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Abstract
In this paper, we obtain successively weak, strong and linear convergence analysis of the
sequence of iterates generated by our proposed subgradient extragradientmethodwith double
inertial extrapolation steps and self-adaptive step sizes for solving variational inequalities for
which the cost operator is pseudo-monotone and Lipschitz continuous in real Hilbert spaces.
Our proposed method is a combination of double inertial extrapolation steps, relaxation step
and subgradient extragradient method which is aimed to increase the speed of convergence
of many available subgradient extragradient methods with inertia for solving variational
inequalities. Several versions of subgradient extragradientmethodswith inertial extrapolation
step serve as special cases of our proposed method and the inertia in our proposed method is
more relaxed and chosen in [0, 1]. Numerical implementations of our method show that our
method is efficient, implementable and the benefits gained when subgradient extragradient
method with double inertial extrapolation steps are considered for variational inequalities
instead of subgradient extragradient methods with one inertial extrapolation step available
in the literature.
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1 Introduction

SupposeC is a nonempty, closed and convex subset of a real Hilbert space H and A : C → H
is a continuous operator. Consider the variational inequality problem (VI(A,C), for short):
find x ∈ C such that

〈Ax, y − x〉 ≥ 0 ∀y ∈ C . (1)

Several real-world problems from mechanics, economics, engineering and so on, can be
recast into VI(A,C)(1) (see, for example, [1,2,12,14,17–19,23,24]). We assume, throughout
this paper, that S denotes the set of solutions of VI(A,C)(1).
One of the projection methods for solving VI(A,C) (1) is the subgradient extragradient
method introduced in [6] by Censor et al.: x1 ∈ H ,

⎧
⎨

⎩

yn = PC (xn − λn Axn),
Tn := {w ∈ H : 〈xn − λn Axn − yn, w − yn〉 ≤ 0},
xn+1 = PTn (xn − λn Ayn), n ≥ 1,

(2)

where 0 < infn≥1 λn ≤ supn≥1 λn < 1
L . Censor et al. [6] proved that the sequence {xn}

generated by (2) converges weakly to a solution of VI(A,C)(1) (see also [5] for strong
convergence results). The subgradient extragradient method (2) has shown numerically to
improve the extragradient method of Korpelevich [20] when computing projection onto
the feasible set C is computationally expensive (i.e., method (2) minimizes the number of
projections onto C per iteration in the extragradient method) and has been studied by several
authors when A is either monotone or pseudo-monotone in Hilbert spaces.
In [35], Yang et al. studied a modification of the subgradient extragradient method (2) with
the following self-adaptive step-size procedure: Given λ1 > 0, x1 ∈ H and μ ∈ (0, 1),

⎧
⎨

⎩

yn = PC (xn − λn Axn),
Tn := {w ∈ H : 〈xn − λn Axn − yn, w − yn〉 ≤ 0},
xn+1 = PTn (xn − λn Ayn),

(3)

where {λn} is given by

λn+1 =
{

min
{

μ(‖xn−yn‖2+‖xn+1−yn‖2)
2〈Axn−Ayn ,xn+1−yn〉 , λn

}
, 〈Axn − Ayn, xn+1 − yn〉 > 0

λn, otherwise
(4)

and showed that the sequence {xn} generated by (3) converges weakly to a solution of
VI(A,C) (1).
Furthermore, Fan et al. in [13] studied the subgradient extragradient method (2) with a single
inertial extrapolation step:

⎧
⎪⎪⎨

⎪⎪⎩

wn = xn + θn(xn − xn−1),

yn = PC (wn − λn Awn),

Tn := {w ∈ H : 〈wn − λn Awn − yn, w − yn〉 ≤ 0},
xn+1 = (1 − αn)wn + αn PTn (wn − λn Ayn),

(5)

where 0 ≤ θn ≤ θn+1 < 1, λn → 0 as n → ∞,
∑∞

n=1 λn = ∞,

δ >
4θ [θ(1 + θ) + σ ]

1 − θ2
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and

0 < α ≤ αn ≤ δ − 4θ [θ(1 + θ) + 1
4θδ + σ ]

4δ[θ(1 + θ) + 1
4θδ + σ ] .

Fan et al. [13] gave weak convergence result of method (5). Similar recent results on solving
VI(A,C)(1) using versions of method (5) are found in [31], where 0 ≤ θn ≤ θn+1 ≤ 1

10 ,
λn → 0 as n → ∞ and

∑∞
n=1 λn = ∞; in [32] where 0 ≤ θn ≤ θn+1 ≤ 1

4 , 0 < α ≤
αn ≤ 1

2 and {λn} is generated by a self-adaptive procedure; in [34] where 0 ≤ θn ≤ θ ≤
−2θ̄−1+

√
8θ̄+1

2(1−θ̄ )
, θ̄ := 1−μ0

2 , 0 < μ < μ0 < 1 and in [30] where αn = 1 and θn is chosen as

θn =
{

min
{

1
n2‖xn−xn−1‖2 , θ

}
, xn �= xn−1,

θ, otherwise

and θ > 0. It is observed in all the versions of inertial subgradient extragradient method
mentioned above, the inertial term θn in the single inertial extrapolation step is chosen such
that 0 ≤ θn ≤ θ < 1.
Recently, Shehu et al. [27] proposed a relaxed version of inertial subgradient extragradient
method to solve VI(A,C)(1):

⎧
⎪⎪⎨

⎪⎪⎩

wn = xn + θn(xn − xn−1),

yn = PC (wn − λn Awn),

Tn := {w ∈ H : 〈wn − λn Awn − yn, w − yn〉 ≤ 0},
xn+1 = (1 − αn)xn + αn PTn (wn − λn Ayn),

(6)

where 0 ≤ θn ≤ 1 and 0 < αn < 1
2 . Shehu et al. [27] obtained weak and strong convergence

results giving the numerical advantage of the relaxed choice of inertia θn ∈ [0, 1] in (6) but
no linear convergence result was given.
Quite recently, Chang et al. [7] introduced the following inertial subgradient extragradient
algorithmwith adaptive step sizes to solveVI(A,C)(1): x1 = x0 ∈ H , y1 = PC (x1−λ1Ax1),

⎧
⎪⎪⎨

⎪⎪⎩

zn+1 = xn + δ(xn − xn−1),

yn+1 = PC (zn+1 − λn Ayn),
Tn := {w ∈ H : 〈zn+1 − λn Ayn − yn+1, w − yn+1〉 ≤ 0},
xn+1 = PTn (zn+1 − λn Ayn+1),

(7)

with the following conditions satisfied:
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

0 ≤ δ < 5−√
13

6 ,

0 < α < 1
1+√

2+δ
,

δ(1 + δ)(1 + α) − φ(α)
(
δ2 − δ

2

)
<

(φ(α)−δα)φ(α)(1−2δ)
2φ(α)−δα−2φ(α)δ

,

φ(α) := 1 − (1 + √
2)α.

(8)

Weak convergence of the sequence {xn} generated by (7) was presented alongside some
numerical results. However, neither strong nor linear convergence results for (7) was given
by Chang et al. [7]. Another drawback of the method in [7] is that the inertia δ is quite
restrictive and chosen in [0, 1

4 ) and moreover, the conditions imposed in (8) seem stringent
on the iterative parameters. Some further recent results on inertial subgradient extragradient
method are found in [8–11,16].
Our aim in this paper is to further improve the inertial subgradient extragradient method
to solve VI(A,C)(1). Specifically, in the present paper we study the inertial subgradient
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extragradient method and improve on the results in [7,13,27,30–32,34,35] in the following
ways:

• We proposed inertial subgradient extragradient methodwith double inertial extrapolation
steps and relaxation parameter. The method considered in Shehu et al. [27] becomes a
special case and so also are the inertial subgradient extragradient methods studied in
[6,7,13,30–32,34,35]. One of the inertial factors in our double inertial extrapolation steps
is allowed to be equal to 1 and the other inertial factor can be chosen as close as possible
to 1 (see our proposed Algorithm 1 below) which is an improvement over the methods in
[7,13,31,32,34] where the only single inertial extrapolation step is studied and the inertia
is bounded away from 1.

