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Abstract

We prove error estimates for the wave equation semi-discretized in space by the hybrid
high-order (HHO) method. These estimates lead to optimal convergence rates for smooth
solutions. We consider first the second-order formulation in time, for which we establish H'!
and L2-error estimates, and then the first-order formulation, for which we establish H !-error
estimates. For both formulations, the space semi-discrete HHO scheme has close links with
hybridizable discontinuous Galerkin schemes from the literature. Numerical experiments
using either the Newmark scheme or diagonally-implicit Runge—Kutta schemes for the time
discretization illustrate the theoretical findings and show that the proposed numerical schemes
can be used to simulate accurately the propagation of elastic waves in heterogeneous media.
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1 Introduction

The acoustic and the elastic wave equations are important in the modeling of many physical
phenomena. For instance, the prediction of earthquakes and other seismic activity often
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relies on numerical simulations of these equations. Many numerical methods exist for the
semi-discretization in space of the wave equation. High-order continuous finite elements are
reviewed, e.g., in [15]. Discontinuous Galerkin (dG) methods have been successfully applied
to the wave equation, written either as a first-order system [19,25] or in its original second-
order formulation in time [21]. The issue of preserving a discrete energy balance within
dG methods is addressed in [7,9]. Hybridizable dG (HDG) methods have been devised in
[26,28] for the first-order formulation, whereas the second-order formulation in time has been
considered in [12,27] with an eye toward conservation properties. The convergence analysis
of HDG schemes has been performed in [14] in the time-continuous case and in [20] by
considering a Petrov—Galerkin time discretization.

The use of hybrid high-order (HHO) methods for the space semi-discretization of the wave
equation has been studied numerically in [6], both for the second-order and the first-order
formulations. Therein, various time-stepping schemes were considered, including the New-
mark scheme for the second-order formulation (leading to exact conservation of a discrete
energy) and explicit and implicit Runge—Kutta schemes for the first-order formulation (which
typically lead to some dissipative mechanism). HHO methods were introduced in [17] for
linear diffusion problems and in [16] for locking-free linear elasticity. These methods rely
on a pair of unknowns, combining polynomials attached to the mesh faces and to the mesh
cells, and the cell unknowns can be eliminated locally by a static condensation procedure.
HHO methods have been bridged to HDG methods in [11] and offer various advantages:
support of polyhedral meshes, local conservation principles, optimal convergence rates, and
computational efficiency. The main differences between HHO and HDG lie in the devising
of the stabilization operator, and in the fact that HHO adopts a primal viewpoint to formulate
the discretization. Moreover, the error analysis in HHO methods is somewhat different than
in HDG methods since it relies on L2-orthogonal projections without the need to invoke
a specific approximation operator. Recent applications of HHO methods to nonlinear solid
mechanics include [1,2,5,8].

The goal of the present work is to put the numerical study of [6] on a firm theoretical basis
by establishing error estimates in the space semi-discrete setting. We detail the error analysis
on the acoustic wave equation and then discuss the (rather straightforward) extension to the
elastic wave equation. Our first main results (Theorems 1 and 2 ) concern the second-order
formulation in time of the wave equation for which we establish H'- and L?-error estimates
(say at the final time). The techniques of proof are different from those of [14] for HDG
methods. Instead, they exploit the primal viewpoint at the core of HHO methods and draw
on the error analysis from [3,18] for continuous finite elements and [21] for dG methods.
There are, however, substantial differences with respect to [3,21] as well. The key issue is
that HHO methods rely on a pair of discrete unknowns, so that it is not possible to proceed
as usual by extending the discrete bilinear form to an infinite-dimensional functional space
that can include the exact solution. This leads us to introduce the notion of HHO solution
map for the steady differential operator in space. We then use this map to perform a suitable
error decomposition in the context of the wave equation, in the spirit of the seminal work
[29], where an elliptic projector was introduced to derive optimal L?-error estimates for the
heat equation approximated by continuous finite elements (the same idea is re-used in [3] for
the wave equation). Our second main result (Theorem 3) concerns the first-order formulation
for which we establish an H'-error estimate (say at the final time). The technique of proof
again differs from [14] since it avoids introducing a specific HDG projection as devised in
[13], and instead relies on L2-projections to build the error decomposition. One advantage is
that the proof becomes transparent to the use of polyhedral meshes, whereas the above HDG
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projection requires some specific element shapes (a Raviart-Thomas function is typically
invoked in its construction).

This paper is organized as follows. In Sect. 2, we give a brief overview on HHO methods
for the discretization of a model diffusion problem and study the approximation properties
of the HHO solution map that are used in the subsequent analysis. In Sect. 3, we present the
acoustic wave equation in its second-order formulation, describe its semi-discretization in
space using HHO methods, and perform the error analysis in the H' and L?-norms. We do
the same in Sect. 4 for the acoustic wave equation in its first-order formulation, focusing on
the H!'-norm error analysis. In Sect. 5, we extend the schemes to elastodynamics and discuss
the time discretization by either Newmark or Runge—Kutta schemes. In Sect. 6, we discuss
numerical results to verify the convergence rates predicted by the theory and to illustrate
the performance of the method in predicting the propagation of a Ricker elastic wave in an
heterogeneous medium. Finally, we draw some conclusions in Sect. 7.

2 The HHO Method for Steady Diffusion Problems

Let £2 be an open, bounded, connected subset of RY d e {1,2, 3}, witha Lipschitz boundary
I'. For simplicity, we assume that £2 is a polyhedron. We use standard notation for the
Lebesgue and Sobolev spaces. Boldface notation is used for vectors and vector-valued fields.
For a weight function ¢ € L% (£2) taking positive values uniformly bounded from below
away from zero, we introduce the shorthand notation | v|| L2(:0) = ||¢%v|| 1252 for all
ve L), together with a similar notation for vector-valued fields in L2(.Q).

The goal of this section is to briefly outline the HHO discretization of the following model
diffusion problem:

Find u € Hy(82) s.t. b(u, w) = (g, w) 120y Yw € Hy(£2), (1
with the source term g € L?(£2) and the bilinear form b : HOl (£2) x HO1 (£2) — R such that
b(v, w) := (Vv, Vw)LZ(A;S?)' ?2)

We assume that the coefficient A takes positive values and is piecewise constant on a partition
of £2 into a finite collection of polyhedral subdomains. We define the bounded isomorphism
B : H& (£2) - H~Y(£2) such that B(v) := —V-(AVv) and observe that the exact solution
of (1) satisfies B(u) = g.

2.1 Meshes and Discrete Operators

Let (77)n>0 be a sequence of meshes of £2 so that each mesh covers §2 exactly. We assume
that each mesh 7} fits the partition of £2 into polyhedral subdomains related to the coefficient
L. For all 1 > 0, 75, is composed of cells that can be polyhedral in R¢ (with planar faces),
and hanging nodes are possible. The mesh faces are collected in the set Fj, which is split into
Fn=F, U f;? , where 77 is the collection of the mesh interfaces and F, ]f is the collection of
the boundary faces. A generic cell is denoted T € 7p,, its diameter 7, its unit outward normal
nt, and the faces composing the boundary of T are collected in the set Fy7. The sequence
(7Tn)n>0 is assumed to be shape-regular in the sense of [16]. In a nutshell, the polyhedral
mesh 75 admits for all # > 0 a simplicial submesh Th’ such that any cell (or face) of ’2}1’ is
a subset of a cell (or face) of 7, and there exists a shape-regularity parameter o > 0 such
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that forall 2 > 0,all T € 7j,and all S € 7;1/ such that § C T, we have phr < hg < Q’lrs,
where rg and s denote the inradius and the diameter of the simplex S.

The HHO method utilizes discrete unknowns attached to the mesh cells and to the mesh
faces. Let k > 0 be the polynomial degree used for the face unknowns and letk’ € {k, k + 1}
be the polynomial degree used for the cell unknowns. We say that the HHO discretization is
of equal-order if k' = k and of mixed-order if k' = k + 1. The choice k' = k — 1 is also
possible, but is not further discussed here since it essentially leads to the same developments
as the equal-order choice kK’ = k for the wave equation. Let us set

Vii=VExvVE VK= X PYTR),  VE:= X PNFR), 3)
TeTy FeFy

where P¥ (T; R) (resp., Pk (F: R)) consists of the restriction to T (resp., F) of scalar-valued
d-variate polynomials of degree at most k’ (resp., (d — 1)-variate polynomials of degree at
most k composed with any affine geometric mapping from the hyperplane supporting F to
RN A generic element in \7;1 is denoted v, := (v, vr), and we write vy (resp., vr)
for the component of vy, attached to a generic mesh cell T € 7, (resp., face F € Fp). Let
p € Vh and let T € 7. The local components of vy, attached to the cell 7 and its faces
F € Fyr are denoted

b7 == (7, var = (VF)Fery) € Vr = Vf x Vi, “)

with V¥ := PK(T; R) and V}; := X pep,, PC(FIR). Let 1§ (resp., I15;) be the L*(T)-
orthogonal (resp., L?(3T)-orthogonal) projection onto Vf/ (resp., V;‘T).

