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Abstract
A distributed order time fractional diffusion equation whose solution has a weak singularity
near the initial time ¢+ = 0 is considered. The numerical method of the paper uses the

well-known L1 scheme on a graded mesh to discretize the time Caputo fractional derivative
and a standard finite element method in space. A S-robust discrete fractional Gronwall
inequality is investigated. By this inequality, the B-robust optimal-rate convergence and a
superconvergence bound ||V R,u" — Vu}, || are proved. This superconvergence bound is also
used to show that a simple postprocessing of the computed solution will yield a higher order of
convergence in the spatial direction. The final convergence result reveals the optimal grading
that one should use for the temporal graded mesh. Numerical results show that our analysis
is sharp.
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1 Introduction

In the present paper, we consider the distributed order time-fractional diffusion equation with
corresponding initial and boundary conditions as following:

PPu —kAu= f(x,t) V(x,t) e Q:=2x(0,T], (1.1a)
ulpge =0 fort € (0,71, (1.1b)
u(x,0) =ug(x) forx € £2, (1.1c)

where 2 c R4 (d =1,2,3), k is a positive constant, and f € C(@) with@ =02 x[0,T].
In (1.1a), Z°u denotes the distributed order fractional derivative, which is defined by

B
DPu(x, 1) =/ w()Dfu(x,t)de, 0<p <1, (1.2)
0

where w () > 0, ff w(a)da = co > 0, Dfu (0 < o < 1) is the fractional Caputo derivative
of order «, defined by

1 ! du(x,
Dlu(x,t) = 7/ (t—s)“ ulx, s) ds, t>0.
ra—a)ly as

The analytic solutions of the distributed order time-fractional diffusion equation have
been studied by many researchers [13,24,29,31]. However, only for a few problems the exact
solutions can be displayed, and most of these solutions are consist of complex functions
(Mittag-Leffler function, Wright function, etc.), which are not easy to compute. Thus it is
very necessary to develop some efficient numerical methods to solve the distributed order
time-fractional diffusion equation. Alikhanov [2] presented a priori estimates for the multi-
term variable-distributed order diffusion equation by the method of the energy inequalities
and investigated a difference scheme to solve it. Ye et al. [43] proposed a compact differ-
ence scheme for the problem (1.1) and got the stability and optimal convergent result for
the proposed scheme. The numerical analysis of a finite difference method for the time
distributed-order and Riesz space fractional diffusion equation was presented in [44]. Chen
et al. [9] developed a fully discrete spectral method for the distributed order time-fractional
reaction-diffusion equation, which will achieve the spectral accuracy. Bu et al. [8] inves-
tigated three efficient fully discrete finite element schemes to solve problem (1.1). Li et
al. [23] developed two alternating direction implicit Galerkin-Legendre spectral methods
for distributed-order differential equation in two-dimensional space. Samiee et al. [34,35]
proposed a unified and fast Petrov-Galerkin spectral method for distributed-order partial
differential equations, where Jacobi poly-fractonomials and Legendre polynomials were
employed as temporal and spatial basis/test functions, respectively. Furthermore, some recent
developments are given in [1,38,42].

It is worth noting that the analysis of the above schemes is based on the assumption that
the solution is smooth enough in time direction. However, this assumption is unrealistic.
The solution of the time-fractional partial differential equation typically exhibits a weak
singularity near the initial time. Mclean [30] investigated the regularity result of solutions
for time fractional diffusion equations and discovered these singular behaviors. Stynes et
al. [39] investigated the L1 scheme on graded mesh to solve these weak singularities of the
time-fractional reaction diffusion equation. Liao et al. [27] developed a discrete fractional
Gronwall inequality on nonuniform mesh, which can be used to solve the time-fractional
nonlinear problem with a weakly singular solution. Ren and Chen [32] investigated a finite
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difference/spectral method to approximate a distributed order time fractional diffusion equa-
tion with initial singularity on two dimensional spatial domain, while the convergent result
show that the bound will blow up as 8 — 17. Bu et al. [7] proposed a space-time finite
element method for the distributed order time fractional reaction diffusion equation with
weakly singular solution. Moreover, there are some other relevant works about the weakly
singular solution for the time-fractional partial differential equation, e.g. the finite differ-
ence method [22,26,36], the finite element method [3,20,21,41], the discontinuous Galerkin
method [4,5,14,15,17,33], the collocation method [19,25].

Let p be a non-negative integer. Assume that ug € D(AP?) and a,’f(-, t) € D(AP) for
I =1, 2, where the fractional power A? is defined in [16, p.3]. Imitating [16, Theorem 2.1],
we obtained that the solution of the initial-boundary value problem (1.1) satisfies

luc. 0|, < ¢, [[olu¢, 0|, <ca+7,
P r

P2u(-, 1) ||p <C (1.3)

with/ =0,1,2,and 0 <o < 1.

In this paper, we will construct the finite difference/finite element method to solve the
initial-boundary value problem (1.1), whose solutions behave a weak singularity as (1.3).
In order to obtain the sharp H '-norm convergent result, the fully discrete L1 finite element
method with integral formula will be written as differential formula. By investigating a g-
robust discrete Gronwall inequality, the -robust H'-norm stability and convergent results
are obtained. Furthermore, the superconvergent result in space direction will achieve.

