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Abstract

Pressure-robustness is an essential demand for the incompressible fluid simulation. In
this paper, we develop the enhanced discontinuous Galerkin (DG) finite element meth-
ods for solving Stokes equations in the primary velocity-pressure formulation to achieve
pressure-robustness. The velocity reconstruction operator has been designed for discontinu-
ous functions and utilized to modify the external source assembling. The new schemes stay
almost the same as that in the existing DG schemes but only differ for the source terms. The
conforming discontinuous Galerkin and symmetric interior penalty DG have been employed
to demonstrate the enhancement. Optimal-order error estimates are established for the cor-
responding numerical approximation in various norms. Several numerical experiments are
performed to validate our theoretical conclusions.
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1 Introduction

In this paper, we consider the Stokes problem: find the velocity u and the pressure p such
that

—vAu+Vp =f inQ, (€))
V.u=0 in®, 2
u=0 onod<, 3)

where Q is a polygonal or polyhedral domain in R¢ (d = 2, 3). Here v is the kinematic
viscosity and f is the external body force. The Stokes equation has been widely used in
realistic applications. In order to derive a stable finite element numerical scheme, the finite
element pairs for velocity and pressure need to satisfy the inf-sup condition. However the
classical stable finite element methods for incompressible Stokes problem are usually not
pressure-robust, i.e., their velocity error is pressure dependent, for example [8,11,15,24],
shown as follows,

. 1.
[V —uy)| =C inf [V(u—-w)||+ - inf [p—gq].
weVy, vV geW,

Here V), and W), are the stable finite element spaces to approximate velocity and the pressure.
We observe that a pressure dependent term that can be relatively large in the case of small
viscosity v. This may cause the bad simulations in many cases: as v < 1, one may observe
large errors in velocity; bad approximation or singularity in pressure may affect the velocity
simulation due to the coupling of velocity and pressure. To reduce these coupling effects, one
would have to assume that the pressure is smooth enough and also employ higher scheme
order, which may introduce extra difficulties in the simulations.

The concept of pressure-robustness has been proposed to remove the pressure depen-
dency in velocity simulation. In this category, nowadays, many divergence-free elements have
been developed for two dimensional problems [9,29] and three dimensional problems [35].
The enrichment of the H(div; €2)-conforming elements with divergence-free rational shape-
functions has been proposed in [12,13]. Cockburn [7] and Wang [30] proposed divergence
free schemes, which introduced tangential penalty to modify the variational formulation.
Chen proposed to introduce a discrete dual curl operator [5] to implement divergence free
MAC scheme on triangular grids. There are other approaches such as adding grad-div stabi-
lization [16,26,27] and etc. An alternative method to get pressure independent approximation
is introduced recently by Linke [20,21] as employing a divergence preserving velocity recon-
struction operator. a velocity reconstruction is presented in [20] to map discrete divergence
free test functions onto exactly divergence free test functions which is applied only on the
right hand side for the Stokes equations. A sequence of papers are investigating approaches
for discontinuous pressure elements [2,17,20-22] and continuous pressure elements [18,19].
With the help of velocity reconstruction, the pressure-robust schemes leading to a pressure
independent velocity error estimate [20,21,23-25]

[V —wup)| < C inf [[V(a—w)].
WGV],

Such schemes can be directly used in the existing inf-sup stable schemes [4,8] to achieve
the robustness without compromising the computational accuracy.

In this paper, we focus on developing new pressure-robust numerical discretizations by
modifying the existing discontinuous Galerkin scheme for viscosity dependent Stokes equa-
tions with the velocity reconstruction technique. The conforming discontinuous Galerkin
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[32] (CDG) and symmetric interior penalty discontinuous Galerkin (IPDG) finite element
methods will be employed to demonstrate the enhancement. Comparing to the existing CDG
and IPDG schemes for Stokes equation, our scheme only modifies the body force assembling
but remains the same stiffness matrix. The rigorous error analysis is shown for the desired
pressure-robustness and convergence results. Several numerical experiments are carried out
for demonstrating the advantages of the new schemes.

This paper is organized as follows. Brief review regarding basis functions and velocity
reconstruction operator will be presented in Sect. 2. The discretization is developed in Sect. 3
and the well-posedness is discussed in the same section. Then the error equations are given
in Sect. 4. Our main results regarding error estimates are stated in Sect. 5. Section 6 presents
several numerical examples for Stokes equations. Finally, this paper is summarized with
concluding remarks in Sect. 7.

2 Preliminary

We use standard definitions for the Sobolev spaces H* (D) and their associated inner products
(-s*)s,p,norms || - ||, p, and seminorms | - |5, p for s > 0. When D = Q, we drop the subscript
D in the norm and inner product notation. We shall also assume the source term f € L3(Q).
In the following, we shall assume C is a generic constant which may take different values in
different locations.

