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Abstract

The unconditional stability and convergence analysis of the Euler implicit/explicit scheme
with finite element discretization are studied for the incompressible time-dependent Navier—
Stokes equations based on the scalar auxiliary variable approach. Firstly, a corresponding
equivalent system of the Navier—Stokes equations with three variables is formulated, the sta-
ble finite element spaces are adopted to approximate these variables and the corresponding
theoretical analysis results are provided. Secondly, a fully discrete scheme based on the back-
ward Euler method is developed, the temporal treatment is based on the Euler implicit/explicit
scheme, which is implicit for the linear terms and explicit for the nonlinear term. Hence, a
constant coefficient algebraic system is formed and it can be solved efficiently. The discrete
unconditional energy dissipation and stability of numerical solutions in various norms are
established with any restriction on the time step, optimal error estimates are also provided.
Finally, some numerical results are provided to illustrate the performances of the considered
numerical scheme.
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1 Introduction

Suppose that 2 € R? is a bounded open set with Lipschitz continuous boundary 2.
Consider the following time-dependent incompressible Navier—Stokes equations in 2 x
0,71]

Uy —vAu+Vp+u-Vyu=f,

V.u=0, M
subject to the homogeneous Dirichlet boundary condition
ulpe =0 (@)
and the initial condition
uli=o0 = uo(x). 3
In these equations u = u(x, t) and p = p(x, t) are the velocity and pressure of the fluid at
the space-time location (x, t) € §£2 x (0, T'], respectively. The parameter v = i > 01is the

kinematic viscosity, Re is the Reynold number, f = f(x, t) is the body force, T is the final
time and uq(x) is the initial data of the fluid.

As a classical incompressible fluid model, the Navier-Stokes equations (1)—(3) have been
widely used in the field of the computational fluid dynamics [5,6,34]. Many important mod-
els are formed by coupling the Navier—Stokes equations with other equations, for example,
with the Maxwell equation form the MHD equations, with the nonlinear heat equation form
the Boussinesq equations and so on. Due to the nonlinear and incompressible properties, to
find the exact solutions of the Navier—Stokes equations becomes a difficult work. Therefore,
numerous works have devoted to the developments of efficient numerical schemes for the
Navier—Stokes equations (1)—(3), such as the nonlinear Galerkin method [1,2], the projection
method [27-29], two grid method [12,17] and so on. In these numerical schemes, the treatment
of nonlinear term is one of the key points. Generally speaking, the implicit and semi-implicit
schemes are unconditional stable, but we need to treat a variable coefficient algebraic discrete
problem, for example, [5,16,35] for the Navier—Stokes equations, [10,23] for the MHD equa-
tions, [18,25] for nonlinear parabolic problems. The implicit/explicit scheme is an attractive
approach to deal with the nonlinear problem, because we just need to treat the constant coef-
ficient algebraic discrete system. Furthermore, the considered problem can be split into a
series of linear subproblems, both computational size and storage requirements are reduced.
We only mention [7] for the dissipative evolution equations, [13,24,33] for the Navier—Stokes
equations, [32] for the Cahn—Hilliard equations and the references therein. However, the sta-
bility of numerical solutions in implicit/explicit scheme holds under some restrictions on the
time steps [9,11,33]. Namely, the following condition must be satisfied

Ar <C, “

where At is the time step, C > 0 is a general constant, independents of At and mesh size h.

The scalar auxiliary variable (SAV) method was developed by Shen and his co-authors
[20,21,30,31] for the gradient flow. This method can be considered as an extension and
improvement of the invariant energy quadratization (IEQ) method given in [36,37,39]. The
main advantages of the SAV scheme can be list as follows: (I) unconditional energy dissipation
law holds, (IT) decoupled equations with constant coefficients need to be solved at each time
step, (IIT) numerical schemes up to second order are accurate. Hence, the SAV method has
been used to treat the gradient flow [30,31], phase field model [38] and the references therein,
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some important and interesting stability and convergence results were established. In recently,
the SAV method was extended to solve the incompressible Navier—Stokes equations [22],
unconditional energy dissipation of the backward Euler and BDF2 schemes were developed,
with a series of numerical examples illustrating the performances of the considered numerical
method combining the spectral method. However, the stability and convergence results of
numerical solutions in these schemes were not given. Later, Li et al presented the error
analysis of the SAV approach for the Navier—Stokes equations based on the finite difference
method in [19-21].

