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Abstract

In the derivation of error bounds, uniformly in the singular perturbation parameter &, for finite
element methods (FEMs) applied to elliptic singularly perturbed linear reaction-diffusion
problems, the usual energy norm is unsatisfactory since it is essentially no stronger than
the L2 norm. Consequently various researchers have analysed errors in FEM solutions, uni-
formly in &, using balanced norms whose H' component is weighted correctly to maintain its
influence. But the derivation of energy and balanced-norm error bounds for FEM solutions of
singularly perturbed reaction-diffusion problems is confined almost entirely to steady-state
elliptic problems — little has been proved for time-dependent parabolic singularly perturbed
problems. The present paper addresses this gap in the literature: the backward Euler method
in time, combined with a bilinear FEM on a spatial Shishkin mesh, is applied to solve a
parabolic singularly perturbed reaction-diffusion problem, and energy-norm and balanced-
norm error estimates, which are uniform in the singular perturbation parameter ¢, are derived
— these results are stronger than any previous results of the same type. Furthermore, numer-
ical experiments demonstrate the sharpness of our error bounds.
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1 Introduction

The numerical solution of elliptic singularly perturbed linear reaction-diffusion problems by
finite element methods (FEMs) has been extensively researched; see [ 14, 20, 22]. In particular,
the FEM solution of such problems using Shishkin meshes on the unit square in R? has been
well understood for some time; for example, an optimal-order energy-norm error analysis that
is uniform in the singular perturbation parameter ¢ is given in [16]. But although the energy
norm He1 (an e-weighted H I norm — see Sect. 5) seems a natural choice for FEM error
analysis, it was pointed out in [13] that it is scaled incorrectly when the problem is singularly
perturbed: typically, its H' component of the error is dominated by its > component, so an
energy-norm error bound is in practice only an L? error bound.

As a consequence, in the last 10 years several papers (see [3, 7, 8, 13, 17-19] and their
references) have given more sophisticated FEM analyses for elliptic singularly perturbed
reaction-diffusion problems, deriving error bounds (uniformly in the singular perturbation
parameter) in balanced norms where each component (H' and L?) of the error has the same
order of magnitude for typical solutions. (In Sect. 6 we shall define a balanced norm || - || pas
that fits the problem that we study here.)

Despite these successes with the elliptic singularly perturbed linear reaction-diffusion
problem, FEM energy-norm analysis of the corresponding time-dependent parabolic problem
has lagged behind. To get a sense of the difficulty that arises in the parabolic problem, consider
the error analysis of a semidiscretisation of the classical heat equation u; — Au = f whenitis
discretised only in space using a standard FEM. In [23,Theorem 1.2] the L™ (L?) error of this
method is analysed, and one sees easily that the same argument will work in the singularly
perturbed case u; — e2Au = f,where 0 < ¢ < 1 (of course then one has to choose a suitable
spatial mesh, such as a Shishkin mesh, to obtain a satisfactory result). A related argument in
[23,Theorem 1.3] bounds the L (H ") error for the heat equation semidiscretisation — but if
one attempts to apply this argument to the singularly perturbed problem to obtain a bound in
H, the final error estimate is unsatisfactory because it contains a multiplicative factor e~

The only papers we know of that give H error estimates for a FEM applied in space to
a singularly perturbed parabolic problem are [5, 10], who consider a convection-diffusion
problem. One can modify their analyses by setting the convection term equal to zero to
address the reaction-diffusion problem u; — e2Au +bu = f, but the bound obtained is only
in Lz(Hel) instead of the stronger L°°(He1) norm. Moreover, as we pointed out earlier, the
e-weighting in the He1 norm is unbalanced (i.e., too strong) in the sense of Sect. 6. We do not
know of any L°°(Hel) norm error analysis for a FEM in space for this singularly perturbed
problem, nor are we aware of a balanced L? (H 1 norm error bound for any p > 1. (Indeed,
the only balanced-norm result appears to be the balanced L' (H!) error bound in the preprint
[1], which appeared after our paper was submitted for publication, and which unlike our
paper uses a discontinuous Galerkin time discretisation.)