2.1 Finite Element Spaces

Let 7, be a partition of the domain €2 consisting of shape-regular triangles in two dimensional
space or tetrahedrons in three dimensional space. Denote by &, the set of all flat faces in 7,
and let 52 = &\ 012 be the set of all interior faces. For k > 1 and given 7}, define two finite
element spaces, for approximating velocity

Vi={ve 2@ vir e (PN, VT e T @
and for approximating pressure
Wi = {q € L§i(Q) : qlr € P_i(T), ¥T € T;}. (5)

Let 77 and T» be two elements in 7, sharing e € &,. Fore € & and v € V;, + Ho (),
the jump [[v] is defined as

Vl=v ifec o, [vl=vly—vly ifecé&l. (6)

The order of T and 75 is not essential. Fore € £, andv € V;, + H(l)(Q), the average {v} is
defined as

1
(V=0 ifeCdQ (V)= +vin) ifee g, (7

For a function v € V;, + Hy'(Q), its weak gradient V,,v|r € [RTx(T)) is a piecewise
polynomial tensor satisfies the following equation for each T € 7p,

(VuV, D7 = —(, V-0)7 + ({v}, T-n)y7 ¥t € [RT(T)1%, ®)
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and its weak divergence V,, -v|r € Pr_1(T) is a piecewise polynomial satisfies the following
equation for each T € 7y,

Vv, @7 ==, Vo)r +{{v}-n, q)s7 Vg € P (T). ©
First we introduce two semi-norms [|v|| and ||v||;,;, forany v € V +Hy' (Q) as follows:
IVI? = ) (Vuv, Vuv)r, (10)
TeT,
IVIT, = Y IVl + > a VI (11)
TeTy, ee&y

The following lemma has been established in [1,33].

Lemma 1 Both ||v||1,, and ||V|| define a norm for v € Vj, and the following norm equivalence
holds true

Cillvlie < lIvll < C2lIvili,n Vv € Vy. (12)

2.2 Velocity Reconstruction Operators and Their Properties

Let Qp, Qp, and Q) be the element-wise defined L? projections onto the local spaces
[RTk(T)]d, [Pk(T)]d and Py_|(T) for T € 7Ty, respectively. Below, we shall introduce
another projection operator 7.

Definition 1 For v € Vj, we define the projection IT,v € RTy_{(T) such that ITyv €
H(div, Q) and [T,v-n =0,V - IIv e P,_(T) oneach T € 7, and satisfies:

(ITyv, W)z = (v. W)r ¥w e [P (D)4, k=2 13)
(ITpv -m, q)yr = ({v} -, q)yr Vg € Pr1(e),e COT. (14)

Remark 1 The similar velocity reconstruction can also be employed for v € H(} (£2) and such
reconstruction just follows the definition of Raviart-Thomas interpolation operator [3].

Lemma2 Forv € V;, + H(l)(Q), there exists a projection Ilyv € RTy_1(T) such that
I1,v € Ho(div, Q) :={v e H(div,2),v-nlgo =0}, V-IIyv e P,_1(T)oneach T € T
and satisfies:

[Ty — v < Chllvll1n, s)

Lemma3 Ler ¢ € H(l)(Q), then the following equations hold true on T € Ty,

V¢ = QuV, (16)

V- ¢ =0nv-¢, amn
V- Il¢p =Vy - ¢, (18)
Vo - [T = Vy - §. 19)

Proof Using (8) and integration by parts, we have that for any 7 € [RT;(7)]¢

(Vuwd, O)r = —(,V-O)r + {{$}, T - n)sr
=—(.V-O)r +($, 7 -m)s7
= (QnVo, D)7,
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which implies the desired identity (16). Similarly, we can prove (17). It follows from (13)
and (14) that for any ¢ € Pr_1(T),

(V-My¢, )7 = —U1pp, Vg)T + (11 -0, g)yr
=—(¢. Vo)t + {@} - n, q)yr
(vw : ¢7 q)Ta

which proves (18). Similarly, for any g € Px_1(T)

(Vo - 1Th¢. ¢)7 = —(IThp, Vg) 7 + ([T @} - 0, )7
=—(, Vo)1 + (ITh¢ -0, q)y7
= _(¢a VCI)T + ({¢} -, Q>aT
= (Vw : ¢7 Q)T
We have proved the lemma. O

For any function ¢ € H'!(T), the following trace inequality holds true (see [31] for
details):

el < € (k7" eIy + hrlIVel}) . (20)

3 Numerical Schemes

For the sake of notation simplification, the following notations will also be employed,

(W, V)7, := Y w07, (W, v)a7, == Y (u,v)ar, (U, v)g, = Y {u, v)..