The aim of this paper is to establish the rigorous unconditional stability and optimal error
estimates of the Euler implicit/explicit-SAV finite element method for the Navier—Stokes
equations. We firstly develop the equivalent formulation of the Navier—Stokes equations by
introducing the scalar auxiliary variable, the convergence results with finite element dis-
cretization are recalled. Then, a fully discrete implicit/explicit SAV finite element scheme is
developed, the energy dissipation of numerical scheme, unconditional stability and the opti-
mal error estimates of numerical solutions are provided. Compared with [9,11,13,19,24,33],
the main features of this work contain: (I) The unconditional energy dissipation of numeri-
cal scheme is presented. (II) Unconditional stability results of numerical solutions in Euler
implicit/explicit scheme are developed. (III) Optimal error estimates of numerical approxi-
mations are established.

The outline of this paper can be list as follows. Section 2 is devoted to recall some basic
results of the Navier—Stokes equations and present the corresponding equivalent form in SAV
approach with finite element discretization. Section 3 gives the fully discrete implicit/explicit
SAV FEM for the Navier-Stokes equations, unconditional energy dissipation and stability
results are established. Section 4 develops the optimal error estimates of numerical solutions.
Some numerical results are presented in Sect. 5 to confirm the established theoretical findings,
and illustrate the performances of the considered numerical schemes. Finally, a conclusion
is given in Sect. 6.

2 Function Setting and the Galerkin Finite Element Method
2.1 Preliminary

Assume that 2 C R? satisfies the addition stated in (A1) below. Standard Sobolev spaces
and the corresponding norms are used. Denote H'(£2) the function with square integrable
distribution derivatives up to order i (i = 1,2) over the domain £2, HO1 (£2) is the closed
subspace of H!(£2) consisting of the functions with zero trace on £2. We equip the spaces
H(£2)(i = 1,2) with the norm | - ||;, L' (§2) with the norm | - ||op and inner product (-, -),
H_} (£2) with the scalar product (Vu, Vv) and norm |Jul; = (Vu, Vu)!'/2. Set

X =H}(2)? V={veX;V-v=0}, M:L%(Q):{qeLz(m;/ gdx =0},
22

Y =L*(2)%, H={veY;divv=0,v-nlyo =0}, R = {the space of real numbers}.
We refer readers to [6,14,34] for details on these spaces. We denote the Stokes operator by
A = —PA, where P is L?-orthogonal projection of ¥ onto H and the domain of A by

D(A) = H2(£2)2 N V. As mentioned above, an additional assumption about the domain £2
is needed (see [1,16,34]).
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(A1). Assume that £2 is smooth so that the unique solution (v, ¢) € X x M of the steady
Stokes problem

—VvVAv+Vg=g, divv=0 xe€£2, vl =0,
for any prescribed f € Y, exists and satisfies

lvll2 + llgllv = Ciligllo.

where C| > 0 is a generic constant depending on the data v and £2.
We remark that the validity of assumption (A1) is known (see [1,6,14,34]) if 952 is of C 2
or if §2 is a convex polygon in 2D. Furthermore, it is well known that (see [11,14])

[vlg2 < CillAvllo, v € D(A).
The following Poincdre inequalities hold
vl < wlvl?, Yoe X, (v} < wlvl3 < lAv)3, Vv e D(A),

where yy is a positive constant depending only on £2.
Some assumptions about the prescribed data for problem (1) are needed [1,10,12,16].
(A2). The initial data uo(x) and the body force f satisfy, for the positive constant Cs,

o € HA(@)> NV, f e L0, T: H'(2)*) with [Auollo + [ f]I1 < Ca.
The continuous bilinear forms a(-, -) on X x X and d(-, -) on X x M are defined by
a(u,v) =v(Vu, Vv), d,q) = —(v,Vgq) =(gq,divv) Yu,ve X, g € M.
Define the trilinear form b(-, -, ) on X x X x X with V- u = 0 by

b(u,v,w) = (u-Vyv,w)+ %((V “uU)v,w) = %((u Vv, w) — %((u -Vw, v).

The following important estimates of the trilinear form b(-, -, -) can be found in [6,9,11,
13,34] with Cs is a positive constant depending on 2

b(u,v,v) =0, b(u,v,w) = —b(u, w, v), YueV, v,weX, )
|b(u, v, w)| + |b(v, u, w)| + |b(w, u, v)|
< %(||u||5/2||u||}/2||v||1 el ol 2ol lwly 21wl Yu,vowe v, (©)
|b(u, v, w)| + |b(v, u, w)| + |b(w, u, v)|
< %(nAvn(‘/znvn1/2||u||(‘/2||u||}/2+||Av||(‘/2||v||5/2||u||1>||w||o, VuveV,weX,
@)
|b(u, v, w)| + |b(v, u, w)| + |b(w, u, v)|
< %(nunéﬂnAvné/2
vl 21 Aully” + el 1ol S I Aully 1Ay *lwli—1, Yu,v,weV. (8

