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Abstract

Galerkin finite element method is applied to dual-phase-lag bio heat model in heterogeneous
medium. Well-posedness of the model interface problem and a priori estimates of its solu-
tions are established. Optimal a priori error estimates for both semidiscrete and fully discrete
schemes are proved in L°°(L?) norm. The fully discrete space-time finite element discretiza-
tions is based on second order in time Newmark scheme. Finally, numerical results for two
dimensional test problems are presented in support of our theoretical findings. Finite element
algorithm presented here can contribute to a variety of engineering and medical applications.

Keywords General hyperbolic equation - Heterogeneous medium - Finite element method -
A priori analysis - Optimal error estimates

Mathematics Subject Classification 35L.05 - 65M15 - 65M60

1 Introduction
1.1 Modeling Background

It has long been established that body temperature is an indicator of health. Abnormalities
in local body surface temperature have been recognized as a sign of disease for centuries.
The modeling of heat related phenomena such as bio heat transfer is of great importance
for the development of biomedical technologies, such as thermotherapy in treating diseases
like tumor and injury involving skin tissue. Heating to the temperatures higher than that
required to treat the diseased tissue can result in inadmissible damage to the adjoining healthy
regions and insufficient heating can lead to under-treatment. The most commonly used model
among many bio heat transfer models is the Pennes [27] bio heat model for simplicity and
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validity. Pennes bio heat transfer equation is based on classical Fourier’s law. Pennes model
assumes that any thermal disturbance produced at a certain location will be felt throughout
the medium at that instant. In fact biological tissue, along with a number of other common
materials, exhibits a relatively long thermal lag time (e.g., [7,22,23,33]). Due to implication
of such relaxation time, heat conduction in biological media is generally not described by
Fourier’s law, but rather by the Maxwell-Cattaneo law, known as thermal wave model [10,11].
Although Maxwell-Cattaneo model has taken care of thermal relaxation time, the validity
of the thermal wave model becomes debatable in view of the fast-transient response with
microstructural interaction effects [32]. In order to consider the effect of micro-structural
interaction in the fast transient process of heat transport, a phase lag for temperature gradient,
77, which is absent in the Maxwell-Cattaneo model, has been introduced in [20,32,34,38,39].
The corresponding model is called the dual-phase-lag (DPL) model. Mathematically, DPL
model is described by a time-dependent equation [38,39]

or kV2T + kw2 L T —( + )aT
T, 0C = T — —wpppcpT — (Tgwpppc Cc)——
aPC5 5 T Py bPbCh q@bPCh + PC)
dq dq
+(wbppesTa + qmet + dext + T4 an?et +71 ?;;Xt) (1.1)

where p, c, k are the density, specific heat and thermal conductivity of skin tissue, respec-
tively; pp, cp are the density and specific heat of blood, wy, is the blood perfusion rate; 7, and
T are the temperatures of arterial blood and skin tissue respectively; gmet 1s the metabolic
heat generation in the skin tissue and gex¢ is the heat source due to external heating, and t,
is defined as the thermal relaxation time.

1.2 Basic Notations

Throughout the work, we will follow the usual notation for Sobolev spaces and norms. For
any domain M C Q C R2, each integer k > 0 and real p with 1 < p < o0, WP (M)
denotes the standard Sobolev space of functions with their weak derivatives of order up to
k in the Lebesgue space L”(M). When p = 2, we write H*(M) for WEZ(M). We use
Il - lls.pm and | - |5 A1 to denote the norm and seminorm in the Sobolev space H* (M) for any
s > 1, respectively. The inner product in H* (M) is denoted by (-, -)s, 4. The space HO(M)
coincides with L2(M), for which the norm and the inner product are denoted by || - || A4 and
(+, ) m, respectively. For simplicity of notation, we skip the subscript M in the norm and
inner product notation when M = Q. HOl (R2) is a closed subspace of H 1(), which is also
closure of C3°(2) (the set of all C* functions with compact support) with respect to the
norm of H*(R2) (cf. [1]).

We also define the standard Bochner spaces LZ(J; B) and L*°(J; B), where B is a real
Banach space with norm ||.||z and J = [0, T'], consisting of all measurable functions ¢ :
J — B for which

1

T ) !
191202 = ( fo I¢)I3dr)” < oo and

l@llLoecs;B) :=ess sup [lp(@)lp < oo,
1€[0,T]

@ Springer



Journal of Scientific Computing (2021) 87:58 Page30of32 58

Fig.1 Domain €2 and its
subdomains 1, Q27 with
interface I’ Qo

respectively. We denote by H”(J; B), | < m < o0, the space of all measurable functions
¢ : J — B for which
t><w

1611 5m -1 = (Z/
For our notational convenience, we will be using 83—? or ¢, or ¢’ interchangeably to denote
time differentiation of ¢. Similar remarks hold for other higher order time derivatives.
When no risk of confusion exists, we shall write L2(B) for L2(J: B), L®°(B) for L®(J; B)
and H™(B) for H™(J; B).

)|
otl

1.3 Problem Description

The goal of the present work is to study the following general linear second order hyperbolic
equation

w +ou +6u—V.(eVu +BVu)= f(x,t) mQLx(0,T], T <o (1.2)
with initial and boundary conditions
u(x,0) =ug, u'(x,00)=v9 inQ & ulx,t)=0 ondQ x (0, T] (1.3)

where Q is a convex polygonal domain in R? with a Lipschitz boundary 3$2. Here, 0 =
o(x), § =8(x), € =€(x), B = B(x) are non-negative real valued functions defined on
Q and f denotes the source. In this work, it is implicitly assumed that initial data (uq, vo)
and the source function f are sufficiently smooth so that solution belongs to desired Sobolev
spaces.

Inrealistic applications it is often possible to have heterogeneity of the underlying medium.
In particular, media parameters may have jump discontinuities across interfaces in the domain
of interest. As a model, we consider DPL bio heat transfer model (cf. [14,20,23,33,34,38,39]
and references therein) in multi-layered media. Since the thermal properties of biological
media vary between different layers, so, it is natural to have heterogeneity in the underlying
media. Of our special interest is the case when the domain €2 consists of two open subdomains
Qi and €5 with C? smooth interface I, and physical coefficients are discontinuous and
piecewise constants in €2 (see, Fig. 1). We write

(01,01, €1, B1) in 2y,
(02,82, €2, B2) in 3.

(0,6,€,B8) = {
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The problem (1.2)—(1.3) is completed with the following physical interface conditions (cf.
[20])

[u] =0, [E(x)aa—un + ﬂ(x)g—ﬁ] =0 alongI' x [0, T], (1.4)

where [u] = uj|r — uz|r and [e(x) + /S(x) ] €1

I". Here u; stands for the restriction of u to €2; and 3~ denotes the outer normal derivative
with respect to 2;, i = 1, 2. The present work regards the temperature and the heat flux at
the interface of two regions as continuous. In other words, the heat contact resistance at the
interface between the two different media is neglected.