The current paper will fill both these gaps in the literature. It presents L>(H)) and
L°°(||-|| par) error bounds when a spatial FEM is used to solve a parabolic singularly perturbed
reaction-diffusion problem. The derivation of these error bounds requires, as one would
expect, the introduction of some novel techniques.

We shall consider a singularly perturbed parabolic PDE where the spatial domain 2 is the
unit square in R2. The corresponding steady-state problem has been extensively studied; see
[14, 20, 22]. Any typical solution of this class of parabolic problems exhibits boundary layers
on all sides of Q2 at all positive times. To solve the problem numerically, we use a uniform
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mesh in time with backward Euler differencing, and in space a piecewise bilinear FEM on a
Shishkin mesh (as is usually done in the steady-state case).

The numerical method is not particularly original, but our error analysis of it is very new —
itdiffers substantially from previous error analyses of singularly perturbed parabolic reaction-
diffusion problems. For example, Lemmas 3.1 and 3.2 for the backward Euler scheme are
inspired by work on fractional-derivative parabolic problems; these inequalities have the
advantage of simplicity but their usefulness in a singularly perturbed context has not previ-
ously been recognised. In contrast, the analysis in [1] depends on much deeper results from
[6] for the discontinuous Galerkin time discretisation.

Our analysis leads to a LOO(HeI) error bound in Theorem 5.4, and a L*°(|| - || pa1) error
bound in Theorem 6.4, both of which are novel — no analogous results have previously
appeared in the literature for any numerical method that uses a FEM in space to solve this
parabolic problem — and are of optimal order, as our numerical experiments will show.

The paper is structured as follows. In Sect. 2 we describe the singularly perturbed initial-
boundary value problem that we study and the boundary layer behaviour of typical solutions.
Some properties of the backward Euler scheme are derived in Sect. 3. The full numerical
method (backward Euler in time on a uniform temporal mesh; piecewise bilinear FEM in
space on a spatial Shishkin mesh) for solving our initial-boundary value problem is defined
in Sect. 4. The energy-norm and balanced-norm error analyses for this method are carried out
in Sects. 5 and 6 respectively. Finally, numerical experiments in Sect. 7 confirm the sharpness
of our theoretical results.

Notation. We use || - || and (-, -) for the norm and inner product in L2(), while || - || and
| - |x denote the Sobolev norm and seminorm on H k() fork = 1,2. The generic constant C
is independent of the singular perturbation parameter ¢ and of the mesh, so that throughout
our analysis any dependence on ¢ is stated explicitly.

2 Statement of the Problem
Consider the parabolic singularly perturbed problem
il
8—?(}6, t) — szAu(x, )+ bx)u(x,t) = f(x,t)for (x,1) e Q :=Qx (0, T], (2.1)

where Q = (0, 1)2 and T is a positive constant, with initial condition u(x, 0) = ug(x) for
x = (x1, x2) € 2, and boundary conditions u(x, t) = 0 for (x, ) € 92 x (0, T']. We assume
that uy € C(Q) where  := [0, 112, with ug(x) = 0 for x € 9. We also assume that f
and b are smooth functions (more precise hypotheses will be given later), and without loss of
generality we take b > B2 on 2, where 8 > 0 is a constant — this can always be achieved
by a change of variable of the form u(x, 1) = e¥ v (x, t) for some suitable constant k.

Error bounds for our numerical method will be derived in two distinct norms: the energy
norm of Sect. 5 and the balanced norm of Sect. 6. In these analyses, Sect. 6 requires more
regularity of the solution « than Sect. 5.

Set O := Q x [0, T]. We use the Holder spaces CPBI2(QD), with B > 0, that are
standard in the analysis of parabolic PDEs. Let 0 € (0, 1) be arbitrary but fixed. From
[12,pp. 319, 320] (see also [2,Section 2] and [21,Section 5.2]), sufficient conditions for
u € Ckro(k+9)/2( ) with k = 5 (needed in Sect. 5) and k = 6 (needed in Sect. 6) are that
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f e ck2Hok=240)/2(0) b € CF219(Q), and ug € C¥(Q), and that the following

compatibility conditions are satisfied: setting Low := —&> Aw 4 bw, for all x € 32 one has
up(x) =0, (2.2a)
— Leup(x) + f(x,0) =0, (2.2b)
0
(o) — £, 00+ L, 0 = 0, 220
d 9?
L@ + £ 0~ £ Lo+ S w0 =0 @2

where (2.2a)—(2.2c) are required when k = 5 and (2.2a)—(2.2d) are required when k = 6.