With above notations, the variational formulation of problem (1) reads as: for all (v, g) €
X x M, find (u, p) € L0, T; H) N L*>(0, T; X) x L>(0, T; M) such that

{ (ul‘a U) +Cl(l/t, U) - d(va p) +d(u7 Q) +b(l/l, u, U) = (f’ U),

u(0) = uop. ©
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The following regularity results can be obtained with simple modification to the argument
given in [8,14,15] under the compatibility conditions.

Theorem 2.1 Under the assumptions (Al) and (A2), problem (9) admits a unique solution
(u, p) satisfying the following estimates for all t € [0, T']

! 1/2
IIVM(f)||0+||Mz||0+IIAu||0+||P||1+</0 (s + Awc 3 + 1 peDds ) < Ca,

where Cy is a generic positive constant depending on the data v, §2, C1, C2, C3 and T, which
may take different values at its different places.

2.2 Galerkin Finite Element Method

From now on, let 0 < h < 1 be a real positive parameter. The finite element subspace
(Xn, My) of (X, M) is characterized by 7;, = 7;,(£2), a partitioning of £2 into triangles K
or quadrilaterals K, assumed to be uniformly regular as 2 — 0. For further details, we can
refer to [6,34]. Define the subspace Vj, of X}, given by

Vi ={vn € Xp :d(vp, qn) =0, Vqn € Mp}.
Set P, : Y — Vj, denotes the L>-orthogonal projection, it can be defined by
(Ppu,vp) = (u,vp), Yuet, v, € Vy.

With above statements, a discrete analogue A;, = — P, Aj, of the Stokes operator A = —P A
is defined by (—Ajup, vi,) = (Vuy, Vuy,) for all uy, v, € Xj,. The restriction of Ay to V),
is invertible, with the inverse A;l. The discrete operator Aj, was first introduced in [14] to
analyze and obtain the optimal estimates for the transient Navier—Stokes equations.

We set that the finite element spaces X, and M), approximating the velocity and pressure
are assumed to satisfy the following discrete inf-sup condition: There exists a positive constant
B > 0 independent of &, such that

d(n, gn) = Bllvelltllgnllo, Y vn € Xn, qn € M. (10)

We give an example of the spaces X; and M}, such that the condition (10) is satisfied. For
any nonnegative integer /, we denote by P;(K) the space of polynomials of degrees less than
orequalto/ on K.

Example (The MINI element + piecewise constant space)

Xy = {vn € C°(2)> N X; vplk € P1(K)* ® span{27r 243}, ¥ K € T},

My = {qn € CO ()N M; gl € PI(K), ¥ K € T},

Ry = {sn € C°(2) N R; snlk € Po(K), VK € Ty},
where A1, A; and A3 are the barycenter coordinates of the reference element. Other example,
such as the Taylor-Hood element for X, and M), we can refer to [6,34].

The Galerkin finite element method for problem (9) is defined as follows: Find (u,, pp) €
L2(0,T; Xp) x L2(0, T; My), forall t € (0, T]1and (vj, g») € X x My, such that

{ (upe, vp) +aup, vp) — dp, pp) +d@Wp, gn) + b(up, up, vp) = (f, va), an

up(0) = uop = Ppuy.
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Theorem 2.2 (See [6,8,10]) Under the assumptions (Al )-(A2), problem (11) admits a unique
solution (uy, pn). Furthermore, for all t € (0, T] it holds that

! 1/2
1Vunllo + s lo + I Anunllo + I Vuncllo + ( / lanee I3 + NAnus ID)ds )~ < Ca,
0
lle = unllo + AV @ — wi)llo + 1p = pallo) < Cah®.
2.3 The Scalar Auxiliary Variable Approach
This subsection develops the equivalent form of the Navier—Stokes equations based on the
scalar auxiliary variable approach. The finite element discretization is considered and the

corresponding stability and convergence analysis results are also presented.
Firstly, we introduce the following scaler energy variable

1
E@) = Co+ 5 llu(x, I3, 12)

where Cy > 0 is a fixed constant. Denote

S@t) = VE(@). (13)

It follows from (13) and V - u = 0 that problem (1) can be transformed into

up —vAu+Vp+ Sy Vyu = f,

VE®
Vou=0, (14)
St = #(z) frz(”t + j%(u -V)u) - udx.