Interface problems are frequently encountered in scientific computing and many applied
sciences. Typical examples are the elliptic, parabolic and hyperbolic equations with discon-
tinuous coefficients. Due to the practical relevance of interface problems in many engineering
and industrial applications, numerical methods for interface problems have been investigated
widely. Finite element method (FEM) is another class of important approaches for inter-
face problems and a wide variety of FEM approaches have been proposed in the literature.
Classical finite element methods for interface problems are mainly based on the interface-
fitted discretization. The performance of such kind of interface-fitted FEMs depends on the
quality of underlying finite element partition and how well the interface is resolved by the
finite element mesh (cf. [17]). A fitted finite element method is proposed and analyzed for
the interface problem (1.2)—(1.4). The main contribution of the current work is to derive
optimal order of convergence of the finite element solution of the BVP (1.2)—(1.4) in the
L>®-in-time/L>-in-space norm. The fully discrete scheme can be reinterpreted as the Crank—
Nicolson discretization of the reformulation of the governing equation in the first-order
system, as in Baker [4]. The derivation of the a priori error bound heavily depends on the
approximation properties (cf. Lemma 3.6) of a newly introduced non-standard projection
operator along with some new analytical tools and techniques, including a A-strip argument
for quantifying the relation of error near the interface in terms of the mismatch parameter A.
There is plenty of literature available on the numerical study of the DPL bio heat model with
discontinuous coefficients. One may refer to [20,33,34,39] and references therein. However,
to the best of our knowledge, finite element analysis for the general linear second order hyper-
bolic equation with discontinuous coefficients has not been studied earlier. In this work, we
are providing both mathematical and numerical framework for the study of BVP (1.2)—(1.4).
Convergence analysis, without the interface, for the general linear second order hyperbolic
equation via finite element algorithm has been well studied in literature (cf. [5,13,16,26] just
to name a few). More recently, the spatial discretization of Westervelt’s quasi-linear strongly
damped wave equation by piecewise linear finite elements has been discussed in [25]. A
priori error analysis in [25] heavily depends on general linear wave model with time depen-
dent coefficients. Optimal convergence in L% (L?) norm is obtained for sufficiently smooth
solution. Fully discrete error analysis is still open for such problems. Our results are intended
to enhance the numerical analysis of strongly damped linear wave equations where physical
domain consists of heterogenous media.

The rest of the paper is organized as follows. In Sect. 2, we discuss the existence, unique-
ness and regularity for the solution to the interface problem. Finite element discretization and
some important theoretical results to be used in this article are discussed in Sect. 3. Section 4
is devoted to the error estimates for the semidiscrete scheme. The error analysis for the fully
discrete scheme is presented in Sect. 5. Section 6 focuses on numerical examples. Finally,
results are summarized in Sect. 7 with a brief outline on future work.

duly duy duy
Bnl +62a + Bign, + B2gn, 0N
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2 Preliminaries

This section is devoted to existence, uniqueness and regularity for the solutions to the model
interface problem (1.2)—(1.4) in a convex polygonal domain £ C R? with a Lipschitz bound-
ary 92. The solution to the interface problem has a higher regularity in each individual region
than in the entire domain. This regularity result is critical for our further numerical analysis.
For the sake of brevity, we write W = L3(Q),V = H(; (2) with its dual space V' =
H™Y(Q)and X = L>(Q)NH'(Q)NH'(2,) equipped withnorm [|v]| x = [[v]|+v]l1.,+
lvll1,@,. We also introduce two bilinear forms A (-, -) and Ag(-, -) on V as follows

Ac(w, v) = / eVw - Vudx = Ai(w, v) + Az(w, v) Yw,veV 2.1
Q

and

Ag(w, v) = / BVw - Vvdx = Aé(w, v) + Alzg(w, v) Yw,v e V. (2.2)
Q
Here, A[E, A% CHYQ) x HY(S) = R, [ =1, 2, are the local bilinear forms defined by
A[e(w, v) = /Q ¢Vw - Vvdx & .Afs(w, v) = A BiVw - Vudx Yw,v € HI(QI).
1 1

Further, we define bilinear forms By (-, -), Bs(-,-) : L2(£2) x L*(Q) — R as
By (w, v) = / owvdx & Bs(w,v) = / Swvdx Yw,v e L}(R).
Q Q

Next, we define the weak form of our model problem (1.2)—(1.4). We adapt following
notion of weak solution.

Definition 2.1 A function u € H'(V) N H*(W) is called a weak solution of (1.2)—(1.3) if
u(0) = up and u’(0) = vy, and it satisfies following weak formulation

", v) + By (', v) 4+ Bs(u, v) + Ac(u', v) + Ag(u, v) = (f (1, ), v)v/xy (2.3)
forall v € HO1 () and a.e. t € (0, T]. Here, (-, -)y’xy denotes the standard duality product.

Existence and uniqueness of a solution to the variational problem (2.3) is proved in [12,31,35,
36], for instance, we refer to ([35], Theorem 3). For suitable initial data (u¢, vo) and forcing
function f, we assume that weak solution u € C'([0, T']; V) N C2([0, T]; W).

Remark 2.1 Apart from bio heat modeling, a substantial number of articles deal with model
problem (2.3) and it can be applied to any system where elastic bodies interact, provided that
the model problem is linear. Numerous examples can be found in [15,18,36], for example,
viscous wave equation, networks of linked beams, hybrid chimney etc.

To deal with the strong solution to the interface problem, we introduce a Banach space
Y= Hy (@) NH* Q) N H(Q)
equipped with the norm

vlly = llvllr + llvll2.e + [vil2.0,-
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Definition 2.2 A function u € H'())) N H*(W) is called a strong solution of (1.2)—(1.4) if
u(0) = up and u’(0) = vy with jump conditions (1.4), and the relation

MN(X, t) + O’(.X)M/(X, [) + 8(x)u(x, [) -V. (G(X)VM/()C, t) + ﬂ(x)Vu(x, t))
= f(x,1) 2.4)

holds fora.e.r € (0,T]and a.e. x € Q; (i =1, 2).

Before proving the existence of a strong solution to the interface problem, we first establish
the following result.

Lemma 2.1 Let u be the weak solution of (1.2)—(1.3). Assume that u € HY'Q) N H3(W),
then u is a strong solution for (1.2)—(1.4).