The rest of the paper will organized as follows. In Sect. 2, several operators will be
introduced, which will be used in following error estimate. In Sect. 3, we will construct
a fully discrete scheme, which is based on the L1 scheme in time direction and the finite
element method in space direction. The sharp H'-norm stability and convergent result will
be presented in Sect. 4, while these bounds will blow up as 8 — 1. To overcome this, a
new analysis will be presented in Sect. 5, and the S-robust stability and convergent results are
obtained by using a new S-robust Gronwall inequality. The superconvergent result in space
direction is given in Sect. 6.Finally, in Sect. 7, the numerical experiments are presented to
illustrate the sharpness of our theoretical analysis.

Notation. C denotes a generic constant, it is independent of mesh parameters N and h
and can take different values in different places. We write || - [|oo and || - || for the norms
in L°(£2) and L2(2) respectively. For each m € IN, the notation H™ (£2) is used for the
standard Sobolev space with its associated norm || - ||, and seminorm | - |,,. The L2(£2) inner
product is denoted by (-, -).

2 Preliminaries

Recall that 2 C R¥. To construct standard finite element space, we write Qy for the space of
polynomials of degree k in d variables. Denote the reference element K :=1[0,117. Let %,
be a quasiuniform partition of £2 (see Figure 1) into elements K, form =1, ..., M, where
each K, = g (12 ) for some ¢g;, € Qk. Then the standard mapped Qy functions are used on
each element (see, e.g., [12, Section 3.7]), set

Vi o= {vh € H'(2):w|, =Eoq, withé € 0u(K) and gy, : K — Km},
Von := {vn € Vi : vnlae = 0},

where / := max|<;,<p{diam(K,,)} is the mesh diameter.
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Fig. 1 Quasiuniform partition of
2

Next we will introduce three operators. First, define the L? projector Py : L*(£2) — Vo,
by

(Ppw, vp) = (w, vp) Y v € Vop. 2.D
One can show [6] that
IVPyll < Cpll VUl Vv e H(£2), (2.2)

where C), is a positive constant independent of the mesh size h.
The Ritz projector Ry, : H(} (£2) — Vpp, is defined by (VR,w, Vu,) = (Vw, Vuy,) for all
vy, € Vop. From [40, Lemma 1.1] we get

lw = Rywll + hllw — Rywlli < CH*H M wliyy Vw € HH(@) N H(2). (2.3)
Next, we define the discrete Laplacian Ay, : Vo — Von [40, (1.33)] by
(Apv, w) = —(Vv, Vw) Yov,w e V. 2.4)
Imitating [40, (1.34)], we get that these three operators are related by
ApRpv = Py Av Y v e H*(£2). 2.5)

3 The L1 FEM Method
In this section, we will approximate the problem (1.1) using the finite element method in

space and the well-known L1 difference scheme in time, on a mesh that is uniform in space
and graded in time.

3.1 Temporal Discretisation

Let ¢ be a positive integer. Divide the interval [0, 8] into g-subintervals with h, = B/q.
Denote o := («1, ..., ay), and D¥u := h, Zgzl w(as)Df“"u with oy = (s — 1/2)h, for

s =1,---,q. Note that o is the center of each cell [(s — 1)hy, shy]. Thus the distributed
order fractional derivative can be approximated by the multi-term fractional derivative
2¢u = DFu + R(1), (3.1)

where R(?) := Z{’u — D¥u denotes the approximation error. Under the conditions w(«) €
C2[0, B] and D%u(-,-) € C?[0, B, one has [|R()|| < Ché by composite midpoint formula
for numerical integration [11, (5.1.19)].
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Let N be a positive integer. Set the temporal mesh ¢, = T (n/N)" forn =0,1,..., N,
where the constant r satisfies » > 1. Denote the time step t, :==1t, —t,—1 forn =1,..., N.

The Caputo fractional derivative Dffu(-,t,) with 0 < o < 1 is approximated by the
well-known L1 approximation of [39, (3.1)]

n—1
DY = d " — du® = 37 (4 = d\, ) ur, (3.2)
i=1
where
(@) 71 i+1 In—i+1
o Tn—i —a .
dnl' m (ln—n) d?] f0r1=1,...,n
Denote
q
dni = he Y o(;)d\ . (3.3)

Thus the distributed order fractional derivative (1.2) can be approximated by

D‘}Z\]“n = n,lun n nu Z(dn i~ dn,i+l)un_i- (34)

It is easy to see that
0 <dy,i+1 <dy,; fori=>1. 3.5)

Next, we will present three Lemmas, which will be used in our later analysis.

Lemma 3.1 [32, Lemma 2.2] For any grid function {v }n —o » one has

,,,,,

Lemma 3.2 [32, Lemma 2.3] Suppose hy is sufficiently small, one has
q ‘o
— . — —Q, .
haZw(as)tj % > ?mm{tja',tj Y forj=1,...,N
s=1

One should bear in mind that in the rest of our paper, we always take h, sufficiently small
to ensure Lemma 3.2 is valid.