The Galerkin finite element method for (14) reads as: for all (vy,, qn, sp) € X X My xRy,
find (up, p, Sn) € Xn x My x Ry, with uj,(0) = Pyug and S(0) = \/Co + 5llun(0)3,
such that

(tns, vp) +aup, vi) — dp, pp) +d@up, qn) + j%b(uh, up, vp) = (f, vp),

(15)

(Snessn) = s (Qnes un) + —22b(up, up, up), sn ).
1 (1) VER(1)

From (15), we can find the numerical solutions uj, p, and Sy, then the discrete scaler
energy variable E}, is obtained. Furthermore, from (12) it holds

1
Ej(t) = Co + Enuh(z)né. (16)

From the second equation of (15) and (5), one finds that

1 . 1
Shi = 5 unes wn) - with: Sy(0) =/ Co + Elluh(O)llé.

This is an ODE, it is easy to obtain that

1
Sn(t) =/ Co+ 5||uh(t>||3. (17)
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Combining (16) and (17), problem (15) transforms into (11), by Theorem 2.2, we have

2 2
1 leellg = lluen gl

2 JCo+ Sl +/Co+ Sunlly

1 2 1 2
15— il = ||/ Co+ 3 Iuld = |/ Co+ 3 lunllF] =

ullo + llu U—u <C h 18
< 4\ﬁm lo + llunllo)ll — unllo < Ca (18)
1 1
|Shel = |X(uht’uh)| = 1 [(uhs, up)l
h 2,/Co + Sllun®II3
1
< ——|u u < Cy, 19
< e lunlolno < Cy (19)
! 2 1 ! 2 2 4 1
/0 Sia s < 3o | (Noanea 3 -+ Noene 1 + e lutne [§llan ) ds < Ca. (20)

3 Fully Discrete Euler Implicit/Explicit-SAV Method

In this section we consider the time discretization of the Galerkin finite element method with
the scalar auxiliary variable. We choose an integer N and define the time step At = N and
the discrete times #, = nAt,n = 0, 1, .., N. The Euler implicit/explicit scheme applied to
the spatially discrete problem (15) consists of determining functions (u”“, th S, ¢

X x My, x Ry as solutions of the recursive linear equations

(™ op) +au ™ o) — d(on, p "+1)+ﬁb(u,,,uh,vh>=<f”+‘,vh),
d}™, qn) =0, 1)
(d;SnJrl sh) Sn+1 <(dtun+1 n+l)+ \/» n ”h’ n+1) Sh)

n+1

7
with digp ™ = B ol takes ul! or S, u) = Puug, ' = fltes1), S) =

At
2
V Co+ 5lulig.

Based on the definition (16) of £, we have

1
E} = Co+ 5||uz||é > Cp. (22)

Theorem 3.1 With f = 0, scheme (21) is unconditional energy dissipation in the sense that
ISEE IS = Sp1P < IS
Proof Choosing v, = ul ™' Ar, g, = pi™ Ar and 5, = 25" Ar in (21), adding them
together, using the fact 2(a — b, a) = la|* — |b|% + |a — b|?, we have
|Sn+1| |Sh| + |Sn+1 S;”z

= At(dpu ™ + W - Vyul, ™y = —Arv|| Vit 3 < 0.

Sh h
VE,
Then we finish the proof. O
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Thanks to Theorem 3.1, we know that the total discrete energy of the Navier—Stokes
equations in Euler implicit/explicit-SAV scheme (21) is dissipative.
The following classical discrete Gronwall lemma can be found in [26,27].

Lemma 3.2 Let ¢ and ay, by, ck, di, for integers k > 0, be non-negative numbers such that

n—1 n—1
an+Athk <At2dkak+Athk+c Vn>1.
k=0 k=0 k=0

Then

n—1 n—1

a, + Athk < exp(Atde)(Athk +c¢), Vn>1.
k=0 k=0 k=0

Theorem 3.3 Under the Assumptions (Al)-(A2), YO < m < N, for problem (21) it holds

m
1
ISP D ISt = s+ S A Z Va3 < Mo, (23)
n=0 n=0
G + Z luf ¥t = u™ 1§ + Atv Z IV G < My, (24)
n=0

024 A 12 0242 12 4cimg
where Mo=|S{>+45 Yol "+ I3, My=(11uf I3+22 At o £+ 1) exp (2500 ).

Proof Taking vy, = u} ™' At, g4 = p} ™' At and 5, = 25" At in problem (21), adding the
resulting equations together, we obtain

|S]r1!+1|2 _ |SZ|2 + |S;ll+l | + Atv||vu”+1||0 — (fn+1 ”Jrl)At

/\

||f"+1 I3+ 2Azuw“‘no.