The HHO discretization is assembled by summing the contributions of all the mesh cells,
and in each mesh cell the method is based on a gradient reconstruction from the cell and the
face unknowns and a stabilization operator connecting the trace of the cell unknowns to the
face unknf)wns. The gradient reconstruction operator G : \77 — Pk(T; R?) is such that for
all ﬁT € VT,

(Gr(Or). @) 2y = =01, V@) 120y + War. gn1) 297y, Vg € PHTIRY). ()

Notice that G7 (97) can be evaluated componentwise by inverting the mass matrix associated
with a chosen basis of the scalar-valued polynomial space P¥ (T'; R). An alternative to the gra-
dient reconstruction operator is the potential reconstruction operator Rt : ‘7T — PMI(T: R)
such that for all 97 € Vr,

(VRr (1), V@) 127y = —(vr, AQ) 127y + Vo1, Vg'nT)1297), Vg € P*YU(T; R), (6)

together with the mean-value condition (R7(v7) — vr, 1);2(7) = 0. Notice that R7 (V1)
can be evaluated by inverting the stiffness matrix associated with a chosen basis of the
scalar-valued polynomial space P! (T'; R) /R. To define the stabilization operator, let us set
&7 (V) := vrjo7 — vt forall 7 € VT. Then, in the equal-order case (k' = k), we define

Sor(ir) = My (a7 () + (( = THR O, &1 (1) 7 ) ™
and in the mixed-order case (k' = k + 1), we define

Sor (0r) := My (Eo7 (b7)). (8)

The potential reconstruction operator Ry is not needed in the mixed-order case, and in the
equal-order case it is only used to evaluate the local stabilization operator. Alternatively,
following the original HHO methods [16,17], one can also consider VRy as a gradient
reconstruction instead of Gr.
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2.2 HHO Discretization

We define the global discrete bilinear form by, : Vi x V, > R §uch ttlat by (O, wp)
= ZTEQ—h by (07, wr) with the local discrete bilinear form b7 : V7 x Vy — R such
that

br (b, Wr) = (Gr(0r), Gr (V1) 203 7) + Tor (Sor (O7), Sar (W) 12097y, (9)

with the weight tyr = Arh;l and A7 := Ajr. To enforce the homogeneous Dirichlet
condition, we consider the subspaces

{vj’go = {vr € Vk |vp =0VF € 7}, 10,
Vio = VE x VE = {0y € Vi | vp = OVF € F).
The HHO discretization of the model problem (1) is as follows:

Find iy, € Vio s.t. by(itp. h) = (8. wT) 1202 Yibh € Vio. (11)
Notice that only the cell component of the discrete test function wy, = (w7, wsr) is

used on the right-hand side. It is convenient to define the global gradient reconstruction
operator G : Vi — W7 = Xycg PX(T; R) such that (GT(ﬁh))‘T = Gr(0r)
for all T € 7, and all v, € Vh, to define Ry : f/h — qufrl similarly, and to set
sn(On, Wh) = Y rer, Tor (Sor (O7), Sor(W1)) 1257 Then we have

by (On, Wp) = (G (On), GT(Wh)) 123, ) + 1 (Dns Wh)- (12)

2.3 Analysis Tools

We now state the main results on the analysis of HHO methods. In what follows, the symbol

C denotes a generic positive constant whose value can change at each occurrence and which

is independent of the mesh size. A direct verification shows that the map ||| Vo Vi - R
a

such that

A2 . 2 2 ~ s
lonll3, = D (IVorllgzg.p) + worlver = vrliagp).  Yone Ve (13)
TeT),

defines a norm on Vjo (and a seminorm on V},), and we have the following important stability
result [16,17].

Lemma 1 (Stability) There are 0 < a < w < o0 such that for all vy, € Vho and all h > 0,
~ 2 ~ 2 ~ 2 ~ 2
1ol = NGO, 0 + 10415 = @ 19013, (14)
with the seminorm |ﬁh|§ = s, (0p, Op).

A natural way to approximate a function v € H'!(£2) by a discrete pair is to consider
fh(v) = (Hg(v), H}(v)) € \7;,, where Hg and 175- are the L2-0rthog0nal projections
onto V# and V}‘_-, respectively. We denote by fT (v) € VT the local components of fh (v)
attached to the cell T € 7. The definition of 7 is meaningful since a function v € H'(£2)
does not jump across the mesh interfaces. Let IT g— denote the L>-orthogonal projection onto
W. Let us define E1§—+l c H(2) - V7k—'H to be the elliptic projection onto V7k—+1, SO

that for all v € H'(22) and all T € Ty, (E’:,“(v))lT is uniquely defined by the relations
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(VES ) = ). Vg) 2y = O forall ¢ € P R), and (B (v) — v, 1) 27y = 0.
The following result [16,17] contains the key arguments to bound the consistency error and
derive optimal H !-error estimates.

Lemma 2 (Commuting with Iy) The following holds true:
Gr () = 0% (Vv),  VRr(() =VES W), vweH'(2). (15

Moreover, there is C such that forallh > 0, all T € Ty, and all v € HY(2), we have

~ 1
1Sar (Tl 207 < ChEIV (0 = PE )l 2 (16)
where PA = BV if k' = k and P = ATV ifk =k + 1

In view of the error analysis for the time-dependent wave equation, an important notion
is the HHO solution map J;, : H'7V(2) — Vio, v > %, such that for all p € H!1V(£2),

Ju(p) € Vio is uniquely defined by the following equations:
bu(Jn(p). ) = (B(p).ar)2.  Van € Vio. an

where (B(p), q7)2 = Yrez, {(V P, Var) 1207y + AV P-rT, go7 — qT) 12057 } - (Notice
that (B(p), qr)2 = (B(p), q71)12(2) Whenever B(p) € L2(£2).) The coercivity of by on

Vho (see Lemma 1) shows that fh (p) is well-defined by means of (17). Forall p € H't(2),
we consider the seminorm

Pl i= D ar{Iv gz, +hrlynrlagr + Va3 4 )
re7, (18)

with y := Vp — Gr(I;(p)), n:=p — P (p).

Notice that ||y || LAT) = V7l L2(T) owing to Lemma 2, but the two terms are kept for clarity.

For a linear form ¢ € (Vj0)', we set 181 9,0y = SUP, 1o H‘gh(l“’i;)‘ with the norm |||y,
h0

defined in (13). In what follows, we sometimes assume that an elliptic regularity pickup is
available, i.e., there is s € (%, 1] and c¢); such that for all g € L2(SZ), the unique function
g € Hy(R2) such that B(§,) = g in £2 satisfies [|5yll 71452y < cenlp gl 2(a) where
Lo = diam(£2) is a global length scale. For all p € H'*v(£2) with B(p) € L2(£2), we
consider the additional seminorm

Pl = |Plin + Eoh' B (p) — TE(B(P) 120 (19)
withd :=0ifk’ > land § :=s if K’ = 0.

Lemma 3 (HHO solution map) There is C such that for allh > O and all p € H'(2), we
have

() = (Pl g,y < C Pl (20)

Moreover, assuming that an elliptic regularity pickup is available and B(p) € L*(£2), we
have

197 (p) — TE(P)ll 20y < C L5 ¥ [Plasi- 1)
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Proof The proofs adapts arguments from [161,17]‘ Let us set ¢, = fh(p) — ih (p) with
en = (e1, er). We observe that for all g5, € Vo,

bu(en, qn) = (B(p), 1) 2 — bn(In(p), Gn) =: 81 (Gn),

where the linear form 8, € (\A/ho)/ represents the consistency error. A direct calculation,
which is classical in the analysis of HHO methods (see [16,17]), shows that

81@n) = Y Ar(y-nr. gt — qr)120m) — S (p), Gn)
TeT

with y defined in (18) (notice that we used (y, VqT)Lz(T) = O since Vgr € V]P’k/(T; R) C
P¥(T; R%)). By invoking the Cauchy—Schwarz inequality and the bound (16) on the stabi-
lization, we infer that there is a constant cs such that for all 2 > 0,

181l 5,y < sl Ple-

Invoking the coercivity of bj, on Vho then yields «|lej, < 8p(ep) < Ca|P|*,h||éh||‘7h0,

2
A 2
which proves the bound (20) on | e, | Do’

Let us now prove (21). Let ¢ € HO1 (£2) be such that B(¢) = e7 in £2. Proceeding as in
the proof of [17, Thm. 10] or [16, Thm. 11] yields

o712, = (1. B@) 12y = D Ar{(Ver, VE) o + (ear = er, Venr) 2 |-
TeT,

and since by, (5, 1(0)) = (B(p). IT5(0)) 1200y = ba(Tn(p). In(¢)) and (Y p. V) 25 ) =

(B(p), £)12(g)> we infer that ||67-||iz(9) =% 4+ %, + T3 with

T = Z Ar(esr — e, );:~nT)L2(3T) — sp(en, ih(;))v
TeTy,

Ty = (Vp. VO 20.0) — ba(n(p). In(0)),
T3 = —(B(p). £ — TE(0))12(0).

with § := V¢ — GT(ih (¢)) and where we used that (Ver, E)LZ(T) = 0. Using (15)—(16)
and the inequality from the elliptic regularity pickup, we infer that

. - -
IT1l = Clénlly,, cenls *h*lerll L2y < C'Ipln cenlg *hiller |l 2(q)

where the second bound follows from (20). Since T, = (Vp — G (P &) p2.0) —
su(In(p), I4(¢)), we obtain

T2l < Clplen canly b llerll2g)-
Furthermore, we have €3 = —(B(p) — H?(B(p)), ¢ — H@l (£))12(q2)» and since
g — IO 2@y < C LGP H T Pller 200,

we infer that |T3] < C ¢5h' 3| B(p) — MK (B(p)) 22y le *hellez || 2 (). Finally, the
bound (21) follows by putting together the above three estimates. O
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Lemma4 (Approximation) Assume that p € H'T'(2) with 1 € {1, ..., k + 1} (this addi-
tional regularity assumption can be localized to the mesh cells). There is C such that for all
h >0,

1Pl < CRplyisi (o), (22)

and assuming additionally that B(p) € H'=H(Q2) with 8 1= s ifk =0and § == 0
otherwise, we have

Plssn < CR (1Pl @) + Lo B(D) | -1+ () (23)

Proof The estimate (22) results from Lemma 3 combined with the approximation properties
of the L?-orthogonal and elliptic projections. To prove (23) we only need to bound the
additional term £5,h' =% || B(p) — IT&-(B(p)) ll12(2)- IfkK" = 0,thenk = Oand/ = 1,and since
6 =sand| B(p)—Hg-(B(p)) l12(2) < Ch®|B(p)|ms(s2), we obtain the expected estimate. If
k' > 1,thend = 0,and sincek’'+1 >k >1—1> 0, wehavehllB(p)—Hé‘—/(B(p))HLz(_Q) <
Chh'~1 |B(P)|gi-1(g) yielding again the expected estimate. O

Remark 1 (Regularity assumption) If A is smooth (e.g., constant), then B(p) € H I=1(Qyif
p € H'T1(£2), so that the regularity assumption on B(p) follows from that on p whenever
k" > 1. For k' = 0 and full elliptic regularity pickup, the additional assumption is B(p) €
H'(2).

