =1 —q1(t),

while retaining #(0) = 0 and f(t) = 1. Now the coefficient of the highest-order derivative
vanishes for + > 1/2. Loglog graphs of reference solutions indicate that the solution to
this problem has an initial singularity of type ! (compare the constant-coefficient analysis
of Sect. 2.3) and remains smooth away from ¢ = 0. See Fig. 5 for errors in the computed
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0
10
02 ©- adaptive mesh error, adaptive mesh error o= adaptive sk
TOL graded mesh
M2 107 -
102
10%
10
O 10°
10* 10’ 102 10% 10* 10° 102 107! 10°
M M

Fig.5 Adaptive algorithm with R (¢) for Example 5.2: loglog graphs of max[o, 71 |e(?)| on the adaptive mesh
and the corresponding TOL for o« = 0.4 (left) and « = 0.8 (centre). Right: Change f to f(t) = cos(5t2);
loglog graphs of {r j}ﬁ!”=0 as a function of j/M for our adaptive mesh and the standard graded mesh with

r=Q—a)/afora=0.6TOL=10"3 M =139

, adaptive mesh error, adaptive mesh error]
10 TOL TOL
oM(2/3)a=2 Tl QNC2/Ha-2
——-2Me 2 ) ~ee o2
10° >

10*

10°
A4
10 10° 10° 10* 102 107! 10°
M M M

Fig.6 Adaptive algorithm with R (¢) for Example 5.3: loglog graphs of max|o, 71 |e(#)| on the adaptive mesh
and the corresponding T7OL for o = 0.4 (left) and « = 0.8 (centre). Right: loglog graphs of {’j}y=0 as a
function of j/M for our adaptive mesh and the standard graded mesh with r = (2 — a2) /a2, « = a1 = 0.6,
TOL=1073, M =54

solutions and the mesh generated. We also display (see rightmost figure) the meshes generated
when f (1) = cos(5:2) to show that the algorithm continues to perform well when f changes
rapidly.

Example 5.3 We modify Example 5.1 by resetting

q1(t) =0 for t < %, q1(t) = cosz(nz) for t > %, q2(t) =1 —q(1).
Here the situation is opposite to that of Example 5.2: the coefficient of the highest-order
derivative vanishes fort < 1/2.Loglog graphs of reference solutions indicate that the solution
to this problem has an initial singularity of type #*2 (one could show this analytically by an
extension of Remark 2.6) and remains smooth away from ¢ = 0. See Fig. 6 for errors in the
computed solutions and the mesh generated.

Example 5.4 Now we consider the subdiffusion analogue (1.1) of (5.2): retain the values of
o1, a2, q1, g2 and set

uo(x)=sin(x2/71), Q=(0,m), r=1, £=—£, f=1
Note that the initial data ug has only limited compatibility with the other data at the corner
(7, 0) of the space-time domain. Nevertheless the algorithm performs satisfactorily. (Related
examples where either the exact solution is known, or the initial condition is piecewise linear,
were tested in [14].) See Fig. 7 for errors in the computed solutions.
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10%
-©-adaptive mesh, [le(1)] [} -©-adaptive mesh error -©-adaptive mesh error
) TOL TOL -B-ToL
0.05 M2 103 Mo? Mo
¢ 10°
10%
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Fig. 7 Example 5.4 adaptive algorithm results: (left) for R1(r) with « = 0.4, showing |e(1)|| and TOL;
for Ro(t) with « = 0.4 (centre) and o = 0.8 (right), max; . (0,71 lle(;)|l on the adaptive mesh and the
corresponding TOL

5.2 Numerical Results withay = 1

Example 5.5 Consider the IVP (2.3) witha; = 1, A = 1 and

q1(1) i=cre

f(0) =1+ Serf(20(1 —1)).

’cos2(ﬂt) fort < %, q1(t) :=0fort > %, q(t) =1 —q(1),

See Fig. 8 for results for ¢; = 1 and Fig. 9 for those for ¢ = % When ¢; = 1, the solution
has no initial singularity and we used the exponential barrier function £(¢) := 1 —exp(—10¢)
since it gives better results in this case. For ¢; = % one has ¢2(0) > 0, so we employed &
and hence Ry as in the earlier examples for a1 < 1.