Eliminating the last term and summing from n = 0 to m, we obtain (23).
Choosing v, = 214,1Jr At,qp = th+1 At in problem (21), one finds

Y
NP3 = N 13+ Nt — w13 + 2400 | Va3 + 240 Jf%b(”h’ ull,ult ™y
h

_ 2Al‘(f"+1 n+1) (25)

We can treat the trilinear term and right-hand side term as follows
SI'I n ISn |
+1 h
Lth s )| < 2C3 At
JET JET
1S,

VER
2C2A

1% t
+12 3 2 2 2
EAIIIVM'Z, o + TISZI llu 151V, 11G,

n+1

124

N Il Ve ™ Ml 2 Ml Nl

1
Nl ol Ve ol Ve llo

IA

2C3 At

IA

A

290
RALC WY < 2400 £ ol o < 2 2 AtV RN Rt Atllf”“ll
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Combining above inequalities with (25), summing from n = 0 to m and using (22), one finds

+1 +1 +1
Iy 15 + Z ™ — wpllg + Atv Z IVt ig
n=0 n=0

< llu h||0+7m2||f"+‘no 3ArZ|S IV IG5

With the help of (23) and Lemma 3.2, we complete the proof (24). O
Theorem 3.4 Under the Assumptions (Al)-(A2), YO < m < N, for problem (21) it holds
m
1 1 1 2,V 1
Vuy m+ ”0 + - At||Ahum+ ”0 + Z ||V(un+ uplls + EAt ZO ||Ahun+ “0 < M,
n=

4CiMEM
where M = (IVuf]I3 + 3 Arll Apuf I3 + 220 0 1|74 13) exp (X

u4CS
Proof 1t follows from v, = —2A,, uZHAt € Vi, gn = 0 in the first equation of (21) that
IVap 3 = VUl 13 + IV @™ — )13 + 2400 Apu 13

sy
= 2A1— bl ul, Apul Ty = 220 (f"TY Apulth. (26)

JE

For the right-hand side terms, thanks to (22) and the Cauchy inequality, we have

sy
2At—Lb(ull, uf, Apulth

VEL

S
§2C3At| | 12

lluplg
VEj

C
1
< S At]| Apuy” ||o+7At|Sh| ey ol Ve 151 A llo

172

1
IV loll Ante gl Ay llo

N <

<

n+1 2C
< S At| A G + AlllAhuhllo 2 = Ar|spt AL

[\

A" Apulh)]
2At
<24t "o Aptd o < = At Anu A [ S . I3

Combining above inequalities with (26) and summing from n = 0 to m, we get

m
%
Va3 + Ar||Ahu’"“||o+Z||wu"“ I+ 5 A1 YA G

n=0
< IVadIi + gAt”AhMg”(z) Tl
n=0
+At Z 2 IShI [TARNARAZA
With the help of (23), (24) and Lemma 3.2, we obtain the desired results. ]
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Theorem 3.5 Under the Assumptions (Al)-(A2), YO < m < N, for problem (21) it holds

m
1A G + Z ARG = upli§ + Arv Y IAZu R < M,
n=0

4CIMoM;
v2Co :

where My = (| Anu13 + 240 0o 1 /113y exp (
Proof Taking v, = 2A2 HAt € Vi, gn = 0 in the first equation of (21), one finds that

A TG = AR 13 + 1AL @ — w13+ 2Atv||A,f w13
n

S
= 2At(f" Y, AUt — 2402 b(uf, ull, Aul . 27)

VEj

For the right-hand side terms, by (8), (22) and the Cauchy inequality, we have

sy
2002 b(up, uf, Ajuyth
V Eh

n
<@Al |S|

=73 E

= AtllA2 up G + a At|S; P (lluj lloll Antg llo + IV up 1) | Antef 15
0% S, Ao nilollAnttyllo rllo) ARt 1o,

1/2 3/2 1
(i 0621 4w 15 + IV ol Anc o ) ARt )

v 2At
< 2Az||f"“||1||A%u2+‘ [ fArnAz [ S 1
2 v

Combining above inequalities with (27) and summing from n = 0 to m we obtain

IAny 15 + Z LAR R = up)li§ + Arv Z lad w3
n=0

2At
< lAnf g + == Z L

n=0

c? “
+Tc30A’ > ISpE Al lloll Anullo + Ve I3 A |15
n=0

With the help of (23), Theorem 3.4 and Lemma 3.2, we finish the proof. m}
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4 Error Estimates of the Euler Implicit/Explicit-SAV Scheme