3 Acoustic Wave Equation: Second-Order Formulation
3.1 Model Problem

Let J := (0, T¢) be the time interval with 7¢ > 0. The second-order formulation in time of
the acoustic wave equation reads as follows:

1 1
~3yp— V- (*Vp> =f inJx%, (24)
K P

where f [s%] is the source term, p [Pa] is the fluid pressure, « [Pa] is the fluid bulk modulus,
i

and p [rl%g] is the fluid density. The PDE (24) is subjected to the initial conditions

p(0) = po, ap0)=vy in 2, (25)
and, for simplicity, we consider the homogeneous Dirichlet condition
p=0 onJxT. (26)

We assume that the coefficients x and p are piecewise constant on a partition of §2 into a
finite collection of polyhedral subdomains, and that both coefficients take positive values. The

speed of sound is defined as ¢ := \/% We assume that f € L?(J; L3(2)), po € Hj (),

and vy € HO] (£2). A reasonable functional setting to define the weak solution to (24)—(26)
is p € L>(J; H}(2)), % p € L*(J; L*(2)), and 3, p € L*(J; H~'(£2)). Actually, our
assumptions on the data imply that the weak solution is smoother, i.e., p € C°(J; HO1 )N
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Cl(J; L?(£2)); see, e.g., [24, Chap. III, Thm. 8.1&8.2]. Assuming that p € H>(J; L?(£2)),
we have forae.t € J,

@ p(0), @) 21,0y +b(P®). q) = (f(). )22y, Vg € Hj (£2), (27)
with the bilinear form b(p, ¢) := (Vp, Vq)Lz(l.Q). Consistently with what was done in
il
Sect. 2, we now set B(p) = —V~(%Vp), so that Eq. (24) reads %8,,p + B(p) = f in
J x £2.

3.2 HHO Space Semi-discretization

The space semi-discrete HHO scheme for the second-order wave equation consists of finding
Pn = (pr, pF) € C2(J; Vi) such that forall 7 € J,

@ pT (1), 47) 21,0 + b1 (Pr(D): Gn) = (F (1), 4T) 12 (@) (28)

forallg, := (g7, 9F) € Vho, with by, defined in (12) with % in lieu of A. The initial conditions
for (28) only concern p7 and are as follows:

pr©) = TX(po), 8, p7(0) = MK (wp). (29)

The boundary condition is encoded in the fact that p, () € Vho forallz € J. Notice that since
the space semi-discrete solution is smooth in time, (28) holds at the initial time which implies
that p£(0) € V]k_-o is uniquely determined by the equations by ((p7(0), p£(0)), (0,¢97)) =0
forall g7 € Vi, with p7(0) specified in (29).

Remark 2 (Link to HDG) Inspired by the ideas from [11] to bridge HHO and HDG meth-
ods for steady diffusion problems, the space semi-discrete HHO formulation (28) can be
connected to the space semi-discrete HDG formulation from [12] by identifying a suitable
numerical flux trace that depends on the stabilization operator Sy7 and its adjoint (with
respect to the L%(dT)-inner product). In the equal-order case (k' = k), the numerical flux
traces differ since the stabilization operator acts collectively on a7 in the HHO setting (this
allows for a rather transparent handling of polyhedral meshes in the HHO error analysis),
whereas it acts pointwise in the HDG setting. In the mixed-order case (k' = k+ 1), one recov-
ers the Lehrenfeld—Schoberl HDG stabilization [22,23]. Interestingly, the error analysis for
HHO and HDG differ since the former relies on L>-orthogonal projections, whereas the latter
invokes a specific HDG-projection. This difference is reflected in the initial conditions (29)
which are simply defined by means of L2-orthogonal projections, in contrast, e.g., to [12,
Equ. (2.6)] where the steady HDG solution map is invoked.

3.3 Error Analysis

Let us start with the energy-error estimate. For all t € J, we consider the seminorm | p ()|,
defined in (18) with

y(©) = Vp@) — Gr(y(p()),  n() = p@) — P (p@)). (30)

Since 3,y (1) := Vo, p(t) — G (I,(3; p(t))) and (1) := 8, p(t) — P (3, p(1)). we can

define |0; p(?)|.,» similarly by using 9,y and 9,7 instead of y and ), respectively. We also set
t .

[PlLoo(0.115,h) 2= SUPse(0,1) [P()|s.n and [0 Pl 110 f10.m) = fo [0; p(8)|«,nds. For a function
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oy € CO(T; Vio), we set ||13;,||L0Q(O 100 = SUPse(0.1) ||f)h(s)||‘;h0 forallz € J.The following
result shows that the energy error converges as O(h*T1) for smooth solutions.

Theorem 1 (Energy-error estimate) Let p solve (24) with the initial conditions (25), and let Dh
solve (28) with the initial conditions (29). Assume that p € C'(J; H'*V(2))NC*(J; L*(2))
with v > % There is C such that for allh > O and allt € J,

1007 = TT5 31 P e 0152212y + 180 = TP v, 030
= C(IPl©em + 0Pl 0100 ) (31)
Moreover, we have
1P = Pl w12y +IGTB1) = VPl 1222
= (1Pl + 10 P15y ) 100 = TT5 Gup) w0 121y 32)
and if there is1 € {1, ...,k + 1} so that p € CY(J; H'F1(£2)), we have
180PT = 3Pl o052 iy +NGT (P = Ve a2 sy
<C hl|p|W1~°°(0,z;H’+1(.Q))’ (33)

where |p|W1~°°(0,t;HI+1(.Q)) = |p|L°O(0,t;HH'1(.Q)) +l|8tp|L°0(07t;Hl+1(_Q))-

Proof Step 1: Error equation. Let us set &,(t) := pj(t) — Ih(p(t)) € Vyo forall t € J. We
observe that for all g, € Vyoand all ¢ € J,

Ouer (1), 47) 121, )+ br (@ (1), Gn)
= (0,47 p2(2) = @uITH (p(1), 9T) 1210y ~ b (L (p(1)), 4n)
= (9 p(t) — 0 1TH (p(1)), a7) 210y + (B(P(1). 47) 12(22) — b (p(1)), 4n)
= (B(p(1), 47) 122y — bu(Tn(p(0)), 41) = 8413 Gn),

where we used that B(p(t)) € L*(£2) owing to our regularity assumption on f and d;; p and
that 8, [T3-(p(1)) = I3 p(1)) (s0 that (3 p(6) = 8 [TF(p(1)). 47) 121,y = 0)- The
linear form &, (¢; -) € (Vho)’ represents the consistency error associated with the HHO space
semi-discretization. Recall from the proof of Lemma 3 that
Sn(t:Gn) = ) (P ()nr, qor — a1) 1201 57y — Ui (P (1)), Gn).
TeT !
with p () defined in (30) and where we used (y (1), VQT)LZ(LT) = 0. We also introduce the
il
linear form 8;,(r; ) € (Vo) such that
Su(t: n) =Y _ @y () nr. qor — qr) 12157y — ST p()). Gn).

TeT ?

and we observe that the product rule for the time derivative implies that for all ), €

C'(T; Vi),

d .
Eﬁh(l; Op (1)) = 8 (£5 0,0 (1)) + On (£5 VR (1)). (34)
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Step 2: Stability argument. Let us test the error equation with g, := 9;¢;(¢) forall t € J.
Since the discrete bilinear form by, is symmetric and using (34) on the right-hand side leads
to

. ) L o s _ A s FI
S er T 1 gy + SEu@R 0. ) | = T e ) — itz ).

Integrating in time from O to ¢, observing that d;e7(0) = 0 owing to the initial conditions
(we also have ez (0) = 0 but in general e £(0) # 0, see below), and using the coercivity and
the continuity of the discrete bilinear form by, (see Lemma 1), we infer that
Liger o2 Lalen®dI = SarlenI2 = 84(0: é4(0
Sliher I}, 1 o)+ 5@l < 1O —8(0: 2,(0)

t
+5h(t;éh(t))—/0 Sn(s; én(s))ds.