Then from [2,Section 2] and [21,Section 5.2], the solution u# can be decomposed as u =
U + Z?:l v + Z?:l w;, where U is a smooth component, the v; (i = 1,2,3,4) are
edge boundary layer functions associated with the four sides of the unit square and the w;
(i = 1,2,3,4) are corner layer terms. (This terminology is standard in this research area,
although the corner layers are located not at the corners of Q but along the 4 line segments
(x1, x2, t) with (x1, x2) a corner of Qand0 < 7 < T asimilar statement can be made for the
edge layers.) Furthermore, these components satisfy the following bounds for all (x, t) € Q
and k1 + kp + 2k, < k: there exists a constant C > 0 such that

ofitkatke 17 1
PTGl _ o (2.32)
axt1 axs2 otk
ki+ko+k:
P D gk =i/ (2.3b)
axt axs2 otk
ky+ko 4k,
Tl < otk min [oPile, o Pale) (239
ax}' dxs2ark

with analogous bounds for the other layer terms.

3 Stability of the Backward Euler Scheme

Throughout the paper, we use the uniform temporal mesh {#,, := mt}nj‘fzo where M is a
positive integer and T = T /M. Let §; denote the standard backward Euler operator defined
by & V" = (V" — V’”_l) /7 for each mesh function {Vm}yzo.

The following lemma is related to [11,Theorem 2.1], which is a stability result for a
discretisation of a Caputo fractional derivative.

Lemma 3.1 (i) Suppose that the mesh function {V”’}f‘n"':O satisfies VO =0and|8,V"| < K
form = 1,2,..., M, where K > 0 is some quantity that is independent of m. Then
|[V"| < Kmt form =0,1, ..., M.

(i) The conclusion of part (i) still holds if the hypothesis |8; V™| < K is replaced by §;|V™"| <

K.

Proof Part (i): Form =1, ..., M, from |§,V""| < K we get |V"| < }V’"_]| + Kt. An easy
induction argument using V? = 0 then gives |V""| < Kmt, as desired.
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Part (ii): Like [11,Theorem 2.1], define the mesh function {W™}¥_ by W% = 0 and
8 W™ = max {0, §|V"|} form =1,2,..., M. Then 0 < |V™| < W™ for all m since §; is
associated with an M-matrix, and the result follows from applying Part (i) to W™. O

The backward Euler scheme also enjoys the following properties (a related inequality for
the L1 discretisation of the Caputo fractional derivative is proved in [9,Lemma 4.3]).

Lemma3.2 Let v € L*(Q) form =0,1,..., M. Then

o, o) = (5 o ) [0 | and (50,0 = 2, (o)
for each m.
Proof The definition of §,v™ and a Cauchy-Schwarz inequality give

R R A 3 Ll e It Pl e O M Y

which proves the first inequality. For the second inequality, we have similarly

2e (50, o) 2 2o P =2 [0 o7

= T e e e P R A (P R
m}

In Sect. 5 the first inequality of Lemma 3.2 will be used to bound the L2(2) norm of the
error, while the second inequality will bound its H'(2) seminorm.

4 The Numerical Method

To discretise (2.1) we use the backward Euler scheme in time, and in space a bilinear FEM
on a Shishkin mesh (to deal with the boundary layers in the solution). We now define the
Shishkin mesh and the FEM space.

Let N be an even positive integer. Let A be a mesh transition parameter that spec-
ifies where the piecewsise-uniform mesh changes from coarse to fine: it is defined by
A = min {1 /4, 2e'In N } Without loss of generality one can assume that ¢ is so small
that A = 28/3’1 In N. Divide each of the intervals [0, A] and [1 — X, 1] into N /4 equidis-
tant subintervals and divide [X, 1 — A] into N /2 equidistant subintervals. This gives a 1D
Shishkin mesh that is coarse on [A, 1 — A] and fine elsewhere in [0, 1]. Then take a tensor
product of two 1D Shishkin meshes to construct the 2D Shishkin mesh on 2; Fig. 1 displays
an example of this mesh for the case N = 8. (See [22] for further discussion of Shishkin
meshes.) Finally, let Vj,o C HO1 (2) be the piecewise bilinear finite element space defined on
the Shishkin mesh €2,.