TeTy, TeTy, ee&y
For functions w, v € V;, and g € W}, define
Ap(w,v) = (Vyuw, Vy V)7, Br(v,q) = —(Vy - v, q).

Besides, we shall also employ the notations in the interior penalty discontinuous Galerkin
finite element methods. With each edge/face e € 5,?, we associate a unit normal vector n,. If
e is on the boundary 92, then n, is taken to be the unit ourward vector normal to 2. Define
the following bilinear terms for w, v € V; and g € W},

Ap(w,v) = (YW, V¥)7, — ((Vwin,, [V])e,
—({(VVin,. [Wl)e, + hiq[w]], vI)e,.

where 7 is a penalty parameter which is strictly positive and big enough to guarantee stability.
Also define

Bh("? CI) = _(v -V, C])Th + <{q}a [[V . ne]])Sh-

In the following, we shall first cite the classical discontinuous Galerkin schemes as
Algorithms 1 and 3, and then propose the enhanced pressure robust discontinuous Galerkin
schemes in Algorithms 2 and 4.
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Algorithm 1 (Conforming Discontinuous Galerkin (CDG) Scheme [34]) A finite element
method for (1)—(3) is seeking u; € V;, and p;, € Wy, such that forallv € V; and g € Wy,

vAp(up, v) + Bp(v, pp) = (£, v),
By(uy, q) = 0.

Algorithm 2 (Enhanced CDG Scheme) A new finite element method for (1)—(3) is seeking
u, € Vj and p, € Wy, such that forall v e Vj, and g € Wy,

VA (uy, v) + By(v, pp) = (£, ITpv) 21
Bp(uy, q) = 0. (22)

Algorithm 3 (Interior Penalty Discontinuous Galerkin (IPDG) Scheme [28]) A finite element
method for (1)—(3) is seeking u;, € Vj, and p, € W, such that forallv € V, andg € W),

VAL, v) + B (v, pr) = (£, v),
By (up, g) = 0.
Algorithm 4 (Enhanced IPDG Scheme) A new finite element method for (1)—(3) is seeking
u, € Vj and p, € Wy such thatforallv e V, andg € Wy,
VAL, v) + By (v, pp) = (£, ITpv), (23)
Bn(uy, q) = 0. 24)

Here, one can prove the equivalence of By, (v, ¢) and B, (v, g¢) forv € V, and g € W), as
follows,

By(v,q) = — Z / Vw - vqdT = Z (—/ {v}~nqu+/ V~quT>
Tez, /T TeT, aT T
=> (/ (v—{v})-nqu—/v.qur>
Tez, \JOT T
= Bi(v, q). (25)

Then together with the modifications in the source terms, we have the following remarks.

Remark 2 Algorithm 1 only differs Algorithm 3 in the terms A, (w, v) and A, (w, v). How-
ever, Algorithms 1 is parameter/stabilizer free but Algorithm 3 requires the penalty parameter
n to be large enough for the sake of stability.

Remark 3 The stiffness matrix produced by Algorithm 2 is the same as that in Algorithm 1;
the stiffness matrix of Algorithm 4 is the same as that in Algorithm 3. The only modifi-
cation in Algorithm 2/Algorithm 4 is the external source assembling. Through such minor
modification, we can enhance the classical schemes with the desire pressure-robustness.

Lemma 4 There exists a positive constant B independent of h such that for all p € W),
By (v, p)

—— = Blol. (26)
vev, IVl

Proof Forany givenp € W), C L% (R2),itis known [10] that there exists a function v € H, é(Q)
such that

V-v,p0)

— 2> Clpl, 27)
KR
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where C > 0 is a constant independent of #. Let v = I1,v € Vj,. Here [T, is the Raviart
Thomas (RT) interpolation operator to the space RT;_1(7), which belongs to the finite
element space Vj,. It follows from the equivalence of norms (12), trace inequality (20) and
Ve H\(Q),

IVI> < CIVIT = COY Vvl + Y A VI

TeT), ee&))

<C Y IV + Y b LI - V12
TeT, ecE)

< C Y NVILFG + k2T = ¥IF + VT = V(17
TeTy

< v (28)

The last step used (15) and the property of RT interpolation. It follows from (18) and (19)
that

(Vy v, p) = (Vy - ¥, p) =(V -V, p).
Using the above Eqgs. (28) and (27), we have

1By (v, o)l _ [V -V, )l |(V-¥, p)
(M vl = Clivlh

= Bllell,
for a positive constant 8. This completes the proof. O

Remark 4 The similar proof of inf-sup condition for IPDG can be found in Proposition 10 in
[14] and Proposition 4.4 in [6].