Lemma3.3 Lero € (0,1) and o € (0,1). Assume that |u (-, )1 < C(1 + 17 for
1=0,1,2,andt € (0, T). Then

| DS u(ta) = Dfulty) ||, < Cty*N=™0 027 forn=1,... N,
where C is a constant.

Proof The result is followed from [32, Lemma 2.4] and [32, Lemma 2.6]. ]
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3.2 The Fully Discrete L1 FEM
Firstly, we use the standard finite element method (FEM) to discretize (1.1a) in spatial

direction. A weak formulation of (1.1) is: Find u(-, 1) € HO1 (£2) for each t € (0, T'], such
that

(28u, v) +«(Vu, Vo) = (f,v) Yv e Hj(2) (3.6)

with u(x, 0) = ug.
Our semi-discrete FEM is: Find uy, (-, t) € Vyy, for each t € (0, T'], such that

(2un, vi) + kK (Vup, Vop) = (f, vn) Y v € Von (3.7
with u2 = Rjuyg.
Applying the L1 scheme (3.4) to approximate (3.7) in temporal direction, the fully discrete
L1 finite element method (L1 FEM) takes the form: find uz € Vop forn =0,1,..., N such
that
(D% ut, i) + ke (Valt, Vo) = (f", vp) with uf) = Ryuo, (3.8)
where f"(-) := f(, t,).
By (2.4) and (2.1), the L1 FEM (3.8) can be written as: find u}, € Vo, forn =0,1,..., N

such that

(]D)‘j"\,uz, vp) — k(Apuy, vp) = (Py f", vp) with u2 = Ryug

forn = 1,..., N. Owing to DY uj, Apuj and Py f" all belong to Vo, this integral for-
mulation of L1 FEM takes the differential form: find u} € Vo, forn = 0,1,..., N such
that

DY uft — ik Apull = Py " with u) = Ryuo (3.9)

forn=1,...,N.

4 H'-norm Stability of L1 FEM

In this section, we will present the sharp H'-norm stability and convergent results of the
computed solution given in (3.9).
Next the following important property of the L1 scheme will be stated.

Lemma 4.1 Let the functions vo= v(, tj) be in Lz(.Q) for j = 0,1,..., N. Then the
discrete L1 scheme satisfies

(D", v") = (D I"II) V"] forn=1,2,...,N.
Proof Letn € {1,2, ..., N}. The definition of ]D)‘["\, V" gives
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n—1
DGV, V") = dy 1 (0", 0") = dyn (00, 0") = Yl = dnis )" V")
i=1

n—1
> dy 1 10" 17 = d 0O 10" =D (i = dui DIV 0"
i=1
= (DR V") 1",
where we used Cauchy-Schwarz inequalities and 0 < d;, ;41 < dj,,; givenin (3.5). ]
Now we give the stability of the L1 FEM (3.9) in following lemma.

Lemma 4.2 The solution uj, of the discrete problem (3.9) satisfies

27F ,
[Vuyll < IVu | +Cp (1 —ﬂ)? jlrllaxnllvffll. 4.1

Proof Fixn € {1,2, ..., N}. Multiplying (3.9) by —A,uj, and integrating over £2, one has
(DY, —Anicy) + k| Apuy|> = (P f", —Apicy).
Applying k > 0, then use the definition (2.4) of Ay, to get
(DS (Vuy), Vuy) < (VP f", Vuy).
Now Lemma 4.1, a Cauchy-Schwarz inequality, and (2.2) yield
(D NIV ) 1Vuyll < IV Py IVl < CpllV IV ug - (4.2)

Invoking (4.2) and Lemmas 3.1 and 3.2, one has

.....

.....

.....

where Lemma 3.2 is used for the penultimate inequality. O

Let " and uj, be the solutions of (1.1) and (3.9) respectively at time t = #, for n =
0,1,...,N.Denote R" := Zu(t,) — D*u(t,) forn =0, 1, ..., N. To facilitate the error
analysis for the standard finite element method, we follow the writing

u" —ujy = (Rpu" —up) — (Rpu" —u™) =" = p", 4.3)

where ¢" := Rju" —uj and p" := Rjpu" — u". Now we consider the analysis of {", because
the bound of p" can be approximated immediately using (2.3). From (1.1a), (3.9), and (2.5),
one has
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DY " — kA" = [Rh (]D)‘I"Vu”) — /(Athu”] — (D']"vuz - KAth)
= (Ry — Pn)DGu" + Py(DYu" — k Au™) — Py f"
= Py(Ry, — DDYu" + Py(2°u" — k Au" + DYu" — 2Pu™) — Py "
= Py(Rp — DDYu" 4+ Py(f" +DXu" — DFu" — R") — Py f"
= Py(R, — DD{u" + Pp(f" —¢" — R") — P, f"
= PyDYp" — Pu(¢" + R"),
where ¢ (x) 1= D¥u" — DY u" = Y"1 hyw(ag)[D u(x, t,) — DY u(x, 1,)]. Clearly
DY p" =DYp" —DFp" +DFp" — 270" + 27 p"
= (Df" — D) — Ry (DFW" — D) + (90" — D)
— Ry (Z°u" —DFu") + 27 p"
=¢"+R"— Ry(¢" + R") + Z°p". 4.4)
Thus
DY " — kA" = P2 p" — Rp(¢" + R") forn=1,2,...,N. 4.5)
We can now prove the optimal-rate convergence of our L1 FEM (3.9) in L (H").