Using Young’s inequality for the second, third and fourth terms on the right-hand side as well
as Holder’s inequality for the fourth term implies that

Her Oy 1.0+ 5ol < 2 (18200 + 50200 )
2" L2G:2) " 4 Vio = « L (0.1:(Vho)) L1(0.1:(Vio)')

L2 A 2
+ 30l g ) + CIEROIY,

Since the left-hand side, evaluated at any ¢’ € (0, t), is bounded by the right-hand side, we
infer that

1 1
2 A2
5 ”ateT”Loo(O,t;Lz(%;.Q)) + ga”eh ”L°°(0,t;\7/,o)
2 & 12 ~ 2
= C(|5”|L°°<o,t:<‘7ho>’> 100l 0 o T ”eh(o)”%)'

Step 3: Bound on consistency error and on initial error. Owing to the proof of Lemma 3,
there is ¢s such that for all 4 > 0,

181 (25 I,y = €512 (O], 18n (: M i,y = €819 PO
Moreover, since ez (0) = 0, the coercivity of the discrete bilinear form b, implies that
allen (O)II%,MJ < bp((0, ex(0)), (0, e£(0))) with e £(0) = p#(0) — IT(po). Eq. (28) and the
linearity of b;, with respect to its first argument imply that

b((0, p£(0)), (0, e (0)) =—bu((p7(0), 0), (0, e(0))) = by (T4 (po). 0). (0, e7(0))).

Hence, wehave |25 (0)[3, < —~bu(ln(po). (0. ex(0))). andsince by (Jy (po). (0. ex(0))) =
0 by definition of the HHO solution map, we infer that

allenO)13, < bu(i(po) = In(po). (0. e (0))).

The continuity of by, together with the bound (20) applied to the function pg, which is in
H*v(2) by assumption, imply that ||ej, (O)II‘;h0 < C|polx,n. Putting the above estimates

together proves the error bound (31). Furthermore, the estimate (32) follows from (31) after
invoking the triangle inequality and observing that

1GT () = Vli2c0) < NGT () = GrUa(P)llp2(1 0y HIGT Un(P) =V Pll2(1 0

= Cliénlly,, + IPlx.n,
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owing to the upper bound from Lemma 1. Finally, the estimate (33) follows from (32) after
invoking the approximation property (22) (recalling that &’ > k). O

‘We now establish an improved L2-error estimate. For all 7 € J, we consider the seminorm
|p(2)|sx,n defined in (19), as well as |0; p(t) |««,» Which is defined similarly using d;y, 9,7 and
0; p instead of y, n and p (recall that y and , are defined in (30)). We also set | p| 100 1:5%,n) ‘=
SUPse0.7) |P(S) s @nd [0 P10 f10, ) = f(; |0; p($)|sx,nds for all t € J. The following
result shows that the L°°(0, r; L2)—err0r converges as O(hk+2) for smooth solutions and if
full elliptic regularity pickup is available.

Theorem 2 (LZ-error estimate) Let p solve (24) with the initigl conditions (25), gnd let py,
solve (28) with the initial conditions (29). Assume that p € C'(J; H'V(2)NC2(J; L%(£2))
with v > % Assume that there is an elliptic regularity pickup with index s € (%, 1]. There is
C such that for allh > 0 and allt € J,

! 1—57
lpr — H]'Jc’(p)”LOO(()Yt;LZ(%;Q)) <Ct, shy(|p|L°O(0,t;>k*,h) + |8IP|L1(O,I;**,h))~ (35)

Moreover, if there is | € {i, ...,k 4+ 1} so that p € c! (7; HT! (£2)), and assuming addi-
tionally that B(p) € C'(J; H'='1(2)) with 8§ :== 1 if k' = 0 and § := 0 otherwise, we
have

’ 1—s7 [+
lpr — Hlfr(P)||L°°(0,r;L2(%:m) = Clg "B (Iplwie o, 11 (2))
+LQIB(P) oo 0,011+ (2)))- (36)

Proof Step 1: Error equation. We consider a different error decomposition than in Theorem 1,
i.e., we now set ¢, (t) := pp(t) — Jy(p(t)) forall t € J, where Jj, is the HHO solution map.
We infer that

@ueT (), 4T) [2(1, ) + b (@n (1), gn)
= (f (0,47 12(@) = @udT(P(1).4T) 121, 0) = bh(Un(P(1)). Gn)
= @ p(1) = 3 T (P(0).47) 21, ) + (B(P(1)). 4T 12) — br(Tn(P()). 4n)
= @[5 (p(1) = 3 JT (P(1), 4T) 121, 0) = (Bu0(1). 4T) 121, )

with 6(¢) := HkT/(p(t)) — Jr(p@)) forallr € J.
Step 2: Stability argument. Let x € J and let us set z;(f) := — f; en(s)ds forallt € J,
so that 9,Z;,(t) = —é,(¢). Testing the above error equation with g, := z;(¢) for all t € J,
integrating by parts in time, and using the symmetry of the discrete bilinear form bj,, we infer
that

d 1 2 | SR A

A @er ). 21 2150+ 5 1er O 1) = 360G, 200

d
= E(afe(t)v ZT(t))LZ(%;Q) + (atg(t)’ eT(t))LZ(%;_Q)-

Integrating this identity in time from 0 to x and since Z, (x) = 0, we infer that

1 . R 1
ST 00171, + 360G, 20(0) = SlleT O3 1.

X
=(3(000) = e7 (), 27 (0 21, ) +/0 (30(s), e7($))2(1. ).
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Since 0(0) — e7(0) = 17]7‘—/(1?(0)) — p7(0) = 0, 3,(6(0) — e7(0) = nkf/(atp(o)) -
9, p7(0) =0, and by, (2,(0), 2, (0)) > 0, we obtain

1 1 X
SNeT GO 1,0, = FI0OI72 1) + /0 @0(5). e7(5)) 121, 0 ds.
Reasoning as in Step 2 of the proof of Theorem 1 and writing 7 in lieu of y, this implies that
1
21T 0.2ty = FNO N2 1 gy F 10O g a1 )
Since pr — Hé‘—, (p) = eT — 0, invoking the triangle inequality we conclude that
||PT - quc'(P)HLoo(o,,;Lz(%;m) = C(HQHLOO(OJ;LZ(%;_Q)) + ||a[0”L1(0,t;L2(Kl;Q)))'
Step 3: Bound on consistency error. Since 9,0 = HkT/(Btp) — J7(9; p), we can invoke (21)
to infer that (35) holds true. Finally, (36) follows from (35) and (23). ]
4 Acoustic Wave Equation: First-Order Formulation
4.1 Model Problem

A classical reformulation of the second-order PDE (24) is obtained by introducing two
auxiliary variables, the scalar velocity v := 9; p [%] and the dual variable o := %V P [sz]
This leads to the following coupled PDEs:

pord — Vo =0
1 inJ x $2, (37)
—v—Vo=f
K
together with the initial conditions:
1
v(0) = vo, 0(0)=—-Vpy in$2, (38)
o
and the boundary condition
v=0 onJxI. 39)

The functional setting from Sect. 3.1 implies that (v, 6) € C(J; L?(£2) x L*(£2)). Assum-
ing that v € H'(J; L*(22)) N L2(J; H}(£2)) and 0 € H'(J; L?(£2)) (other functional
settings are possible for the mixed formulation), we obtain

(00 (1), T)LZ(p;_Q) = (Vu(), T)LZ(_Q) =0,

40
@0(1), W) 21, + (@ (1), VW) 2y = (£, ) 2@, o

for all (z, w) € L*(2) x H}(2) and a.e.t € J.

4.2 HHO Space Semi-discretization

In the space semi-discrete HHO scheme for the first-order wave equation, one approximates
v by a hybrid unknown vy, € CI(J; Vo) and o by a cellwise unknown o7 € cl(7;wp)
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(recall that W := X TeT, PK(T; RY)). The space semi-discrete problem reads as follows:
Forallt € J,

(0,07 (1), TT)Lz(p;Q) — (G7 (v (1)), TT)LZ(Q) =0,

@Oor (D), wT) 21, 0) + (O T1), GT (D) 20 + 51 (Vn (D), Dp) = (f (1), wT) 12 (@),

41)
for all (z, wy,) € W x Vi, with
SO i) ==Y Far (Sar (D7), Sar (D7) 120979 (42)

TeTy

recalling that Sy7 is defined by either (7) in the equal-order case (K = k) or (8) in the
mixed-order case (k" = k + 1). Moreover, 757 > 0 is a stabilization parameter which will
be taken equal to Tyr = ffl—‘rz = i% so that 55 := %‘?sh (recall that £ := diam(£2) is
a global length scale associated with the spatial domain £2). The initial conditions for (41)

only concern ¢ 7 and v7 and are as follows:
1 A /
a7 (0) = ;GT(Ih(PO))a v7(0) = IT5 (vo). (43)

The boundary condition on v is encoded in the fact that vy, (¢) € ‘A/hO forallz € J.

Remark 3 (Comparison) We observe that the space semi-discrete problems (28) and (41)
are not equivalent. Indeed assume that the pair (o7, 05) solves (41) and let us set 7, (¢) :=
In(po) + fot D5 (s)ds. Then 7, satisfies the initial conditions (29) and we have 7, (1) € Vo for
all 7 € J, so that the only remaining issue is whether 7, verifies (28). This turns out not to be
the case. Indeed, the ﬁr§t equation in (41) implies that pB,aT(At) = G7(0,(t)) forallt € J.
Since po7(0) = G7(I4(po)), we infer that po7(t) = G (Ih(po)) + [y GT(Dn(s))ds =
GT(fh (po) + fot On (s)ds) = G7(7,(1t)). The second equation in (41) then implies that for
allt € J and all iy, € Vo,

@urT (1), W) 201, ) + (G (), GT(UA)h))LZ(%;_Q) + 85 (3,7 (), W)
= (fO, w2, (44)

which differs from (28) in the first argument of the stabilization term.

Remark 4 (Link to HDG) Similarly to Remark 2, the space semi-discrete HDG formulation
from [26] can be connected to (41) by identifying a suitable numerical flux trace that depends
on the stabilization operator Syr and its adjoint. Notice however that the weighting of the
stabilization bilinear form differs, since we take here Tyy = (Q(h}1 ), whereas Ty7 = O(1) in
[26]. We notice that the second choice is more interesting if an explicit time-stepping scheme
is used owing to the improved CFL condition. However, the numerical experiments reported
in [6] for the acoustic wave equation indicate that the first choice leads to a superconvergent
L?-estimate with a simple post-processing. The question of using a more sophisticated post-
processing for the second choice is left to future work.