• We obtain weak, strong and linear convergence of our proposed method, respectively.
Weak and strong convergence results are given for inertial subgradient extragradient
method with double inertial extrapolation steps and relaxation parameter with self-
adaptive step size. In the special case when the constant step size is considered alongside
the known Lipschitz constant and modulus of strong pseudo-monotonicity of the cost
operator, we show that linear rate of convergence is achieved. This is an improvement
over the results in [6,7,13,27,31,32,34,35] where no linear rate of convergence is obtained
for inertial subgradient extragradient method.

• Wegive numerical computations of our proposedmethod and compare itwith themethods
in [7,13,27,30,34,35]. Our preliminary computational results show that our proposed
method is efficient and converges faster (in terms of CPU time and number of iterations)
than the inertial subgradient extragradient methods in [7,13,27,30,34,35].

Our paper is organized as follows: We present some definitions and lemmas in Sect. 2. In
Sect. 3, we introduce our proposed method. Weak convergence analysis of our proposed
method is given in Sect. 4 and strong convergence analysis is given in Sect. 5. Furthermore,
linear convergence is obtained in Sect. 6. We present numerical implementations in Sect. 7
and give some concluding remarks in Sect. 8.

2 Preliminaries

This section gives some definitions and lemmas that would be needed in our convergence
analysis of this paper.

Definition 2.1 A mapping A : H → H is called

(a) η-strongly monotone on H if there exists a constant η > 0 such that 〈Ax − Ay, x − y〉 ≥
η‖x − y‖2 for all x, y ∈ H ;

(b) monotone on H if 〈Ax − Ay, x − y〉 ≥ 0 for all x, y ∈ H ;
(c) δ-strongly pseudo-monotone on H if there exists δ > 0 such that 〈Ay, x − y〉 ≥ 0 ⇒

〈Ax, x − y〉 ≥ δ‖x − y‖2, x, y ∈ H ;
(d) pseudo-monotone on H if, for all x, y ∈ H , 〈Ax, y − x〉 ≥ 0 ⇒ 〈Ay, y − x〉 ≥ 0;
(e) L-Lipschitz continuous on H if there exists a constant L > 0 such that ‖Ax − Ay‖ ≤

L‖x − y‖ for all x, y ∈ H .
(f) sequentially weakly continuous if for each sequence {xn}we have: {xn} converges weakly

to x implies {Axn} converges weakly to Ax .

Remark 2.2 Observe that (a) implies (b), (a) implies (c), (c) implies (d), and (b) implies (d)
in the above definitions. If A is η-strongly pseudo-monotone and continuous mapping on
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finite-dimensional subspaces, it has been shown (see, e.g., [36, Theorem 4.8]) that VI(A,C)
(1) has unique solution.

Definition 2.3 The mapping PC : H → C which assigns to each point u ∈ H the unique
point w ∈ C such that

‖u − w‖ ≤ ‖u − y‖ ∀y ∈ C

is called the metric projection of H onto C .

The metric projection PC satisfies (see, for example, [3])

〈x − y, PCx − PC y〉 ≥ ‖PCx − PC y‖2 ∀x, y ∈ H . (9)

Furthermore, PCx is characterized by the properties

PCx ∈ C and 〈x − PCx, PCx − y〉 ≥ 0 ∀y ∈ C . (10)

This characterization implies that

‖x − y‖2 ≥ ‖x − PCx‖2 + ‖y − PCx‖2 ∀x ∈ H , ∀y ∈ C . (11)

Lemma 2.4 The following statements hold in H:

(i) ‖x + y‖2 = ‖x‖2 + 2〈x, y〉 + ‖y‖2 for all x, y ∈ H;
(ii) ‖x + y‖2 ≤ ‖x‖2 + 2〈y, x + y〉 for all x, y ∈ H;
(iii) ‖αx +β y‖2 = α(α +β)‖x‖2 +β(α +β)‖y‖2 −αβ‖x − y‖2 ∀x, y ∈ H , α, β ∈ R.

Lemma 2.5 (Maingé [21]) Let {ϕn}, {δn} and {θn} be sequences in [0,+∞) such that

ϕn+1 ≤ ϕn + θn(ϕn − ϕn−1) + δn ∀n ≥ 1,
+∞∑

n=1

δn < +∞,

and there exists a real number θ with 0 ≤ θn ≤ θ < 1 for all n ∈ N. Then the following
assertions hold true:

(i)
∑+∞

n=1[ϕn − ϕn−1]+ < +∞, where [t]+ := max{t, 0};
(ii) there exists ϕ∗ ∈ [0,+∞) such that limn→∞ ϕn = ϕ∗.

Lemma 2.6 (Opial [25]) Let C be a nonempty subset of H and let {xn} be a sequence in H
such that the following two conditions hold:

(i) for any x ∈ C, limn→∞ ‖xn − x‖ exists;
(ii) every sequential weak cluster point of {xn} is in C.

Then {xn} converges weakly to a point in C.

3 ProposedMethod

In this section we introduce and discuss our projection-type method.

Assumption 3.1 Suppose that the following assumptions are satisfied:

(a) The feasible set C is a nonempty, closed, and convex subset of H .
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(b) A : H → H is pseudo-monotone, L-Lipschitz continuous and A satisfies the following
condition: whenever {xn} ⊂ H and xn⇀v∗, one has ‖Av∗‖ ≤ lim inf

n→∞ ‖Axn‖.
(c) The solution set S of VI(A,C) (1) is nonempty.
(d) 0 ≤ θn ≤ θn+1 ≤ 1.

(e) 0 ≤ δ < min
{

ε−√
2ε

ε
, θ1

}
, ε ∈ (2,∞).

(f) 0 < α ≤ αn ≤ αn+1 < 1
1+ε

, ε ∈ (2,∞).

Remark 3.2 The condition " whenever {xn} ⊂ H and xn⇀v∗, one has ‖Av∗‖ ≤
lim inf
n→∞ ‖Axn‖." in Assumption 3.1(b) is strictly weaker than the sequentially weakly contin-

uous assumption in [7,13,30–35]. For example, take A(v) = v‖v‖ ∀v ∈ C . Then A satisfies
our assumption but not sequentially weakly continuous.

We propose our subgradient extragradient method with double inertial extrapolation step and
self-adaptive step sizes.

Algorithm 1 Double Inertial Subgradient Extragradient Method with Adaptive Step Size
1: Choose the parameters μ ∈ (0, 1) and λ1 > 0. Let x0, x1 ∈ H be given starting points. Set n := 1.
2: Compute

⎧
⎨

⎩

zn = xn + δ(xn − xn−1),
wn = xn + θn(xn − xn−1),
yn = PC (wn − λn Awn),

(12)

where

λn+1 =
{
min

{
μ‖wn−yn‖

‖Awn−Ayn‖ , λn

}
, Awn �= Ayn

λn , otherwise.
(13)

If wn = yn = xn , STOP. Otherwise
3: Compute

xn+1 = (1 − αn)zn + αn PTn (wn − λn Ayn), n ≥ 1, (14)

where {Tn} is given by
Tn := {w ∈ H : 〈wn − λn Awn − yn , w − yn〉 ≤ 0}

4: Set n ← n + 1, and go to 2.