Remark 5 The well-posedness of the scheme can be found in [34] for Algorithm 1. The proof
of existence, uniqueness, and stability of Algorithm 3 can be found in [28]. Since Algorithms 2
and 4 share the same stiffness matrices as Algorithms 1 and 3, the new proposed Algorithms 2
and 4 directly inherit the well-posedness results. Here, we shall cite the following inequalities
needed by later sections,

vv,w eV, +H), Ay(w,v) < CiIwlli Vi, (29)
Vv e Vi, 4y(v, V) = CoIvI, (30)
By(v, p)
Vo € Wy, sup ————— > Blipll, 31)
vev, IVllin

where 8, Cy, and C, are a positive constants independent of /.

4 Error Equations
In this section, we will derive the equations that the errors satisfy for the enhanced CDG
scheme (Algorithm 2) and enhanced IPDG scheme (Algorithm 4). Let e, = Qpu — uy,

ep=u—uyand e, = Opp — pi.
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4.1 Error Equations for CDG Scheme in Algorithm 2

Lemma5 The following error equations hold true for any (v, q) € Vi, x W,
vAp(en, V) + Bp(v, ep) = vei(u, v) — véz(w, v) + vé3(u, v),
By (en, q) = s(u, q),
where
Ci(u, v) = (Vu—Qp(Vw) -n, v—{v})y7,

L, v) = (Vy(u—Qpu), Vyv) 7,
L3(0,v) = (Au, ITpv — V)75,

l4(u,q) = {u—Quu} - n, q)57, .
Proof Forav € Vy,, we test (1) by IT,Vv to obtain
—v(Au, ITyv) + (Vp, IIyv) =, yv),
which implies
—v(Au, v)+ (Vp, IIyv) =&, [Iv) +vlz(ua,v),
Integration by parts and the fact (Vu - n, {v})s7, = 0 give
— (Au, v) = (Vu, Vv)7, — (Vu-n,v—{v})s7,.
It follows from integration by parts, (8) and (16),
(Vu, Vv)7, = (Q,Vu, Vv) g,

—(vV, V- (@ V)7, + (v, Q@ Vu -m)y,
(QnVu, Vyv) 7, + (v = {v}, Q,Vu - n)y7,

= (Vyu, Vyuv)7, + (v —{v}, Q,Vu -n)y7,.
Combining (40) and (41) gives

— (Au, v) = (Vyu, Vyv)7, — £1(u,v).
Using integration by parts, I1,v € Hy(div, 2) and (18), we have
(Vp, IIyv) = —(p, V- IIvV) g, + (p, IV -n),
= —(Qnp,V - Iv)7,
= —(Qnp. Vu - V)7
Substituting (42) and (43) into (39) gives

v(Vyu, VwV)Th - (th; Vi - V)'Z}, = (f, ITpv) + vl (u, v) + viz(u, v).

The difference of (44) and (21) implies
v(Vyéen, Vuv)g, — (en, Vi - V)7, = vl1(u, v) +vl3(u,v) Vv e V.
Adding and subtracting (V,,Qpu — Vy,u, V,,v)7;, in (45), we have
v(Vyen, Vyv)g, — (en, Vi - V)75, = vl (u, v) — vlr(u, v) — vl3(p, V),

which implies (32).
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Testing Eq. (2) by ¢ € W), and using (9) give

(V-u, g) =—, Vg)7, +(u-n,q)y7,

—(Qpu, Vg)7, + (u-n, gy,

(Vuw - Quu, ¢)7;, + (fu—Quu} - n, g)y7,
= (Vuw - Quu, ¢)7; + La(u, q).

which implies
(Vu - Quu, q)7;, = —ts(u, g). (47)
The difference of (47) and (22) implies (33). We have proved the lemma. O
The following lemma will be used in the L? error estimate.
Lemma 6 Forany (v, q) € Vi, x Wy, then we have,
vAp(ep, ITpv) + By (v, ep) = vl (u, I[Tyv) Vv € V. (48)
Proof Letting v = [T,V in (42), we have
— (Au, ITyv) = (Vyu, Vi, I1,v) 7, — £1(u, IT,v). (49)
Combining (49) and (43) with (38) gives
v(Vyu, Vi ITpv) 7, — (O p, Vi - V)7, = (£, [T v) + vei(u, ITyv). (50)

Letting v = IT,v in (21) gives

v(Vpwy, VylIpv) — (Vy - v, pp) = (f, Ipv). (6D
Using (19), the Eq. (51) becomes
v(Vyuy, Vi IIpv) — (Vy - v, pr) = (f, V), (52)
The difference of (50) and (52) implies
V(Vyen, VollpV) 7, — (ep, Vi - V)75, = vl (u, ITpv) Vv € V. (53)
By the definitions of A, Bj,, we have proved the lemma. O