Note: when evaluating R(f) := (Zle gi(1)D + /\) £(t) in 3.1), DYE = £(1) is

computed explicitly, while D{2£ is computed using quadrature.
In the next example we return to our subdiffusion problem (1.1).

Example 5.6 Take q1, ¢» and f as in Example 5.5, with ¢ = % while £, ug, Qand L =1
are taken from Example 5.4. Now we choose the temporal grid a priori to be uniform. Once
the computed solution is obtained, we compute the residual || R, (-, t)|| on a finer mesh, with
15 equidistant additional points between any consecutive time layers.

Assuming that there exists a solution £ of (Zle qi (1) Df"' + A) E = ||Ru(-, t)]], inequal-

ity (3.8) gives an upper bound for the error, viz., ||(up — u)(-, t)|| < £. In practice, one finds
a numerical approximation &, of £ on the above fine grid.

10°
-5~ adaptive mesh error N -5~ adaptive mesh error 08
S-ToL 10'@ N ->-ToL ’
2M ! o 2M !
10° 20082 06
104 R 04
104 N
e 0.2 -e-ay = 0.3
. S —=-ay = 0.8
10 3] 108
102 10* 10° " " 02 04 06 0.8 1
M 10 10 ¢

Fig. 8 Adaptive algorithm with R(¢) generated by £ = 1 — exp(—10z) for Example 5.5 with «; = 1 and
c1 = 1: loglog graphs of maxq 7] |e(t)| on the adaptive mesh and the corresponding TOL for ap = 0.3 (left)

and ap = 0.8 (centre). Right: computed solutions for this test problem obtained using TOL = 10—2
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10°

-©-adaptive mesh error
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g'mL 10 08
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2 4 6 2 4 ~ 6
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Fig. 9 Adaptive algorithm with R (#) for Example 5.5 with ¢ = 1 and ¢] = %: loglog graphs of

max(o, 7] |e(t)| on the adaptive mesh and the corresponding TOL for ap = 0.3 (left) and ap = 0.8 (cen-
tre). Right: computed solutions for this test problem obtained using TOL = 1072

-2 -2
10 10 .
-©- uniform mesh error -©- uniform mesh error —©-pointwise error [e(t)
> estimator -5~ estimator —E-pointwise estimator
0.7M ! 0.6M " - 1

103 \ 103

10 10
10% 10° 10° 10°
M M t

Fig. 10 A posteriori error estimation on the uniform temporal mesh for Example 5.6 witha; = landc] = %:

loglog graphs of max[o, 77 [le(z;) || and the corresponding estimator max;; [0, ] Ep(t)) for ap = 0.3 (left)
and @y = 0.8 (centre). Right: pointwise-in-time error [le(¢;) | and pointwise estimator & (¢;) for ap = 0.8,
M =32

It is important to note that the computed solution uj is a numerical approximation of
the fractional subdiffusion problem with spatial derivatives, while the computation of &,
although the latter is computed on a much finer temporal grid, is inexpensive, as £(¢) is a
solution of an initial-value problem without spatial derivatives.

See Fig. 10 for results.

The numerical results in this section demonstrate that, for many different types of data,
our algorithm based on the L1 scheme automatically adapts the given initial mesh to compute
accurate numerical solutions. It gives excellent results for problems whose solutions have
a weak singularity at + = 0, without requiring the user to choose a suitable mesh — while
if the mesh is prescribed a priori, it can estimate the error in the solution computed on this
mesh (see Fig. 10). It is equally good in cases where this weak singularity is absent.
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A A Variant of Lemma 2.3

In this appendix we shall prove a result (Lemma A.3) that complements Lemma 2.3. This is
done by using an explicit complex contour integral formula to derive a positivity property of
the multinomial Mittag-Leffler function (Lemma A.2) that appears to be new.

Our argument starts with the following elementary result.

Lemma A.1 Let m and n be nonnegative integers with m < n. Set S(s) = Z'}:O k;si for
s €[0,00), where 0 = yg < y1 <--- <y < landk; > 0for0 < j <m, kj <O for
m < j < n. Then the equation S(s) = 0 has a unique solution so € (0, 00), with S(s) > 0
for0 <s < sgand S(s) <0 forsy <s < oo.