Remark 3.3 Observe that if xn = wn = yn , then (12) implies the equality xn = PC (xn −
λn Axn) and so xn ∈ S.

Remark 3.4 Note that by (13), λn+1 ≤ λn ∀n ≥ 1 and there exists λ > 0 such that lim
n→∞λn =

λ ≥ min
{

μ
L , λ1

}
.

Remark 3.5 (a) In our Algorithm 1, the inertia θn = 1 is allowed. This is not the case for the
methods in [7,13,31,32,34,35] where θn < 1. Observe also in our proposed Algorithm

1 that as ε increases, so is δ approaching 1 since limε→∞ ε−√
2ε

ε
= 1. Furthermore,

as ε increases, αn reduces. Conversely, as ε approaches 2, δ approaches zero and αn

approaches 1
3 .
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(b) In the inertial subgradient extragradient methods proposed in [7,32,34], many stringent
conditions are imposed on the inertial factor. For example, in [7], δ is assumed to satisfy
seemingly strong condition (8) above; in [32] that 0 ≤ θn ≤ θ ≤ 1

4 and {θn}was assumed

to satisfy the condition 0 ≤ θn ≤ θ ≤ −2θ̄−1+
√

8θ̄+1
2(1−θ̄ )

, θ̄ := 1−μ0
2 , 0 < μ < μ0 < 1 in

[34]. Our Assumption 3.1(d)–(f) are easier to implement than the conditions in [7,32,34].
(c) In the paper [13], it was assumed that 0 ≤ θn ≤ θ < 1 with

δ >
4θ [θ(1 + θ) + σ ]

1 − θ2

and

0 < α ≤ αn ≤ δ − 4θ [θ(1 + θ) + 1
4θδ + σ ]

4δ[θ(1 + θ) + 1
4θδ + σ ] .

In the result of this paper, these strong assumptions are dispensed with and replaced with
a more relaxed and seemingly easier conditions in Assumption 3.1 (d)-(f).

(d) A self-adaptive step size rule is incorporated in Algorithm 1. It is more efficient than the
step size rule in the methods of [13,31], where it is assumed that λn → 0 as n → ∞
and that

∑∞
n=1 λn = ∞. Furthermore, our adaptive step size rule does not require the

knowledge of the Lipschitz constant of A as an input parameter. Also, Algorithm 1 does
not require any line search. ♦

4 Convergence Analysis

In this section we show that under Assumption 3.1, the sequence {xn} generated by Algo-
rithm 1 converges weakly to a point in S.
For the rest of this paper, we define

un := PTn (wn − λn Ayn) ∀n ≥ 1.

First we prove the following lemma for {xn} generated by Algorithm 1.

Lemma 4.1 Suppose that {xn} is generated by Algorithm 1 and Assumption 3.1 holds. Then
{xn} is bounded.

Proof Choose a point x∗ ∈ S. Then 〈Ax∗, yn − x∗〉 ≥ 0 and since A is pseudo-monotone,
we have 〈Ayn, yn − x∗〉 ≥ 0. Hence 〈Ayn, yn − x∗ + un − un〉 ≥ 0 and thus

〈Ayn, x∗ − un〉 ≤ 〈Ayn, yn − un〉. (15)

From the definition of Tn we have 〈wn − λn Awn − yn, un − yn〉 ≤ 0. Therefore

〈wn − λn Ayn − yn, un − yn〉
= 〈wn − λn Awn − yn, un − yn〉 + λn〈Awn − Ayn, un − yn〉
≤ λn〈Awn − Ayn, un − yn〉. (16)

123



71 Page 8 of 29 Journal of Scientific Computing (2022) 90 :71

Using (11) and (15), we now obtain

‖un − x∗‖2 ≤ ‖wn − λn Ayn − x∗‖2 − ‖wn − λn Ayn − un‖2
= ‖wn − x∗‖2 − ‖wn − un‖2 + 2λn〈Ayn, x∗ − un〉
≤ ‖wn − x∗‖2 − ‖wn − un‖2 + 2λn〈Ayn, yn − un〉
= ‖wn − x∗‖2 − ‖wn − un + yn − yn‖2 + 2λn〈Ayn, yn − un〉
= ‖wn − x∗‖2 − ‖wn − yn‖2 − ‖yn − un‖2

+ 2〈wn − λn Ayn − yn, un − yn〉. (17)

Next, using (16) and (17), we see that

‖un − x∗‖2 ≤ ‖wn − x∗‖2 − ‖wn − yn‖2 − ‖yn − un‖2
+ 2〈wn − λn Ayn − yn, un − yn〉

≤ ‖wn − x∗‖2 − ‖wn − yn‖2 − ‖yn − un‖2
+ 2λn〈Awn − Ayn, un − yn〉

≤ ‖wn − x∗‖2 − ‖wn − yn‖2 − ‖yn − un‖2
+ 2λn‖Awn − Ayn‖‖un − yn‖

≤ ‖wn − x∗‖2 − ‖wn − yn‖2 − ‖yn − un‖2

+ 2λnμ

λn+1
‖wn − yn‖‖un − yn‖

≤ ‖wn − x∗‖2 − ‖wn − yn‖2 − ‖yn − un‖2

+ λnμ

λn+1

(
‖wn − yn‖2 + ‖un − yn‖2

)

= ‖wn − x∗‖2 −
(
1 − λnμ

λn+1

)
‖wn − yn‖2

−
(
1 − λnμ

λn+1

)
‖un − yn‖2. (18)

Since lim
n→∞

(
1 − λnμ

λn+1

)
= 1 − μ > 0, there exists a natural number N ≥ 1 such that

‖un − x∗‖ ≤ ‖wn − x∗‖ ∀n ≥ N . (19)

Now, from Algorithm 1, we have

‖xn+1 − x∗‖2 = ‖(1 − αn)(zn − x∗) + αn(un − x∗)‖2
= (1 − αn)‖zn − x∗‖2 + αn‖un − x∗‖2

−αn(1 − αn)‖zn − un‖2
≤ (1 − αn)‖zn − x∗‖2 + αn‖wn − x∗‖2

−αn(1 − αn)‖zn − un‖2,∀n ≥ N . (20)

From xn+1 = (1 − αn)zn + αnun we have

‖un − zn‖ = 1

αn
‖xn+1 − zn‖, ∀n ≥ 1. (21)
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Combining (21) with (20) gives

‖xn+1 − x∗‖2 ≤ (1 − αn)‖zn − x∗‖2 + αn‖wn − x∗‖2

− (1 − αn)

αn
‖xn+1 − zn‖2,∀n ≥ N . (22)

Also, by Lemma 2.4 (iii), we have

‖wn − x∗‖2 = ‖xn + θn(xn − xn−1) − x∗‖2
= ‖(1 + θn)(xn − x∗) − θn(xn−1 − x∗)‖2
= (1 + θn)‖xn − x∗‖2 − θn‖xn−1 − x∗‖2

+ θn(1 + θn)‖xn − xn−1‖2,∀n ≥ 1. (23)

Applying Lemma 2.4 (iii) again, we have

‖zn − x∗‖2 = ‖xn + δ(xn − xn−1) − x∗‖2
= ‖(1 + δ)(xn − x∗) − δ(xn−1 − x∗)‖2
= (1 + δ)‖xn − x∗‖2 − δ‖xn−1 − x∗‖2

+ δ(1 + δ)‖xn − xn−1‖2,∀n ≥ 1. (24)