This section is devoted to establish the convergence results of fully discrete implicit/explicit-
SAV finite element scheme (21). Firstly, we discrete the Navier—Stokes equations (15) on
n + 1th time level to obtain

(dyun (tas1)s vp)Fa(un (tas1), vp)—d (P (ts1), vh>+Mb<uh<rn+1) wp (tas1)s Vi)
VEL(tns

Hd 1), ) = (7 o) + (7 [ (0 — Dunedt, vh>,
(di Sp(tn+1), sn) = (m(druh(fnﬂ) + 47 [ = ) undt, up (1)), Sh)

G D (a1 wn ) (10D, 50) + (7 [t = O Shaedt, 5n).

(28)

Denote the errors
e;’:uh(tn)_u27 eZ:Ph(tn)_PZa eg:Sh(tn)_SZ-
The following error equations can be obtained by combining (21) with (28)

(el o) + a(eltt, vy) —d(entt, vh)+Mb<uh<tn+1) wh (tas1), VB)

~ En(tht
Y
fb(uh, up, vn) +d(es ™, qn) = (F7 [ (= Duneedt, vp),
(™ 51 = (5t ot ). 0 1) = gt o™ ™). 0) (29)
Sn
(g b e ), wn ), o)) = st b w7, 1)
+$( Sty = D Spundt + g5— (! (0 = b upadt, up (1), sh),

Lemma 4.1 Under the Assumptions (Al)-A2) and eg =0, forallm > 1, we have

m m
+1)2 +1 2,V +12 . Y +1)2
e MG+ D llel ™ — ellig + S At Ve g + 5 Ar 3 Vet
n=0 n=0

m
Cs <At2 +Ary |e'§|2> ,
n=0

where Cs > 0 is a constant depending on the data v, $2, C1, Ca, C3, C4 and T, which may
take different values at its different places.

Proof Taking v, = 2¢" ' At, g, = ZeZ‘H At in problem (29), we have

e+ 2 Sh(tn+1)

Sn
IE—llerl3+2A1 b (tas1), tn(tas1), €T =2At bl ull, "+

JErn D) VE;

th+1
+2At0|| Ve 2 4 et — e |3 = 2(/ (tn — Dupgedt, €. (30)
tn

For the right-hand side term, by the Holder inequality, one finds

th+1
|2 (/ (tn — Dupgdt, e{j“)
tn

v 4)/0 g1
12 2 2
< Sanve R+ 2 ar [ un ar.
n
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For the trilinear terms, we have

At‘ Sh(n-H) n+l) S" I’H»l)l

b(uh(tn+l) up(tut1), e uj,
vV Ep tn+l vV Eh "

= 280 [ ()t 1), €)= bt (1), ), € + bl ), 1), €+

e 1
b, ull, el Y+ —=b ), ull, el TH+S, b(uf, uf, er™|.
ho Ups €y En) ho Up ( /7Eh([n) /7En) 7o U
By the Taylor expansion, (6), (7) and (22), we have

281 |bGun 1), wn (1), €1 = blan (), wn ), €l )

= 2062 bune (1), 0 (1) €4 71) + blun ), wne (1), €|
< 2C3 A lupello Ul At (tas ) llo + | Anten (t) 1011 VeR o
v n+l,2 ch 3 2 2 2
< 2 AVE I+ = A e BN Anten G DI + 1 Anien ) 1),
2t |bGun (), wn ), € ) =bGuf . et | =28 blel, un(t), el )+bG el et

1/2 1/2
<2C3At| Ve ollelll P|ver llo / (Vg llo + [IVun(tn)llo)
n+1 SC,‘;
= At||Ve 15+ = AtIIV "g+ == At(llvuh|lo+ B HEEAS

n

e 2C3
2At|ﬁb(uh,uh, et < ﬁAtleEIIIWZIIOIIWZH lolI Ve llo
h\ln 0
v nt12 , 8C 3 |e S|2
< AtIVerTllg + — = A= Va5,
2Az|sn(¥ - L)b(u” ujp, epth|
" VEG)  JER T
E} — Ep(t
=2A[|Sh| | h(ﬂ)' n+1)|

\/Eh(tn)\/;(\/Eh ([n) + \/7) h’ l/th,

Based on the definitions of E}, Ej(#,) and the following fact that

1
|EF — En(t)] = = (1 13 — Nun@)IF) < letllo(y/EF + VEn () ),
2

one finds
1

1
QAN (e — ——
B G U

2C3
1 1 2
)b(uf, up. eyt < Co AtSyle ol Ve ol Vg g

v 8C
< —At|Vept! ||o+7At|Sh| IV 5l 13-
8 C0
Combining above inequalities with (30), summing from n = 0 to m, using Lemma 3.2 and
Theorems 3.3-3.4, we finish the proof. O