4.2 Error Equations for IPDG Scheme in Algorithm 4

Lemma 7 The following error equations hold true for IPDG scheme: any (v, q) € Vi x Wy,
VA (€p, V) + Bu(v, &p) = ve3(u, v), (54)
Bp(en, q) = t4(u, q). (55

Proof Since the equivalence of By (v, g) and By (v, ¢) as (25) for v € Vy,q € Wy, (55)
follows from (33). Forav € Vj, we test (1) by I, v to obtain (39). The definition of A (-, -)
gives

— (Au,v) = Ap(a,v) = Ay (u, v), (56)

Substituting the above to (39), (43), and using the equivalence of By, (-, -) and By (-, -) as (25),
we have

VA, v) + Bp(v, Qpp) = (£, IIv) +vi3(u, v).
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The difference of the above equation and (23) gives (54). O
Lemma8 Forany (v, q) € Vi, x Wy, then we have,
VA (ep, ITpv) 7, + Br(v, ep)7;, =0 Vv e V. 57
Proof Letting v = [T,V in (56), we have
—(Au, ITpv) = Ap(u, ITv).
Combining (V p, ITyv) = By (v, Qp p) with (38), we obtain
vA(a, ITpv) + Bp(v, Qnp) = (£, Iyv),

and thus the conclusion follows by taking the difference of the above equations and (23). O

5 Main Results
5.1 Error Estimates in Energy Norm

Optimal order error estimates will be derived in this section for the velocity u;, and pressure

pp in || - || norm and in the L? norm, respectively. The following equations hold true for {v}
defined in (7),
. 1 .
v —{vHle = llvIlle if e C 92, [v—{v}l= EIII[V]]IIe if e € £). (58)

Lemma9 Ler (w, p) € H*T(Q) x H¥(Q) and (v, q) € Vj, x Wy,. Then, the following
estimates hold true

11w, V)| < CRX Wit IV, (59)
[a(w, V)| < Ch*[WleqlIvIl, (60)
13w, V)| < CRX|Wlkir IVl (61)
1€4(w, @) < Ch* Wi ligll. (62)

Proof Using the Cauchy—Schwarz inequality, the trace inequality (20), (58) and (12), we
have

6w, Wl =1 (v={v}, Vw-n—Qu(VW) -n)y7|

TeTy

<C Y IVW—QuVwlarllv — (v} oz
TEIZ?I

2

2
<c| X mrievw—@vwid | | D rivin?

TeTy ec&y

< CHS Wl [IvIl.
It follows from (8), integration by parts, (20) and (58) that for any q € [RTy_; (T,

(VoW = QuW), @] = [ — (W= QuW, V- @)1 + (W — {Q,W}, q - )7
= (VW — QuW), @)1 + (QnW — {QrW}, q - )7 |
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< IVw — QuwWlizllallr + Ch~2[1QuwIlls7 llall 7

< IVw = QuwWlizllallr + Ch~2(|w — Quwllllar lali7

< Ch Wikt ldll7- (63)
Letting ¢ = V,,v in (63) and taking summation over 7', we have

[2(w, V)| = [(Vu(W — QurwW), VyyV) 7|
< CH¥ Wik lIVIl.
If k = 1, it follows from Cauchy—Schwarz inequality and (15) that
3w, I =1 (Aw, v =7l < Y AWz [TV — vz

TeT, TeT,
< Chlw|2[IvIl1,a-
If k > 2, denote by Q2,1 the L? projection onto Py_»(T). It follows from the definition
of Qk—2,7,(13) and (15) that

(3w, V) =1 > (Aw, [Ty — V)7 |
TeT),

=1 ) (AW — Qi 2.7 (AW), [Tv = V)7 |
TeT,

< ChH¥ Wl 1Vl
Similarly we have

leaw. )l =1 > ((w—Quw} 1, q)yrl

TeTy

<C Y lIw—Quwlarlglar

TeTy

D=
1l

<c| Y nptiw—Quwidy | | X rrlgll?

TeTy, TeTy
k
< Ch*|Wlit1liqll.

