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Abstract

In this paper, we formulate and analyse exponential integrations when applied to nonlin-
ear Schrodinger equations in a normal or highly oscillatory regime. A kind of exponential
integrators with energy preservation, optimal convergence and long time near conservations
of density, momentum and actions is formulated and analysed. To this end, we propose
continuous-stage exponential integrators and show that the integrators can exactly pre-
serve the energy of Hamiltonian systems. Three practical energy-preserving integrators are
presented. We establish that these integrators exhibit optimal convergence and have near
conservations of density, momentum and actions over long times. A numerical experiment
is carried out to support all the theoretical results presented in this paper. Some applications
of the integrators to other kinds of ordinary/partial differential equations are also discussed.

Keywords Schrodinger equations - Exponential integration - Energy-preserving methods -
Optimal convergence - Modulated Fourier expansion - Long-time conservation

1 Introduction

The aim of this paper is to present the formulation and analysis of exponential integration
when applied to the nonlinear Schrodinger equation (NLS) with periodic boundary conditions
(see [16, 17])

i (t, x) = —éAu(t,x) +A|u(t,x)|2u(t,x), (t,x) €0, T] x [—n,n]d, (L

u(0, x) = uo(x), x € [—m, n]d,
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where A is a positive or negative parameter which leads to focusing or defocusing NLS,
respectively. We note here that the methods and analysis presented in this paper are available
for these both cases of A. The ¢ in (1.1) is a decisive parameter which determines the scaling
of the solution. In this paper, we consider two different regimes: the normal regime ¢ = 1
and the semiclassical regime 0 < ¢ <« 1 which means that the solution u(z, x) is highly
oscillatory with respect to the time variable. More specifically, the operator e?2/¢ is periodic
with respect to ¢ and the (minimal) period is O(g). Thus on any finite time interval, the
number of oscillations tends to infinity as the parameter ¢ tends to zero, which renders the
NLS highly oscillatory with respect to t for 0 < ¢ <« 1. It is known that the solution of this
equation (1.1) exactly conserves the following energy

1 1
Hiu, i] = QﬂVuF4—EMuﬁ)da (1.2)

1
2(2m)d /;,n,n]d

where |- | denotes the Euclidean norm. Apart from this, the solution also has the conservations
of the momentum

Klu,u] = iﬁ /[7n’n](l(uVﬁ —uVu)dx, (1.3)
and of the density or mass
1 2
mlu, u] = 1(27T)d ./[ﬂmr]d |u|“dx. (1.4)

For the linear Schrodinger equation, its solution exactly conserves the actions

2 e, (1.5)

_ 1
Ij(u,u)ziyuj

where u; is defined by u(t,x) = > uj(t)ei(j"‘) with j - x = jix; + -+ + jgxg. For
jezd

nonlinear equation (1.1), it has beer{ shown that these actions are approximately conserved

over long times under conditions of small initial data and non-resonance (see [29, 30]). In

this paper, only cubic Schrodinger equation with x € [—, w]¢ is considered for brevity,

although all our ideas, algorithms and analysis can be easily extended to the solutions of

other NLS.

As is known, NLS often arises in a wide range of applications such as in fiber optics,
physics, quantum transport and other applied sciences, and we refer the reader to [23, 40,
43]. In order to effectively solve NLS, various numerical methods have been developed and
researched in recent decades. With regard to some related methods of this topic, we refer
the reader to exponential-type integrators (see, e.g. [5, 7, 8, 12, 14, 19, 21, 52]), splitting
methods (see, e.g. [1,9, 17, 22, 30, 45, 50]), multi-symplectic methods (see, e.g. [5]), Fourier
integrators (see, e.g. [24, 42, 47]), waveform relaxation algorithms (see, e.g. [27]) and other
effective methods (see, e.g. [2, 3, 6, 31, 38, 41]).

In the last two decades, structure-preserving algorithms of Hamiltonian partial differential
equations (PDEs) have also been received much attention and we refer to [10, 35, 38, 58].
Amongst the typical subjects of structure-preserving algorithms are energy-preserving (EP)
schemes (see, e.g. [20, 26, 32, 39, 46, 49, 53, 54]). One important property of EP methods is
that they can exactly preserve the energy of the considered system. On the other hand, long-
time conservation properties of different methods when applied to Hamiltonian systems have
been researched in many research publications (see, e.g. [19, 25, 29, 30, 34, 35]). All the
long-time analyses can be achieved by using the technique of modulated Fourier expansions,
which was developed by Hairer and Lubich in [33].
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With regard to the existing researches on these two topics for Schrodinger equations, we
have comments as follows:

(a) Concerning EP methods for NLS, although the average vector field method (see [15])
and Hamiltonian Boundary Value Methods (see [11]) were considered, exponential EP
methods have not been studied well for Schrodinger equations in the literature. Recently,
the authors in [55] derived a kind of exponential collocation methods, but the energy
conservation only holds under some special conditions. Exponential structure-preserving
Runge-Kutta methods have been studied in [10] for first-order ODEs and the methods are
shown to exactly preserve conformal symplecticity and decay (or growth) rates in linear
and quadratic invariants. However, energy-preserving exponential Runge-Kutta methods
have not been considered there. Exponential EP integrators as well as their convergence
have not been established rigorously for NLS.

(b) For the long time analysis of numerical methods applied to NLS, there have also been
many publications, and we refer the reader to [19, 28-30]. Unfortunately, however, all
the methods described in these publications are not EP methods. Too little attention has
been paid to the long term analysis of EP methods in other qualitative aspects for solving
NLS in the literature.

The above facts motivate this paper and the main contributions will be made as follows:

(A) By using the idea of continuous-stage methods, we formulate a kind of exponential
integration. This formulation will provide novel energy-preserving methods and this
will be discussed in detail in Sect. 2.

(B) For the obtained EP methods, we analyze their optimal convergence for the first time.
We prove by using the averaging technique [17], that some schemes exhibit improved
error bounds for highly oscillatory NLS (Sect. 3).

(C) Itis also shown that these EP integrators have near conservations of actions, momentum
and density over long times by using modulated Fourier expansions (Sect. 4).

After these steps, a novel kind of exponential integration with energy preservation, opti-
mal convergence and long time near conservations of actions, momentum and density is
obtained. All the theoretical results presented in this paper will be supported numerically by
a numerical experiment carried out in Sect. 5. The last section concerns some applications
of the integrators and some issues which will be studied further.

2 Energy-Preserving Exponential Integrators

In order to derive energy-preserving exponential integrators, we consider the simple but
classical way: Duhamel formulation of the equation and the discretization of the integral,
which has been used in many publications (see, e.g. [3, 8, 10, 12, 14, 19, 21, 36, 44, 47]).
Although this formulation is not new, the obtained methods will have some advantages and
we will make some important notes in Remark 1 below.