Also,

‖xn+1 − zn‖2 = ‖xn+1 − (xn + δ(xn − xn−1))‖2
= ‖(xn+1 − xn) − δ(xn − xn−1)‖2
= ‖xn+1 − xn‖2 + δ2‖xn − xn−1‖2 − 2δ〈xn+1 − xn, xn − xn−1〉
≥ ‖xn+1 − xn‖2 + δ2‖xn − xn−1‖2 − 2δ‖xn+1 − xn‖‖xn − xn−1‖
≥ (1 − δ)‖xn+1 − xn‖2 + (δ2 − δ)‖xn − xn−1‖2. (25)

Substituting (23), (24) and (25) into (22), we have

‖xn+1 − x∗‖2 ≤ (1 − αn)
[
(1 + δ)‖xn − x∗‖2 − δ‖xn−1 − x∗‖2

+ δ(1 + δ)‖xn − xn−1‖2
]

+ αn

[
(1 + θn)‖xn − x∗‖2

− θn‖xn−1 − x∗‖2 + θn(1 + θn)‖xn − xn−1‖2
]

− (1 − αn)

αn

[
(1 − δ)‖xn+1 − xn‖2 + (δ2 − δ)‖xn − xn−1‖2

]

= (1 − αn)(1 + δ)‖xn − x∗‖2 − δ(1 − αn)‖xn−1 − x∗‖2
+ (1 − αn)δ(1 + δ)‖xn − xn−1‖2 + αn(1 + θn)‖xn − x∗‖2
− αnθn‖xn−1 − x∗‖2 + αnθn(1 + θn)‖xn − xn−1‖2

− (1 − αn)(1 − δ)

αn
‖xn+1 − xn‖2 − (1 − αn)(δ

2 − δ)

αn
‖xn − xn−1‖2

=
(
(1 − αn)(1 + δ) + αn(1 + θn)

)
‖xn − x∗‖2

−
(
δ(1 − αn) + αnθn

)
‖xn−1 − x∗‖2

+
[
(1 − αn)δ(1 + δ) + αnθn(1 + θn) − (1 − αn)(δ

2 − δ)

αn

]
‖xn − xn−1‖2
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− (1 − αn)(1 − δ)

αn
‖xn+1 − xn‖2

=
(
1 + αnθn + δ(1 − αn)

)
‖xn − x∗‖2 −

(
αnθn + δ(1 − αn)

)
‖xn−1 − x∗‖2

− ρn‖xn+1 − xn‖2 + σn‖xn − xn−1‖2, (26)

where

ρn := (1 − αn)(1 − δ)

αn

and

σn := (1 − αn)δ(1 + δ) + αnθn(1 + θn) − (1 − αn)(δ
2 − δ)

αn
.

Define

�n := ‖xn − x∗‖2 −
(
αnθn + δ(1 − αn)

)
‖xn−1 − x∗‖2 + σn‖xn − xn−1‖2, n ≥ 1.

Then

�n+1 − �n = ‖xn+1 − x∗‖2 −
(
αn+1θn+1 + δ(1 − αn+1)

)
‖xn − x∗‖2

+ σn+1‖xn+1 − xn‖2 − ‖xn − x∗‖2 +
(
αnθn + δ(1 − αn)

)
‖xn−1 − x∗‖2

+ σn‖xn − xn−1‖2
≤

(
αnθn + δ(1 − αn) − αn+1θn+1 − δ(1 − αn+1)

)
‖xn − x∗‖2

− ρn‖xn+1 − xn‖2 + σn+1‖xn+1 − xn‖2
=

(
(θn − δ)αn − (θn+1 − δ)αn+1

)
‖xn − x∗‖2

− ρn‖xn+1 − xn‖2 + σn+1‖xn+1 − xn‖2. (27)

Since θn ≤ θn+1, αn ≤ αn+1 and 0 ≤ δ ≤ θ1 ≤ θn,∀n ≥ 1, we have that θn − δ ≥ 0 and
θn+1 − δ ≥ 0 so that θn − δ ≤ θn+1 − δ and (θn − δ)αn ≤ (θn+1 − δ)αn+1 for all n ≥ 1.
Hence,

(θn − δ)αn − (θn+1 − δ)αn+1 ≤ 0. (28)

Then from (27), we have

�n+1 − �n ≤ −ρn‖xn+1 − xn‖2 + σn+1‖xn+1 − xn‖2
= −(ρn − σn+1)‖xn+1 − xn‖2. (29)

By Conditions (e) and (f) of Assumption 3.1, we have

ρn − σn+1 = (1 − αn)(1 − δ)

αn
− (1 − αn+1)δ(1 + δ) − αn+1θn+1(1 + θn+1)

+ (1 − αn+1)(δ
2 − δ)

αn+1

≥ ε(1 − δ) + ε(δ2 − δ) − (1 − αn+1)δ(1 + δ) − 2αn+1

> ε(1 − δ) + ε(δ2 − δ) − 2(1 − αn+1) − 2αn+1

= ε(1 − δ) + ε(δ2 − δ) − 2

= εδ2 − 2εδ + ε − 2. (30)

123



Journal of Scientific Computing (2022) 90 :71 Page 11 of 29 71

Since δ < ε−√
2ε

ε
, we have that εδ2 − 2εδ + ε − 2 > 0. Therefore, from (29) and (30), we

have

�n+1 − �n ≤ −β‖xn+1 − xn‖2, (31)

where β := εδ2 − 2εδ + ε − 2 > 0. Hence, {�n} is non-increasing. Furthermore,

�n = ‖xn − x∗‖2 −
(
αnθn + δ(1 − αn)

)
‖xn−1 − x∗‖2 + σn‖xn − xn−1‖2

≥ ‖xn − x∗‖2 − (αnθn + δ(1 − αn))‖xn−1 − x∗‖2. (32)

So,

‖xn − x∗‖2 ≤
(
αnθn + δ(1 − αn)

)
‖xn−1 − x∗‖2 + �n

≤
(
αn + δ(1 − αn)

)
‖xn−1 − x∗‖2 + �n

≤
( 1

1 + ε
+ δ(1 − α)

)
‖xn−1 − x∗‖2 + �n

= γ ‖xn−1 − x∗‖2 + �n

≤ γ ‖xn−1 − x∗‖2 + �1

...

≤ γ n‖x0 − x∗‖2 + (1 + γ + · · · + γ n−1)�1

≤ γ n‖x0 − x∗‖2 + �1

1 − γ
, (33)

where γ := 1
1+ε

+ δ(1 − α) ∈ (0, 1) since δ < ε−√
2ε

ε
< ε

(1+ε)(1−α)
, α ∈ (0, 1) by the

choice of δ. Hence, {‖xn − x∗‖} is bounded and so is {xn}. Also,
−γ ‖xn−1 − x∗‖2 ≤ ‖xn − x∗‖2 − γ ‖xn−1 − x∗‖2

≤ �n ≤ �1.