We have proved the lemma. O

Theorem 1 Let (uy, pn) € Vi, x Wy, be the solutions from Algorithms 2 or 4. Assume 1 is
chosen big enough when Algorithm 4 is employed. Then, the following error estimates hold
true

la—wllin < Ch*uleg, (64)
1Qnp — pull < CvhFuliyr. (65)

Proof 1). We first prove the results for Algorithm 2. It follows from (32) that for any v € V,

[(en, Vi - V)| = [v(Vwen, Vyv)7, — L1, v) +vé(u, v) — vis(u, v)|
< Cv(llexll + A fulisDIIVI- (66)
Then the estimate (66) and the inf-sup condition (26) yield

lenll < Cvlllenll + A* ulxyr). (67)
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By letting v = e, in (32) and ¢ = ¢, in (33) and subtracting the two resulting equations,
we have

vllenll> = [ve (u, ep) — vl (u, ey) + ves(u, ey) — La(u, ep)l. (68)
It then follows from (59)—(62) and (67) that

2 k k
vllepll* < Cvh™|uliyrllenll + Ch™[alky1llenll
k k k
< Cvh™[uliyrllenll + Cvh® gy (llenll + 2* [alg+1)

< Con ity + Slleal” (69)
which implies
lexll < Ch*juliys. (70)
It follows from (12)
leallin < Cllenll < CR*[uliq. (71)

The estimate (71) and the triangle inequality imply (64). The pressure error estimate (65)
follows immediately from (67) and (70).

2). Next, we prove the convergence results for Algorithm 4. By (54) and the continuity of
Ay (-, ) in (29), we have

1Br(v, en)| < [ve3(u, V)| 4 [v.Ap(€n, V)]
< v (W fuleer + lenllin ) ¥l

and thus by the inf-sup condition (31), it gives

lewll < € (Alulirr + llenl) - (72)
By (12), coercivity of bilinear form A (-, -), (54), (55), (61), and (62), we have
V[IQuu —wpll < Cv|Quu — uyllf, < CvAL(Qpu — wy, Qpu — uy)
=vA,(Quu—u+u—uy, Quu—uy)
=vA,(Qpu —u, Quu —uy) + vi3(u, Quu —uy) — €a(u, &)
Cvh*[ulipillenll + Ch*fulirllenll
< CvhFulisillenll + Cor* [l (lenll + 2% [l 1)

2k 2 v 2
< Cvh IUIk+1+§IIIehIII

IA

and thus
k
llenll < Cvh™|ulkyy.

Then the above estimate combines with (72) completes the proof of this lemma.
]

Remark 6 In comparison, we also cite the following convergence results for energy error
estimate of Algorithms 1 and 3, which can be found in [28,34]. Let (uy, pp) € Vi, x Wy, be
the solutions from Algorithms 1 or 3. Assume 7 is chosen big enough when Algorithm 3 is
employed. We have

1
la = wpllip < Ch* <|u|k+1 + ;”P”k) , (73)
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0P — pull < CH* (Walrr + lIpllk) - (74)

It is noted that the pressure dependency has been removed in Theorem 1.

5.2 Error Estimates in L2-Norm

In this section, the L2-error estimate for the velocity approximation is investigated. Recall
thate, = Quu—uy, €, = u—uy and g, = Qj p — pp. Consider the dual problem of seeking
(¢, &) such that

—VAY + VE = [Te, inQ, (75)
V.y =0 ingQ, (76)
¥ =0 ondQ. (77)

Assume that the dual problem has the H?(2) x H ' (2)-regularity in the sense that the solution
(¥, §) € H*(Q) x H'(Q) satisfies

Vil + 15l < CliThenll- (78)

Theorem 2 Let (uy,, pp) € Vi, X Wy, be the solutions of Algorithms 2 or 4. Assume that (78)
holds true and n is chosen big enough if Algorithm 4 is employed. Then we have

lu—uyll < CA M a)igy. (79)

Proof 1). First we shall prove the L2-error estimate for CDG scheme in Algorithm 2. Testing
(75) by ITye€j, gives

(e, Mhep) = —v(AY, Hpep) + (VE, Mjep). (80)
It is obvious

— (AY, [Thep) = —(AY, €p) + (AY, €4 — They). 1)
To estimate the first term on the right hand side of (81), we use integration by parts and
the fact (V¢ - n, {€}) 57, = O to obtain
—(AY,€ep) = (V¥, Veu) 7, — (V¥ -1, €, —{en))s,
= (QuVY, Vep) 7, + (V¥ —Qu VY, Ve,
—(V¥ -n, €, —{en})y;
—(V-QuVY, €))7, +(QuVY -1, €)1,
+(VY —Qu VY, Ven)z, — (V¥ -n, €, — {en})y,
= (Qu VY, Vyen)z, +(QnVY -1, €4 —{€n})s,
+(VY —QuVY, Ven)T, — (VY -1, €, — {er})s7,
= (QuVY, Vuer) T, + (V¥ —QuVY, Veu) 7, — 0¥, €p),

which implies

—(AY, €;) = (Qu VY, Vyen)T,
+ (V¥ —QuVY, Ven) 7, — (¥, €p). (82)

It follows from (16) that
@QnVY, Vyen)T, = (Vu¥, Vuen)T,
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= VoIl (Qn¥), Vyen),