Rewrite the NLS (1.1) as

aa—l;l(t,x) =iAu(t,x) + f(u(t,x)), u(0,x)= uo(x), 2.1)

@ Springer



93 Page4of31 Journal of Scientific Computing (2022) 90:93

where A is the differential operator defined by (Au)(f,x) = %Au(t,x) and f(u) =
—iA|u|?u. The Duhamel principle of this system gives

1
wtn + h, x) = " Aulty, x) + h / A f (uty + 5D, x))dE 22)
0
with the time stepsize & and t,, = nh. Then we define the operator-argument functions ¢; by
) [ gi-1
po(itA) := e, @ (it A) := f HNEA_S g =12, .. (2.3)
0 (—nD!

We deal with the integral appearing in (2.2) by the idea of continuous-stage methods and
define the novel integrators as follows.

Definition 1 (Exponential time integrators.) For solving the NLS (1.1), a continuous-stage
exponential time integrator is defined for0 <t < landn =0, 1, ... as follows:

1
W) = @MW (x)) == Co (V" (x) + h/ Aro V) f "7 (x))do, 24
0

where V = ih A, C;(V) and A; , (V) are bounded operator-argument functions and C (V)
is required to satisfy C,;j V) = eiv for j =0, 1,...,s with the fitting nodes c; and s > 1.
It is required that cg = 0 and ¢; = 1. The numerical solution after one time stepsize & is
obtained by letting 7 = 1 in (2.4).

Remark 1 Although this exponential time integrator is formulated by the Duhamel formula-
tion and the discretization of the integral, which is a simple and classical way, it is important
to note that this scheme has the following advantages.

e At the first sight, for a p-th order exponential integrator, it will produce errors of order
O(?—Z) when it is used to solving (1.1) with a time step size 4. However, for the scheme
(2.4) presented above, we will show that some obtained methods exhibit improved error
bounds such as O(hs—z) or (’)(’;—;)

e We have noticed that some novel methods with improved or uniform accuracy have been
presented (see, e.g. [3, 16, 17,42, 47]). These methods have good even better convergence
result than the methods given in this paper. However, it is noted that these methods do not
have energy, actions, momentum and density conservations. Based on the scheme (2.4),
we will obtain some exponential integrators with energy preservation and improved error
bounds. We will also show that this scheme (2.4) can provide methods with near conser-
vations of actions, momentum and density over long times. In other words, the scheme
(2.4) can produce some practical methods with three properties simultaneously: energy
preservation, improved error bounds and near conservations of actions, momentum and
density.

For the integrator (2.4), its energy conservation property is shown as follows.

A0

Theorem 1 (Energy-preserving conditions.) Let K = hJ M with M = ( 0 A

> and J =
0-1 . .
( 10 ) If the coefficients of the scheme (2.4) satisfy

Ap,s (K) =0,
(e’C)TMALT(IC)IC + (CLIK))TM =0, (2.5)
KT(A1 - (K)TMA 4 (K)K + MA, ,(K)K + (MA], (K)K)T =0,
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with C,(K) = &£C(K) and A, ,(K) = £ Az (K), then the integrator (2.4) exactly
preserves the energy (1.2), i.e., H[u"t', a1 = H[u", i" forn =0, 1, .. ..

Proof By letting u = p + ig, we rewrite the equation (1.1) as a infinite-dimensional real
Hamiltonian system

dy Re(uo(x))

—=JM JV,U = , 2.6
where y = <§> and U(y) = —%(p2 + ¢%)2. The energy of this system accordingly
becomes

Hp, @) = / (pAp Fqdg - Lt qz)Q)dX- 2.7)
22m)? Jpa 2
Our continuous-stage exponential integrator (2.4) applying to (2.6) gives
1
YT (x) = C(K)y" (x) + h/ Aro(K)g(Y" 7 (x))do, 0 <t <1,
0
: (2.8)
Y ="+ [ AL 0g T W,
0
where g(y) = JV,U(y).
Inserting the numerical scheme (2.8) into (2.7) yields
—1 1 !
My = [ 50MTMY 4 0nTEOTM [ A oKEr e
202m)d Jya 12 0
L | (2.9)
+3 / (AL (OKFY" ) TdeM / AL UOKGY™ e + U™ ax,
0 0

where § = M ™1V, U(y) and we have used the result (/)T Me = M (see [44]). It follows
from the first condition of (2.5) that Y = y" and ¥"*! = y"*1_ Then one arrives at

I
U(yn+l) _ U(yn) — / (VyU(Yn+T))TdYﬂ+'L’
0
1 I
= [ @uar)Ta(cooy +i [ Ana g o)
0 0

1 1 1
= ("7 / (CLICNT MY )dT + / / (")) TMAL L(K)Kg(Y" ) drdo.
0 0 JO
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Therefore, using the above results and the second condition of (2.5), we obtain

HIy" ™ — HIy"]

_ 1 pl
- s fT 3 fo /0 @) IO (A1 () TMAL (OK +2MA,, (0K}
F(Y" )Y drdodx

-1 1!
= W/Td 5/0 /0 E ) 0OT (A1 (K)TMALOK +2M4, (K]
g(Y"'H)dadrdx

) T T / T
2(27.[)41 /Td 2/ f 404 (iC) (A1 (K)TMA (KK + QMA; (K)K) }
gY" ) drdodx.
It is clear from the third equality of (2.5) that

-1 1 1
2(H[y"+l]—H[y"])=W/Td/0 /O (g(Y"+’))T{(IC)T(AL,(IC))TMALJ(IC)IC

+ MA; (K)K + (MA, (K)K)T }g(Y”J”’)drdcrdx
=0.
The proof is completed. O

In what follows, we present three practical energy-preserving algorithms based on the
scheme (2.4) and on the conditions (2.5) of energy preservation. The coefficients are obtained
by solving the conditions (2.5) and we omit the details of calculations for brevity.

Algorithm 1 (Energy-preserving algorithm 1.) For the integrator given in Definition 1, con-
sider s = 1 and define a practical method (2.4) with the coefficients

C:V) =1 =D+t AroV) =101 (V).
We shall refer to this integrator by EP1.
Algorithm 2 (Energy-preserving algorithm 2.) We choose s = 2 and the coefficients of (2.4)

are given by

CT(V) (t— 1)(1’ m)1+ T(T 1) mV+ 'r(m 77) V ATU(V) Z Zaln(v)flan 1
[=1n=

where m is a parameter required that m # 0, 1, and

an (V) = mér’"m)wl mV) + 2o (V) + 1 (1 —m)V),
an(V) = sy (@1 mV) —1(V) + @1 ((1 —m)V)),
an (V) = (1 +1/mei (V) — 1/mei (1 — m)V) — an(V),

ap(V) = =2/m@1(V) — g1 (1 = m)V)) —an).
As an example of this method, we choose m = 1/2 and denoted it by EP2.