Now,

�n+1 = ‖xn+1 − x∗‖2 −
(
αn+1θn+1 + δ(1 − αn+1)

)
‖xn − x∗‖2

+ σn+1‖xn+1 − xn‖2
≥ −

(
αn+1θn+1 + δ(1 − αn+1)

)
‖xn − x∗‖2. (34)

Using (33) and (34), we have

− �n+1 ≤
(
αn+1θn+1 + δ(1 − αn+1)

)
‖xn − x∗‖2

≤ γ ‖xn − x∗‖2

≤ γ n+1‖x0 − x∗‖2 + γ�1

1 − γ
. (35)

By (31) and (35), we get

β

n∑

k=1

‖xk+1 − xk‖2 ≤ �1 − �n+1

≤ γ n+1‖x0 − x∗‖2 + �1

1 − γ
. (36)
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Therefore,
∞∑

n=1

‖xn+1 − xn‖2 ≤ �1

β(1 − γ )
< +∞. (37)

This implies that lim
n→∞‖xn+1 − xn‖ = 0. From (26) we get

‖xn+1 − x∗‖2 ≤
(
1 + αnθn + δ(1 − αn)

)
‖xn − x∗‖2 −

(
αnθn + δ(1 − αn)

)
‖xn−1 − x∗‖2

− ρn‖xn+1 − xn‖2 + σn‖xn − xn−1‖2
≤ ‖xn − x∗‖2 + (αn + δ(1 − αn))(‖xn − x∗‖2 − ‖xn−1 − x∗‖2)

+ σn‖xn − xn−1‖2
≤ ‖xn − x∗‖2 + (αn + δ(1 − αn))(‖xn − x∗‖2 − ‖xn−1 − x∗‖2)

+
[
(1 − α)δ(1 + δ) + 2

1 + ε

+ (1 − α)

α
(δ − δ2)

]
‖xn − xn−1‖2, (38)

where

σn ≤ (1 − α)δ(1 + δ) + 2

1 + ε
+ (1 − α)

α
(δ − δ2),∀n ≥ 1.

Note also that

αn + δ(1 − αn) <
1

1 + ε
+ δ(1 − α) < 1

since δ < ε
(1+ε)(1−α)

because δ < ε−√
2ε

ε
< ε

(1+ε)(1−α)
for α ∈ (0, 1) and ε ∈ (2,∞).

Invoking Lemma 2.5 in (38) (and noting (37)), we get

lim
n→∞ ‖xn − x∗‖ exists.

Therefore, {xn} is bounded. ��
Theorem 4.2 Let the sequence {xn} be generated by Algorithm 1. If Assumption 3.1 holds,
then it converges weakly to a point in S.

Proof From lim
n→∞‖xn+1 − xn‖ = 0, we have

‖xn+1 − zn‖ ≤ ‖xn+1 − xn‖ + ‖xn − zn‖
= ‖xn+1 − xn‖ + δ‖xn − xn−1‖ → 0, n → ∞.

Also,

‖xn+1 − wn‖ ≤ ‖xn+1 − xn‖ + ‖xn − wn‖
≤ ‖xn+1 − xn‖ + ‖xn − xn−1‖ → 0, n → ∞.

Now,

‖xn+1 − zn‖ = αn‖zn − un‖ ≥ α‖zn − un‖,
which means that

lim
n→∞ ‖zn − un‖ = 0. (39)
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Furthermore,

‖wn − zn‖ = ‖xn + δ(xn − xn−1) − xn − θn(xn − xn−1)‖
≤ δ‖xn−1 − xn‖ + θn‖xn − xn−1‖
≤ δ‖xn−1 − xn‖ + ‖xn − xn−1‖ → 0, n → ∞, (40)

Now, from Algorithm 1 we have

‖un − zn‖ = 1

αn
‖xn+1 − zn‖

≤ 1

α
‖xn+1 − zn‖ → 0, n → ∞, (41)

and similarly,

‖wn − un‖ ≤ ‖wn − zn‖ + ‖un − zn‖ → 0, n → ∞.

From (18), we have for some M > 0,

(
1 − λnμ

λn+1

)
‖wn − yn‖2 ≤ ‖wn − x∗‖2 − ‖un − x∗‖2

=
(
‖wn − x∗‖ + ‖un − x∗‖

)(
‖wn − x∗‖ − ‖un − x∗‖

)

≤ M‖wn − un‖ → 0, n → ∞. (42)

By (42) (and noting that limn→∞ λn = λ), we see that limn→∞ ‖wn − yn‖ = 0. Also

‖xn − zn‖ ≤ ‖xn − xn+1‖ + ‖xn+1 − zn‖ → 0, n → ∞ (43)

and

‖xn − wn‖ ≤ ‖xn − xn+1‖ + ‖xn+1 − wn‖ → 0, n → ∞. (44)

By Lemma 4.1, {xn} is bounded. Hence, let v∗ be a weak cluster point of {xn}. Then, we can
choose a subsequence of {xn}, denoted by {xnk } such that xnk⇀v∗ ∈ H .Since limn→∞ ‖xn−
wn‖ = 0, we have that wnk⇀v∗ ∈ H . Therefore, we obtain from (42) that limk→∞ ‖wnk −
ynk‖ = 0. Now using Lemma [29, Lemma 3.7], we have that v∗ ∈ S. Since limn→∞ ‖xn −
x∗‖ exists for any x∗ ∈ S and every sequential weak cluster point of {xn} is in S, the
two assumptions of Lemma 2.6 are verified. Therefore, {xn} converges weakly to a point
in S. ��

Remark 4.3 All the results in this section can still be obtained for the casewhere A is a pseudo-
monotone operator, L-Lipschitz continuous on bounded subsets of H and the functional
g(x) := ‖Ax‖, x ∈ H is weakly lower semi-continuous on H .

5 Strong Convergence

In this section, we give strong convergence result of our proposed Algorithm 1 when the
operator A in VI(A,C) (1) is strongly pseudo-monotone and Lipschitz continuous on H .
The strong convergence result is obtained without the prior knowledge of both the modulus
of strong pseudo-monotonicity and the Lipschitz constant of the cost operator A.
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Theorem 5.1 Suppose Assumption 3.1(a), (e) and (f) hold. Let the sequence {xn} be generated
by Algorithm 1. If A is strongly pseudo-monotone and Lipschitz continuous on H, then {xn}
converges strongly to the unique solution x∗ of VI(A,C) (1).

Proof Observe that the strong pseudo-monotonicity of A implies that VI(A,C) (1) has a
unique solution. Let us denote this unique solution by x∗. Hence, 〈Ax∗, yn − x∗〉 ≥ 0. By
the strong pseudo-monotonicity of A, we have 〈Ayn, yn − x∗〉 ≥ η‖yn − x∗‖2, where η is
some positive constant. Thus,

〈Ayn, yn − un + un − x∗〉 ≥ η‖yn − x∗‖2.
and

〈Ayn, x∗ − un〉 ≤ 〈Ayn, yn − un〉 − η‖yn − x∗‖2. (45)

Using (11) and (53), we get

‖un − x∗‖2 ≤ ‖wn − λn Ayn − x∗‖2 − ‖wn − λn Ayn − un‖2
= ‖wn − x∗‖2 − ‖wn − un‖2 + 2λn〈Ayn, x∗ − un〉
≤ ‖wn − x∗‖2 − ‖wn − un‖2 + 2λn〈Ayn, yn − un〉

− 2λnη‖yn − x∗‖2
= ‖wn − x∗‖2 − ‖wn + yn − yn − un‖2 + 2λn〈Ayn, yn − un〉

− 2λnη‖yn − x∗‖2
= ‖wn − x∗‖2 − ‖wn − yn‖2 − ‖yn − un‖2 − 2λnη‖yn − x∗‖2

+ 2〈wn − λn Ayn − yn, un − yn〉. (46)

Using (16), we also have

〈wn − λn Ayn − yn, un − yn〉 ≤ λn〈Awn − Ayn, un − yn〉.
By (46), we get

‖un − x∗‖2 ≤ ‖wn − x∗‖2 − ‖wn − yn‖2 − ‖yn − un‖2 − 2λnη‖yn − x∗‖2
+ 2〈wn − λn Ayn − yn, un − yn〉

≤ ‖wn − x∗‖2 − ‖wn − yn‖2 − ‖yn − un‖2 − 2λnη‖yn − x∗‖2
+ 2λn〈Awn − Ayn, un − yn〉

≤ ‖wn − x∗‖2 − ‖wn − yn‖2 − ‖yn − un‖2 − 2λnη‖yn − x∗‖2

+ λnμ

λn+1
‖wn − yn‖2 + λnμ

λn+1
‖un − yn‖2, (47)

where

2〈Awn − Ayn, un − yn〉 ≤ 2‖Awn − Ayn‖‖un − yn‖
≤ 2μ

λn+1
‖wn − yn‖‖un − yn‖

≤ μ

λn+1
‖wn − yn‖2 + μ

λn+1
‖un − yn‖2.