Lemma 4.2 Under the Assumptions (Al)-(A2) and 62 =0, forallm > 0, it holds

m m
VIVEr TG+ Ar Y diel I = C5(A2 + ar Y 1€4R).
n=0 n=0
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Proof Taking v, = 2d,e”“At € Vi, gn = 0 in problem (29), one finds

v(VertH I3 — IVer s + 1V (el ™ — eMIf) + 2Atlld et 15

Y Sh(tn+1)
—2At bl ulf, drep ) + 200 b(up (tar1) un (tg). dref )
VE;, VE(tht1) " " !
In41
=2 (/ (tg — Dupydt, d,e;’“) . (31)
In

For the trilinear terms and right-hand side term, we can treat them as follows

Sn(tn+1)

Vv En(tat1)

by, uf. dyel ™) — bel, ufl, diel ) — by (1), €l drel ™)

Sn
DAL b(ull, ul, dyel Ty — b (tns1)s up (tas1), drel ™)

— Sp(tn)
VET

+(b(up(ty) — uhanm wp(tn), dre™ ) + b (tagr), wn(ty) — up(tys1), dee™ )

= ZAI‘

+Si(t b, ul, det! ‘
hu)(r m)(hh,u)
< 241 fb(u"’"”’d’em) blels, el = blun(tn), €l dyel ™)

+2A¢ )(b(uman) up(tn), dte"“)+b(uh<rn+1>,um(tn),d,e::“)\

Sp(t
+2A | h(l‘t)'”e ”0 b( n Z,dz€Z+1)|

JEVER @)

5C
< —At|deel I3 + 3||W,1||0||Ahu I3Ar1e|

+u14>
@)

C2
=2 1Sh ) P IV 151 Anug 15 At llep 1l
0
+5C(1 ARl 13 + | Apun (1) 13) At Vel |13 4+ 5C3 AL Vup, I3 (| A (0) 113

+ll Apuntas D13,

Ing1 1 1 12 5 Ing1 2
2 (/ (th — upydt, dt€Z+ ) < gAl||dt€Z+ llg + 5At / lneellpdt.
In In

Combining above inequalities with (31), summing from n = 0 to m, using Lemmas 3.2, 4.1
and Theorems 3.3-3.5, we complete the proof. O

Lemma 4.3 Under the Assumptions (Al)-(A2), eg = 0and At < C2 , forallm > 0, it
holds

| m+l

Z| n+1 en < C5A[
n 0
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Proof Choosing s = 2e S+l At in the second equation of problem (29), we have

|en+l| |eS| _"_ |eil+1 eg|2
1 1
= At n+1 (7 d ¢ , t d n+1 n+1 )
eg Sh(tn+1)( run (tnt1), un(tn+1)) — S;:_H( Uy, Uy )
1
+ Aty (e b (), 1), 0 () = b ) )
Vv ERr(ths1) " " ”H\/
11 Int1 e”+1 In41
ey / 0 =0t + 55 ([ = Dt ). 62
ty Sh(tn+1)

We are now in the position of treating the right-hand side terms one by one

1
‘Ate"+l (7(d,uh(tn+1), up(thy1)) —

d n+l7 n+1 ’
Sh(tnt1) SZJ’]( e )>

1
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1
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1 1 1 1
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h
1 1
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1 Sn 1
| Aty (e b ), wn ), 3 1 1)) = < b D))
\/Eh<rn+1> Syt VE]

At n+1 n
les_| || At 1), ), e 60)) + el ), wn (1))

- JE! S,

bl el up(tni)) + bl ul e ”“)\
C3
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C2
Al 4 2 AP (AR IV un I3 Ann Il 1F + I 1NVl I
2C 2Co

I3V @) I3 + 1903 13) 1 Anaen 1)
n+1

eS Iny1
—_— t, —t dt, 1 ‘
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At 12 5 In+1 5 5
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n+1 Int1
2! / (= DSdt] = 2183 ([ 15102
ty In

< | it +4C0At2/tn+l |Shee |2dt.
4c .

Combining above inequalities with (32), summing from n = 0 to m, using Theorems 2.2,
3.3-3.5, Lemmas 3.2, 4.1-4.2 and the condition At < ng. 1 we complete the proof. O
4

Combining Theorem 2.2, (18) with Lemmas 4.1-4.3 and the inf-sup condition, we finally
obtain the optimal error estimates of numerical solutions in Euler implicit/explicit-SAV
scheme (29) for the Navier—Stokes equations.