Proof Foru € Hl(y) N HZ(W) and a.e. t € (0, T], upon integration by parts, we obtain
f —V - (;Vu' + BiVu)vdx
Q;

= / €Vu' -Vvdx + | BiVu-Vvdx
Q Q
= (f —u" — o' —8u,v)g, Yve HH(Q), 2.5)
which implies that
—V - (&Vu'(x, 1) + BiVu(x, 1) = f(x,t) —u"(x,t) — oju'(x, 1) — 8;u(x, 1)

holds fora.e.t € (0, T]anda.e. x € Q; (i = 1, 2). It remains to show that the weak solution
also satisfies the jump conditions (1.4). Applying integration by parts, for a.e. t € (0, T'], we
have

2 2
0= Z/ " + o’ + 8ju — fHvdx + Z/ —V - (&Vu' + BiVu)vdx
i=1 /S i=1 Y

2 2

= § / W + ou’ + Siu — f)vdx + § / (€Vu'-Vv+ B;Vu - Vv)dx
: Q: N Q:
i=1 ! i=1 4

/ ou’ LB ou i
_ e 7=
r on on vas

2 2
=Y W' o +8iu— f,v)g, + Y (ALW', v) + A (u, v))
i=1

i=1

ou’ ou
— e— +B—|vds YveV. (2.6)
rL on on

Above relation and the definition of weak solution it follows that
ou’ ou
e—+B—lvds=0 YveV.
rlL on on

The arbitrariness of v shows that u satisfies the second jump condition in (1.4). The first
condition in (1.4) is a direct consequence of the fact that u € H'(V). This completes the
proof. O
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In general, the solution u of the problem (1.2)—(1.4) does not belong to H L(HZ(Q)) due
to the presence of discontinuous coefficients. We can get better local regularity using local
smoothness of the coefficients. From Lemma 2.1, it is clear that the existence of a strong
solution depends on higher regularity of the weak solution, which is the main object of the
Theorem 2.1. Further, a priori estimates for the solution to the problem (1.2)—(1.4) are also
presented in Lemma 2.2 under appropriate regularity conditions on the initial functions ug, v
and source function f.

Theorem 2.1 Letug € Y, vo € X and f € H'(J; W), then the interface problem (1.2)—(1.4)
admits a unique strong solution.

Proof Letu € C1(J; V)NC?(J; W) be a weak solution to the problem (1.2)—(1.3) satisfying
(2.3). We consider following auxiliary problem: Find w € H 1(J; V) such that

Ac(w',v) + Ag(w,v) = (f —u” —ou' —su,v) YveV, 2.7)

with [w] = 0 and [ﬂ% + e%—“l;/] = 0 across the interface I', and w(x,0) = wug. For
the existence and uniqueness of a solution to the problem (2.7), we refer to [2]. Further,
w € H' () satisfies following a priori estimate

lwll gy < CULf —u” —ou’ = 8ull 2wy + lluolly). (2.8)
Subtracting (2.7) from (2.3), we have
A’ —w',v) + Ag(u —w,v) =0 YveV,

which implies that w(x,t) = u(x,t) for a.e. t € (0,7T] and a.e. x € Q. Therefore u €
H'(J;Y) and due to Lemma 2.1 itis a strong solution to the interface problem (1.2)—(1.4).
This completes the proof. O

Remark 2.2 We are well aware of the fact that the rate of convergence of finite element
approximations depends on the ‘smoothness’ of a solution. In Theorem 2.1, we have shown
that interface problem (1.2)—(1.4) admits a unique strong solution u € H L) n HE(W)
for appropriate initial data and source function. In fact, strong solution u € H'(J;Y) N
CY(J; V) N C%(J; W). In articles on the finite element method for general second-order
hyperbolic equations without the interface, related to convergence, it is assumed higher
order time derivatives of the solutions ( cf. [5,13,16,25,26]). Therefore, we will be required
additional regularity of u which guarantee the convergence results.

Lemma2.2 Letug, vo € H*(QNHL(Q) and f € H'(J; H'(RQ)). Then the strong solution
u to the interface problem (1.2)—(1.4) satisfies following a priori estimate

lullg2yy = Clluolls + llvolls + 1f g g 11 ()

Proof Suppose z € HYJ:; V) N CL(J; V) N C%(J; W) satisfies following variational for-
mulation

(" v) + Bo (2, v) + Bs(z.,v) + A2, v) + Ap(z.v) = (f'.v) Yo eV (2.9)
with z(0) = vg and z'(0) = zo. Here, zg € X is defined as
z0 = —oqvg — Sjug + V - (¢, Vvg + Bi1Vug) + f(0) in €, [ =1,2.
Using the fact that u € C2(J; W), it is easy to verify that (zo — u”(0), v) = O forallv € V.
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Now, we define w(t) = ug + fot zds, t € [0, T] so that w(0) = ug, w'(0) = z(0) = vy
and w”(0) = zo. Further, for all v € V, we observe that w satisfies following equation

W",v) + By (", v) + Bs(w', v) + Ac(w”, v) + Ag(w’, v) = (f,v) YveV (2.10)

which can be written as
d
E{(w”, v) 4 B (w', v) + Bs(w, v) + Ac (w', v) + Ag(w, v) — (f, v)] =0. (211

Now, we differentiate (2.3) with respect to ¢ to obtain

%{(u”, V) + By (', v) + Bs(u, v) + Ac (', v) + Ag (u, v) — (f, v)] —0, (212

for all v € V. For similar type of arguments in the context of wave equations, we refer to
([19], pages 95-98). Then subtracting (2.11) from (2.12) yields

d
E{(””’ V) + Bo (0 0) 4+ Bs(p, ) + Ac(p, v) + Ag(p,v) | =0 Yo e v,

where p(t) = u(t) — w(t). Integrating the above equation from O to ¢, we derive
(" v) + B (p',v) + Bs(p, v) + Ac (P’ v) + Ag(p,v) =0Vv e V. (2.13)

Note that p(0) = 0 and p’(0) = 0, which implies that « = w. Then use the fact u’ = w’ =
z € H'(Y) to conclude that u € H*(Y). Further, for v = u”, Eq. (2.3) yields

2

t
/0 llu”|ds < C(Z {llwol} g, + llvollf o, } + ||f||iz(];W)),

=1

which together with (2.8) leads to following a priori estimate

lull 1y = Clluolly + llvolla + L L2 w))- (2.14)

Using estimate (2.14) for z satisfying (2.9), we obtain

Izll 1y = Cllvolly + 12" O lx + 1L ll 2 s:w)y)
< Clluollz + llvolls + 1f & g 11 (2))- (2.15)

This together with the fact that u” = z leads to desired estimate. This completes the rest of
the proof. O

Remark 2.3 In the previous result, for ug, vo € H*(Q) N H}(Q) and f € H'(J; H'(Q)),
we have shown that the strong solution u to the interface problem (1.2)-(1.4) belongs to
H2(J; Y)NCE(J; VINC3(J; W). An argument similar to that of the preceding, and after hav-
ing change the smoothness condition to up, v € HYQ)N HO] () and f € H*(J; HY(Q))
leads to an improvement in the regularity of the strong solution u. More precisely, for suffi-
ciently smooth initial data and source function f, we assume u € H 3(J; ). Results of this
section are also hold true in a bounded and convex domain 2 C R3 with C2 smooth interface
r.