Theorem 4.1 (Error estimate for the L1 FEM) Let u" and uj, be the solutions of (1.1) and
(3.9), respectively. Assume the hypotheses of (1.3) withk + 1 < p, w(a) € C2[0, B, and
Dfu(.,-) € 2|0, Bl. Then forn = 1,2, ..., N, there exists a constant C such that

IVu" — Vull| < CT (1 — B) (hk Ty N—mi“{"’~2—%}) : (4.6)
Proof Fixn € {1,2,..., N}. Multiplying (4.5) by —A;¢" and integrating over §2, one has
— (D%¢", An") + 1 Ang" 1> = — (PhZp". Ang") + (Ru(@" + R™). Ang™). (4.7)
Recalling the definition (2.4) of A;, and the projection Py, we get
(DK (V™). VE™) + 1 An" I = (VPaZP 0", V") — (VRi(@" + R"), V") .
By Lemma 4.1 and a Cauchy-Schwarz inequality, this gives
DYIVE" ) IVE" I < IVPeZ?p" [ IVE" I 4 IV Ri (@™ + R IVE" .
Thus
DYIVE" = Coll V2" + IV (9" + RMI. (4.8)

Invoking Lemma 3.1 and (4.8), one has
Ive"ll

4q
<IVEl+ (1 —ag) max {(ha Zw(as>z,-"‘-‘)“D7v||vcf|}
Jj=Ll,...n =
! 1
. o -
sﬂl—aﬁjg;gn{(haz;w(as)zj ) [C,,||W:°pf||+||wf+Rf>||]}
§=
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q q
<Crd—ay) n}ax {(ha Zw(%)t;"‘»“)‘l |:hk + hi +hy Zw(as)tja,\-N—mm{ra,z—a,\)i“
,,,,, : £
=Cr(i—p) max {max{ 19, 1) (o hz)} £ CI(1 — BN~ minlro2—ag)
j=l,..,n

<Cra-ps (hk + hi + N—min(ro,2—aq]) ’

where Lemmas 3.2 and 3.3, (2.3), and || VO || = || V(R,u® — u®)|| = 0 are used. Combining
this bound and (2.3) with (4.3), we get (5.8). ]

Remark 4.1 The orders of convergence displayed in Theorem 4.1 indicate that the rates of
convergence in space, distributed variable, and time are h*, hg, and N~ min{ro.2—ay} , respec-
tively.

It is obvious that the convergent result obtained in Theorem 4.1 will blow upas g — 17
This phenomenon also appears in [32]. In the next part we will try to improve this convergent
result by making it B-robust.

5 B-robust H'-norm Error Analysis of the L1 FEM

In this section, we will present a S-robust discrete Gronwall inequality, which is an improve
of [18, Lemma 8]. Applying this new discrete Gronwall inequality, a 8-robust H !-norm error
estimate for the computed solution is obtained. Based on this result, a superconvergent result
is achieved immediately.

As in [39, (4.6)], define the positive real numbers 6, ;, forn = 1,2,..., N and j =
1,2,...,n—1,by

n—j

Opn=1, Opj=Y_

k=1
where d, x is defined in (3.3). Observe that (3.5) implies 6, ; > 0 for all n, j.

p (dn.k — dn k+1)0n—k,j (5.1
n—k,1

Lemmab5.1 [0, Lemma 5.1] Forn =1,2,..., N and 1 < k < n, one has

n
Zdj,jﬂ—k@n,j =dp,. (5.2)
=k
Lemma5.2 Lety € (0, 1) be a constant. Then forn = 1,2, ..., N, one has
I'(l+vy) y—oy y
;(Zha ( Y)F(l-i-]/ )[] On,j Sdn,lln~ (53)

Proof Tmitating [10, Lemma 5.3], one has

r'd+y - ! (or5) y .y
—_ ¢ S_E d: t, —t_).
F(1+)/—Ols)J P Jij+1— k(k k l)

Thus

ra+y) y—ay
Z:ho,w(otv)r(1 - )tj
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h w(“s)zd%ll (6 —1)

MQ

©
Il
-

haw(a)d ™, (1] = 1))

|
M\.
M=

»
Il

1 s=1

dj j+1- k( _tk 1)