Algorithm 3 (Energy-preserving algorithm 3.) As another example, we choose s = 3 and

3 3 3
C:V) =Y (e, AreW) =) Y apW)t'o",

k=0 =1 n=1
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where () = ]_[k?éj =% forj=0,...,3and

ci—cx
ajj(V) = — (c1CjoCj191,e; + 2Cj0Cj201.c, + (2 — 1)Cj1C 291 ¢y
+ CjoCjzpr1 + (1 —c1)Cj1Cj3¢1,1—¢
+ (1 = c2)Cp2Ci3¢11-c,) /s J =1,2,3,
aj+1,1(V) == (c1Cj1Co0¢1.¢c; + 2Cj2C0091 ¢, + (c2 — c1)Cj2C0191,cr—c,
+ Cj3C0091,1 + (1 = ¢1)Cj3C01901,1—
+ (1 = 2)Cj3C0¢11-c,)/Js j=1,2,
a1, j+1V) = — (c1CjoCo1¢1.¢; + 2Cj0C0201,¢, + (c2 — c)C1C0201,cr—c,
+ CjoCozp1,1 + (1 — c1)Cj1Co3¢01,1—
+ (1 = 2)CjpC3¢1,1-¢,) /s J = 1,2,
an(V) = — (c1C21Cio091,¢; + 2C22C10¢1,¢, + (2 — 1) C2C119P1 s
+ C3C1001,1 + (1 — cDCi3C1P11—¢, + (1 — €2)C23C1201,1—c»).
an3(V) = = (c1C20C1191,¢; + 2C20C1291,¢, + (2 — ¢1)C21C1201 e
+ C20C1301,1 + (1 — c)C21C13¢1,1-¢, + (1 — 2)C0C13¢1,1—c,)-
Here we choose ¢y = 1/3, ¢y = %(14 + (71 — 9\/%)% + (71 + 9@)%) and use the

notations

v1,1 =e1(V), 01,6, = @1(c1V), V1,6, = @1(c2V),
O1,1-c; = @1 (1 —cV), ¢1,1—c; = 1((1 = 2)V), @1,c—c; = p1((c2 — V),

_ ctotcio — (%) — €l

Coo = % Co = SRRl Coz = gyt
_ +ci+c _ “+c2 _ +c1

Coo="" Ci = (—c1+c)(=c1+e2)’ C2 = e +oa:
_ =3 _ 3 _ -3

Co = ciex’ Co = (=I+cpei(cr—c2)? Cn = (c1—c2)(=1+c2)e2)

We shall refer to this semi-discrete integrator by EP3.

The presented three algorithms EP1-EP3 are obtained by considering the conditions (2.5)
of energy preservation and this shows that all of them are energy-preserving schemes. It
is noted that some more energy-preserving schemes can be derived from other value of s
and (2.5) and we omit them for brevity. The main observation of the paper is that some of
these energy-preserving algorithms show optimal error bound and good near conservations of
density, momentum and actions over long times. All of these observations will be illustrated
by numerical experiments in Sect. 5. The next two sections are respectively devoted to the
optimal convergence and long time conservations in density, momentum and actions.

3 Optimal Convergence

In this section, we analyze the convergence of the presented three schemes EP1-EP3.

3.1 Notations and Auxiliary Results

In this part, we present some auxiliary results which will be used in the analysis.
For the exact solution to (1.1), we require the following assumption.

@ Springer
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Assumption 1 It is assumed that the initial value u°(x) is chosen in H® with the sufficiently
large exponent o > 0. Then the exact solution to (1.1) is sufficiently regular.

In the analysis of convergence, we will reparametrize the time variable ¢ as
K =t/e. (3.1
By letting
w(k, x) :=u(t, x), (3.2)

it is obtained that

ad
wy (6, x) = @”(I’ X) = eu(t, x).

Thus in this section, we consider the following equivalent long-term NLS ([17])

d

iwe (k, x) = —Aw(k, x) + er|lw(k, x)|2w(/<,x), (k,x) €0, T/e] x [—m, 7] ,(3 3)

w(0,x) = wl(x) :=u’(x), xel[-m ],
which helps to zoom-in to see the different scales between ¢ and time step, and to see the
averaging effect which will be used in the proof of the convergence. The solution of (3.3)
satisfies the following properties.

Theorem 2 (See [13].) For any ¢ > 0 and w® € HY, there exists a constant T > 0 such
that, the long-term NLS (3.3) has a unique solution which satisfies

w e C([0, T /el; H*) () C' ([0, T /e]; H* %)

and
lw(c, Mgo < K |w°) 0 for anyx €10, T /e],
where o > d/2+2and K > 1.
Proposition 1 (See [17].) Let f(w) = —iMw|?w and the following two estimates hold for

this function.

e For the function f(w) € C®° : H* — HY, there exists a constant M > 0 such that for
all (w,v) € H* x H?, it has the estimates

If@lge <M, | f/ @O0 <Mlvlge.

Moreover, similar estimates for higher derivatives also hold. If « is changed into o« —2 >
0, all the results are still true.
e The function has the Lipschitz estimate

Ifw) — fF@ligs < Llu—vlge, (w,v)eH* > x H 2

where B € [0, — 2] and L > 0 is a constant.

Proposition 2 (See [21].) Denote by ¢ a bounded function (bounded by C > 0) from iR to
C and then the operator-argument function ¢ (it A) is bounded by

leGr M) gecs ge < C

forallt > 0 and o > 0. For example, the estimate ||e’m ” =1 holds.

H*— HY

@ Springer



Journal of Scientific Computing (2022) 90:93 Page90f31 93

3.2 Main Result

We first note that for the long term NLS (3.3), the evolution operator ¢4 is periodic with
period Tp ([17]). For simplicity, it is assumed that 7o = 1 in this section since this can be
achieved by a simple rescaling of time. For simplicity of notations, we shall denote

A<B

for A < CB with a generic constant C > 0 independent of n or the time step size or & but
depends on T and the constants appeared in Theorem 2 and Propositions 1-2. We use the
abbreviation w(«x) instead of w(k, x) for brevity. For solving the long term NLS (3.3), the
exponential time integrator becomes

1
W' (x) = @7 (W' (x)) := C:(W)w" (x) + 83K/ AroOM) f (" (x)do,  (3.4)
0

where 0 < 7 < 1, 8k := k41 — Kk is the time step size and W = i§x A. Then EP1-EP3 for
solving (3.3) can also be obtained by considering Algorithms 1-3, respectively. The optimal
convergence of these algorithms is given by the following theorem.

Theorem 3 (Optimal convergence of algorithms for the long term system.) There exists a
constant Ny > 0 independent of €, such that for any time step Sk = % with any integer
N > Ny, the EPI-EP3 for solving the long term system (3.3) have the following error bounds
for both regimes ¢:

< 52,

~

< e8Kc? + 813, (3.5)

~

< g8k + 812,

~

EP1: (@) (w®) — wikn) | yus
EP2: [[(@%)" () — wikn) | yus
EP3 : H ((p&K)n(wO) - w(Kn)HHa*S

where néx < % In this section, « is required to satisfy « > d /2 + 2 and further to make
the estimates be considered in non-negative Sobolev spaces. When ¢ = 1, the above results
of EP2 and EP3 can be given in the H*~*-norm and H*~%-norm, respectively.

Remark 2 Similarly to [17, 57], the time step dk = % with some integer N is only a
technique condition for rigorous proof and we only need §k < 1 in practice, which will be

shown numerically in Sect. 5.

Before we present the proof of Theorem 3, some remarks are given here. By the relation
(3.2) and by directly comparing (2.4) and (3.4), it is clear that for 7 = ¢« and foralln > 0,

u(ty, x) = wkn, x), u"(x)=w"(x).
Therefore, the convergence of EP1-EP3 in the original scaling (1.1) is equivalently presented
as follows.