@ Springer



Journal of Scientific Computing (2021) 87:58 Page90f32 58

3 Finite Element Discretization

In this section, we describe a finite element discretization, introduce some auxiliary projec-
tions and prove their approximation properties.

For the purpose of finite element approximation of the problem (1.2)—(1.4), we now
describe the discretization of domain 2. The following discussion is borrowed from [17]. We
assume that the family of triangulation {7}, }4¢(0,hy), for some fixed hg > 0, is quasi-uniform.
We first approximate the domain 21 by a polyhedral domain €2 ;, using a quasi-uniform mesh
’2711 such that all the boundary vertices of 21 lie on the boundary of 2. Let €2, ;, be the
approximation for the domain 2, due to a quasi-uniform triangulation ’Z;lz with simplicial
elements of size h. The triangulation 7;12 is done such that all the vertices of the outer
polyhedral boundary 0$2 are also the vertices of 2> ;, while all the vertices on the inner
boundary of €2, ; match the boundary vertices of €21 ;. More precisely, the triangulation
Ty = ’Z;,l U ’Z}? satisfies the following conditions:

(A1) Q = Uker, K,

(A2) if K1, Ky € 7j and K| # K>, then either K1 N Ky = ¢ or K1 N K5 is a common
vertex, an edge or a face,

(A3) for each K, all its vertices are completely contained in either ; or Q5.

Let V}, be a finite dimensional subspace of HO1 (€2) defined on 7, consisting of piecewise
linear functions vanishing on the boundary d<2. We now define a tubular neighborhood S
of I' by

S, ={x € Q: dist(x, ") < A}

for some A > 0 with A = O(h?) (cf. [17]). Existence of such A is possible due to the fact that
interface I is of class C2. A typical A-strip is presented in Fig. 2. In fact the mesh 7, can be
decomposed into three disjoint subsets 7, = 7;11 U Thz U 7., where

=K eT: KCQ\S}).i=1 2

and 7, = 7},\(’2'}11 U?f). Anelement K € 7, is called an interface element and K € 7;,\7 is
called a non-interface element. Further, fori = 1, 2, we define following disjoint collections
of interface elements

T :={KeT,: KCQUS).
With above notations, we have
Qp=UK: KeT UT},

so that for any K € 7Ty, either K € Qp  or K € Qp p.
In order to approximate A (-, -), Ag(, -), we now introduce approximate bilinear maps
Aecnys Agn HY(Q) x HY(Q) — R defined as

Aecn(w, v) = Z / ex ()Vw.Vodx Yw,v e H(Q),
KeT), K

Agn(w,v) = Y / Bk (x)Vw.Vvdx Yw,v e H'(Q),
KeT, K

withex(x) =¢; and Bg(x) = i it K C Q; 4, i =1,2.
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Fig.2 An illustrative example of
interface triangles K and S with
A-strip Sy,

Next, we approximate the bilinear maps By (-, -), Bs (-, -) by By (-, -) and Bsj, (-, -) respec-
tively, defined as

Bon(w, v) = Z ok ()wvdx Yw,v € L2(Q),
K€771

Bsp(w, v) = Z / Sk (Owvdx Yw,v e LX),
KeT), K

withog(x) =o; and Sg (x) = §; it K C Q;p, i =1, 2.

For the simplicity of the exposition, we write A for A, (or Ag) and Ay, for Aep, (or Agp),
respectively. Similarly, we write B for B, (or Bs) and Bj, for B,j, (or Bsy,), respectively. For
the difference between the bilinear form A (3) and its approximated bilinear form A, (B),),
we have the following results. For a Proof of Lemma 3.1, we refer to [17].

Lemma3.1 Foru,v € HI(Q), we define Aﬁ (u,v) = A(u, v) — A (u, v), then we have
AR u, v)] < Clulis, vl Yu,v e H'(Q).
Lemma3.2 Forz € H(Q), we have
IB(z, vn) — B(z. vw)| < CR*||zll1lvalli Yon € Vi (B.1
Further, for z € Y and vy, € Vy, there holds
1Bz, vn) = Bz vw)l < C(h* + W zllyllvall. (3.2)

Proof We define

> |KNQifK e T2,
K—{Kmszzifkezg. 3:3)
Clearly, KC S, N Q;, i =1,2. Then we get
|B(z,va) = Buz o)l < > oo <C Y lzliglonlig- (34)
KeT, KeT,
Here, || - || z denotes the L? norm over K. Now, using Holder’s inequality, we obtain
3(p-2)
lzllg =Ch 2 Nzl pgy Y P >2 (3.5
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We now recall Sobolev embedding inequality for two dimensions (cf. [29])
1
lwlirk) < Cp2 wlix Yw € H'(K), p>2. (3.6)

Now, setting p = 6 in (3.5) and then using the Sobolev embedding inequality (3.6), we
obtain

lzllg = Chllzlli k- (3.7
Proceeding in a similar way, we obtain
lvrllg < Chllvpllyk- (3.8)

Using estimates (3.7)—(3.8) in (3.4), we obtain the first inequality.
For the second inequality, let p — oo in (3.5) to have

3 3 2 3
lzllg < Chlizll ooy < Ch2 Y Nzl < Chlizll2g;- (3.9)
i=1

In the last inequality, we have used standard Sobolev embedding inequality.
From Lemma 2.1 in [17] we then infer

lonl3, ng, < CAllvnlley lvnlligys i = 1,2. (3.10)

Finally, Poincafe inequality, inverse estimate | Vv, || < C E= vl together with (3.9)—(3.10)
and (3.4) leads to

1

3 7
|B(z. v) = Bz, vp)| < Chfuzny( > ||vh||§g)
KeT,
1

2
3 2 2
< Ch? ||z||y(2 ||vh||sm,.)
i=1

2 1

3 2
< Ch> ||z||y(Zx||vh||g,.||vh||1,g,.)

i=1
3 1 1
< ChI|zlyVallvall2 vall} o
< ChvAlzlyllopll < C R + W) lizlly llvall.
This completes the rest of the proof. O

We, now, state following approximation result near interface. For a proof, we refer to [17].

Lemma 3.3 There exists a positive constant | independent of h such that

A
lorll s,y < C\/;”Uh “Hl(Suh) Yo, € Vj.
Now, we introduce our elliptic projection operators Qcp, Qgp : Y — V), defined by
Acn(Qenv, vp) = AL(v, vp) + AZ(v, vp) Yoy € Vj (3.11)
and

Apn(Qpnv. va) = A (v, v) + A3 (v, vy) Yoy € Vi, (3.12)
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respectively. To simplify the notation, we will write Q, in place of Qj or Qgj, when no risk
of confusion arises.

Regarding the approximation properties of Q) operator defined by (3.11)—(3.12), we have
following result (cf. [17])

Lemma 3.4 Let Q) be defined by (3.11) or (3.12). Then, for any v € Y, there is a positive
constant C independent of the mesh parameter h such that

AN 2
14w = vl + Al Qv = vl = C(h+Va+ ) lvlly.