For any suitable function g, set g" (x) = g(x, t,,), g (x)/0t = [0g(x, t)/01] | and

1=ty
88" (x) = [g(x, tm) — g(x, tm—1)] /7.
Define the L>($2) projector Pj, : LZ(2) — Vi by (Ppw, v) = (w, vp,) for all vy, € Vjo.
Clearly | Pyw| < ||w|l forall w € L3(Q).
Define the Ritz projector Ry, : H(} (2) = Vpo by

&2 (VRyv, Vwp) + (bRyv, wy) = e (Vu, Vwy) + (bv, wy)

for all wy € V.
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Fig. 1 Shishkin mesh for
reaction-diffusion

Define the discrete Laplacian Ay : Vo — Vo by (Apvp, wi) = —(Vuy, Vwy) for all
vy, wy € Vio.
Our numerical method for solving (2.1)is: form =1, ..., M, find u}’ := u}' (-, tn) € Vpo
satisfying
(Stuﬁ, Uh> + &2 <Vuf, Vvh) + <buhm, vh> = (fm, Uh> Yvy, € Vi, “4.1)

with u2 = Ryu®. One can write (4.1) as
(e i) — & (Apueft, o) + (P (buf?)  vi) = (Pu ™, vn) Yon € Vo,
which is equivalent to
Syt — e Apuly + Py (bufl) = Py f™, (4.2)

since each of these terms lies in V.

5 Energy Norm Error Analysis

We begin our error analysis with some preliminary estimates involving Ry,.
Fori =0, 1, 2, set

O [Rpu(x, 1) —u(x, 0] 'u _dux,n
pi(x,1) = a7 = [’Rh <aﬂ' )] @n-—5— G

since Ry, acts only in the spatial variables. Also, set p/" (x) = p; (x, ).

Lemma 5.1 Assume that the derivative bounds (2.3) hold true for k = 4. Then there exist
constants C such that fori =0, 1 and all t € (0, T], one has

elpiC Ol + i ol < C(e"2N"'InN + N7?) (5.2)
and
e 1pi¢. Ol + e < CN~'InN. (5.3)
If the derivative bounds (2.3) hold true for k = 6, then (5.2) and (5.3) are also true when
i=2
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Proof From its definition, Rju(-, t) is the Galerkin solution of the steady-state problem got
by deleting du /9t from (2.1) and taking f = f (-, t). Hence in the case i = 0, one gets (5.2)
from an inspection of the proof of [16,Theorem 3.1], while (5.3) follows from the proof of
[7,Theorem 2.6]; note that both of these arguments use the bounds (2.3) only for k1 +ky <2
and k; = 0.

The case i = 1 is proved in a similar way, replacing u by du /9t and using (5.1) and (2.3)
for k; + kp < 2 and k; = 1; and if the derivative bounds (2.3) hold true for k = 6, then the
same argument applied to 8%u /91> with k| + k> < 2 and k; = 2 proves the case i =2. O

Form =1,2,..., M,setr{" := (6; — 9/9t) Rpu™.

Lemma 5.2 Assume that the derivative bounds (2.3) hold true for k = 5. Then there exists a
constant C such that ||r{” || +¢ |rf”}l < CM_lform =1,.., M.

Proof The definition of R, implies that for ¢ € (0, T'] one has

18/00)*Rpu(-, )| 4 €1(3/81)>Rpu(-, )|y = R (3/90%u(-, )| + e|Ry(3/31)*u(-, 1)1
< 1/30%u(-, Ol + l(3/80)*u-, 1)l

=C,
where we used k = 5 in (2.3) to derive the final inequality. The result follows. O
Setey' := Rpu™ — uj and
"= plt 4t = W + (8 —9/0t) Rpu™ = 8, Ryu”™ — %

In the next lemma, we derive some preliminary bounds on e} (x).