4.3 Error Analysis

To simplify the tracking of some parameters, we hide the nondimensional factor % in

the generic constants used in the error analysis. This means that we are assuming that the
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simulation time is not excessively long with respect to the characteristic time needed by a
wave to cross the domain. For a pair (t,w) € H"(£2) x HO1 (£2),v > %, we define the
seminorm

(@ w2y =D (10132,.7) +hT16-n7172, 07 + 1V0172 0 ) (45)
TeT),
with § = 7 — HkT(r) and n = w — PkTH(w). Moreover, for a pair (t,w) €

C'(J; H'(R2) x Hy(£2)), we write |(z, w)|15(0,1;4,h) = SUPye(o,py [(T(5), w(s))xn and
BT, 0w 110,10y = fo 1BrT(5), Bw(s)) s ndls.

Theorem 3 (Energy-error estimate) Let (o, v) solve (40) with the initial conditigns (38) and
let (o7, ) solve (41) with the initial conditions (43). Assume that (¢, v) € C1(J; H" (£2) x
HO1 (£2)), v > % There is C such that for allh > O and all t € J,

vy — H'IJC:(U)||L00(()’,;L2(KL;Q)) +llo7 — 70l 10,1120 2))
< C(I, VL=, + 130, 3V 110 115.1))- (46)
Moreover, we have
o7 =Vl oo 2ty 10T = 0 llinornr2(0:02))
< C(I0. V2@ + 100 3010, 0m) F 1V = TTF @) o 1201 29) 47

and if there is | € {1,...,k + 1} so that (6,v) € CY(J; H (2) x H'TY(2)), letting
Poo = |lpllLe(2), we have

”UT - v”Loo(O,t:LQ(%;.Q)) + ||GT - 0-||LOO(0J;L2(IO;Q))
< Chl(poo|olwl,m(O,I;Hl(Q)) + |U|W1‘°o(0,t;H,+l(.Q)))’ (48)

Proof Step 1: Error equation. Let us set .o (t) := o7 (t) — H’;—(a (1)) and ey, (1) := v, (t) —
fh (v(r)) for all t € J. We observe that for all T+ € W and all r € J, we have

(7 (1), TT)LZ(,,;_Q) — (Gp(en(1)), TT)L2(_Q) =0,
since G, (I (v(1))) = M- (Vv) = M% (3,0 (1)) = 8, IT%- (o (1)). This implies that
Pz (1) = Gp(ep()), Viel. (49)

Moreover, we have for all wy, € \A/ho andallt € J,

(Orer (1), wT) 121, o) + N7 (1), Gr(n)) L2y + Sn(@n (1), p)

(10(1) = V-0.(1). w1) 2y — (TS (VD). WD) 121 )
— (IT%-(o (1)), G (iDn)) 2 — Sn(In (v(1)), Wp)
— (Vo (1), wr) 20y — (0 (1), Gr(Dp)) 12 () — Sn(In(u (1)), Dp)

> Or @) nr. wor — wr) 27y — Sh (1), ),
TeTy

with 07 (t) ;=0 (t) — Hg—(a(t)) for all t € J, and where we used (87 (1), VwT)Lz(T) =0.

Lgt Sn(t;-) € (Vho)’ denote the linear form defined by the above right-hand side. Let Su(t; ) €
(Vio)' be the linear form defined similarly by using 9,0 (¢) and 9, v(z).
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Step 2: Stability argument. Testing the above error equation with wy, := ¢, (¢) forall r € J,
using (49) and the product rule for the time derivative on the right-hand side, and recalling
that 5, = ZT‘?sh, we infer that

d (1 2 1 2 E.Q ~ N
S ler I, 1) + ST O 0} + —Z 1@ (0. E(0)

d .
= Eah([; fh(l‘)) — 8 (t; fh(t))a

with 7, (7) = fot e (s)ds. Integrating in time from O to ¢ and since e7(0) = 0, n7(0) = 0,
and 75, (0) = 0, we obtain

1 2 1 2 Lo 1. A
e 21 g) + 5T 00 + - A sn(en(s), en(s))ds

=< ”8h (t; ) ||(\7h0)/ ”f/’l (t) ” Vho + ”(Sh ”L' (vai(‘;'ho)/) ”;h ”Loo(o»t;vho)’

where we used Holder’s inequality in time on the right-hand side. Since y4(0) = 0, the
identity (49) implies that

1
() = ;Gh(fh(t)), vt e J.

Lemma 1 implies that /a ||/ (t)||‘7ho SOz + |7n(2)|s, and we have

t
()3 = Z Ty SE)T(/O éT(S)ds>

TeTy

t t
<) wrt f 1Sa7 @1 (D 172575 < Tt / sh(en(s), én(s))ds.
0 0

TeT),

2 2

t
/0 Sar (et (s))ds

=) mr

L2GT) 77, L2(3T)

(Recall that r < T since J := (0, T).) This implies that
1 2 1 2 1eo [ . . d
ST O 10+ 3Oy + 57 [ (@), En(sDds

2 3 R ~ .
=< Clldn ”LOO(O,I;(V;,Q)’) + [18n ”LI(O,I;(V;,())/) 7 ||L°°(0,I;Vh0)’

(Here, we hide the nondimensional factor %‘ in the generic constant C.) Since the left-hand
side evaluated at any ¢’ € (0, ) is bounded by the right-hand side, we infer that

1 2 1 2 1 K.Q ! A~ A

Fler o0z ioy T 3T 0120002 T 57/0 sn(en(s), en(s))ds

2 Q R ~ .
< Cl|én ||L°°(O,t;(\7ho)’) + I8n ”LI(O,I;(Vho)') 71 ||L°°(0,I;V;,U)'

: A2 < 2 too(s -
Reasoning as above leads to « || 7, ||Lw(0’t;‘7h0) < ”"7||L°0(0,z;L2(p;.Q))+t fo sp(en(s), en(s))ds,

and invoking Young’s inequality for the last term on the right-hand side leads to

S 12
1021 1 70

2 2 2
et ooy T g7 0002000 = C(lon W 0,15 D10y
Step 3: Bound on consistency error. Since we have

185 (23 Ml g,y = CHE @, 0@Dwns 181 Mg,y = CIBT @), VO
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the error estimate (46) follows from the above bound. Furthermore, (47) follows from (46)
and the triangle inequality. Finally, the estimate (48) follows from (47) after invoking the
approximation property (22). O

Remark 5 (L2-estimate) The derivation of an LZ-error estimate is left to future work. Fol-
lowing the links between the HHO and HDG formulations outlined in Remark 4, we believe
that the technique of proof devised in [14] for HDG and using a specific HDG-projection
to build the error decomposition can be adapted to the HHO setting. This is indeed con-
firmed by the convergence rates reported in our numerical experiments on smooth solutions
in Sect. 6.1 with the tighter penalty parameter Ty7 = O(h}l) (recall that Ty7 = O(1) in the
HDG setting), but remains to be proved theoretically.

5 Elastic Wave Equation

In this section, we extend the results of the previous sections to the elastic wave equation.

5.1 Second-Order Formulation
5.1.1 Model Problem

The second-order formulation in time of the elastic wave equation is as follows:
poyu+V-o(em)=f inJ xS, (50)
kg
m3
field, and o (e (u)) [Pa] is the Cauchy stress tensor, which in the framework of linear isotropic

elasticity depends on the displacement field by means of the linearized strain tensor € (u) :=
%(Vu + VuT) as follows:

where p [ ] is the material density, f [%] is the source term, # [m] is the displacement

o(e(m)) ;= Ae(u) :=2ue(m) + 2(V-u)l, (28]

where A is the fourth-order stiffness tensor, ; and A are the Lamé parameters [Pa] and 1 is
the identity tensor. Notice that o (e (u)) and € (u) take values in Rfyxmd (the space composed of
symmetric tensors of order d). The PDE (50) is subjected to the initial conditions u(0) = ug
and d;u(0) = vy in §2, and for simplicity we consider the homogeneous Dirichlet condition
u = 0 on J x I'. We assume that the coefficients p, u, and A are piecewise constant

on a partition of £2 into a finite collection of polyhedral subdomains, and that p, u take

’H;)z" , and the

speed of S-waves is cs = \/%. We assume that f € L2(J; L3(2)), ug € H(l)(.Q), and

v € H [l)(.Q), and as for the acoustic wave equation, the weak solution can be shown to
satisfy u € CO(J; H($2)) N C'(J; L?(£2)). Assuming that u € H?(J; L?(£2)), we have
forae.t € J,

@t (0), 0) 2y +a@(@).0) = (f(), V)20, Vv € HY), (52)

with the bilinear form

positive values and X nonnegative values. The speed of P-waves is cp 1=

a(u,v) := (e(u), e(v))Lz(A;Q) = (e(u), e(v))Lz(ZM;_Q) + (V-u, Vov)2. 0y (53)
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5.1.2 HHO Space Semi-discretization and Error Estimates

Let us focus first on the second-order formulation in time. There are two main differences
with respect to the HHO space semi-discretization for the acoustic wave equation. First,
the discrete unknowns attached to the mesh cells and to the mesh faces are vector-valued.
Second the polynomial degree used for the face unknowns is such that k > 1, since a
local Korn inequality has to be satisfied (see [16]). For the cell unknowns, we consider as
before either the equal-order case (k' = k) or the mixed-order case (k' = k + 1). Let us
set Vi i= VE x VE with V& := Xyop PX(TiRY) and VE = X pop, PEFRY).
A generic element in f/h is denoted v, := (vr, vr), and we write v (resp., vp) for the
component of v, attached to a generic mesh cell T € 7}, (resp., face F € Fj). Let v, € Vh
and let T € 7j,. The local components of vy, attached to the cell T and its faces F € Fyr
are denoted 7 := (v7, var = (VF)Fer,,) € Vr i= V’}/ x V& with V’}/ = PK(T; RY)
and V’gT = XreFr PK(F; RY). The homogeneous Dirichlet condition is enforced by
considering the subspace Vho = V"T’ X Vk}-0 ={v, € f/h |vp =0VF € f,‘?}.