Corollary 1 (Optimal convergence of algorithms for the original system.) For the methods
EP1-EP3 with a time step size h < ¢ applied to the original system (1.1), their error bounds
are given by

h2
EPI : H (@M W) — u(ty) S =
Ha—4 82
h2 h3
EP2 H (@) w0 — u(t,) =+, (3-6)
Ha—6 & &
moon?
EP3 : H (@"" (u®) — u(t,) S+
Ha=8 ™~ g2 g4
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where nh < T. The results of EP2 and EP3 can be respectively given in the H**-norm and
H* %-norm when ¢ = 1.

3.3 Proof of Theorem 3

In the light of Proposition 2, it is obtained that the coefficients of integrators EP1-EP3 are
bounded as ||Cc W) ||y ge < 1 and HAT,(, W) ||HHHH(, < Cy4, where the constant C4
is independent of |W|| ge, g« . For simplicity, the proof will be given only for EP2 because
with little modifications it can be adapted to EP1 and EP3. We begin with the local errors
and stability of EP2, whose proofs are given in the Appendix.

Lemma 1 (Local errors.) For the local errors
8" = T (w(ky)) — wlky + T8Kk), for 0 <7 <1,

8" = @ (w(ky)) — w(kpt1),

there exits 57(0 > 0 independent of € such that for any 0 < ék < 57(0, the following bounds
hold for EP2

18" || o S 8k, 18" gas S 8k2, for 0 < T < 1,
18" a2 < €862, 18" | gams < e8k3.
Lemma 2 (Stability.) Consider the abbreviations R = 2K H w0||Ha, Hy = {w €

H*, ||\w|lys < R}. For the numerical solution &% of EP2 applied to v, w € Hg‘;ﬁl, there
exist eg > 0 and 5ky > 0 independent of € such that for any 0 < ¢ < g9 and 0 < Sk < 8k,
it holds that @™ (v), @™ (w) € H% > and

127 (W) — @™ (W)l s < T A v —wll s, 0<T <1,
[(@% (v) — **4v) — (@ (w) — )|l s < ek LCA ™ A v — w] s,

3.7

where B € [0, ¢ — 2].
We are now in a position to prove Theorem 3.

Proof Boundedness of the method. The stated local errors and stability imply

@) (w®) — wkn) | o

Y (@) o (wi-1) — (@) (w(kr)))

=1

n
< Z es(nfl)BKLCA

Hut—z
n
1 2 e(n—1)8x LC 4 s el e —1
8 , = Cebk E e <C——é«k.
He

L

Therefore, there exists 87(0 > () independent of € such that 0 < ék < 87(0, the time-discrete
solutions satisfy (@) (w0 € Hg‘g/a, where w(k,) € ’HOI‘J; has been used here. Using a
stability estimate with respect to the H*~*-norm and considering the local error result in this
norm yields

Sy, 0y et —1 2
[@%)" @) = wln | oy = C—F—8¢".
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Refined local error. For the method (2.4), we expand the nonlinear function f at Csw (k)
and then get

1
D (w(ky)) = Pw(ky) + bk f Al g f(Cew(icy))dE
0
1 1
+ 6282 / / e Ag o £ (Cewlien) £ (D7 (wkn))dEdo
0 0
1 1
+e38:<3/ /(I—C)Al,gf”<céw("n)
0 0
1
beesc [ Aeq f@ w)do)
0
1 2
([ Acor@m wisdo) deac
1
:eiaKAw(Kn)+85K/‘ Ay g f(Cew(ky))dE
0

1 1
+ 828K2/ / Al g Ag.o [1(Cew(in)) f(Cowlin))dEda + e381° B,
0 0
with

1 1 1
o = /0 /0 /0 AreAco f/(Cewlin)) £/ (Cowlicn) + £ (wlkn)) — Cowkn)))

1
([ Ansr @ wiwas)dcaeds

1 1
+ [ [ a=omer(ca
0 JO

1
+eesc [ Aco f@ wik,)do)
0

! 2
(/0 As,af@”‘s”(w(Kn)))do) dtdz.

For the exact solution (2.2), similarly we obtain its expansion as

wlkn+1) =P w (k) + £k / e mONKA £ (8% By (1)) dE + &381° By
0

1 1 . . . .
+828K2/ / Ee(l*f)l(Sl{A]c/(EIE(SI(Au)(K,n))e(lfa')IELSKAf‘(eIUtSKAu)(Kn))dsdo,7
0 Jo
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with

6]

1,1 opl _ _ ‘ '
wm [ oo et g, £ (e i)
0o Jo Jo
) 1 '
+ c(w(ky, +0ék — e“"s"Aw(Kn)))(/ e(l—g)msmf(w(Kn n §8K))d§)d§d.§do
0
1 pl
_,_/ f (1 _{)e(l—g)iamfu<egiamw(xn)
0 Jo
1 .
+ CSSK/ eU=ED £ (4 (1, 4 GBK))da)
0

1
(/ SU—OIEKD £+ a(S/())dU)Qde{.
0

Then the local error 81! can be refined as
8"l = 8k W (k) + €28k (kn), (3.8)

where

1 1
W (i) = f Ave f(Cew(ky))dE — / eUImONMA (80K Ay, (1c,))dlE,
0 0
1 1
T (kn) :[) /(‘) AI,EAE,Jf/(CEw(Kn))f(Cow(Kn))dng'

_ / / Ee1=ENOKD 1 (EIBKA Y, (0 3y (1=OIED 1,00 Y (0 3y e oy
0 Jo
+ &bk Bp — 5k Ey,.
Concerning the previous local errors given in Lemma 1, one has

I (k) |l s S 82, 17 (k) |l s S Sk

Refined convergence over one period. In this part, we consider convergence over one
period, that is nék = Tp = 1. For the global error

n

(@) ) = wlen) = Y (@)D (wlig-1) — (@)~ (w(K1))),

=1

we introduce @3'il = (@)=l _ pin=Dék A gnq then rewrite it as

(@) (W) = wiky) = Y "TDHAS LN (O (@ (wiki-1))) — O (w(K1))) 39)
=1 =1 .