+ (Vo — 1 (Qn¥)), Vuen)z,. (83)
The Eq. (47) implies
(en, Ve - Qu¥) 7, = —La(¥, 8). (84)
Using the Egs. (48) and (84), we have
v(Vy I (Qp¥), Vyen), = vei(u, [T (Qu¥)) — La(¥, &n). (85)

It follows from (83) and (85)

v(Qr VY, Vyen) T, = vl IT(QuY)) — £4(¥, &)
+ (Vo (¥ — T (QrY)), Vuer)T,. (86)

Using (82) and (86), we have

—v(AY, €,) = vl (u, I (QpY)) — La(¥, ep) +v(Vy (¥ — I (QpY)), Vuen)T,
+ (VY — Qu VY, Vep) T, — vl (¥, €p). 87)

Using (87), (81) becomes

—Vv(AY, IThep) = ver(u, [T QuY)) — La(¥r, en) +v(Vy (¥ — 1 (Qu¥)), Vuwen)T,
+v(VY — Qi VY, Ven)T, — vl (¥, €n) + v(AY, €, — TTj€p).
(88)
It follows from integration by parts and (2), (17) and (22) that

(V&, Iyep) = —(&, V- Iep)7;, + (&, IThep -m)y7,
=—(&, V-Ijep)y,
—(Qné, V- Ijep)T,
—(Qné, Vy - €))7,
= —(0n§, Vy w7z, +(Qné, Vy -up)g,
= 0. (89)
Combining (89) and (88) with(80), we have

V| Mhenl* < [ver(u, Ty(Qu¥))| + 1ea(¥. en)| + V(Yo (¥ — Th(Qu¥)). Vuwen)T,|
+ (VY — QuVY, Ven) | + V(Y. €n)| + V(AY, €4 — TThep)|
=vh + T +vI3+vTy +vIs+ vTg. (90)

Next we estimate all the terms on the right hand side of (90). Using the Cauchy—Schwarz
inequality, (20), adding and subtracting Q ¥, (15) and the definitions of Q;, and Q; we
obtain

T = €1 (u, T (Qu¥ )| < |[(Vau — QVu) - n, IT,(Qp¥) — {11 (Qu¥) 1o |

1/2 172
<C (Z hr||(Vu — @Nu)néT) (Z hy MR (Qu ) — v/f11||§T)

TeTy, TeTy

12
<C (Z IV — Q,Vul7 + h7[|Vu — @Nun%,T)

T€T,
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12

D R Qu¥) — P IF + 1T Q) — ¥ 7

TeTy

< CH ulr 19112
It follows from (62) and (65) that
T = |4, en)l < Chlly lallenll < CoR* ™ fulesi 9.
It follows from (63) and (64) that
T3 = [(Vu (¥ — T (Qn¥)), Vuen) T,
=< Cllexlllly — In(Qu )l

k1
< Ch* a1 9o

The estimates (12) and (64) imply

Iy = (V¥ —QuVY, Ve,
1/2 1/2
< | ] IVeld D TIVY - VYT
TeT, TeT,
12
< C| D UVa-QuiF + IV Quu—uwy)7)
TeTy
1/2
< [ D Ive —Quvylz
TeTy
< Chl¥la(h*ulis1 + llenll)
< CH**ulii |92,
Using (12) and (64), we obtain
Ts = |61(¥. en)| = (VY — QYY) -1, € —{en))yr |
< Y n 2 IV — QoYY larhy P Tenlllar
TeTy,
< Chll¥lla( > h7'(llenlll3r + ITu — Quulll5,))'
TeTy
< Chllgllalenll + (Y Azl — Quullliz)'?

TeTy
k1
< Ch* a1 19 2.

Using (15), (64) and (78), we have

To = |(AY, €, — IThep)| < Ch|Y¥ll2llenlltn
< CH a1 .

Combining all the estimates above with (90) yields

2 k+1
V|| Thenll* < Coh ulipr 192
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Using (78), we have
1 Thenl < CH** M uless.
It follows from the triangle inequality, the above estimate and (64)
llenll < llen — Ipenll + [ ITnenll
< Chllelln+ CH ulig
< Ch" Mulig. 1)

We have completed the proof for Algorithm 2.
2). Next we shall prove the results for Algorithm 4. Testing (75) by ITj€;, gives

v(IIy€p, [Ty€y) = —v(AY, [Tyey) + (VE, IThep). 92)
Similarly as (89), by using the equivalence property in (25), we have
(V&, Myep) =0. 93)
By subtracting and adding v(AYr, €;,) to (92) and using (93), we obtain
v(Ipep, [Tyep) = —v(AY, €,) +v(AY, €, — jep)
=v A (¥, €n) +v(AY, €4 — [Ie€p). %94)
Here we have used the definition of bilinear form A, (-, -). Next by subtracting and adding
I, Qn ¥, using (57), (25) and (47), it implies
vA, (¥, €p) = vA (Y — T QunYr, €) + vALUTTHQrY, €p)
vAR (Y — T Qu¥, €1) — Br(Qu¥r, en)
=vA, (¥ — ITh¥, €p) — L4(Y, p).