Theorem 4.1 Under the Assumptions of Lemmas 4.2 and 4.3, for all m > 0 it holds

m
leg ™G + 1es ™ 2+ R Ve TG + ar > et g < Cs(A + 1Y), (33)
n=0

5 Numerical Experiments

In this section, we present some numerical results to illustrate the performances of the fully
discrete Euler implicit/explicit-SAV finite element scheme (21) for the Navier—Stokes equa-
tions. Due to we treat the nonlinear terms explicitly, so we can split the considered problems
into a Stokes equations and a quadratic algebraic equation in one variable. It means that we
can solve problem (21) as follows:

ey o) + a@ltt vp) — d o, piH +d@l ! gn)
n

S
= (" ) — —2=b @, ul, ), (34)

JE

and

n

(dtS}r,H_la sp) = — ((dﬂ/tn_H n+l

1 S
28) VE;
with ”‘2 = Pjuy, S;? =,/Co+ %Huh(o)”%-

Firstly, we solve the Stokes equations (34) with u} . S” and for all n > 0.
Secondly, taking v, = uj, AL gy = ph+ At and s, = ZSZHAI in (21), one gets

ot ), (35)

2(SZ+1)2 _2S;:+1Sn Al‘(fn+1 n—H) vAt||Vu"+1||0. (36)

Solving the equation (36) with the obtained u”+1 and the quadratic formula.
Finally, we present some computational results to confirm the established theoretical
results and show the performances of the considered numerical scheme (21). The partition
of domain £2 uses the triangle mesh with stable MINI element for the velocity and pressure.
The mesh is obtained by dividing £2 into squares and then drawing a diagonal in each square.
Set £2 = [0, 1] x [0, 1], the viscosity parameter v = 1 the final time 7 = 1 and choose
the following analytical solutions for the velocity u(x, t) = (u1(x, t), ua(x, t)) and pressure
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Fig.1 The computed results of implicit/explicit-SAV scheme of vertical velocity profiles (x=0.5) with different
Re. a Re = 1000, b Re = 2500, ¢ Re = 5000
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Fig. 2 The computed results of implicit/explicit-SAV scheme of horizontal velocity profiles (y = 0.5) with
different Re. a Re = 1000, b Re = 2500, ¢ Re = 5000
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p(x, 1)

up(x, 1) = 10x>(x — 1)%y(y — )2y — 1) exp(—1),
uz(x, 1) = —10x(x — )2x — Dy*(y — D exp(—1),
p(x, 1) = 102x — )2y — 1) exp(—1).

The computational results of Euler implicit/explicit-SAV scheme (21) are presented in
Table 1 to verify the established results of Theorem 4.1. From these data, we can see that the
convergence orders of velocity in L2- and H'-norms are 2 and 1, respectively, which confirm
the provided theoretical findings (33) well.

The second example is a classical benchmark model: the lid-driven cavity problem. In this
test, we consider the incompressible lid-driven cavity flow problem defined on the unit square.
Setting f = 0and the boundary condition # = O on [{0} x (0, 1)JU[(0, 1) x{0}JU[{1} x (0, 1)]
and u = (1,0)7 on (0, 1) x {1}. The mesh consists of triangular element and the mesh size
h = 61—0, At = 0.001, Co = 10000, the final time 7 = 500 and the Taylor-Hood element is
used to approximate the velocity and pressure. Figures 1 and 2 illustrate the velocity profiles
of the lid-driven cavity problem along x = 0.5 and y = 0.5 in numerical scheme (21).
Compared with the results provided by Erturk et al in [3] and Ghia et al in [4], we can see
that the results obtained by the fully discrete implicit/explicit-SAV scheme are agree with

Ghia’s and Erturk’s.
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6 Conclusion

In this paper, a fully discrete implicit/explicit numerical scheme is considered for the incom-
pressible Navier—Stokes equations. Compared with the published papers [8,9,11,13,33], the
main feature of this work is developing the unconditional stability of numerical solutions
by introducing the scalar auxiliary variable, which enriches and supplements the theoretical
findings of finite element method. Some numerical results are also provided to show the
performances of the considered numerical scheme. The constant Cy in energy variable has
an important influence on the computational results, it should be chosen carefully and exper-
imentally, for example, one needs to choose Cy > 10* in the lid-driven cavity problem with
high Reynold numbers. How to design a novel SAV factor independent of the constant Cy is
a meaningful topic, and is the goal of the following works.
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