Let £j, : L2($2) — V}, be the standard L2 projection defined by
(Lav, $) = (v.§) Y € Vi, v € L*(Q). (3.13)
Previous result along with definition of L? projection leads to the following error estimate.

Lemma 3.5 Let L} be defined by (3.13), then for any v € Y there is a positive constant C
independent of the mesh parameter h such that

A2
1eho = vl + kIl Lyo = vl < C(h+ i+ 2) Tl

Rgmark3.1 Elliptic projection operator Q.j defined by (3.11) is also valid in the space
X ={eXx: :[§]=0along " & £ =0 on N} and satisfies following stability

|Qenvlli < Cllvllax Vv € X. (3.14)

Further, following approximation results hold

2

o= Qenvll +h Y v = Qenvllig, < Ch*{Ivll2.0, + Ivl2.0,),
=1

forallve XNH 2(Q1) N H2(25). Similar remarks hold for the elliptic projection Qg and
L? projection £;,. For details, we refer to [8].

For given v € X, there exists w € Y (cf. [6]) satisfying

2

S AW, ¢) = (v — Qepv. §) Vg € X (3.15)
=1

Equation (3.15) together with (3.11), Lemmas 3.1 and 3.4 leads to

2 2
o= Qanvl® =Y AL(w — Qepw, v — Qenv) + Y AL(Qepw. v — Qepv)
=1 =1
2
< Cllw = Qawlh Y v — Qenvllio — A5 (Qenv, Qenw)
=1
2
< Chllwlly Y llv = Qenvling, + ChlQenvlh | Qenwlhy
=1
< Chllv — Qepvllllv]l - (3.16)
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In the last inequality, we have used the fact that ||w||y < C|lv— Q¢ v|| and stability estimate
(3.14). As a consequence of estimate (3.16), we obtain

lv = Lavll < [lv — Qerv]l < Chlv|lx Vv € X. (3.17)

Here, we have used the fact that £, v is the best approximation of v € L?(2) with respect to
L? norm.
Now, inverse inequality and estimates (3.16)—(3.17) lead to following stability for L2
projection
ILrvlli < I1£hv — Qenvlli + 1Qenvll1
< Ch7 YLy — Quoll + Clivllx
< C|v|lx Vv € X. (3.18)

Remark 3.2 In Lemma 2.2, we have proved that the solution to the interface problem is
sufficiently smooth in each individual subdomain 2 and €2, for smooth given data. Assuming
ue CiJ; X) with [u] =0 along I and u = 0 on 92, we obtain

[u" ()] =0onT & u”(t) =00n3Q fort e [0, T].
This together with (3.18) yields
I1£hu” (O)]l1 < Cllu” (Ol < Cllluolis + llvolls + Il fll gt sy (3.19)

Now, we are in a position to define our new non-standard projection operator which is
crucial for our error analysis. For v € H'(J;Y), find & € H'(J; V}) such that for a.e.
te€[0,T]

Aen &y (1), v) + Apn (5o (1), vp) = Ac (V' (1), vp) + Ag(v(1), vp) Yup, € Vi, (3.20)

with &,(0) = Qgv(0) € V).
One can follow the Proof of Theorem 3.1 and Theorem 3.2 in [9] to derive the following
optimal point-wise-in time error estimates for the newly introduced projection operator.

Lemma3.6 Foranyv € H'(J;Y) anda.e.t € J, there is a positive constant C independent
of the mesh parameter h such that

lo@) = &I + Ao = &0l = € + 0 (10l + 1vO)]y).

4 Semidiscrete Finite Element Approximation

In this section, we discuss the semidiscrete finite element method for the problem (1.2)—(1.4)
and derive optimal order error estimate in L% norm.

The continuous time Galerkin finite element approximation to (2.3) is stated as follows:
Find uj, € C2(J; V) such that

(uyy, o) + Bon (. vi) + Bsn (un, vi) + Aen (u)y, vi) + Agn (un, vp)
= (f,vn) Yop € Vp, 1 € (0, T], 4.1)

with u;, (0) = Qpug and Lt;l 0) = Qpvo.
Following result deals with the existence and regularity of uj. The basic technique is
borrowed from [25].
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Theorem 4.1 Foreach h € (0, hy), there exists a unique function uj, € C2(J; V) satisfying
(4.1).

Proof LetV), C HO1 (2) be the finite element space defined on 7;, with basis functions {¢; } fvzhl .
We consider Galerkin approximations in space

Np
wp(x, 1) = ) € (i (x)

i=1

where ¢; : (0, T] — R are coefficient functions for i € [1, Nj].

We denote by ¢,.0 = [c1,05 .-, cn,.0)7 and €41 = [c1.1,-..,cn,.1]7 the components
of the given initial approximations uy(0) and u),(0), respectively. Then our semidiscrete
problem is to find ¢, (¢) = [c1(¢), ..., cn, (H]17, for t € (0, T1, such that

{MhCZ(I) + Kney, (t) + Luen(t) + Cue),(t) + Dyen(t) = Fi (1), 4.2)

¢4 (0) =¢p0 and ¢, (0) =cp 1.
Coefficient matrices are given by

My =[M; ;], M ;= (¢i,¢;)),
Ky =K jl, Kij=DBs(i, ¢),
Ly, =1[L;;l, Lij=DBs(i,¢j),
Cn=1Cijl, Cij=Acdi,P)),
Dy = [D; j], Di ;= Ag(di,d;)
and the source term is given by Fj, = [Fi, ..., Fy,17, F; = (f,¢;), with | < i, j < Nj.
Note that the matrices and the right-hand-side vectors are all well-defined since
[(Pi, 91 < ldillllP;ll,
[B(¢i, )| < Ciligilllle;l,
[A(pi, @) < C2lldill1lldjlls
[(fy @l < M@ < 1 fllpoe 2yl

for all ¢ € J. Furthermore, for any z € RN \ 0, we have

Np ) Np
T
z MhZZ/ ‘E Zii dxz‘ E Zii
Q!4 -
i=1 i=1

forall € J. Hence, the matrix M), is invertible for all # € J and the matrix equation in (4.2)
can be rewritten as

2
>0
L2

¢y + M, 'Kye), + M, ' Lye, + M, ' Cye), + M Dyey, = M,y 4.3)

Now the existence of a solution u;, € C2(J; V},) follows from the standard ODE theory. This
completes the rest of the proof.

Remark 4.1 Assuming f € C'(J; W) and setting
¢ (0) = M, Fy(0) — My ' Kyeny — My ' Lieno — My, Cheny — My Dye o,
we further observe that u; € C3(J; V). Next Lemma assumes f e H3(J; HX(Q)) and

which guarantee the existence of u;, € C 4(] ; Vi) satistying (4.1).
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Regarding the stability of u;, at the initial stage, we have the following result. For a proof,
we refer to Appendix.