The HHO discretization is assembled by summing the contributions of all the mesh cells,
and in each mesh cell the method is based on a strain reconstruction from the cell and the
face unknowns and a stabilization operator connecting the trace of the cell unknowns to the
face unknowns. The strain reconstruction operator E7 : I7T — P*(T; R?%4) is such that

sym
forall o7 € V7 and all ¢ € PK(T; REX?),

sym
(Er(v7), q)L2(T) =—(vr, V'q)LZ(T) + (vyr, CI'nT)LZ(aT)a (54)

so that E7(97) can be evaluated componentwise by inverting the mass matrix associated
with a chosen basis of the scalar-valued polynomial space P*(T; R). We can also consider the
displacement reconstruction operator Rr : VT — PktI (T, RY ) such that for all v7 € VT
and all g € PKHI(T; RY),

(€(R7 (7)), €(@)) 127y = —(v1, V-€(@) 27 + (Vor, €(@)nT) 20579 (55)

and we fix the rigid-body motions by prescribing the conditions [, R7(d7) = [ vr and
fT(VRT(ﬁT) — VRy(op)T) = faT vy @ ny — nt ® vyr. Notice that Ry (97) can be
evaluated by inverting the stiffness matrix associated with a chosen basis of the scalar-valued
polynomial space P¥+!(T; R?) /Ny, where Ny is composed of the rigid-body motions (this
coincides with the lowest-order Nédélec finite element space). To define the stabilization
operator, let us set 857 (V1) 1= vrjar — var forall v7 € VT. Then, in the equal-order case
(k' = k), we define

Sor (br) := [Tk, (SaT(f)T) + (U — T5R7 (O, SaT(f)T)))‘aT), (56)
and in the mixed-order case (k' = k + 1), we define

Sor(br) = Iy (a7 (7). (57)

The displacement reconstruction operator Rr is not needed in the mixed-order case, and in
the equal-order case it is only used to evaluate the local stabilization operator. Alternatively,
as in the original HHO method from [16], one can consider € (R7) as the strain reconstruction
operator instead of E 7, but the divergence has to be reconstructed independently by inverting
the mass matrix in P (T; R).
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We define the global discrete bilinear form ay, : Vh X Vh — R such that ay, (v, Wy) =
ZTeTh ar (vr, wr) with the local discrete bilinear form ay : VT X VT — R such that

ar (v, wr) == (Er(07), Ex(W1))120.7) + Tor (Sor (V7). Sor (W) p2(57),  (58)
with the weight 757 := 2uTh;1 and p7 = p 7. Notice that we have

(Er(7), Er(Wr) 1207y = (ET(®7), ET(W1)) 1200, 7) + (DT (O7), DT (W7)) 122795
(59

with the divergence reconstructlon operator D7 : VT — IP’k(T R) such that D7 (v7) =

tr(E7 (7)) forall o7 € V1. The global strain reconstruction operator E 7 : Vi — Wr =
XreT, Pk(T; Rg’yﬁ) is such that (ET(vh))‘T ;= Erp(vy) forall T € 7, and v, € V}, and
the global stabilization bilinear form s; on Vh X Vh is defined such that s;, (9, wy) =
ZTG'T;, Tor (Sar (D7), Sor (Wr)) 1257 Let us set |f1h|§ = 5;,(Vp, D). A direct verification

readily shows that the map ||| Vio - f/h — R such that

18uly, = > (l€@Dg20, )+ rllvor = v7ll327). YO0 € Vi (60)
TeT,

defines anorm on V ro (and a seminorm on v 1), and we have the following important stability
result (here we use k > 1 and Korn’s inequality, see [16]): There are 0 < ¢ < @ < oo such
that for all v, € Vg and all & > 0,

alonl? < NET @032, + 19515 < @ 19413, . (61)

The space semi-discrete HHO scheme for the elastic wave equation in its second-order
formulation consists of finding &, := (ur,ur) € Cz(J; V10) such that forall 7 € J,

(Ot (1), vT)Lz(p;_Q) +ap (@, (1), v) = (f (@), vT)LZ(_Q)v (62)
for all v, := (v, vF) € ‘A/ho- The initial conditions for (62), which only concern u 7, are
ur(0) = 1% (o). dur(0) = I1¥ (vo). (63)

The boundary condition is encoded in the fact that @, () € ‘A’ho for all + € J. As
for the acoustic wave equation, ux(0) € V¥ 7o | is uniquely determined by the equations
an((ur(0),ur(0)),0,vr)) =0forallvg € Vfo with u 7 (0) specified in (63).

Theorems 1 and 2 can be readily extended to the elastic wave equation. Assuming k > 1
andu € CH(J; H'(2)) N C3(J; L>(£2)) with v > %, one can derive H'-error estimates
similar to (31), (32), and (33) (if additionally u € C'(J; H'*'(2)) withl € {1, ..., k+1}).
In particular, O(R**1) error estimates are obtained in the H'-norm for smooth solutions.
Moreover, assuming that there is an elliptic regularity pickup with index s € (%, 1], one can
derive L2-error estimates similar to (35) and (36) (if additionally u € C LT, H'T1(£2)) with
le{l,...,k+1}and Veo(u) € C'(J; H7'H3(2)) with § :== sif A’ = Oand § := 0
otherwise). In particular, O(h**2) error estimates are obtained in the L?%-norm for smooth
solutions under full elliptic regularity pickup.

5.1.3 Algebraic Realization and Time Discretization

Let N¥ = dim(VX) and N& = dim(V). Let (U7 (1), Uz(1) € R¥T*NF be the
component vectors of the space semi-discrete solution @, () := (w7 (), ur(t)) € Vho
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once bases {q)i}l <i<NE and {¢;}, - <j<NE for V"T/ and kao’ respectively, have been chosen.

Assuming (for simplicity) f € C 0(J L*(£2)), let FT(t) = RN 7 have components given by
Fi(t) := (f(1), ‘/’l)LZ(_rz) forallr € Jandalll <i < NT The algebraic realization of (62)

is as follows: Forall t € J,

[MTT 0] |:3ztUT(f)i| n [KTT K'Z’]—‘] |:UT(f)i| _ [FT(I)} (64)

0 0 ° Krr Kere | [Ur(t) 0 ’

with the mass matrix M7z associated with the inner product in L?(p; £2) and the cell
basis functions, and the symmetric positive-definite stiffness matrix with blocks K77, K7 £,
Kr7, Krr, associated with the bilinear form aj and the cell and face basis functions. The
bullet stands for d;,U£(¢) which is irrelevant owing to the structure of the mass matrix. The
matrices M7 and K77 are block-diagonal, but this is not the case for the matrix Kz £ since
the components attached to faces belonging to the same cell are coupled together.

Let (#")o<n<n be the discrete time nodes with 10 := 0 and r := Ty. We consider a fixed
time step At = % A classical time discretization of (62) relies on the Newmark scheme
with parameters § and y. This scheme is second-order accurate in time, implicit if 8 > 0,
unconditionally stable if % < y < 28 (the classical choice is y = % and 8 = 4l) and
conditionally stable if % < y and 28 < y. In the present setting, the Newmark scheme

considers an approximation for the displacement, the velocity, and the acceleration at each
time node, Which are all hybrid unknowns, say @), ¥y, @ € Vpo. The scheme is initialized

by setting uh = 1/1 (up), vh = Ih (vg), and the initial acceleration a ah (aT, af) € VhO is
defined by solving (@5, ¢ 7) 2. ) +an @y, (q7.0) = (f(0), q47) 120 forallgr € Ve,
and a (@}, (0,q 7)) = O forall ¢ » € V¥, Then, given &}, ¥}, &}, from the previous time-
step or the initial condition, the HHO-Newmark scheme performs the following three steps:
Foralln € {0,...,N — 1},

1. Predictor step: Set

{ a = uh + Ard) + La(1 - 2p)a, ©5)

oyt =0y + Ar(1 — y)aj,
2. Linear solve to find the acceleration &ZH € ‘>h0 such that for all ¢, € ‘A/ho,
(aT , qT)LZ(p 2) + BAt ah(w+ th) = (f(tn+1)a ‘IT)LZ(_Q) - ah(ﬁzn, éh)~ (66)
3. Corrector step: Set

ﬁn+1 A*n Aa An+1
{ ! r (67)

AZ+1 - vh + ,)/At’\n"r].