Lemma 5.3 There exist constants C such that form = 1, ..., M one has

max || <€ max || (5.4)
=1,..., M m=1,..., M
and
e max || <C max [r"]. (5.3)
m=1,..., M m=1,..., M

Proof The definition of ¢}’ and (4.2) give
e — 2 Apejl + Py (belf') = 8§ Rpu™ — 2 Ay Ryu™ + Py (bRpu™) — Py f™. (5.6)
Take v = u™ in the definition of Ry, then recall the definitions of Aj and Py, to get

(e AnRyu™ + Py (bRpu™) , wh) = (& Au"™ + bu"™, wp)

ou™ -
= <_W + f s wh>
using (2.1), for all wy, € Vio. Thus —e2 A, Ruu™ + P (bRyu™) = Py (_337;" + f’").
Hence (5.6) simplifies to

a m
sie)l — 2 Apel + Py (bell) = 8 Rpu™ — Py (%) — Py (5.7)
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Invoking the first inequality of Lemma 3.2, we have

where we used (5.7). Thus, either [le}’|| = 0 or §; He;’: || < [ Ppr™|| < maxy=1,...m IF"]-
Now Lemma 3.1 yields (5.4), since one can start its inductive proof at each value of m for
which |le}'[| = 0 (note that ||62|| =0).

Invoking the second inequality of Lemma 3.2, we obtain

Joveip P+ 5% (196 I7) = (reft, sief) + €2 (Ve 5,7¢f)

= (Ste;’:, S,eh'") — 2 (Aheh'", S,e;’f)

= <Phrm, SIeZ’) — <Ph (beZ‘) , Ste,':’)
1
= (1 Par™ 1% + 118:€ 12 + 11 Py (be™) I + 16:€)117)

where we again used (5.7). Hence
2
&, ([ Ve I*) < 1Par™ 12 + 1Py (bef?) I

2
< C( max IIVmII) ,
m=1,..., M
by (5.4). Then Lemma 3.1 gives us
2 2
(¢ |Vep])? < Cme ( max " ||) < C( max ||rm||> :
..M m=1,...M

m=l1,..., =1,...,

which is (5.5). O

For any function w € H' (), define its energy norm ||w l1.e by
1/2
lwli.e = {e*1wlf + llw]*}
This norm was referred to as the H, el norm in Sect. 1.
We now derive a L (Hel) error bound for our method.

Theorem 5.4 (Energy norm error bound) Assume that the derivative bounds (2.3) hold true
fork = 5. Then there exists a constant C such that the solution u of (2.1) and the solution uj!
of (4.1) satisfy

max {u” — w1 <C (N7 InN + N7+ M),

Proof By Lemma 5.3, Lemma 5.2, and (5.2), one has the energy norm error estimate

max e llie < C max [
1on M 1o M

=1,...,

,,,,,,,,,

<CE"N'mWN+NZ2+MT).
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But u — uj' = e}’ — pj', so we can combine the above estimate and the bound (5.2) of
Lemma 5.1 for pg' to finish the proof. O

6 Balanced Norm Error Analysis

In this section we use the derivative bounds (2.3) with k = 6.

As we pointed out in Sect. 1, the energy norm of Sect. 5 is weaker than it looks — for
solutions of typical singularly perturbed problems, it is dominated by its L? component. Thus
we now derive an error bound in a balanced norm where the e-dependent weighting of the
H' component is such that the H' and L? components of the error have similar orders of
magnitude. This result will be proved under the additional assumption that the reaction term
coefficient b is a positive constant.

Remark 6.1 To extend our balanced-norm analysis analysis to variable b(x) seems not to
be straightforward, essentially because the L3(Q) projector P, is not H'!()-stable on a
Shishkin mesh (this follows from [4,p.527]).

First, we sharpen the result of Lemma 5.2 under a stronger hypothesis on the derivative
bounds (2.3).