Proof If t € (0, 00), then

n

n m
Sy =Y kjyit T = ki = Y kgl
j=1 j=1 j=m+1

n

m
< Vit Y kit =yt Y (ke
j=1 Jj=m+1

n

1 .

= VYm+11 } kjtyj
j=1

n
< Ymprt ™! ijty’ = Y1t S(0).
=0

Hence
S(t) < 0 implies S'(¢) < 0. (A.1)

One has S(0) = ky > 0. As s — 00, the term k,,s7* in S(s) will dominate; it follows that
S(s) < 0 for all sufficiently large s. Hence S(s) = 0 has at least one solution sq in (0, 00).

From (A.1) it follows that S'(sg) < 0, so S(s) < 0 on some interval (sg, so + §). Now
(A.1) ensures that S can never reach a minimum on (5o, o), which implies that S(s) < O for
s € (8o, 00). Thus sg is the unique solution of S(s) = 0. ]

We now prove a new positivity property of the multinomial Mittag-Leffler function that
is related to Lemma 2.9; this proof is in the spirit of classical analyses of Mittag-Leffler
functions. The argument used is partly based on [21, pp.215-216], where a similar result was
obtained for the simpler case of the two-parameter Mittag-Leffler function Eq (7).

LemmaA.2 Assumethat1 < 8 <1+ ay and A > 0. Then
E(1) = Eaya1—a.a—as.ai—an) p (M —qet™ 74 L =3t T —at®1702) > 0

forallt > 0.

Proof For each ¢ > 0, by Remark 2.8 and [18, eq.(47)] we have

E(Z) = E(Otlfaz,c(]fog ..... (xlfot(,otl),ﬁ(_qztal_a27 _q3[0(]—0l3’ RN} _C]Zta]_a(a _)\'tal)
1B / o5t pan—b v
270 Sy Ry £+ Yy qie A
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where r := max {1, O+ qu)”(“““”}, and y (R, 01,6,) (for R > 0 and —7 < ) <
0> < m) denotes the complex-plane Hankel contour that comprises the ray arg ¢ = 6; with
[¢] > R, the arc [¢| = R with 0] < arg{ < 6,, and the ray arg { = 6, with |{| > R, and the
contour is traversed in the direction of increasing arg ¢ .

The substitution w = ¢! gives

E@t) =

1-8 A=B) /a1 1/

- t w exp (fw

_ ‘ / P )t (A2)
2017

y (¥, —aymog) W+ Z§=2 quaj/al + A
Observe that if w € y (r*!, —am, a1 ), then | arg w| < o7 independently of r; hence

¢
arg w—l—quw“f/“‘ < max{o| T, 0, ..., T} =aT < T,
j=2

so (recall that A > 0) the denominator of the integrand will not vanish if we change the value
of r in the contour, and consequently the value of the integral will not change (by Cauchy’s
integral theorem). Furthermore, we can permit » — 0 because 8 < 1 + « ensures that
the integral remains finite. Thus we can replace the contour y (r*!, —o;7, o) in (A.2) by
y (O, —aym, o).

Next, set w = se= 17

along the ray arg w = £o7 (choose same sign). This yields

E@) =

t1-p /0 s=B)/a1 p—i(1=p)7 exp (tsl/oqe—in) e—ionm
2ai 00 se—iom 4 Zf‘:z qjsaj/ot]e*l'o[jﬂ +a
00 ¢(U=B)/ay ,i(1=p)m exp (l«sl/alein) el
+/ , 7 . ds
0 selenT £ 370, qs4/ e T 4

t1=p

oo i —ipr

_ f $Bat exp (g5 [L _¢ ] ds.  (A3)
2017 Jo s+&  s4¢&

where & := Zﬁ':z qjs%i/@ el @ =)DT 4 ) el T and £ is its complex conjugate. Now

ei,ﬁrr e—iﬁrf B s(eiﬁrr _ e—iﬁn) +§eiﬁn _ é_-e—iﬁrr

S+E  s+E s2 4 g2
_ 2issin B +2i3(EePT)  2iv(s)
- s2+%—2 - S2+€2’