The algebraic realization of the predictor and corrector steps is straightforward, and that of

. K Nk
the second step amounts to finding (A”T+] , A']':+1) € RNT*NF such that

M7z 0 2 [Krr Kre]\ [AR'] _ [Bat!
<|: 0 0:| + BA1 Krr Krr Al’Hrl Bi’}jl ’ (68)
with B! o= P! — (Kr 7 U2 K7 2 U, B! i= — (K7 U2 +Krp U, and (U, US)

are the components of the predicted dlsplacement i;" . Notice that static condensation can
be applied to (68): since the matrix M7 + 8 AtzKTT is block-diagonal, the cell unknown
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A”T+] € V# can be eliminated locally, leading to a global transmission problem coupling
only the face unknown A”F+1 € ijfo.
An important property of the HHO-Newmark scheme is energy balance. For all n €

{0, ..., N}, we define the discrete energy
Brim Loy 2 + LEr@)? R+ s A a2 (69)
= WTN2p2) T NE TR 2(a0) T 5 1Mhls Tl2p:02)°

with 8 := 1(2B — ), i.e., § = 0 for the standard choice = 1, y = 1. Notice that
||E7(ﬁ2)||iQ(A;Q) = ||ET(122)||2LQ(2M;Q) + ||DT(ﬁZ)||iZ(A;_Q). A straightforward extension
of [6, Lemma 3.3] shows that E” satisfies the discrete energy balance property

n—1
A 1
E"=E"+)" E(f(r’"“) LAt — ) ). (70)
m=1
so that E” is exactly conserved in the absence of external forcing.

5.2 First-Order Formulation
5.2.1 Model Problem

The first-order formulation of the elastic wave equation is obtained by introducing the velocity

V=0l [%] and the stress tensor s := o (€(u)) [Pa] as independent unknowns. Taking the

time derivative of (51) leads to the following coupled PDEs:

A‘lats—e(v) =0 .
inJ x 2, (71)
phv—V.s=f
with A=t = %M(t — ﬁ tr(¢) 1), together with the initial conditions:
s(0) = Ae(up), v(0)=wvy in$2, (72)

and the boundary condition v = 0 on J x I'. Assuming that v € H'(J; L2(.Q)) N
L>(J; Hi(2)) and s € H'(J; L?(2; REd)), we obtain

sym
:@umny®qﬂywdmenmb=a o)

(atv(t)v w)Lz(p;Q) + (S(t), e(u)))LZ(Q) = (f(t)5 w)Lz(Q)a

for all (¢, w) € L2(2; REY) x Hi(2) and ace.t € J.

sym

5.2.2 HHO Space Semi-discretization and Error Estimates

Using the setting introduced in Sect. 5.1.2, one approximates s by a cellwise unknown
s7 € CHJ; Wy)and v by a hybridEnknown v, € CL(J; Vo). The space semi-discrete
problem reads as follows: For all t € J,

@sT (), D)2 p-1.0) — (ET@n(1), t7) 120y = 0, -
@7 (@), Wr) 2y 0) T T@), ET(Wn)) 20y + Sp(@n (1), Wr) = (f (1), wT) 2 ()
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for all (t7, y) € W x Vo, with 5, (9, p) = YoreT, T (Sor (O1), SoT(WT)) 1235795
and the stabilization parameter Ty > 0istakenequalto Ty := pcs f,—‘;. The initial conditions
for (74) are s 7(0) = AET(fh (up)) and v7(0) = H’Y‘—/(vo), whereas the boundary condition
is encoded in the fact that v, (r) € Vo forallt € 7.

Theorem 3 can be readily extended to the elastic wave equation. Assuming k > 1
and (s,v) € C'(J; H () x H(l)(.Q)) with v > % one can derive H!-error estimates
similar to (46), (47), and (48) (if additionally (s, v) € C'(J; H'(2) x H*(£2)) with
L e{l,...,k+ 1}). In particular, O(h**+1y error estimates are obtained in the H '-norm for
smooth solutions.

Remark 6 (Link to HDG) The same links as in Remark 4 can be highlighted between the
HHO discretization (74) and the HDG discretization of the elastic wave equation devised
in [26]. Therein, a three-field formulation is adopted where the trace of the stress tensor
is handled as an independent variable. Moreover, following Remark 5, we believe that an
L2-error estimate can also be derived for (74), but we leave this question to future work.

5.2.3 Algebraic Realization and Time Discretization

Let Mlq‘— = dim(W ) and {gk}lgkgMé— be the chosen basis for W . It is natural to build

this basis as tensor-products of a basis vector in Rfyxmd and a scalar-valued basis function of

VE, so that Mk = 4D NK Lot 77(1) € RMT and (V7 (1), VA (1)) € RVT*VF be the
component vectors of s7(t) € W and v,(t) € f/ho, respectively. Let M7 be the mass
matrix associated with the inner product in L?(A~!; £2) and the basis functions { it k< ME>
and recall that M7 7 is the mass matrix associated with the inner product in Lz(p; £2) and
the basis functions {¢; }1<i<N’<’ .LetS77,S7F7,SFT1,SFF be the four blocks composing the
=i=Ng

matrix representing the stabilization bilinear form 5, i.e., S77,ij = §, (((pj, 0), (¢;.0)),
Strij = 5n((0,¥), (¢;,0)), and so on. Let Er € RMr*NT and Er € RMT XN pe
the (rectangular) matrices representing the strain reconstruction operator E7, i.e., E7 4; :=
&, ET(0;, 0))L2(Q) aniEf’kj = (. ET(0, l/fj))Lz(Q). The algebraic realization of (74)
is as follows: For all r € J,

MZ, 0 O] [azZr@®) 0 —E7r —Ex7 [Z7 (1) 0
0 Mzz Of|oVr () |+ ETT Str StF | |Vr (@) | =|Fr@® |, (75
0 0 0 . Er Srr Srrl LVF®) 0

where the bullet stands for 9,V £(#) which is irrelevant owing to the structure of the mass
matrix. Notice that the third equation in (75) implies that SV () = —(E;-Zq—(t) +
SFrV7 (1)), and that the submatrix Sz is symmetric positive-definite. This submatrix is
additionally block-diagonal in the mixed-order case (k' = k + 1), but this property is lost in
the equal-order case (k' = k); see [6] for further discussion.

The space semi-discrete problem (74) can be discretized in time by means of a Runge—
Kutta (RK) time-stepping scheme. RK schemes are defined by a set of coefficients,
{aijti<i,j<s» (bi}1<i<s» {ci}1<i<s, where s > 1 is the number of stages. We consider diago-
nally implicit RK schemes (DIRK) where the matrix {a;;}1<;, j<s is lower-triangular. Explicit
RK schemes (ERK) can also be considered, and we refer the reader to [6] for more details
on their use in the context of HHO methods. For simplicity, we only consider the algebraic
realization of HHO-DIRK schemes. For all n € {1, ..., N}, given (Z"{l, V’;fl) from the
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+

. . o .. . —l4c;
previous time-step or the initial condition and letting F;l— = Fz(ty—1 + cjAt) for all

1 < j <, one proceeds as follows:

1. Solve sequentially forall 1 <i <,

MS, 0 0]z MS, 0 0] [z!
0 Mzrr 0 V?i = 0 Mzrr 0 Vg-_l
0 0 0]| e 0 0 0]
i 0 0 —Er —EF [Z3/
+Ary ay || F = B Srr oSre || Ve | ] (76)
j=1 0 Er Srr Srrd | VY

This is a linear system for the triple (Z%', V2", V%i) (which appears on both the left- and
right-hand sides), where the upper 2 x 2 submatrix associated with the cell unknowns
(Z%', V") is block-diagonal (this is the case for M7, M7, E7, and S77). Hence, static
condensation can be performed in (76) leading to a global transmission problem coupling
only the components of V' (which are attached to the mesh faces).

2. Finally set
M7 0 1[ZF] _ M7 © zi!
0 Mrr||V% 0 Mrr|[vi!
n, j

Z

J 0 0 —Er —Ef 7.

+ At § bi T [ vh L. 77
"/ |:F'7'— o [ET SrT 57?} T 77
Jj=1 V}l

6 Numerical Results

In this section, we perform some numerical experiments to illustrate the error analysis.
We consider HHO-Newmark and HHO-DIRK schemes for the elastic wave equation. The
implementation of HHO methods is discussed in [ 10] and an open-source software is available
(see https://github.com/wareHHOuse/diskpp). For the Newmark scheme, we consider the
usual parameters f = % and y = % (leading to a second-order, implicit, unconditionally
stable scheme with exact conservation of a discrete energy). For RK schemes, we consider
singly-diagonally implicit schemes with s stages and order (s + 1) with s € {1, 2, 3} (in
short, SDIRK(s, s + 1)). The Butcher tableaux are

1 L1 1 0 0
i1 2tylaty 0 T LY
Loz 0
2|2 1L, 141 2 |27V 7Y
1 2 % ; 212)’ l—y| 2y 1—4yy
‘ 2 2 1) 1—-25 6
withy::%fors:Z,andy::%cos(%)%—%,&::mfors:&

6.1 Verification of Convergence Rates
Weset 2 :=(0,1)x(0,1),Tr:=1,p:=1,vs :=1,and vp := /3. The source term f, the

(non)homogeneous Dirichlet boundary conditions, and the initial conditions u# and vq are
defined according to following three choices for the analytic solution:
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Fig.1 HHO-Newmark scheme, equal-order case. Top row: errors as a function of the mesh-size for the analytic
solution (78) (left panel) and as a function of the time-step for the analytic solution (79) and k& = 2 (right panel).
Bottom row: errors as a function of the mesh-size for the analytic solution (80) (left panel, At = 0.1 x 2*10)
and relative energy loss as a function of time (right panel, 7 = 270 Ar=01x2""Tk=2)

1. Quadratic in time, so that the spatial error is the only error component:

u(x,y) = 12(— sin(7rx) cos(mwy), cos(mx) sin(ny))T.

(73)

2. Quadratic in space, so that the temporal error is the only error component:

u(x,y) = sin(ﬁm‘)x(l —x)y(1 —y)({, I)T.

3. Non-polynomial in space and in time:

u(x,y) = sin(ﬁm)(— sin(rx) cos(my), cos(wrx) sin(ny))T.