E; E>

@ Springer



Journal of Scientific Computing (2022) 90:93 Page 130f31 93

For the part E,, we first estimate

”@l&cv _ @zakw”Hﬂ _ H (%Y y — 1Dy — (@) 4 eusmeHﬂ

I}
Sk Skyk—1 Sk Sk\k—1
3 Jofrwere- o],

I
S EBKLCAESNSKLCA Z H (¢5K)k—lv _ (Q)SK)k—le

HB
k=1
i
S SSKLCAe&‘ItSKLCA Z ea(kfl)(SKLCA ”U _ w”Hﬁ
k=1
< eLCAToe AT ly — w5
Then the following bound holds
n
IEall gams < LCTpe LCATo ; o], s &0, (3.10)
For the part E{, we use the refined local error (3.8) and then have
n . n .
El — Z el(”_l)BKASBKW(K[_I) + Z el(n_l)SKASZ(SKZT(Kl_l). (3.1 1)
=1 =1
According to (3.9)-(3.11) and the following bound
n n
Zei(nfl)SKASZSKZT(Kl_l) < &25¢3 Z ' ei(nfl)&cA” s < 282,
=1 Ha—4 =1

the global error is bounded by

n
Z ei(n—l)SKAw(Kl_l)

=1

@) W) — wikn) || ya—s < b

+ 26k, (3.12)
He—4

In what follows, we derive the optimal bound for eé« ”Z?:l DAY (16,1 H Ho—d>
which satisfies

n
Z ei(n—l)(SKA lI/ (Kl—l)

=1

&bk

Ha—4

n ) 1 .
S 88/{ ” Zel(nfl)(SKA/‘ Al’%_f(cgel(lfl)(SKAwO)dg
0
=1

n Sk
e Zel(nfl+l)5KA/ D (AU Y e 6251
=1 0
<

~

n 1 1
£8K ZefllSKA/ A]’éf(cgel(lfl)BKAwO)d%- _ 8/ e*lgAf(elsAwO)ds
=1 0 0

Ha—4
+ £28i2.
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Here we used the result ||w(/q_1) — elU=Ddkhy,, ||HL,_4 < &. We first consider Fourier

expansion F(w) = Y ;5 ¢ B (w) of F(w) := e 2 f(el¥2w), which yields that
[y e F (e wg)ds = Fo(wo). Then let

GZ(SK (U)) — e—ll(SKA/ Al’gf(Cé'elMKAU))dE
0

and the Fourier expansion of Gys, (w) is given by Gys (w) = Zkez ei2kmldk ék(w). There-
fore, it is obtained that

n . 1 .
8k Ze—IISKA/ Al,gf(cgel(l_l)SKAwO)ds
0
=1

n—1

— SSKe—iékA Z Z ei2k7‘rléf( Gr(w)

=0 keZ
‘ =L ,
— Se_l‘SKA Z (; elerzl&K Gk(w)) — ge—lékA Z Gnk(w)~
keZ =0 keZ
Based on the above results, it follows that
n .
ek Z el(nfl)SKAW(Klil)
=1 Ha—6
Se H Fo(wo) — e_i‘s'(A(A;o(w)HHW6 +e Z G (w) + e281c (3.13)
keZ* Ha—6
<e / L £ (oL ypo)dE — / e*‘m[e*“gm / Al,g_f(cge‘mwo)ds]ds
0 0 0 Ha—6

+ e8> + &28k> < e8> + ek + %81,
Here Lemma A.1 of [17] and the results A ¢ and C¢ of EP2 are used to obtain the last two
inequalities, respectively. Finally, combining (3.12) with (3.13), we obtain the global error
over one period

< e8i3 + 2812, ndic = Ty. (3.14)

@) w®) = wlkn) | ya-s <

Refined global error.

For nék < T /¢, the global error of EP2 given in (3.5) can be derived by considering
(3.14) and by using the same way presented in Sect. 5 of [17].

The whole proof is complete. O

Remark 3 1t is noted that for EP1, the estimate of (3.13) is only 8«2, Therefore, EP1 does
not have optimal convergence.

4 Long time Conservations in Actions, Momentum and Density

In this section, we turn back to the methods applied to the original system (1.1) and study
their long time conservations in actions, momentum and density.

@ Springer



Journal of Scientific Computing (2022) 90:93 Page 150f31 93

4.1 Preliminaries

In order to make the analysis be succinct, we choose A = 1. For our integrator (2.4), spectral
semi-discretisation (see [18, 19, 29, 30, 48]) with the points x; = %k, k € M is used in
space, where M = {—M, ..., M — l}d and 2M presents the number of internal discretisation
points in space. Then the fully discrete scheme of (2.4) is

1
Wt =C(Vyu" +h / Ao (V) f@")da, 0 <t <1, “.D
0

where V = ih§2, 2 = —diag((®;) jem) and f(u) = —iQ(jul*u)!. Here, w; = 1 |j|* =
é(jl2 4+ 4 jj) for j = (j1,..., ja) € M are the eigenvalues of the linear part of (1.1)
after spectral semi-discretisation in space, and the notation Q(v) denotes the trigonometric

interpolation of a periodic function v = v.,'ei(j *) in the collocation points, i.e., Q(v) =

jezd
> (X viram)e'V .
JeEM [ezd
The following notations are needed in this section which have been used in [19, 29, 30].

For a sequence k = (k) jeam of integers k; and the sequence w = (w;) jerm, denote

k okl
k=" Ikjl. ko= > kjoj, 0¥ = Mjcpe] "
jeM jeM

for a real 0. Denote by () the unit coordinate vector (0, ...,0,1,0,...,0)T with the only
entry 1 at the | j|-th position.

4.2 Result of Near-Conservation Properties

Theorem 4 (Long time near-conservations.) Consider the small initial data

<é K1, forsomes >0, 4.2)

s

and define the set

) . N L1y
Rewn =G0 = 00 k# (). fsin (Shw; — k)| < 3"/2h, [kl <28 +2},

4.3)

where j(k) := Y klmod2M e M ={-M,...,.M— 1}4. For the near-resonant indices
leM
(j, k) in Re p.n, they are required such that

sup ekl < ggN+4 (4.4)

(keRe y sy w2

I We still use the notation f in this section without any confusion.
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with a constant C independent of €. For given N > 1 and s > d + 1, the numerical solution
u" of EP1 has the following conservations of density, momentum and actions, respectively

Im[u", "] — m[u®, ]|

3
~ < Cez,
62

i K, [u", "] — K, [u®, @]

&2

[T

< Ceéz,

r=1

1%

ECE b

@ d"y — 1P, i)

Z |o; | 22

JjeEM
where 0 < t, = nh < &N and the constant C depends on C, max je A {17},

cos(fh(uj)‘

N, s and the dimension d but is independent of n, the size of the initial value €, the regime
of the solution &, and the discretisation parameters M and h. Here K, is referred to the
rth component of K. For the schemes EP1-EP2, if the midpoint rule is used to the integral
appearing in these methods, the above near conservations still hold.

Remark 4 We remark that the method EP3 does not have such near conservations and the
reason will be explained at the end of this section.

Remark 5 Tt is noted that the authors in [19, 28, 30] analysed the long-time behaviour of
exponential integrators, splitting integrators and split-step Fourier method for Schrédinger
equations. However, those methods cannot preserve the energy (2.7) exactly. We remark that
Theorem 4 shows that our energy-preserving integrators also have a near conservation of
actions, momentum and density over long times.

Remark 6 Although the actions are not the invariants of NLS, the schemes EP1-EP2 will
be shown to have long time near conservation of this quantity. This property is the same as
that of momentum and density. Moreover, in the proof of this theorem, the long-time near-
conservation of actions implies the long-time near-conservation of density and of momentum.
Therefore, the quantity of actions is considered and analysed in this paper. Besides, the results
of Theorem 4 cannot be extended for arbitrary initial date since large initial data case usually
leads to large bounds of the coefficient functions in the modulation Fourier expansion, which
prevents the derivation of long time near conservations.