Since limn→∞ λn = λ and the sequence {λn} is monotonically decreasing, we have λn ≥
λ ∀n ≥ 1. Let ρ be a fixed number in the interval (μ, 1). Since limn→∞ λnμ

λn+1
= μ < ρ,
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there exists a natural number N such that λnμ
λn+1

< ρ ∀n ≥ N . So, ∀n ≥ N , we have

λn ≥ λ,
λnμ

λn+1
< ρ. (48)

Plugging (48) in (47), we have ∀n ≥ N ,

‖un − x∗‖2 ≤ ‖wn − x∗‖2 − (1 − ρ)‖wn − yn‖2 − (1 − ρ)‖yn − un‖2 − 2λη‖yn − x∗‖2
= ‖(1 + θn)(xn − x∗) − θn(xn−1 − x∗)‖2 − (1 − ρ)‖wn − yn‖2

− (1 − ρ)‖yn − un‖2 − 2λη‖yn − x∗‖2
= (1 + θn)‖xn − x∗‖2 − θn‖xn−1 − x∗‖2

+ θn(1 + θn)‖xn − xn−1‖2 − (1 − ρ)‖wn − yn‖2
− (1 − ρ)‖yn − un‖2 − 2λη‖yn − x∗‖2. (49)

Repeating similar arguments from (20) to (26), we obtain

‖xn+1 − x∗‖2 ≤
(
1 + αnθn + δ(1 − αn)

)
‖xn − x∗‖2 −

(
αnθn + δ(1 − αn)

)
‖xn−1 − x∗‖2

− ρn‖xn+1 − xn‖2 + σn‖xn − xn−1‖2 + 2αnλη‖yn − x∗‖2,∀n ≥ N .

(50)

Therefore,

2αλη‖yn − x∗‖2 ≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2
+

(
αnθn + δ(1 − αn)

)(
‖xn − x∗‖2 − ‖xn−1 − x∗‖2

)

+ σn‖xn − xn−1‖2
≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2

+
(
αnθn + δ(1 − αn)

)(
‖xn − x∗‖2 − ‖xn−1 − x∗‖2

)

+ M∗‖xn − xn−1‖2,
where

M∗ := (1 − α)δ(1 + δ) + 2

1 + ε
− (1 − α)(δ2 − δ)

α
.

Hence

2αλη

n∑

k=N

‖yk − x∗‖2 ≤ ‖xN − x∗‖2 − ‖xn+1 − x∗‖2

+
(
αnθn + δ(1 − αn)

)
‖xn − x∗‖2

−
(
αN−1θN−1 + δ(1 − αN−1)

)
‖xN−1 − x∗‖2

+ M∗
n∑

k=N

‖xk − xk−1‖2.

Since the sequence {xn} is bounded and
∑∞

k=N ‖xk − xk−1‖2 < ∞ by (37), we have that
∑∞

k=N ‖yk − x∗‖2 < ∞. Hence lim
n→∞‖yn − x∗‖ = 0. Consequently, we get

‖xn − x∗‖ ≤ ‖xn − wn‖ + ‖wn − yn‖ + ‖yn − x∗‖ → 0, n → ∞.
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This concludes the proof. ��
Remark 5.2 Theorem 5.1 is obtained for the sequence {xn} generated by Algorithm 1, which
is a subgradient extragradient method with double inertial extrapolation steps without a pri-
ori knowledge of the modulus of strong pseudo-monotonicity and the Lipschitz constant
of A. As far as we know, our result is one of the few available strong convergence results
for solving VI(A,C) (1) with a combination of subgradient extragradient method and dou-
ble inertial extrapolation steps. The benefits of adding double inertial extrapolation step as
against single inertial extrapolation step are discussed in the numerical illustrations given in
Sect. 7. ♦

6 Linear Convergence

In this section, we give linear rate of convergence of sequence {xn} generated by our proposed
Algorithm 1 to the unique solution x∗ of VI(A,C)(1) under the following assumptions:

Assumption 6.1 (a) The feasible set C is a nonempty, closed, and convex subset of H .
(b) A : H → H is η strongly pseudo-monotone and L-Lipschitz continuous.

(c) Choose the constant step sizeλ ∈
(
0, 1

L

)
such that τ := 1− 1

2 min{1−λL, 2λη} ∈ ( 12 , 1).

(d) Take δ = 0 and choose θn = θ ∈ [0, 1] such that 0 ≤ θ < 1−τ
τ

.
(e) αn = α ∈ (0, 1

3 ).

Under Assumption 6.1, our proposed Algorithm 1 reduces to the following Algorithm.

Algorithm 2 Single Inertial Subgradient Extragradient Method
1: Let x0, x1 ∈ H be given starting points. Set n := 1.
2: Compute

{
wn = xn + θ(xn − xn−1),
yn = PC (wn − λAwn),

(51)

If wn = yn = xn , STOP. Otherwise
3: Compute

xn+1 = (1 − α)xn + αPTn (wn − λAyn), n ≥ 1, (52)

where the sequence {Tn} is defined by

Tn := {w ∈ H : 〈wn − λAwn − yn , w − yn〉 ≤ 0}.
4: Set n ← n + 1, and go to 2.

Using Assumption 6.1, we now give the linear convergence of Algorithm 2 below.

Theorem 6.2 Suppose thatAssumption6.1 is fulfilled. Then {xn}∞n=1 generated byAlgorithm2
converges linearly to the unique point in S.

Proof Let x∗ ∈ S be the unique solution of VI(A,C) (1). Since A is η-strongly pseudo-
monotone, we have that

〈Ayn, yn − x∗〉 ≥ η‖yn − x∗‖2.
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Therefore,

〈Ayn, un − x∗〉 = 〈Ayn, un − yn〉 + 〈Ayn, yn − x∗〉
≥ η‖yn − x∗‖2 + 〈Ayn, yn − x∗〉.

Hence,

− 2λ〈Ayn, un − x∗〉 ≤ −2λη‖yn − x∗‖2
−2λ〈Ayn, un − yn〉. (53)

By (11) and (53), we have

‖un − x∗‖2 ≤ ‖wn − λAyn − x∗‖2 − ‖wn − λAyn − un‖2
= ‖wn − x∗‖2 − ‖wn − un‖2 − 2λ〈Ayn, un − x∗〉
≤ ‖wn − x∗‖2 − ‖wn − un‖2 − 2λη‖yn − x∗‖2

− 2λ〈Ayn, un − yn〉
= ‖wn − x∗‖2 − ‖wn − un + yn − yn‖2 − 2λη‖yn − x∗‖2

− 2λ〈Ayn, un − yn〉
= ‖wn − x∗‖2 − ‖wn − yn‖2 − ‖yn − un‖2

− 2λη‖yn − x∗‖2 + 2〈wn − λAyn − yn, un − yn〉. (54)

Note that from the definition of Tn , we get

〈wn − λAwn − yn, un − yn〉 ≤ 0

and thus

〈wn − λAyn − yn, un − yn〉 ≤ λ〈Awn − Ayn, un − yn〉. (55)