(79)

(80)

Uniformly refined sequences of quadrangular meshes are considered with size h = 27/,
I € {1,...,6}, and the time step size is set to At = 0.1 x 2711 € {0, ..., 10}. The
polynomial degree is k € {1, 2, 3}. We report the L? and H'-errors on the displacement at

the final time.

Figure 1 is obtained by considering the HHO-Newmark scheme in the equal-order case for
the analytical solutions (78) (top row, left panel), (79) (top row, right panel), and (80) (bottom
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Fig.2 HHO-SDIRK(s, s 4 1), equal-order case. Top row: errors as a function of the mesh-size for the analytic
solution (78) (left panel, s = 2) and as a function of the time-step for the analytic solution (79) and k = 2 (right
panel, s € {1, 2, 3}). Bottom row: relative energy loss as a function of time for the analytical solution is (80)
in the equal-order (left panel) and mixed-order (right panel) cases with s = 3, h = 275 and Ar = 0.1 x277

row, both panels). The convergence rates in space match the predictions of Theorems 1 and 2,
whereas the convergence rates in time match the one of the Newmark scheme. As expected,
the energy E"is exactly conserved, and this is no longer the case if the value of the parameters
(B, y) is slightly perturbed around the nominal value (%, %) (while still setting § := 0 in
(69)).

Figure 2 is obtained by considering the HHO-SDIRK(s, s 4 1) scheme in the equal-order
case for the analytical solutions (78) (top row, left panel, s = 2) and (79) (top row, right
panel, s € {1, 2, 3}). The convergence rates in space match the predictions of Theorem 3 for
the H'-error, and the convergence rates for the L2-error are one order higher as expected.
Moreover, the convergence rates in time match the ones of the SDIRK(s, s + 1) scheme.
As shown in the bottom row of Fig. 2, the energy E™ is not exactly conserved (recall that
there is no such property for DIRK schemes, and that the stabilization anyway acts as a
dissipative term in the energy balance, as further discussed in [6]). However, the energy loss
is significantly reduced if the polynomial order is increased.
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6.2 Elastic Wave Propagation in Heterogeneous Media

The second test case deals with the propagation of an elastic wave in a two-dimensional
heterogeneous domain £2 such that 2 = 27 U 2, with £ = (—%, %) x (—%, 0) and
2 = (—%, %) x (0, %). The material properties are p; := 1, ¢s;1 := 1, cp;1 = V3 in
§21 and p2 := 1, ¢s2 := 2cs.1, cp,2 := 2cp,1 in §22. The simulation time is 7; := 1, and
homogeneous Dirichlet boundary conditions are enforced. The source term is f := 0, and
the initial conditions are ug := 0 and

vo(x, y) =0 exp (— 72 5)(x —xe.y — yo) T, (81)
with 0 == 1072 [L], 1 = ‘%2 [m] with f. := 10 [L]. 7 = (x — x)% + (3 — ¥o)*,
Xc = 0, and y, = % The initial condition corresponds to a Ricker wave centered at the
point (x¢, y.) € §22. The wave first propagates in £2;, then is partially transmitted to £2; and
later it is also reflected at the boundary of £2.

Numerical results are obtained using the HHO-Newmark and HHO-SDIRK (3, 4) schemes
on a quadrangular mesh with size & := 27°. These results are compared against the semi-
analytical solution using the garémore2d software (see https://gforge.inria.fr/projects/
garbmore2d/). The semi-analytical solution is based on a reformulation of the problem with
zero initial conditions and a Dirac source term with a time delay of 0.15 [s] (this value is
tuned to match the choice of the parameter 6 above, following the reformulation described
in [4]). The semi-analytical solution assumes propagation in two half-spaces, so that the
comparison with our results remain meaningful until the wave is reflected at the boundary
of 2. Actually the comparisons are made by tracking the two Cartesian components of the
velocity at two sensors, one located in £2; at the point S| := (%, —%) and one located in £2;

at the point S := (%, %). Hence the comparison with the semi-analytical solution remains
valid until the reflected wave reaches one of the sensors, which happens slightly later than
ty1 := 0.9 [s] for S7 and #,» := 0.6 [s] for S».

In Fig. 3 we compare the numerical predictions of the velocity components v, and vy, as
a function of time at the two sensors S; and S» by HHO-Newmark and the semi-analytical
solution obtained with the garémore2d software. We provide the comparison over the
whole simulation time interval [0, 1] but recall that the comparison is meaningful only on
the time interval [0, 7,;] before the waves reflected at the boundary 02 reach the sensor Sj,
i € {1, 2}. In the left column of Fig. 3 we consider k € {1, 2, 3}, the equal-order setting,
and Ar = 0.1 x 277, whereas in the right column we consider k = 3, the equal-order
setting, and Ar = 0.1 x 21 with I € {5,6,7}. We can see that the choice k = 1 leads
to large errors in all cases, and that the choice k = 3 and At = 0.1 x 277 yields a good
agreement with the semi-analytical solution. We perform a similar study in Fig. 4 for HHO-
SDIRK(3, 4), but since the time scheme is now fourth-order accurate instead of being second-
order accurate, we consider the choices Ar = 0.1 x 2~/ with [ € {3, 4, 5}. The conclusions
are essentially similar to those drawn above, except that we observe that the overall accuracy
of the HHO-SDIRK (3, 4) predictions is better than that of the HHO-Newmark predictions. A
more quantitative comparison is provided in Table 1 where we report the maximum relative
error (in %) over all the discrete time nodes in the time interval [0, f4; ] for the sensor S;,
i € {1,2}. The normalization is computed by using the maximum values in time (in absolute
value) obtained for the semi-analytical solution for the corresponding velocity component at
the corresponding sensor; the resulting values are 7.31 x 1072 for v, at Sy, 2.88 x 1072 for
vy at 81, 2.19 x 1072 for v, at Sy, 2.19 x 1072 for vy at S5. The goal of Table 1 is not to
compare the two time discretization schemes (since they are of different orders of accuracy),
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Fig. 3 HHO-Newmark scheme: velocity components as a function of time at the two sensors. First row:
vy at S1; second row: vy at S1; third row: vy at S3; fourth row: vy at S4. Left column: k € {1,2, 3} and

At =0.1 x 2*7; right column: £ = 3 and At = 0.1 x 2~ withl € {5,6,7}

but to highlight for each scheme, the benefits of raising the polynomial degree. We can see
that, for HHO-Newmark, the most accurate prediction (k = 3, At = 0.1 x 2=y leads to
errors of 10.5% and 2.20% for v, and vy, at Sy, whereas the relative errors are below 1% at
S>. Instead, for HHO-SDIRK(3, 4), the most accurate prediction (k = 3, At = 0.1 x 2_5)
leads to errors of 4.73% and 2.73% for v, and vy, at S1, whereas the relative errors are again
below 1% at S,. Finally, in Fig. 5, we show the spatial distribution of the velocity components
vy (upper row) and v, (bottom row) as predicted by the HHO-SDIRK(3, 4) scheme, using
k = 3, an equal-order setting, 1 = 2~ (one further refinement step with respect to the mesh
used in the previous results), and Az = 0.1 x 273, This figure illustrates the propagation
of the wave in the domain £2 at the time snapshots ¢ € {%, %, % 1} and shows the various
reflections occurring at the interface and at the domain boundaries.
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Fig. 4 HHO-SDIRK(3, 4) scheme: velocity components as a function of time at the two sensors. First row:
vy at S1; second row: vy at S1; third row: vy at S3; fourth row: vy at S4. Left column: k£ € {1,2, 3} and

At =0.1 x 2_5; right column: kK = 3 and At = 0.1 x 2~ withl e {3,4,5}

Table 1 Maximum relative error k=1 k=2 k=3 =5 1=6 =7

(in %) for the velocity

components vy and vy at the S, w797 321 10.5 242 151 10.5

sensors S1 and S>. Upper table:

HHO-Newmark, & € (1,2, 3}, S1 vy 70.0 8.44 2.20 15.2 4.90 2.20

At = 0.1 x 2_7, and k = 3, S2 Uy 16.4 2.24 0.41 6.63 1.76 0.41
-1

Ar=0.1x27,1¢€{5,6,7}. S vy 7.68 1.07 0.33 5.12 133 0.33

Lower table: HHO-SDIRK(3, 4),

ke{l,Z,B},At:O.lefS, k=1 k=2 k=3 =3 1=4 1=5

andk =3, At = 0.1 x 271,

1 €{3,4,5}. The normglization S1 Vy 46.7 18.0 4.73 47.3 16.1 4.73

factorsare 7.31 x 107“ forvr at g o, 154 392 273 552 161 2.73

51,28 x 1072 for vy at 51, S 2.44 0.76 0.75 31.5 5.22 0.75
2.19 x 102 for vy at Sy, 2 Uy . . . . ) '

219 % 102 for vy at 5 S, vy 203 083 08 317 6.64 082
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Fig.5 Velocity profiles at the times ¢ € {}1;, %, %, 1} (from left to right). Upper row: vy ; bottom row: vy

7 Conclusions

We have derived error estimates and optimal convergence rates for smooth solutions of the
wave equation semi-discretized in space by the hybrid high-order (HHO) method. We have
considered the second-order formulation in time, for which we established H' and L>-error
estimates, and the first-order formulation, which has close links with the HDG space semi-
discretization and for which we established H ' -error estimates. We have presented numerical
experiments using either the Newmark scheme or diagonally-implicit Runge—Kutta schemes
for the time discretization. We have recovered optimal convergence rates for smooth solutions,
as predicted by the theory, and we have shown that the proposed numerical schemes can be
used to simulate accurately the propagation of elastic waves in heterogeneous materials.
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