Lemma 6.2 Assume that the derivative bounds (2.3) hold true for k = 6. Then
||+ e 2], <M form=1,.., M.
Proof From (2.3) with k = 6, one sees that ||(3/3¢)%u(-, t)|| +&'/21(8/3t)%u(-, t)|1 < C for

all + € (0, T']. This inequality, Lemma 5.1 with i = 2, and a triangle inequality yield the
desired result. O

Lemma 6.3 There exists a constant C such that

max |e;1”|1<C( max |Php{”|1+s_1/2M_1). (6.1)
=1,...M LM

m=1,...,
Proof From Lemma 3.2 and b constant it follows that

(8 | Veir 1] [Veir | < (8:veit, Vei)
< (8re)f, —Anelt) — €% (Apelt, —Apel) + (bVey, Ve
= (8[621, —Ahezl) My (Ahezl, —Ahehm> + (be;f, —Ahehm>
= (Pyr™, —Ape}y)
< IVPr™ 1 Ve,

where we used (5.7). If [[Ve})'|| = 0 we are done; thus we assume that [|Ve}'|| # 0 and
deduce that

8 |ep |, < 1Pur™ 11 < [Pupi'ly + | Puri'ly < max [ Ppi" |1 +Ce” ' 2Pm T,
m=1,...,
by Lemma 6.2 and P,r{" = r{". Now an appeal to Lemma 3.1 gives (6.1). O

From the discussion in [13] and the bounds (2.3), one sees that the norm

1/2
lwllgar == {elwl? + wl?}* Yw e H ()
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defines a balanced norm for the class of problems that we are studying. The next result is
an error bound for our numerical method in L°°(]| - || 4;). Note that, unlike Theorem 5.4,
the bound does not contain a factor that vanishes as ¢ — 0 (for fixed N); this is precisely
because of the balanced nature of the result.

Theorem 6.4 (Balanced norm error bound) Assume that the derivative bounds (2.3) hold true
for k = 6. Recall that u is the solution of (2.1) and u’;: is the solution of (4.1). Then there
exists a constant C such that

max - fu" = ujll|par < C (NH (nN)Y2 4+ M™Y.

Proof From (5.1) we have
|Puol" ), = [Rn [ou" () /1] = Py [ () /1]
< |Ru [0u™ () /0t] — [0u™ () /0t]|, + |[0u™ () /0t] — Py [9u™ () /01]],
<|pf"|, + Ce7 AN (In N)2, (6.2)
by [19,(13)] applied to the function du/dt, since the spatial derivative bounds for du /ot
in (2.3) are the same as for the elliptic problem studied in [19].

Observe that ||w|| g4 is equivalent to &2 |w [+ lw| forallw € H'().Then Lemma 6.3
and inequality (5.4) in Lemma 5.3 yield

=L..m4a - \m=L..m4 ) m=l,..,

,,,,,

..........

=1,...,

by (6.2), inequality (5.3) of Lemma 5.1, and Lemma 5.2. As u™ —u}' = e}’ — p', the desired
result now follows from Lemma 5.1 and a triangle inequality. O

7 Numerical Results

Our numerical experiments will use the same test problem as [15,Example 1]. That is, we
take b = 1 and T = 1, and choose the exact solution

s Tx e TFE —el/eE o—V/E _ p—l/e
e == oo B - ST (1m0 = ).

Then f is chosen so that (2.1) is satisfied, and we take ug(x, y) = u(x, y,0) = 0. The
derivatives of u have exactly the form of the bounds (2.3), so it is a valid solution on which
to test our theory. Unlike in (2.1), the function f depends on ¢, but in a harmless way — one
can verify easily that our error analysis is unaffected by this deviation from the form of (2.1).

Numerical errors will be measured in the energy norm and balanced norm that were used
in Theorems 5.4 and 6.4 respectively to bound the error in the computed solution.
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Table 1 Energy-norm errors and convergence rates