Hence,

‖un − x∗‖2 ≤ ‖wn − x∗‖2 − ‖wn − yn‖2 − ‖yn − un‖2
− 2λη‖yn − x∗‖2 + 2〈wn − λAyn − yn, un − yn〉

≤ ‖wn − x∗‖2 − ‖wn − yn‖2 − ‖yn − un‖2
− 2λη‖yn − x∗‖2 + 2λ〈Awn − Ayn, un − yn〉

≤ ‖wn − x∗‖2 − (1 − λL)‖wn − yn‖2 − (1 − λL)‖yn − un‖2
− 2λη‖yn − x∗‖2

≤ ‖wn − x∗‖2 − (1 − λL)‖wn − yn‖2 − 2λη‖yn − x∗‖2

≤ ‖wn − x∗‖2 − 1

2
min{1 − λL, 2λη}‖wn − x∗‖2

=
(
1 − 1

2
min{1 − λL, 2λη}

)
‖wn − x∗‖2. (56)

From Algorithm 2, we get

‖xn+1 − x∗‖2 = ‖(1 − α)(xn − x∗) + α(un − x∗)‖2
= (1 − α)‖xn − x∗‖2 + α‖un − x∗‖2

−α(1 − α)‖xn − un‖2
≤ (1 − α)‖xn − x∗‖2 + ατ‖wn − x∗‖2
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− (1 − α)

α
‖xn+1 − xn‖2

≤ (1 − α)‖xn − x∗‖2 + ατ
[
(1 + θ)‖xn − x∗‖2

− θ‖xn−1 − x∗‖2 + θ(1 + θ)‖xn − xn−1‖2
]

− (1 − α)

α
‖xn+1 − xn‖2

= (1 − α(1 − τ(1 + θ)))‖xn − x∗‖2 − θατ‖xn−1 − x∗‖2

+ θ(1 + θ)ατ‖xn − xn−1‖2 − (1 − α)

α
‖xn+1 − xn‖2. (57)

This implies that

‖xn+1 − x∗‖2 + (1 − α)

α
‖xn+1 − xn‖2 ≤ (1 − α(1 − τ(1 + θ)))‖xn − x∗‖2

− θατ‖xn−1 − x∗‖2
+ θ(1 + θ)ατ‖xn − xn−1‖2. (58)

Since 0 < α < 1
2 , we have from (58) that

‖xn+1 − x∗‖2 + ‖xn+1 − xn‖2 ≤ (1 − α(1 − τ(1 + θ)))‖xn − x∗‖2
− θατ‖xn−1 − x∗‖2
+ θ(1 + θ)ατ‖xn − xn−1‖2

≤ (1 − α(1 − τ(1 + θ)))‖xk − x∗‖2
+ θ(1 + θ)ατ‖xk − xk−1‖2

= (1 − α(1 − β2(1 + θ)))
[
‖xn − x∗‖2

+ θ(1 + θ)ατ

(1 − α(1 − τ(1 + θ)))
‖xn − xn−1‖2

]

≤ (1 − α(1 − τ(1 + θ)))(‖xn − x∗‖2
+‖xn − xn−1‖2), (59)

where the last inequality follows from the fact that θ(1+θ)ατ
(1−α(1−τ(1+θ)))

< 1.

Now, define an := ‖xn − x∗‖2 + ‖xn − xn−1‖2. Then we obtain from (59) that

an+1 ≤ (1 − α(1 − τ(1 + θ)))an . (60)

By induction, we obtain

an+1 ≤ (1 − α(1 − τ(1 + θ)))na1. (61)

Therefore, by the definition of an , we have

‖xn+1 − x∗‖2 ≤ (1 − α(1 − τ(1 + θ)))na1, n ≥ 1.

Hence, we obtain our desired conclusion. ��
Remark 6.3 (a) If we choose the step size λ in Algorithm 2 such that λ ∈

(
1

2η+L , 1
L

)
, then

τ = 1− 1
2 min{1− λL, 2λη} = 1− 1−λL

2 ∈ ( 12 , 1). Thus Assumption 6.1(c) is fulfilled
with this choice of λ.
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Table 1 Methods parameters for Example 7.1

Alg. 1 λ1 = 1.1 μ = 0.1 θn = 1 αn = 0.3332
δ = 2.499 × 10−4

Shehu Alg. λ1 = 1.1 μ = 0.1 θn = 1 αn = 0.3332

Fan Alg. λn = 1

n + 1
αn = 0.1 θn = 0.6

Yang Alg. λ1 = 1.1 μ = 0.1

Yang2 Alg. λ1 = 1.1 μ = 0.1 αn = 1

20(n + 2)
Chang Alg. λ1 = 1.1 μ = 0.1 α = 0.343 δ = 0.2

n0 = 1000 μn = 1 + 1

1 + f i x
(

n
n0

)

(b) As τ in Assumption 6.1(c) approaches 1
2 , so is θ in Algorithm 2 approaches 1 byAssump-

tion 6.1(d).

7 Numerical Examples

In this section we present many computational experiments and compare the method we
proposed in Sect. 3 with some existing methods which are available in the literature. All
the codes were written in MATLAB R2019a and ran on a PC Desktop Intel(R) Core(TM)
i7-6600U CPU @ 2.60GHz 2.81 GHz, RAM 16.00 GB.

In all these examples, we present numerical comparisons of our proposed Algorithm 1 with
the methods in [7,13,27,30,34,35]. In all the numerical implementations, we choose δ ∈[
0,min

{
ε−√

2ε
ε

, θ1

})
, ε ∈ (2,∞), θn ∈ [0, 1] and αn ∈

(
0, 1

1+ε

)
, ε ∈ (2,∞) in our

Algorithm 1 for the numerical comparisons with the methods in [7,13,27,30,34,35].
For convenience, [7, Algorithm 3.1] is denoted by “Chang Alg.”, [13, Algorithm 3.1] is
denoted by “Fan Alg.”, [27, Algorithm 1] is denoted by “Shehu Alg.”, [30, Algorithm 3.1]
is denoted by “Thong Alg.”, [34, (2) Theorem 3.1] is denoted by “Yang Alg.”, and [35,
Algorithm 2] is denoted by “Yang2 Alg.” in this section.

Example 7.1 We define A : Rm → R
m by

Ax =
(
e−xT Qx + β

)
(Px + q),

where Q is a positive definite matrix (i.e, xT Qx ≥ θ‖x‖2 ∀x ∈ R
m), P is a positive semi-

definite matrix, q ∈ R
m and β > 0. It can be seen that A is differentiable and by the Mean

Value Theorem A is Lipschitz continuous. It is also shown in [4, Example 2.1] that A is
pseudo-monotone but not monotone.

Take C := {x ∈ R
m |Bx ≤ b}, where B is a matrix of size l∗ ×m and b ∈ R

l∗+ with l∗ = 10.
Let us take x0 = (1, 1, ..., 1)T and x1 is generated randomly in Rm . In this example, we use
the stopping criterion ‖wn − yn‖ < 10−5 with different dimensions m.