4.3 The Proof of Theorem 4

The proof makes use of a modulated Fourier expansion [19, 29, 30, 54] in time of the
numerical solution. We will use the following expansion

itx)= Y FELxe® = 3" N K@nellivetiker 45
IkI=K IKI=K jeMm

to describe the numerical solution u” at time #,, = nh after n time steps, where the functions
zF are termed the modulation functions which evolve on a slow time-scale T = ét. Following
[19], these functions can be assumed to be single spatial waves: KEt,x) = z']‘-(k) (En)eltikrx)

i.e., their Fourier coefficients z]; vanish for j # j(k) with j(k) = Y kil mod2M € M.

leM
It is noted that as a standard approach to the study of long-time behavior of numerical
methods, modulated Fourier expansion is also used in the analysis of [19, 29, 30, 54, 56].
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However, in this paper, there are novel modifications adapted to our integrators, which come
from the implicitness of the integrator and the integral appearing in the integrator. We present
the main differences in the proof. For the similar derivations as those of [19, 29, 30], we skip
them in the analysis for brevity.

4.3.1 Modulation Equations

Lemma 3 (Modulation equations.) Define
Lk = @bk,
LK1 = ek @hefhD _ 9 oo5(h52) + ik e =EhD,
lec S (pl(ihg)e—%i(k-w)he%ghn _ (pl(_ihg)e%i(k-w)he—%ghq

where D is the differential operator (see [35]). The modulation equations for the coefficients
z’j‘. appearing in (4.5) are given by

l P
- . [N 2 3.
Lkz’;(et)z—lh Z / w’]‘.(kl)(et,o)w’;(kz)(et,a)w’;(k3)(et,a)da, (4.6)
K4k =k O

where

wk o (ét, o) = LK) K€1) 4.7

JU)\EE 3 J(k) ’
with
LAo) == (1 - o)etikehe=3ED 4 o= zitkalho 5D

The initial condition for modulation equations is given by

u? = ZZ’;(k)(O). (4.8)
k
The proof of this lemma is given in the Appendix.

4.3.2 Some Skipped Points of the Proof

Then the following key points can be considered one by one.

e An iterative construction of the functions is achieved by considering reverse Picard iter-
ation.

e A more convenient rescaling is presented.

e The nonlinear terms are estimated and the size of the iterated modulation functions is
shown.

o The bound of the defect d* is derived.

o The size of the numerical solution and the difference of the numerical solution and its
modulated Fourier expansion are derived.

‘We do not present the details for these points since they can be derived by similar arguments
asin [19, 29, 30].
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4.3.3 Almost Invariants Close to the Actions

In what follows, we show an invariant of the modulation system and its relationship with
the actions.

Proposition 3 (Almost invariant.) There exits €7y (T) such that

< Cth+3,

= Jj)(T)

jeM

where T < 1 and C depends on max je p { | ! } Moreover, it is true that

cos(%hw_,-)|
- Loy -2 -
Ti® =5 ‘zy)(r)’ +(9(h62).
Proof Let

1 1
Uw) = Z 7/ / wk W Wk Wk do dx.
(27,),1 —mz,714 Jo
k' 4,2 —k3—k4=0 '
From the above analysis, we can write the defect formula d* as
1 -
Pk ok _ - k! k2 k3 k
L*7" = —ih Z /(; wj(k,)wj(kz)wj(mda +d". 4.9)
k1 4k2—k3=k

Here we use L* to denote the truncation of the operator L¥ after the €V term. The trans-
formation w* — el®W9yk for real sequences 1 = (u);>0 and 6 € R and the choice of
k = (j) leaves U invariant

_, 4 iy we,, ()
—h% lo=0 U((e w )<_,>)

:_4hRe(Zi(<j>-M)m > f mcl) /<k2>7d)
J

K k2 k3=

_4Re(Z( M)w 7 <j>Z§j> —d](.”))
- 4Re(Z((j) -mm(m)z;ﬂ 3 d}(_,,->)).
J

Since the right-hand side is independent of o, we choose o = 1/2 in the following
analysis. With the above formula, we have

4Re 3 () - wLY (172 LY = are Y (i) - LY (1722 4 10,

By the expansions of L§/>(1/2) and L) and the “magic formulas" on p. 508 of [35], it is
known that the left-hand side of (4.10) is a total derivative of function €7, (7). Therefore
(4.10) is identical to

J -
&= Tu=4Re ) () WLy (1/2))

J
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smc( shawj)

Considering the special case of u = (j) and for the first result, it needs to prove

cos( hwj)
that
smc( ho) | |=— .
3 foogl| 2 1 T 17217 | < cneV+,
jem cos( hwj)
By the property of L3, we have
: 1 -
| sinc(zhw;) : N NET
Z }w]}“ 12 J ng)(l/Z)Zy)d](” § Zﬁ_])‘ ‘hy)‘ .
jem cos(zhwj) jem

Here we decompose dj? into four parts: [df] = [e’]‘. + fjl.‘ + gj? + h’;], where [elj‘.] = 0 for
.)€ Lemn={G.k):j=jk), k#(j), (j.k) & Remn Ikl <K}, [f]'-‘] = 0 for
non-near resonant indices (j, k) € Re p.1 [li];] = O0fork # (j), and [glj‘.] = Ofor [|k]| < K.
The size of h(7) can be estimated as follows. Forall/ > Oand for0 < T = €r < 1, itis
true that |||h(1:)|||Y < cé' T h where |||z|||2 a |a)j|s (Xk: ‘zlj‘ )2. Taking advantage of

Cauchy-Schwarz inequality, one gets

3 oy sinc(3h;) LU (1722744
S eos(Gho)) 3 i
s .2 A 12 S 2. 2
=c |2 (e[| 32 (gl ) [

JjeMm JjeMm
. = P L
< CVeéryn2er+d = Chéz ™ = chex s,

The first statement is immediately obtalned by con51der1ng L =2N+2.

Then, using the Taylor expansions of L3 (1 /2) and L'/ and the “magic formulas” on p.
508 of [35] gives the construction of 7 ]

After obtaining the almost invariant, its relationship with the actions is derived below.

Proposition 4 (The relationship between the almost invariant and the actions.) It is true that
Y o] |70y @) — [, wh)| < C&7, where < 1.
jem

Proof This result can be obtained by following the proof of Proposition 6 given in [29]. O

4.3.4 Near-Conservation of Density, Momentum and Actions

According to the analysis stated above, we consider the interface between the modulated
Fourier expansions and extend it from short to long time intervals in the same way used in
Sects. 4.10-4.11 of [19]. Then the near conservation of actions given in Theorem 4 is obtained.
Meanwhile, it follows from the results presented in Sect. 6.4 of [30] and Sect. 4.11 of [19]
that the long-time near-conservation of actions implies the long-time near-conservation of
density and of momentum. Therefore, the other statements of Theorem 4 are proved.