Combining (94) and above equation gives
<viYy — Iyl nlenllin +vivlaller — Muenll + [La(¥, &n)l

C (kY lallenllin + hI¥ b lenl)
< Cob* Y Myen | Julpys.

A

2
V([ Tpen

IA

Canceling the common factors in the above estimate and combining (15) (64), we finally
prove estimate

llenll < ll€n — Inenll + [ Tnenl
k+1
< Chllenlln+ R ulgg
k1
< Ch*" M ulpys.

m}

Remark 7 We also cite the L? error estimate for Algorithms 1 and 3 for comparison. Let
(up, pr) € Vi, x W), be the solutions from Algorithms 1 or 3. Assume 7 is chosen big
enough when Algorithm 3 is employed. We have

1
lu —wy|| < CA*! <||u||k+2 + ;I|p||k+1> :

The pressure dependent term %H Pllk+1 has been eliminated in Theorem 2. Thus, we claim
that Algorithms 2 and 4 are pressure-robust schemes.
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6 Numerical Experiments

In this section, several numerical experiments will be carried out to validate our theoretical
conclusions in Theorems 1 and 2 and compare the results for the non-pressure-robust schemes.
By using discontinuous elements with degree k > 1, we are expecting the optimal rate in
convergence as follows,

H'-seminorm for velocity: ||Vep| = [[V(u —up)|| = O(hk),
L?-norm for velocity: e = [lu — w,|| &~ O
L*-norm for pressure: ||e || == || p — Onpll = OHY).

We shall test the following two-dimensional problem on the uniform triangular grid with
mesh size h. Let 2 = (0, 1) x (0, 1), and the exact solutions with homogeneous Dirichlet
boundary condition for velocity, are chosen as follows for testing:

_( 10x%(x — D2y(y — D@y — 1)

u= (—IOx(x —D2x — l)yz(y _ 1)2) , p=102x — D2y — 1).

6.1 Test 1—Convergence Tests for CDG Schemes

The first test has been carried out for testing the convergence results for the proposed enhanced
Algorithm 2 and non-pressure-robust Algorithm 1. The error profiles and convergence results
are reported in Table 1, 2 and 3. We observe:

— The convergence orders for varying polynomial degrees are all optimal as expected.

— In the case of k = 1, 2, as we reduce the values in v, the velocity errors produced by
Algorithm 2 will be increased by a factor of %, though optimal rates in convergence can
still be achieved. Such increasing errors are due to the non-pressure-robustness in the
scheme. In contrast to the velocity error, the pressure error will remain the same as we
decrease the values in v. This confirms the results in Remarks 6 and 7.

— In the case of k = 1, 2, all the errors are smaller than the non-pressure-robust scheme
Algorithm 1 and thus Algorithm 2 outperforms Algorithm 1. Furthermore, the velocity
errors remain the same for varying values in v; the pressure errors are reduced by a factor
of v. This validates the robustness in our proposed schemes.

— When the simulation approximates velocity by [ P3(T)]? element and approximates pres-
sure by P>(T) element, the pressure has been fully resolved. In this case, one can observe
that the velocity errors produced by Algorithms 1 and 2 are comparable. However, due to
the introduced inconsistency errors, the pressure error from Algorithm 2 is slightly larger
than that from Algorithm 1, though both two types errors are at the same magnitude.

— All the above observations agree with our theoretical conclusions.

6.2 Test 2—Convergence Test for IPDG Schemes

In this section, we shall compare the numerical performance for our proposed enhance scheme
with classical IPDG finite element methods. In all the computation, we take n = 4k2. The
numerical results and error profiles are reported in Table 4, 5 and 6. The similar numerical
conclusions as 6.1 can be obtained. Again, we validate the theoretical conclusions.
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7 Conclusion

In this paper, we investigate the velocity reconstruction techniques for enhancing the pressure-
robustness in the existing DG scheme. Both theoretical analysis and numerical experiments
have been provided to show the optimal rate in convergence and pressure-robustness. By only
modifying the source term, our new schemes can achieve the desired pressure-robust features
with minimal efforts. Both theoretical analysis and numerical experiments are provided to
demonstrate the advantages in the new schemes. In the future, we shall investigate more
applications in the incompressible fluid simulation and time dependent problems.
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