I
M\,

,v.
Il
-

Multiply this inequality by 6, ; then sum from j = 1 to n. This yields

ra+y ),
Z<Zh YTy —ay" )9"”

j=1

<29njzd] ji-k (i = 1))
j=1
n n
= Z(fky —1 ) Zen,,-dj,,-ﬂ_k
= dp,1 Z - tk 1

= dn,1 tn >
by changing the order of summation then invoking Lemma 5.1. O

Corollary 5.1 Setting Iy = 1/1In N, one has

e’ maxj<s<, I'(1 + Iy — )
(Zh w(es)t; ) mj = ey '

j=1

Proof Applying 1 < j"'V and NV = ¢, one has

(Z haa)(oz;)t )
n,j (Z haw(as)tj_axjrlN)

erN 1 n
- lz@u (St =)
n

n

< e’ maXIE_yfq F(l +1N _(Xs) 1 Z Zh a)( ) F(l +IN) th o
= TINC(1+1y) dn1 o n.J O T T Iy —ay) '

’111

IA

Choosing y = Iy in Lemma 5.2 yields

(o)

j=1
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e’ max<s<g I'(1 4+ Iy — ay) Iy - e’ max<s<q I'(1 4+ Iy — ay)
- TINC(1+1y) "o ra+iy)

)

where t,l,N < TV is used. Thus the result follows. O

Corollary 5.2 Setting [y = 1/1n N, one has

— max t“l,ta" .
r(1+1y) €0 . a7}

1 2”:9 _ ¢ maxicseg M1+ 1y —a) 2
- n,j =

Proof From Lemma 3.2 we have

Z (Z hoo (a)t; )

j=1

1 " (&) o —a
> —min{t; ‘', t. 110, ;
_d’”; 5 min{; 10,

nl

%

O . g g, ] '
Emln{tn , }dn’lZGH,].

Thus the result follows from Corollary 5.1 and < max{r?", 1,"}. O

. — —
minfz, “1 1, “¢)

Next we will prove a new nonstandard Gronwall inequality, which is an improvement of
[18, Lemma 8].

Lemma 5.3 Assume that the sequences {EM)02 1, {n"}52 | are nonnegative and the grid func-

tion { V" :n—O,l,...,N}sattsﬁesv > 0 and
(D% ") v" < ™" + (0")? for n=1,2,...,N. (5.4)
Then
v <00 i (B +07) + max{f'} forn=1,2,....N. (5.5
j=1
Proof Forn=1,..., N, set

7} = max {nj], g =8"+n".

I<j=n

*

Our proof uses induction on n. First consider the case n = 1. If v! < nl, then as v°, 6, ;

and &; are all non-negative, the result for n = 1 follows immediately. Otherwise vl > ni,

which implies v! > 5! > 0. Hence the inequality (5.4) with n = 1 gives us

Dy <g'+p' =g,

di' —di” < g
by (3.4). Rearranging this inequality then invoking (5.1), one has

1
1
U<U+d +7’59118
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1
1
0 01 10! I
=v +d112 118 + 1,
-
Thus the result is true for n = 1.

Fix k € {2,..., N}. Assume that (5.5) is valid forn = 1,2, ...,k — 1. If v* < n¥, then
as vV, 0p,j and &; are all non-negative, the result for n = k follows immediately. Otherwise
vk > pk, which implies v > 1* > 0. Hence the inequality (5.4) with n = k gives us

D" < € +n* = g,
ie.,
k—1
0" — di 0 + D (dr 1 — di VT < g,
Jj=1
by (3.4). This is equivalent to
k—1
g +di s+ (dij — di vt
j=1

vk <

1
dr1

Combining this inequality with the inductive hypothesis yields

k—1 k—j
1 1 i
v < — Jgf i + Z(dk,j —dijrn) |V Zkaj,sgs +ni !
di1 ot di—j.1 =
1 k—1 1 k—j
< — 1+ dn® +) drj - dk,j+1)[v0 + ng—j,sgs:l
.1 =1 de—j1
k—1
i
+—— Y drj—dejiOns
di1 =
! k-1 | ki
k 0 s
<——18 +div + [(dk,'—dk,' 1) 9k—',‘g}
d1 — ! T dj Z_: o
J= s=1
1 k—1
+ —— (k1 — di 1),
di.1
1 k—1 k—s 1
= o gF+di i’ + ng[z (dr.j — dk,j+1)9k7j,sj|
k1 o Lo de-ia
+ 1
|k
=104 a Z@k,sgs + ﬂi,
T os=1

where we used the relationship (5.1), dx x > 0, and 5 is nondecreasing for n increasing. We
conclude the lemma is true by the principle of induction. O

Now we will achieve a S-robust stability result for the fully discrete L1 FEM by Lemma
5.3.

@ Springer



Journal of Scientific Computing (2022) 90:44 Page 130f20 44

Theorem 5.1 The solution uj, of the discrete problem (3.9) satisfies

Cmax|<g<q I'(1 + Iy — ay)
I'(d+1y)

IVul < IVl + max {1771} (5.6)

where ly is defined in Corollary 5.2.

Proof Fix n € {1,2,..., N}. Multiplying (3.9) by —Apuj, and integrating over £2, one has
— (DY up, Apuy) + ikl Apuf > = —(Py f", Apuly) < ||f" I + x| Ay 1

Discard the non-negative term || Apu}, |2, then use the definition (2.4) of Ay, to get

(D% (Vull), Vull) < llf" I1%.