This concludes the proof of Theorem 4 for the integrator EP1.
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Table 1 Properties of the methods

Methods Energy conservation Optimal convergence Near conservations
EP1 Vi x (8x2) Vi
EP2 J J (e8k?) J
EP3 J NACIS) x

4.3.5 Proof for EP2

Consider the one-point quadrature formula with (¢y, 31) and then the scheme of (4.1)
becomes

W = VUt hdi A, (V) f (Coy (V' + Az, o (VATE (V@ = V). 411

In terms of this formula, we can derive the modulation equations for the modulation functions

k kokozey — s TN P S :
Zjas LiZ) (€1) = 1hk1+k22_:k3=k zj(kl)(et)zj(kz)(et)zj(k3)(et) by defining

L= (Ag 5 AT L (70 @ehD _ oh2) 4 ;)T eIkl fhD _ eih) (g g )1,

1,é

It can be seen that this formula has more concise expression than that of EP1. Then by
modifying the nonlinearity and concerning the property of LK, the analysis given above can
be changed accordingly for EP2.

Remark 7 1t is noted that the scheme (4.11) has been analysed in [19]. Under an assumption
on the coefficient functions of exponential integrator, long term conservations have been
derived there. However, for the coefficients Az 7 (V) and Ay z (V) of EP2, they do not
satisfy that assumption required in [19]. Thus the part 4.2 of the proof given in [19] cannot
be used for EP2. Therefor we consider the above approach to proving the result. On the other
side, the operator L¥ determined by EP3 does not have similar property as (6.1). Therefore,
there is no invariant of the modulation system and the near conservations are not true for
EP3.

5 Numerical Experiment

For the algorithms presented in this paper, their properties are summarized in Table 1. In
order to show their advantages, we choose the second-order explicit exponential integrator
which is termed pseudo steady-state approximation which was given in [51] (denoted by
EEI) and the fourth-order explicit exponential Runge—Kutta method which was given in [37]

(denoted by EEI4). Meanwhile, we present a mass-preserving (but not erengy-preserving)
exponential integrator

1
U™ (x) = C;(V)u" (x) + h/ AroOWV) fFU" ™ (x))do, 0<1 <1,
0

1
W) = eV () + / B.(V) f (U™ (x))dx.
0

with the coefficients C; (V) = ™V, B;(V) = e'"Vand A; (V) = (3 + (1 —0))eTV.
It is easy to check that this integrator is mass-preserving and we refer to it as MP. As a
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Energy conservation for ¢ = 1/22

Energy conservation for ¢ = 1

2 ey ’
| EP2 g e i} e
g 4 ‘f‘j Vo

-16 : : : : -16 . ‘ . .
0 20 40 60 80 100 0 20 40 60 80 100
t t
Energy conservation for ¢ = 1/23 Energy conservation for ¢ = 1/24
4} 4
B i ]
= W o Ol
I 5
&8¢ & -8
g g
G100 . A | g
2 Lty S e e 2
A2 e
14 14
-16 ‘ ‘ : : -16 ‘ : : ‘
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i i i _ |Hu" a"1-H[u(©).iO)]| , _
Fig. 1 The relative error of discrete energy ERR = TAT0).200)]] against 1 = nh
numerical experiment, we consider the problem with d = 1 and A = —2 and the pseu-

dospectral method with 64 points. In the practical computations, we apply the three-point
Gauss-Legendre’s rule to the integral in (2.4) and use a fixed-point iteration with the error tol-
erance 10710 and the maximum number 100 for each iteration. In order to show the obtained
methods behave well for different initial and boundary conditions, we will use various con-
ditions in the experiment.

5.1 Energy conservation

The initial value is given by u®(x) = 0.5i + 0.025 cos(ux) and the periodic boundary
condition is u(,0) = u(f, L). We consider L = 4+/27 and integrate this problem on
[0, 100] with & = 1/100 for different ¢. The conservation of discretised energy is shown in
Fig. 1. From these results, it can be seen clearly that the EP integrators EP1-EP3 preserve
the energy with a very good accuracy, which supports the results of Theorem 1.

5.2 Convergence

For the convergence, in order to numerically test the results of Theorem 3, we apply the
methods to solve the long term problem (3.3) with the time stepsize 8« . Following [17], u° (x)
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is chosen as u%(x) = cos(x) + sin(x) and the boundary condition is u (¢, 0) = u(t, 27). The
long term NLS (3.3) is solved in [0, T /e] with T = 1 and dx = 1/2/ fori = 1,...,6.
The global errors of our methods measured in L2 and H' for different ¢ are presented in
Fig. 2. For comparison, the errors of EEI and MP are also displayed in Fig. 2. It follows
that EP1 only has the global error O(8k?) while EP2 has the error bound O(&8«2) and EP3
shows O(e8k3). This agrees with the results of Theorem 3. It seems here that EP3 has a
better convergence than O (8« >). But after presenting the errors for ¢ = 1 in Fig. 3, it can
be observed that EP3 still shows a third-order convergence. Moreover, it follows from the
results that MP behaves similarly to EP3 and its convergence can be derived by using the
same arguments presented in this paper.

5.3 Near-Conservations in Other Aspects

In order to show the near conservations in other aspects, small initial value is required.

Following [19, 30], we change the initial value into uo(x) = 0.1(% — 1)3(% + 1)2 +1ix

0.1(£ — 1)3(% + 1)3 and consider the periodic boundary condition u(t, —7) = u(t, 7).

The problem is solved on [0, 10000] with &2 = ﬁ and the relative errors of density and

momentum are shown in Figs. 4, 5, respectively 2 . It can be observed clearly from these

results that the density and momentum are conserved well by EP1-EP2 but not by EP3 over

long terms, which supports the results stated in Theorem 4.

Based on the numerical results, we can draw the following observations.

(1) The energy-preserving methods EP1-EP3 preserve the energy with a very good accuracy
for both regimes of ¢, which is much better than the existed exponential integrators EEI,
EEI4 and MP (see Fig. 1).

(2) For the highly oscillatory regime, the integrators EP2-EP3 and MP show improved error
bounds while EP1 and EEI do not have the optimal convergence (see Fig. 2). For the
regime ¢ = 1, EP1-EP3 show the normal global errors (see Fig. 3).

(3) The MP method preserves the density and momentum well. The integrators EP1-EP2
have the long term near conservations in the density, momentum and action but the
methods EP3, EEI and EEI4 do not show such long time behaviour (see Figs. 4, 5).

6 Applications and Future Issues

This is a preliminary research on the long-time behaviour of energy-preserving exponential
integrators and it is noted that the algorithms can be extended to the numerical solutions of
the following equations (see Table 2) by replacing i.4 and f in (2.1) with the new ones.

We also note that there are some issues which can be further considered.

e The extensions of the methods as well as their analysis in this paper to the logarithmic
Schrodinger equation ([4]) and time-dependent Schrédinger equation in semiclassical
scaling ([43]) will be researched in future.

e The long term analysis of other kinds of energy-preserving integrators in other PDEs such
as Vlasov-Poisson system ([26, 46]) and Maxwell equations will also be considered.

e Another issue for future exploration is the analysis of parareal algorithms of Schrodinger
equations.