Example 7.2 This example is taken from [15] and has been considered by many authors for
numerical experiments (see, for example, [22,26,28]). The operator A is defined by Ax :=
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Table 2 Example 7.1 comparison for different values of m

m = 100 m = 120

No. of Iter. CPU time No. of Iter. CPU time

Alg. 1 16 1.5712 16 1.9640

Shehu Alg. 20 1.7986 17 2.2744

Fan Alg. 64482 1752.389 55756 1555.9497

Yang Alg 185 5.9472 213 8.9348

Yang2 Alg. 190 18.2391 221 11.0381

Chang Alg. 37 2.2902 45 4.0698

Table 3 Methods parameters for Example 7.2

Alg. 1 λ1 = 0.1 μ = 0.9 θn = 1 αn = 0.2903
δ = 0.0241

Shehu Alg. λ1 = 0.1 μ = 0.9 θn = 1 αn = 0.2903

Thong Alg. λ1 = 0.1 α = 1 μ = 0.9

Yang Alg. λ1 = 0.1 μ = 0.1

Yang2 Alg. λ1 = 0.1 μ = 0.1 αn = 1

20(n + 2)
Chang Alg. λ1 = 0.1 α = 0.3 δ = 0.2 n0 = 1000

μn = 1 + 1

1 + f i x
(

n
n0

)

Table 4 Example 7.2 comparison for different k and m

m = 10 m = 20

No. of Iter. CPU time No. of Iter. CPU time

k = 20

Alg. 1 674 12.3199 2115 57.6222

Shehu Alg. 1067 17.6383 3027 59.0911

Thong Alg. 1949 32.4864 5105 91.6340

Yang Alg 1682 28.1467 5428 121.5206

Yang2 Alg. 7104 119.3229 32196 601.5723

Chang Alg. 1019 17.9513 3506 70.1590

k = 30

Alg. 1 547 11.8926 1658 37.9337

Shehu Alg. 757 13.2258 2010 45.9194

Thong Alg. 2029 44.1655 3412 74.1134

Yang Alg 1052 20.2902 4170 89.4936

Yang2 Alg. 4883 108.3688 20520 392.3700

Chang Alg. 958 22.5218 2487 70.7776
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Table 5 Methods parameters for Example 7.3

Alg. 1 λ1 = 1.1 μ = 0.99 θn = 1 αn = 0.2250
δ = 0.4950

Shehu Alg. λ1 = 1.1 μ = 0.99 θn = 1 αn = 0.2250

Thong Alg. λ = 1.1 α = 2 μ = 0.99

Fan Alg. λn = 1

n + 1
θn = 0.1 αn = 0.05

Yang2 Alg. λ1 = 1.1 μ = 0.99 αn = 1

20(n + 2)

Table 6 Example 7.3 comparison for different cases

Case I Case II

No. of Iter. CPU time No. of Iter. CPU time

k = 20

Alg. 1 416 0.058408 416 0.06156

Shehu Alg. 799 0.11686 799 0.12665

Thong Alg. 688 0.092934 10000 1.995

Fan Alg 2836 0.4066 2836 0.38609

Yang2 Alg. 1947 0.2977 1947 0.29401

k = 30

Alg. 1 415 0.062968 419 0.059773

Shehu Alg. 791 0.11601 796 0.11553

Thong Alg. 9997 1.984 567 0.079136

Fan Alg 2811 0.3843 2630 0.36257

Yang2 Alg. 1947 0.30259 1991 0.30477

Mx+q , whereM = BBT +S+D, with B, S, D ∈ R
m×m randomly generatedmatrices such

that S is skew-symmetric (hence the operator does not arise from an optimization problem), D
is a positive definite diagonal matrix (hence the variational inequality has a unique solution)
and q = 0. The feasible set C is described by the linear inequality constraints Bx ≤ b for
some randommatrix B ∈ R

k×m and a random vector b ∈ R
k with nonnegative entries. Hence

the zero vector is feasible and therefore the unique solution of the corresponding variational
inequality. These projections are computed using theMATLAB solver fmincon. Hence, for
this class of problems, the evaluation of A is relatively inexpensive, whereas projections are
costly. We present the corresponding numerical results (number of iterations and CPU times
in seconds) using different dimensions m and different numbers of inequality constraints k.
We choose the stopping criterion as ‖en‖2 := ‖xn‖ ≤ ε, where ε = 0.001. The sizes
k = 20, 30 and m = 10, 20. The matrices B, S, D and the vector b are generated randomly.

Next, we give some examples in an infinite dimensional Hilbert space.

Example 7.3 Let H := L2([0, 1]) with norm and inner product given by ‖x‖ :=
( ∫ 1

0 x(t)2dt
) 1

2
and 〈x, y〉 := ∫ 1

0 x(t)y(t)dt, x, y ∈ H , respectively. We define the feasible
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Fig. 1 Example 7.1: m = 100
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Fig. 2 Example 7.1: m = 120
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Fig. 3 Example 7.2: (m, k) = (10, 20)
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Fig. 4 Example 7.2: (m, k) = (20, 20)
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Fig. 5 Example 7.2: (m, k) = (10, 30)
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Fig. 6 Example 7.2: (m, k) = (20, 30)

123



Journal of Scientific Computing (2022) 90 :71 Page 25 of 29 71

Number of iterations
100 101 102 103 104

||e
n
|| 2

10-5

10-4

10-3

10-2

10-1

100

101

102

Proposed Alg. 1
Shehu Alg.
Thong Alg.
Fan Alg.
Yang2 Alg.

Fig. 7 Example 7.3: Case I

set C by: C := {x ∈ L2([0, 1]) : ∫ 1
0 t x(t)dt = 2}. Define A : L2([0, 1]) → L2([0, 1]) by

Ax(t) := max{x(t), 0}, x ∈ L2([0, 1]), t ∈ [0, 1].
Then A is monotone and Lipschitz with L = 1. Observe that S �= ∅ since 0 ∈ S and that

PC (x)(t) := x(t) −
∫ 1
0 t x(t)dt − 2

∫ 1
0 t2dt

t, t ∈ [0, 1].

We set the stopping criterion to be en := ‖xn+1 − xn‖ < ε, where ε = 10−4 and consider
four different cases as follows:

Case I x0 = 1

13

[
97t2 + 4t

]
and x1 = 1

250

[
t2 − e−7t ]

Case II x0 = 1

13

[
97t2 + 4t

]
and x1 = 1

100
[sin(3t) + cos(10t)]

Case III x0 = 1

250

[
t2 − e−7t ] and x1 = 1

100
[sin(3t) + cos(10t)]

Case IV x0 = 1

100
[sin(3t) + cos(10t)] and x1 = 1

13

[
97t2 + 4t

]

The following remarks on the numerical implementations given above are in order.

Remark 7.4 (1). The numerical results from the above Examples (both finite and infinite
dimension) show that our proposed Algorithm 1 is considerably fast, easy to implement
and very efficient (Table 1).

(2). For the given Examples, our proposed Algorithm 1, which is a subgradient extragradient
methodwith double inertial extrapolation steps, outperforms several existing subgradient
extragradient methods with single inertial extrapolation step studied in [7,13,27,30,34,
35]. This is evident from Tables 2, 3, 4, 5 and 6 and Figs. 1, 2, 3, 4, 5, 6, 7, 8, 9 and 10
with respect to speed and number of iterations.
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Fig. 8 Example 7.3: Case II
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Fig. 9 Example 7.3: Case III
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Fig. 10 Example 7.3: Case IV

8 Conclusion

We have proposed an inertial version of the subgradient extragradient method of Censor et
al. [6] with the possibility θn = 1 for the inertial factor and self-adaptive step sizes. Thus, in
contrast with the methods considered so far, our proposed method extends the choices of the
inertial factor to θn = 1. We obtain weak convergence of our method in real Hilbert spaces
under simpler conditions than previously assumed for other inertial subgradient extragradient
methods. We also present a strong convergence result for the case where the cost function is
strongly monotone with adaptive step sizes. In all our results the Lipschitz constant (or its
estimate) of the cost function is not needed during implementations. Preliminary numerical
experiments show that our methods are efficient and promising. One of the goals of our future
projects is to estimate the rate of convergence for Algorithm 1.
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