Applying Lemma 4.1 yields
1 ny2
DFNVuy D) IVupll < oA (5.7

By Lemma 5.3, one has

n

1 1
Vi < NVafl+ 5= Z 71+ 5 max {171}

Applied Corollary 5.2, the lemma is proved. O

‘We then prove the main result of the paper, which demonstrates convergence of our method
in L°(H") with an optimal and B-robust convergence rate.

Theorem 5.2 (Error estimate) Let u" and uj, be the solutions of (1.1) and (3.9), respectively.

Assume the hypotheses of (1.3) withk+1 < p, w(a) € 20, Bl, and Dfu(-, ) € o, Bl.

Then forn =1,2,..., N, one has

Cmaxj<s<q I'(1 + Iy — ay)
r+1y)

Cmaxi<s<4 I'(A + 1y —
ra+Iy)

IV — Vuly| < (nminiagred 4 gk p2), (58)

IVRyu" — Vup|l <

o) (mein{Zfaq,ro} 4 gk —l—hi)
(5.9)

where Iy = 1/InN and C is a constant independent of h and N.

Proof Fixn € {1,2,..., N}. Multiplying (4.5) by —A;¢" and integrating over 2, we arrive
at

— (D%¢", Ang™) + k1 AR 1? = — (Ph2°p" — RiR", Anc™) + (Rug", Apt™).
(5.10)

Recalling the definition (2.4) of A, and the projection P yileds
(DX (VE™), VE") + k| Ang"1? = (= 270" + RuR", A3") — (VRyg", V") .

Applying the Lemma 4.1 and the Cauchy-Schwartz inequality, one has

1
OFIVE" DIV = e — 127 p" — RuR" > + IV Ri" | [IV¢"I.
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Invoking (2.2) and (2.3), we get

1
D%IVE™ ) 1Ve"| < U IR, R" D + IV Rug" || V"]
< CR2* D L C|IVRLR™1? + [V Ru@" || V"]
< C*ED L mdy IV | IVE |, (5.11)

where the inequality |VRyw| < [[Vw|Vw € HO1 (£2) is used. Observe that (5.11) is a
particular case of (5.4). Thus we can invoke Lemma 5.3 to get

C n )
Vel < 190+ 23060 (199711 03 ) + COMT i), 512)
e

By Lemma 3.3, we get [|[Vo/|| < C37_; hgw(a)t; * N~ mn2=er7) Substituting this
inequality into (5.12) and invoking Corollaries 5.1 and 5.2 yields

n

c ! _ ,
y Z (Z haa)(as)tj s N~ mm{2—tx5,ra}> Gn,j

n,1 =1

Iver < 1ve° +

nl<hk+1+h )+C(hk+l+h§)

1 &L _
< CN~min2-aro) Z ( haw (@)1 “-v) 6n.j
s

=1

n,

29 (hk+1+hi)+c(hk+l+h§)

nl
e’ maxlfsfq I'(l+ Iy — ay
- ra+1Iy)

where we used [|V¢0| = [[V(Ryu® — u))|| = 0. Combining this bound and (2.3) with (4.3),
we get (5.8). O

)C (N—min{Z—an(T} 4Rk hi) ,

Remark 5.1 No blow up appear in the error estimate given in Theorem 5.2 as § — 17, unlike

the bound in Theorem 4.1 and [32, Theorem 3.1].

Corollary 5.3 Assume the hypotheses of Theorem 5.2 are satisfied. Then

Cmax|<s<q 'l +Iy —«
ra+Iy)

" = ul < (i) g 2) . (53)

Proof Applying Poincare inequality, one has || Ryu" —uj || < C||VRpu" —Vuj||. Combining
this result with (5.9) and (2.3), we get (5.13). O
6 Superconvergence Analysis

In this section, a superconvergent result for the distributed order time-fractional diffusion

equation (1.1) in two-dimensions will be presented, where the bilinear element (k = 1) is
used in our finite element space.
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To obtain the superconvergent result, we will introduce two operators as follows. Let
T, H 2(.Q) — Vi, be the interpolation operator satisfying 7, v(a;) = v(a;), where a;, (i =
1,2, 3, 4) are the four vertices of K,,. By [37, (8)], we get the H'-norm estimate

|Ryw — mpwlly < Ch* w3, Y w e H}(2) N H?(£2), (6.1)

which will play an important role in the superclose and superconvergence analysis.
Now we adopt the interpolation postprocessing operator 7y, as the same in [28], which
satisfies

TopThw = Topw, Y w € Hz(.Q), (6.2a)
lw — mopwlly < Ch*|lwls, Y w e H (), (6.2b)
lm2pwilly < Cllwplly, Y wp € Von. (6.2¢)

Next we will state the global superconvergence result.