where v(s) := s sin S + Zﬁ':z qjs‘)‘f/“‘ sin(B — oy +aj)mw +Asin(B —ay)m. Hence (A.3)
becomes
1-p o0
- t _ v(s)
E(lt)=——I(), here 1(¢) := A=P)fen gxp (—ps/ ds. (A4
(1) = 51, where I(1) /Os wp(—1sV) G ds (A
Note that v(s) has exactly the same structure as S(s) in Lemma A.1, since 0 < o /oy < 1,
1 < B <14 ajand A > 0. Thus there exists s > 0 such that v(s) > 0 for 0 < s < 59 and
v(s) < Ofors > sg. Fron3 Definition 2.7 we get E(0) = 1/T'(8) > 0. By continuity we can
choose 7o > 0 such that E(t) > 0 on (0, fp], which implies /(f9) > 0. That is, recalling the
properties of so,

50 o]

(1-p)/ay ey V() / (1-B)/ay 1y VG

s exp (—tos ds > s exp (—tos ds. (A5
/0 S %0 Pl e (A
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Then for any ¢ > 19, using (A.5) we get

/SO SBY exp (—gst/ery V)

0 S2 + 52
e\ [ =gy ey V()
> exp (‘(t —10)5 ) s exp (—fos'/*1) P ds
0
o
> exp (—(t - to)sj/“') / S0P/ axp (—ros/e) |2v(s)|2
S0 Ky +§

o0
> / sU=Per exp (—tsl/"") s|2v_(:)$|2 ds.
50

Now move the integral f;;o ... to the left-hand side; this gives /(f) > 0. Hence E (t) >0
for t > ty and we are done. O

We can now prove our variant of Lemma 2.3.

Lemma A.3 Consider the homogeneous version of the initial-value problem (2.3):
Diy()+ry(®) =0 for0 <t <T, y(0) =1, (A.6)

where the q; are constants and ). > 0. Then this problem has a solution y, with y(t) > 0 for
tel0,T]

Proof If A = 0 then y(z) = 1 is the unique solution of (A.6) by [18, Theorem 4.1]. Thus we
can assume that A > 0. From [17, Theorem 6] the solution of (A.6) is

yo)y=1- A E(al,alfotz,otl70(3,...,a17a5),1+a1 (_)"lal s —tIzlal_az, —QStal_a3, cees _qetal _az)-

But [15, Lemma 3.1] states that for m > 1 one has

1 m
+ ZZ./E(ﬂl ~~~~~ ﬁm)xﬂ(]""ﬂj(z]? e Zm) = E(,B] ,,,,, ﬁm),ﬂo(zlv -y Zm)
Cho)
forO < fp<2and0 < B; <1(j=1,...,m)and any z; € R. In particular this implies

that

1= M Eay 0 —a0,01 —as, o —a0), 1o (A, =t 702, —qar®1 73 L —qur®1 %)
14
- Z qjtal_aj E(a| S0 =02, 03,0 —g), o —a; (7)‘10” s *612ta1 @ s *%tm_a} PR 7q€ta1_ai')
=2
= E(ozl,al7&2,1117113,“,,&17&@),1 (_)Ltal 5 _(12ta]7a2a _(1310(] o _q”oqfoq)
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Hence, using Remark 2.8, we get
4

Y(f) = qutaliaf E(otl,otl—ozz.al—og ..... ap—ayp), 14+a—a; (_)\ta(I 5 _4121‘0”70(% _1131‘“]7&3’ e _qitaliw)
j=2
+ E(oq,0117012,0(]70(3,“,.0117%),1 (7}‘1&1 s 7[]2[&1—012’ 7q3tal_a3 P 7q€tal_a{)
14
= Z‘thalia] E(al,m—a( ..... ) —o3,a1—w), 1+ —a; (_)Ltal s _qﬂalial yeees _q3talia3s _42ta17a2)
j=2
+ E(ul,alfw,.”,alfabal7412),1(_)Ltal 5 —qzla'_w, cees _q3ta1—ot3’ _(IZtal_az)

4

= qu]:(o(],alfm ..... ) —a3,a1—a2), I+ —a; A, qe, ..., q3,q2)
=

+ -7:(&1,011—01( ..... a)—a3,a1—a3), 1 X, qe,---.93,q2).

The result now follows by applying Lemma A.2 to the term F(_ ) 1 and Lemma 2.9 to each
term -7'—(..4),1+a17aj- O
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