Lemma 4.1 Let uy, satisfy (4.1). Then, fori = 2,3, 4, we have

ID}un ()] < C(luollzi—2 + llvollzi—z + £l gi-1¢2y )
1D un )l < C(lluollzi=3 + lvollzi—s + I £l gi-2am))-

i— 9L
where D = 5.

Differentiating (4.1) twice with respect to 7 and substitute v, = u}’ to have
1d
1 4 B i+ Agn i |+ Bon i) + Aen ()
= (f" up). (4.4)
Integration from O to ¢ and using standard arguments lead to

t
i @17 + Nl O + N 11T + fo i 12t + / luj 7

= (IO I + 1/ @) + 1, O + /0 /"%t ).

Using Lemma 4.1 in the above equation, we get

t
) 11 4 Nl |12 +/0 ey I17dt < C(I|u0||4 + llwoll} + IIfIIHz(HQ)) 4.5)

Similarly, we obtain

t
N1 + 13 + fo " Rdr < C(Nuold + Mo lE + 1 12 2))- - 46)

Now, we prove the convergence result for the semidiscrete scheme in L*°(L?) norm.
Theorem 4.2 Let u and uy, be the solutions of problems (1.2)—(1.4) and (4.1), respectively.
Then, for ug, vo € Y and f € L2(J: W), we have

2
||M — Up ”LOC(J;LZ(Q)) = C(u) <h + [‘1" ) (47)

where C(u) := C{||uo||§, + llvoll3, + ||u||H1(y>} :
Proof Define the error e(t) as e(t) := u(t) — uj, (¢) and then subtracting (2.3) from (4.1) with
some natural rearrangements, we obtain

(", vn) + Bon(e', vp) + Bsn(e, vp) + Aen(e', vn) + Ag (e, vi)
= =By, (', vp) — By, (u, vp) — A, (0, vp) — Agy, (u, vp) Vo € Vi (4.8)

Now, we split e(?) into standard p and 0 as
e=p+0, p:=u—§, 6:=§&, —up, 4.9)

where &, is the projection operator defined as in (3.20).
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Then Eq. (4.8) reduces to

(0", vn) + Bon (0, vi) + Bsn (0, vi) + Aen (0, vi) + Agn (6, vi)
= =", vp) — Bon(p', vi) — Bsu(p, vi) — Aen (o', vi) — Agn(p, vp)
— By, (', vp) — Bg, (u, vp) — AL, (' o) — Agy,(u, vp) Yop € Vi (410)

Using the definition of &,,, we observe that

Acn(p', vn) + Agn(p, vn)
= Acn (', vp) + A (u, vi) — {Acn (&) vn) + Agn (i vn) }
= Aen(u', vp) + Apn(u, vp) — {Ac (', vp) + Ag(u, vp) }.

Above equation together with (4.10) leads to

(0", vi) + Bsn (0, vp) + Aen (0', vi) + App(6, vp)
=—(p", vn) — Bon(€', vi) — Bsn(p, vn)
— B2, (', vp) — B, (u, vp) Yoy € Vy, (4.11)

which can be rewritten as
d d
E(Q’, vp) — (0, v)) + Bsp (0, vp) + EAeh(G, vp) — Aen (0, vy,) + Agn (6, vp)

d d
= _Z(’O/’ vp) + (o', ) — EBah(ea vn) + Bonle, vj,) — Bsn(p, vp)

—B, ', vp) — BE, (u, v) Yoy € V. (4.12)
Following Baker [4], we define 0 : [0, T] x 2 — R as
¢
0(., 1) =/ 0(,s)ds, 0<t<T,
'
for some fixed ¢ € [0, T]. Then, clearly v € Vj, as 0 = &, — uj, € V. Also, observe that
d
v(., ) =0 and Eﬁ(" t)y=-6(,t), 0<tr<T. (4.13)
Setting v, = ¥ in (4.12) and making some rearrangements, we obtain
d 1d 1d
—©, 0 ——(0,0) + Bon(0,0) — =—Bsp (v, 0
dt( v) + 2dt( )+ Bon(8,0) > ar sn (U, V)
+dA 0, 0) + Acp (0, 0) ] d.A (v, D)
dr eh(U, U eh (U, 2 dr Br(V, v

d d
= —E(p/, 0) = (p', 0) — 77 Bonte, 0) — Bon(p, 0) — Bsn(p, 1)

—B2, ', ) — B, (u, 0).

Integrating from 0 to ¢ and using 0(¢) = 0, we get
1 ~ 1 2 1 2 ¢ 1 ~ ~
—(©°(0), v(0) + EIIG(C)II - 5||9(0)|| + A Bon(0, 0)ds + EBM(U(O), v(0))

¢ 1
—Aen (0(0), 9(0)) +/0 Aen (0, 0)ds + E-Aﬂh(ﬁ(o), 0(0))

@ Springer



Journal of Scientific Computing (2021) 87:58 Page 17 0f32 58

¢ ¢
= (0'(0), 1(0)) — / (p', 0)ds + Byn(e(0), (0)) —/ Bon(p, 0)ds
0 0
¢ ¢ ¢
—/ Bsn(p, d)ds —/ B2, (', D)ds —/ B, (u, d)ds. (4.14)
0 0 0
Observe that 0(0) = &,(0) — u, (0) = Quu(0) — Qnup = 0, hence (4.14) becomes
1 ¢ ¢ .
f||9<;>||2+f ||9||2ds+/ 1617ds + S 115(0) 17
2 0 0 2
/ A ¢ / A ¢
< (€/(0), 9(0)) —/ (0, 0)ds + Byn(e(0), 9(0)) —/ Bon(p, 0)ds
0 0
¢ ¢ ¢
- / Bsi(p, 0)ds — / B2, (', 0)ds — / BS, (u, d)ds. (4.15)
0 0 0
Then Cauchy-Schwartz inequality, Lemma 3.2 and continuity of 5;, operator leads to
1 ¢ ¢ 1
f||0(c>||2+/ ||9||2ds+/ 1617ds + S 115(0) (17
2 0 0 2
/ A ¢ / A ¢
< C(IIe O[Ol +f0 o' I1611ds + leO) [ 1D(0)]] +/0 lollliellds
¢ ~ A 2 et , R
+/0 lolllds + (h VA E) /O a1y 13l1ds

AN\ [¢
+<h+ﬁ+2> / ||u||y||ﬁ||ds>. (4.16)
0

Since 6 is continuous in the time variable, we select ¢ such that ||0(¢) || = maxo<;<7 [|0(?)]].
Then we observe that ||[0(¢)|| < C(T)||0(2)|l, t € [0, T], which in combination with (4.16)
leads to

¢
10O < C<|Ie'(0)ll + lle(O)]] +/0 (ol + llpInds

AN
(Vi 7)) [y + s ).