Corollary 6.1 Assume the hypotheses of Theorem 5.2 are satisfied with p = 3. Using bilinear

element (k = 1) in our finite element space. If the domain §2 is rectangular with sides

parallel to the coordinate axes, one has

Cmaxj<y<q I'(1 + Iy — ay)
ra+iy)

Cmaxj<y<q I'(1 + Iy — ay)
r'+1y)

IVpu" — V|| < (N—mi“{z—%’“} Ty hg) . (63)

IVu" — Viopul|| <

(N—min{2—ozq,r<r] +h? 4 hi) . (6.4)

Proof By triangle inequality, we arrive at || Vrrpu" —Vuj | < |[|Vrpu" —V Rpu™ |+ V Rpu™ —
Vuz ||. Then the bound (6.3) follows from (6.1) and (5.9) immediately.
Furthermore, combining the bound (6.3) with (6.2) yields
IVu" — Vaopuyll < |Vu" — Vaopmpu || + [Voopmpu” — Vaopul |

= [[Vu" — Vaopu" | + | Von (rpu” — uj)||
< Ch? + C||Vrpu" — Vil |
- Cmaxj<s<q I'(1 + Iy — )
- ra+1y)

Thus the proof is complete. O

(N—min{Z—o(q,r(r} +h?+ hi) .

Remark 6.1 Under the same condition of Corollary 6.1, the spatial H'-norm error of exact
solution and numerical solution given in (5.8) reaches O (h) convergence for the bilinear
element in space (note that the degree of the polynomial is k = 1 ). However, according
to the superconvergent result (6.4), the H'-norm error of the exact solution and numerical
solution after postprocessing is improved to O (h%) convergence.

7 Numerical Experiments
In this section we will present some numerical results for the initial-boundary value problem

(1.1) whose solution mimic the behaviour described in (1.3) with o = B.
Define the errors Eéw N L E {VI N , and Eéw N for the computed solutions by

ES/I’N = max |[[Vu" — Vuj|,
0<n<N
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Table 1 Example 7.1: E)""

errors and rates of convergence in N=10 N=20 N=30 N=40
temporal direction B=03  68409E-2  2.1408E-2  1.0737E-2  6.5847E-3
1.6759 1.7017 1.6998
B=05 1.0902E-1  3.8769E-2  2.1148E-2  1.3792E-2
1.5046 1.4947 1.4857
B=07  17449E-1  69783E-2  4.1538E-2  2.8837E-2
13222 1.2794 1.2685
EMN = Jmax IVrpu™ —ullll, EFN = Jmax IVu" — Vaoull|.

Example 7.1 Consider the problem (1.1) withk = 0.1,7 = L, w(ax) = F'(B+1—a)/ T (1+
B), 2 = (0,1) x (0, 1), and the function f is chosen such that the exact solution of this
problem is u(x, y, t) = t# sin(wrx) sin(w y).

To solve Example 7.1 numerically, a uniform rectangular partition of £2 with M + 1
nodes in each spatial direction and the bilinear polynomial in spatial are used. By taking r =
(2—p)/ B, one obtains the optimal rates of convergence in Theorem 5.2 and Corollary 6.1, viz.,
O (h+ h% + N=C=P) for |Vu" — Vul}| and O (h* + h2 + N=C=P)) for | Vrrpu™ — Vul||
and ||Vu" — Vmouuj|.

Firstly, we verify the temporal accuracy of our fully discrete L1 FEM (3.9). Table 1 shows
the Eg/I’N errors for B = 0.3, 0.5,0.7. Here M = [N>~#] and ¢ = 100 are taken so that the
temporal error dominates the result. The orders of convergence displayed indicate that the
rate of convergence is N~2~#) as predicted by (5.8) of Theorem 5.2. Tables 2 and 3 display
the E fw N and Eéw N error and their associated orders of convergence for § = 0.3,0.5,0.7,
with M = [N'7A/2] and ¢ = 100 so that the temporal error dominates the distributed
variable error and the spatial error. The orders of convergence displayed indicate that the rate
of convergence is N ~=A)  as predicted by Corollary 6.1.

Next we test the accuracy in spatial direction. Table 4 shows the Eg/l N L E fw N ,and Eéw N
errors and their associated orders of convergence for § = 0.3,0.5,0.7. Here N = 200
and ¢ = 100 are taken so that the spatial error dominates the results. We observe O (h)
convergence for Eéw N and O (h?) convergence for E {W’N and Eéw ’N, again as predicted by
Theorem 5.2 and Corollary 6.1.

At last we check the convergence order for distributed variable. Table 5 shows the E {W N
error and the associated order of convergence for 8 = 0.3, 0.5, 0.7, where N = 1000 and
M = 200 are taken to eliminate the temporal error and the spatial error.

These numerical results demonstrate the sharpness of our theoretical convergence bounds
in Theorem 5.2 and Corollary 6.1.

Example 7.2 Consider the problem (1.1) withk = 0.1,7 = l,w(x) = F'(B+1—a)/ T (1+
B), 2 = (0,1) x (0, 1), and ¢(x, y) = x2>(x — 1)y23(y — 1). The function f is chosen
such that the exact solution of this problem is u(x, y, 1) = (1 + t#)x22(x — 1)y23(y — 1),
which is nonsmooth in spatial direction.