N=16,M=64 N=32,M=182 N=64,M=512 N=128,M=1449

=102 2.0165e-2 1.1860e-2 6.7278e-3 3.7619e-3
0.7657 0.8179 0.8386

e=10"4 2.8471e-3 1.4632e-3 7.7322e-4 4.1436e-4
0.9603 0.9201 0.8999

e=10"° 1.3766e-3 5.2163e-4 2.0915e-4 8.7790e-5
1.4000 1.3184 1.2524

e =108 1.2389e-3 4.3190e-4 1.5442e-4 5.5691e-5
1.5203 1.4837 1.4714

Table 2 Balanced-norm errors and convergence rates

N=16,M=64 N=32,M=182 N=64,M=512 N=128,M=1449

e=10"2 1.5443e-1 9.9505e-2 6.0290e-2 3.5223e-2
0.6341 0.7228 0.7754

e=10"% 1.5308e-1 9.9575e-2 6.0744e-2 3.5642e-2
0.6204 0.7130 0.7691

e=10"° 1.5300e-1 9.9543e-2 6.0736e-2 3.5642e-2
0.6201 0.7127 0.7689

e =108 1.5300e-1 9.9543e-2 6.0736e-2 3.5642¢-2
0.6201 0.7127 0.7689

We concentrate first on the spatial error, since this is where the effect of the boundary layers
is felt. In Tables 1 (energy-norm errors) and 2 (balanced-norm errors) we take (N, M) =
(16, 64), (32, 182), (64, 512), (128, 1449), i.e., M ~ N3/% in each case, so that the spatial
component of the error should dominate the total error. To see the rates of convergence more
easily, we graph these energy-norm and balanced-norm errors in Figs. 2 and 3 respectively,
where we take ¢ = 1072 so that each figure encompasses the regimes N « ¢!, N ~
8_1, N> ¢ L.

Theorem 5.4 predicts an energy-norm error of O(¢'/2N~!'In N + N73/2); Table 1 and
Fig. 2 agree with this. In particular, in Fig. 2 where ¢ = 1072, the convergence of the energy-
norm error is O (N “InnNn ), while when ¢ = 1078 « N~ !in Table 1, then the energy-norm
error is O (N ~3/2),

Theorem 6.4 predicts balanced-norm errors that are O (N ~1(ln N)3/2), and this agrees
with the numerical results in Table 2 and Fig. 3 (these errors may be O (N ~11n N), which is
slightly better). Note that for each fixed N in Table 2 the balanced-norm errors are essentially
independent of ¢ when ¢ is small, as our theory predicts.

Of course the errors in the balanced norm are larger than those in the energy norm; compare
Tables 1 and 2.

Next, we consider the temporal error by taking (N, M) = (16, 8), (32, 14), (64, 23), (128,
39),i.e., M ~ N3/4 so that the temporal error dominates the total error. Now Theorems 5.4
and 6.4 predict both the energy-norm error and balanced-norm error to be O (N ~3/#). Tables 3
and 4 evidently agree with this prediction.
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Fig.2 log-log graph of the

10" T
enf%‘ﬁ‘é’rm error when N (N2
€= N ()
N-1
— — — ~energy norm error
102F -
10° '
10’ 10%
Fig.3 log-log graph of the T
balanced-norm error when N (1n N2
e=10"2 N ()
N-1
10" I |~~~ -balanced norm error RN R
10? '
10’ 10?
Table 3 Energy-norm errors and convergence rates
N=16,M=8 N=32,M=14 N=64,M=23 N=128,M=39
e=10"2 2.4863e-2 1.5139¢-2 9.1139¢-3 5.3379¢-3
0.7157 0.7321 0.7717
e=10"% 1.0458e-2 6.2024¢-3 3.8125e-3 2.2607e-3
0.7537 0.7020 0.7539
e=10"0 9.0854¢-3 5.3094¢-3 3.2677e-3 1.9407e-3
0.7749 0.7002 0.7516
e=10"8 8.9491e-3 5.2203e-3 3.2131e-3 1.9087¢e-3
0.7776 0.7001 0.7513
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Table 4 Balanced-norm errors and convergence rates

N=16,M=8 N=32,M=14 N=64,M=23 N=128, M=39

=102 1.5867e-1 1.0267e-1 6.2686e-2 3.6835e-2
0.6280 0.7118 0.7670

e=10"% 1.6017e-1 1.0418e-1 6.3796e-2 3.7530e-2
0.6204 0.7076 0.7653

e=10"° 1.6019e-1 1.0420e-1 6.3807e-2 3.7537e-2
0.6203 0.7076 0.7653

e =108 1.6019e-1 1.0420e-1 6.3807e-2 3.7537e-2
0.6203 0.7076 0.7653
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