2 The methods show similar conservation of actions and we omit the corresponding numerical results for
brevity.
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Fig.2 The global error err = ((D‘S" " (wo) — w(ky) of the long term problem (3.3) forn = ﬁ measured in
L2 (left) and H'! (right) against the stepsize
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Fig.3 The global error err = (@5 )" (w9 — w(ky) of the long term problem (3.3) forn = ﬁ measured in
L2 (left) and H' (right) against the stepsize
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Momentum conservation for ¢ = 1 Momentum conservation for e = 0.1/2
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Table 2 Some systems which the presented methods can be applied

Systems Replace i.A by New f
Hamiltonian s%/st:m Wit}l . ( _(}2 (I)> ( —V(I)J @ )
H(q,p)=5p TP+ 597829+ U(q)
. 0 I 0
— a2 Au =
Wave equation u;; — a”Au = g(u) (7(12A 0) (g(u))
. 017 0
Damped Helmholtz-Duffing oscillator 0 2v —Ad — Bd® — £43
q" +2vq = —Aq — Bg® — ¢q® q9—Pa—¢&q
Charged-particle dynamics in nstant 01 0
arged-particle dynamics in a consta 0B F(x)

magnetic field x” = Bx' + F(x)
First-order ODEs x” = éAx + f(x) %A f)
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Appendix

Proofof Lemma 1 Firstly, according to the scheme (2.4), the Duhamel principle (2.2) and the
fact that

< §k,

~

Hcr W w(kn) — ™ 2w (k)

Ha—2

it is clearly that ||8" 17| yu—2 < 8«. Then it follows from the Duhamel principle (2.2) that

w(kn + T8K) = TP w(iy) + T8k (TW) f (w(Kn))

1 1
+ 6128K2/ / g 21 () (k) + LETSI))W (K + CETSK)ALdE.
0 JO

For the integrator (2.4), we have

1
P (w(in)) = Cr WV)w(icy) + &8k / Aro W)do f(w(kn)) + 8k7C
0

1 1
+ g(sKZ/ / 0 Aro V) f(wky + Codi))w' (ky + Codi)ddo
0 JO

with [|Ci]lge-s < 1, where we replace D (w(ky)) by w(k, + o0ék) in the numeri-

~

cal scheme and the error brought by this is denoted by 8x>C;. The combination of the
above two equalities yields ||8"77 | ya—s < 8k% for 0 < 7 < 1, where the inequality

H fol ArcW)do — 11 (TW) H Ha—t < 8k and the result of Lagrange interpolation have been

used.

Then by the same arguments given above and by noticing C; (W) = ¢%2, the bound of
16”1l fyo—2 can be derived.

Finally, in the light of

W(knt1) =P w(kcy) + £8K01 W) f (w(kn)) + e8> 02 (W) £/ (w (k)W (icy)

1 1
e [ - 000 (1wl + c880) 'y + c850))°
0 JO
+ [ (wlkn + ¢E8)W" (kn + £E8K))dE dE,
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and
1
O™ (wiky)) = P w(ky) + £k / Are W)Yo f(w(k))
0
1
+ 88/(2/ o A1o OW)do f(w(kn))w' (k) 4 £8k3Co
0

1 1
+ i3 f / (1= )02 Ay o W) (" (ke + £086)) (G + C086))°
0 0
+ f(wkn + Codi)w” (kn + L0 dk))d¢do,

with ||Ca || ge—4 < 1, we obtain the bound of ||(S”Jrl | a4 as follows

1 ) 1 j
18" lppas S Y28t @i W) — / ALV - do + edic?.
]:0 0 J‘ Ho(—4
Using the results of Aj 5:
1 1
/ Ao W)do — (PI(W)‘ S0, / Ar,e(W)odo — wz(W)‘ < Sk,

0 Ho4 0 Ho—4

the last local error can be bounded. ]

Proof of Lemma 2 Employing the definition of the method, the isometry C; (V) and the
Lipschitz estimate of f, one gets

Sk
127 (v) — @ (W) s < v — wll s + SLCA/ 27 (v) — @7 (W) ysdo,
0

as long as @7 (v), ®%(w) € H‘}e_z for o € [0, dk]. Considering t = 1 and using the
Gronwall’s lemma yields

Sk L
@5 (v) — @ ()|l s < e LCAY L — w) s,

which gives the first statement of (3.7) by modifying 8« to 7é«. Setting in particular w = 0
implies D (v) e H‘,’e_z under the condition that 0 < dk < k. It is also direct to have

(@5 (v) — Py — (D% (w) — e Pw)|| s < 8k LCA|DPT (v) — DT (w)]| 5.

The second result of (3.7) follows immediately from this inequality and the first statement.
O

Proof of Lemma 3 In order to derive the modulation equations for EP1, a new approach dif-
ferent from [19, 29, 30] is considered here. To this end, we define the operator LF and it can
be expressed in Taylor expansions as follows:
Gy _ 1.0 1 13,4 1 3
Lj = Eéh wj csc (Ehwj)D + &e h*w; csc (Ehwj)D + -,
1 1
LF =ih2 csc (EhQ) sin (Eh(—rz — (k- w)D) 6.1

1_, 1 1
+ €S2 esc (EhQ) cos (Eh((k )l +2))D+ -
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Moreover, for the operator L’3‘ (o), we have

h(kz' ) 4 %sm(ih(k'w))(ihém 4.

2
By using the symmetry of the EP1 integrator and

Lé‘(%) = cos (

1 1
/ F((1=o)u" +ou" Hdo :/ F((1 =o'+ ou™)do,
0 0

we can rewrite the scheme of EP1 as 3

Wt —2cos(h2)u” +u"!

I i (6.2)
_ h[(pl(V)/ F((1 = o + ou"do — (p1(—V)/ £ = oy + au”)da].
0 0

For the term (1 — o)u™ + ou"T!, we look for a modulated Fourier expansion of the form
i (t + ﬁ o) = Z k et + ﬁ) o ei(j(k)-x)e—i(k-w)(z+g)
up bR X, = wj(k) 2 s
lkll<k
which leads to
wk E(1+E) o) =LX0)Z* g(r+@) (6.3)
J) 2 7) =F39%aw X)) :
Likwise, for (1 — (7)u”_1 + ou”, we have the following modulated Fourier expansion
i — " v o) = 3wk (e - R )il itkara=)
iup 2,x,a = Wiy > , O .
k<K
Inserting (4.5) and (6.3) into (6.2) yields
u(t+h,x) —2cos(h2)u(t, x) +u(t — h, x)

ﬁ,x, 0))d0],

1 h 1
:h[‘/’l(v)f f(ﬁh(l-l-*,x,tf))dﬂ—fpl(—V)/ f(an @ — >
0 0

2

which can be expressed by operators as

(017 2)e?"P — ¢ (—ih2)e 2"P)" ("D — 2 cos(h2) + e "PYii(t, x)
: (6.4)
=i [ fa@.x o
0

On the other hand, we rewrite the nonlinearity f as:

: U 2703 ey ik
faw=-i Y Y Y wfwfufdiemeriter,

IKI<K jk)eM k! +k2—k3=k

where j (k) = (j (k') + j(k*) — j(k*)) mod 2M if k = k' +k* —k?. On the basis of this fact
and (6.4), considering the jth Fourier coefficient and comparing the coefficients of e @)
the result of this lemma is obtained. O

3 This form has been given in [44] for first-order ODEs.
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