This together with Lemma 3.6 leads to Theorem 4.2. O

Remark 4.2 Theorem 4.2 is an extension of Theorem 5.6 in [25] to general linear hyperbolic
equation with interface. It is worth to note that Theorem 5.6 in [25] is concerned on the
convergence of finite element solution to the exact solution of linearized Westervelt equation
with variable coefficients without interface.

5 Fully Discrete Scheme

This section is dedicated to the derivation of the L? norm error estimate. The basic technique

used here is borrowed from Baker [4] with a modification to include the damping term.
First we divide the time interval I = [0, T] into N equally spaced subintervals I, =

(th—1,ty],n=1,2,..., N withfo =0,and ty =T and T = ¢, — t,—1, the time step. For a
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sequence {p”}r’y=0 C L3(Q), we define

1
”+7=5(pn+1+p”), n=0,1,...,N—1.

Also, for a continuous mapping ¢ : [0, T] — LZ(Q), we define ¢" = ¢(.,1,),0 <n < N.
Then the fully discrete finite element approximation to the problem (1.2)—(1.4) is defined as
follows: Find U" € V), such that
9, U" = p"*% for n=0, 1,..., N—1 (5.1)
and
n nt4 n+l n+l n+l
@cp" ) + Bon(p" "2, %) + Bsn (U2, %) + Acn (p" 72, ¢) + Apn(U"72, )
= (f"3,9) VY € Vi, (5.2)

with U® = Qjug and p0 = Qpvp.

The following Lemma gives the existence and uniqueness of the fully discrete solution
U" of u" in terms of the auxiliary variable p" and in fact gives a computational algorithm to
find U" .

Lemma 5.1 There exists a unique sequence {U ”}}11V=0 C Vi and a corresponding unique
sequence {p”}nl\’:0 C Vy, satisfying (5.1)—(5.2).
Proof From (5.1), we have

Ut = %(p"“ +ph + U (5.3)
Using (5.3) in (5.2), we get

A (p" T ) = FU () VY e Vi, (5.4)

where A, is the bilinear form given by

2
T T
Ar(w, v) = (w,v) + EBc,h(w, v) + IBM(w, v)
T 72
+§Aeh(wv v) + ?Agh(w, v) Yw,veV

and F" is the linear functional given by

2
Fry) = (0" ) — %Bgm”, V) — By (U, ) — %BM(p", )
2
—%Ash(p", ) — %Aﬂh@", V) — T A (U ) + T(fH ) Y e V.

Due to the positivity of bilinear forms B;, and .4y, there exists uniquely defined p”Jrl eV,
satisfying equation (5.4) and subsequently U"*! exists uniquely forn = 0,1,..., N — 1.0

Later on, we will need the following results. The proofs involve the use of Taylor’s series
and standard arguments, and therefore, details are omitted.

Lemma 5.2 Forany v € H3(J: L%()), we have

1 In+1
+7
lcv" — o) 22 < 7 / 1" 12dr.

In

@ Springer



Journal of Scientific Computing (2021) 87:58 Page 190f32 58

In order to compute the error between U" and u”, it suffices to establish the error 0" :=
upy — U", for1 <n < N and uj, = u;(-, t,). Once we have estimate for »", we can easily
get the error estimate for ¢” := U" — u”" by using the triangle inequality, Theorem 4.2 and
the Lemma 5.3 given below.

Lemma 5.3 Let u and U™ be the solutions of the interface problem (1.2)—(1.4) and the finite
element approximation (5.1)—(5.2), respectively. Then, we have

T T
72 4 "2 "2
max | <Crt ( u dt + u dt).
max [l < fo i P+ | 1
Proof Substitute t = t,, and r = 7,41 in (4.1) and then add to have

n+i n+l n+l n+l
(3r“;l,p ¥) + Boh(”h, ?, ¥) + Bﬁh(uh ’ ¥) + -Aeh(uh, ’, ¥) + Aﬁh(”h ’ ¥)
= (/") + (0" ) VY € Vi, (5.5)

1
n+x
where p" := d.uj), —u,,,”.

Now, subtracting (5.2) from (5.5), we have

3" ) + Bon(@" 2. 9) + Bon(@" 2, ¥) + A (@2, ) + A (@2, )
=", ¥) V¥ eV, (5.6)

with ¢" :=uj, — p".

From (5.1), it is easy to observe that

n+% 1

1 1 n+i
+ + .
90" =q"" 7 + 0u) Uy, "2 +a", o 1= 0cuj u, :

r

5.7

so that

n—1 n—1 n—1 n—1
1
w":tg 3Iwk=rg qk+7+rg ak&qnzfg d:q*.
k=0 k=0 k=0 k=0

Here, we have used the fact that ° = u2

Qnvg — Qpvg = 0.
Hence, using the above relations it follows that

n n—1
T
B0 = 5(2 drg 4+ afq"> +a”, (5:8)
k=0 k=0

n n—1 n n-l
1 T 1 T
o't =E(qu""i+qu+%>+5<2ak+zak)- (5.9)
k=0 k=0 k=0 k=0

Now, we define a sequence {s”},llv o such that s =0and

—U° = Quuo — Quuo =0and ¢° = ul), — p° =

n—1 ,
s"=1 ot n=1,...,N—1,
k=0
so that
1 T " 1 n-l 1
ntsy _ ° k+5 k+5
; z_2<zw P43 o ) (5.10)
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Hence, for any ¢ € V},, using the identities (5.8)—(5.10) we obtain

(0" Y1) + Bon(@" 2, 9) + Bsn(s" 72, 00) + A (@72, 9) + Agy ("2, )

T n
= 22 { @cdh 9 + Bont@"* 2. v) + B! 29 + Acn(a" 2 )
k=0
n—1

A @} + 23 @t )+ Bon @R ) + B @ )
k=0
n—1

A @ TE ) + A @+ @)+ SBa( Yok + Yok )

k=0 k=0
- n n—1
+EAE;, < Z ok + Z(xk, W).
k=0 k=0
Using (5.6), for 1 <n < N — 1, we derive

(00", ) + Ban (@2, 9) + B 6", 9) + Ach (02, 9) + A 5", )

= (T7, V) + Bon (T, ) + Acn (T3, ) Y € Vy, (5.11)
where
- n—1 - n—1
. k . k
T = Ep”—i—tz,o +o" & T} = Ea”ﬁ—rZa .

k=0 k=0
Substituting ¢ = W'ty = 95" in (5.11) and making some rearrangements, we arrive at
(@, 0" +2‘L’th(w"+%,w"+%) + B (5", s +2TA€h(wn+%7wn+%)
FAp (" S = (@, ) + By (5" 5") + Agn(s", 5 + 20 (T}, "2
2B (T2, ") + 21 Ay (T2, ¥ 7).