In this example, we just test the convergent result of £ {W’N and Eéw ’N, and the selection
of M, N, and ¢q is same as Example 7.1. Tables 6 and 7 show that E{W’N and EéW’N have
the global truncation error O(N~2~)) in temporal direction. Table 8 shows that O (h?)

M,N M.N . S
convergence for £ and E; " in spatial direction is observed.

@ Springer



Journal of Scientific Computing (2022) 90:44 Page 170f20 44
Table2 Example 7.1: E {W’N errors and rates of convergence in temporal direction
N=40 N=80 N=160 N=320 N=640
p=03 3.4599E-3 1.1331E-3 3.5575E-4 1.0994E-4 3.4313E-5
1.6104 1.6703 1.6943 1.6812
=05 8.3643E-3 2.9477E-3 1.0639E-3 3.7353E-4 1.3185E-3
1.5046 1.4755 1.5029 1.5025
p=0.7 1.8759E-2 7.0388E-3 2.9176E-3 1.2397E-3 5.1130E-4
1.4141 1.2704 1.2345 1.2789
Table 3 Example 7.1: Eéw ‘N errors and rates of convergence in temporal direction
N=40 N=80 N=160 N=320 N=640
p=03 6.6453E-3 2.1717E-3 6.7214E-4 2.0878E-4 6.4730E-5
1.6134 1.6923 1.6849 1.6916
B =05 1.5621E-2 5.1626E-3 1.8896E-3 6.7802E-4 2.3912E-4
1.5637 1.4497 1.4790 1.5042
p=0.7 2.9737E-2 1.2300E-2 5.0884E-3 2.1082E-3 8.7630E-4
1.1681 1.2740 1.3037 1.2561

Table4 Example 7.1: Eg/l N ,E {VI N , and Eéw N errors and convergence rates in spatial direction

Mo EMY Order EYN Order ey Order
=03 8 4.3761E-1 - 3.1868E-2 - 6.0159E-2 -
16 2.1826E-1 1.0035 8.0456E-3 1.9858 1.5089E-2 1.9953
32 1.0906E-1 1.0008 2.0105E-3 2.0006 3.7721E-3 2.0000
64 5.4525E-2 1.0002 4.9683E-4 2.0162 9.3996E-4 2.0046
=05 8 4.3790E-1 - 3.3903E-2 - 6.1283E-2 -
16 2.1830E-1 1.0042 8.5523E-3 1.9870 1.5366E-2 1.9957
32 1.0907E-1 1.0010 2.1318E-3 2.0042 3.8381E-3 2.0012
64 5.4525E-2 1.0002 5.2149E-4 2.0327 9.5323E-4 2.0098
B =0.7 8 4.3817E-1 - 3.5708E-2 - 6.2322E-2 -
16 2.1833E-1 1.0049 8.9989E-3 1.9884 1.5621E-2 1.9962
32 1.0907E-1 1.0012 2.2359E-3 2.0088 3.8970E-3 2.0029
64 5.4526E-2 1.0003 5.3981E-4 2.0498 9.6338E-4 2.0167
Table 5 Example 7.1: Eiw‘N N=2 N=4 N=8 N=16
errors and convergence rates for
the distributed variable =03  52242E3  13312E-3  33415E-4  8.3631E-5
1.9723 1.9942 1.9989
B=05  7.872E-3  18175E-3  4.4140E-4  9.7649E-5
1.9834 2.0431 2.1758
B=07 924413  23636E-3  5.8322E-4  1.3611E-4
1.9697 2.0166 2.0992
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Table 6 Example 7.2: E {W’N errors and rates of convergence in temporal direction

N=40 N=80 N=160 N=320 N=640
=03 2.1250E-4 6.9723E-5 2.1326E-5 6.6642E-6 2.0707E-6
1.6116 1.7103 1.6772 1.6858
B=05 4.8051E-4 1.5851E-4 5.8931E-5 2.1619E-5 7.6261E-6
1.5970 1.4326 1.4472 1.5012
B =0.7 8.5790E-4 3.8711E-4 1.6112E-4 6.5448E-5 2.7437E-5
1.1486 1.2652 1.2996 1.2551
Table 7 Example 7.2: Eéw N errors and rates of convergence in temporal direction
N=40 N=80 N=160 N=320 N=640
=03 4.6671E-4 1.5443E-4 4.7852E-5 1.5154E-5 4.7729E-6
1.6004 1.6848 1.6559 1.6720
B=05 1.0445E-3 3.4508E-4 1.2938E-4 4.7984E-5 1.7129E-5
1.5981 1.4192 1.4262 1.4890
p =07 1.8559E-3 8.3009E-4 3.4631E-4 1.4175E-4 5.9976E-5
1.1609 1.2623 1.2848 1.2428
Ta}\t/)lleNs E;[awple 724 =03 Polynomial M E {VI’N Order Eéu N Order
E;7, Ey errors, and
convergence rates in spatial 0; 3 1.8181E-3 _ 4.1434E-3 _
direction
16  4.7576E-4 1.9334 1.0421E-3 1.9930
32 1.2027E-4 19879  2.6426E-4  1.9779
64  3.0118E-5 1.9951  6.7221E-5 1.9967
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