Next, using Cauchy-Schwartz inequality, coercivity and continuity of the bilinear maps B
and A, we obtain

(wn+1’wn+1)+2r|lwn+%”2+B(Sh(sn+1’sn+l)+2T|Iwn+%”%+Aﬂh(sn+l’sn+l)
1 1
< @' ") + By(S", )+ Agi(s”. ") + 20| T 0" | + 2| T3 0 |
1
+22(| 75 1 [l 2 )1

Finally, applying the Young’s inequality ab < xa® + %bQ fora, b > 0 and choosing ¥ > 0
appropriately, above relation leads us to

(@" 1 "y 4 By (5" 5" 4+ A (T st
< (", @") + Bsp(s", s") + Agn(s", s")
2o (ITPIP + 073 1P + 17313 (5.12)
Summing (5.12) fromn = 1ton =/ — 1 with2 <[ < N, we obtain

-1
n2< 12 122 Tn2 Tn2. 5.13
Jmax {1 < o2 + st + rZO(n T+ 1T (5.13)
n—=
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For estimation of the terms ! and s!, we note that

1 1
T
~o! &q%=q—=w——ao.
2 2 T

Now, putting n = 0 in the error Eq. (5.6) and using the above identities, we have

1
sl =Tw?2 =

2 1 1 1 1
S @)+ —Bon (@' ¥) + SBu(@, ¥) + —Aa@' ) + —Ap(sh, )
2
= (% )+ 2@ ) + B @, 9) + A’ ¥) VY € V) (5.14)
Substituting ¢ = w! = %in (5.14) and using coercivity of the operators B and .A, we obtain
12 20 1 o 1, T 0 1 0 1
lo I+ lIs"lI7 < S o)+l @ )+380h(a , o) + TAep(, s7).
Next, use Cauchy—Schwartz and Young’s inequality to have
12 e _ T 02 12 , 02
o124+ 1513 = S0 + krllo! 12+ (22 + 5 ) 1

12 4 24,002 12
+ollo |7 + 7l T + w3lis I

Finally, choosing x; > 0 appropriately leads us to
o' 12+ s 13 = € (41012 + 2101 ) (5.15)

Combining (5.13) and (5.15), we have

-1
max o2 = C(10°12 + 21’1} +22 30 (1T 12+ 75 0))- - (5.16)

1<n<
n=0

Now, we shall estimate both terms 7' and T'. For the estimation of 7', use triangle
inequality and Cauchy-Schwartz inequality to have

2 n—1
T
1T = (500" 1P + 221 )2 M1+ e )?)

k=0
1_2 n—1
= (S0P + 2N Y 1M1 + e 1?)
k=0
72 n—1
ny2 k2 ny2
= (S0 Fe 1 ) )

Then, using Lemma 5.2, we obtain

Int1 T
e o R R W
1, 0

n

Int1
+r3/ ||u;;’||2dz>. (5.17)
tn
The following estimate for T, is achieved using the same technique as used for deriving 7'
tht1 T
I3 < c(ﬁ/ lluj |13dt +r4/ ||u;;’||%dz>. (5.18)
In 0
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Finally, using (5.17)—(5.18) in (5.16), we obtain
2 4 ’ 2 r 2
" "
max_ o> < Ct (/0 | dt+f0 lu, ||1dr).

Now, we are in a position to state the main result of this section.

Theorem 5.1 Let u and U" be the solutions of the interface problem (1.2)—(1.4) and the
finite element approximation (5.1)-(5.2), respectively. Assume that ug € H Q)N HO1 (),
vo € HY(Q) N HY(Q) and f € H*(J; HX(Q)), then we have

A 2
max ||u"—U"||SC(u)<<h+\/X+7> —1—12),
0<n<N h
1

2
where C(u) = C{nuon@(,(m +llvoll3e gy + ||u||§,2(y)} .

Proof Applying the triangle inequality to
u" —U"=u" —uy +uy —U",
followed by estimates (4.5)—(4.6), Theorem 4.2 and Lemma 5.3 leads to desire result. O

Remark 5.1 (a) The proposed fully discrete finite element scheme can be easily extended for
the numerical approximation of the solutions to the following IBVP

u" +ou' +6u—V-(eVu' +BVu)=f inQ x (0, T], (5.19)

coupled with the following jump conditions

ou’ ou
[u] =0, |:6(x)87n + ﬁ(x)a—n] =g along I' x [0, T]. (5.20)

For numerical validation, we refer to numerical examples 6.1.-6.2.

(b) In developing numerical methods for interface problems, higher order of convergence
is always one of the major research goals, because high order methods are more accurate
and cost-efficient. Present analysis provides a scope for the generalization of these works to
higher order finite element methods by combining the theory in this work with the analysis
in [17]. A higher order finite element approximation and its convergence is illustrated in
Example 6.3.

6 Numerical Results

In this section, we present some numerical experiments to validate the theoretical findings
presented in the previous section. To illustrate the flexibility of the method, different forms
of interfaces along with a large scale of variation in the physical coefficients are considered.
The nodes of the triangulations of 21 and €2, coincide on the interface I" as stated in Sect. 2.
All the numerical computations are done in the time interval J = (0, 1].

Our main emphasis here is to understand the behavior of the true errors obtained in
Theorem 5.1 on uniform meshes with uniform time steps. For each quantities of interest
we observe its experimental order of convergence (EOC). For a given finite sequence of
successive runs (indexed by i), let

@ Springer



Journal of Scientific Computing (2021) 87:58 Page230f32 58

1

0.4 0.8

0.3 0.6

, 0.2 0.4
‘

i o e

7

0.2 -0.4

03 -0.6

04 -08

-1

-1 -0.5 0 05 1

Fig.3 Exact solution (left) and triangulation(right) of € with 2 = 0.305091 (Test Example 6.1)

Table 1 Parameters used in computation (see, Xu et al. [39])

Parameters Domain €2 Domain €2;
k(W/mK) Thermal conductivity 0.235 0.445
o(kg/m3) Skin density 1500 1116
c(J/kgK) Specific heat 3600 3300
wp (kg/m3s) Blood perfusion rate 0.5 0.5
cp(J/kgK) Specific heat of blood 3770 43770
op (kg /m3) Density of blood 1060 1060

e e(i) = the error corresponding to the L2-norm and H'-norm on the ith iteration and
e /1(i) = the mesh size of the run i .

Then the experimental order of convergence (£ OC) is computed by

log(e(i + 1)/e(i))

EOCU+D = G+ 1)/

Example 6.1 For our first numerical experiment, we consider a square domain Q2 = (—1, 1) x
(—1, 1), where interface I' is a circle centered at (0, 0) with radius 0.5. We select the data in
(5.19)-(5.20) such that the exact solution u is given by

(rg — r2)t2 if r <ry,
(rg — )t sin(x) sin(ry) if r > rg,

u(x,y,t) = {
where r2 = x% + y2 and rp = 0.5.

In Fig. 3 we show the exact solution and triangulation of the domain €2 with mesh size
h = 0.305091. In our numerical convergence test, we choose two different sets of physical
coefficients borrowed from Xu et al. [39] that corresponds to two different forms of bio heat
transfer model. Following [39], physical parameters employed in the computation are as in
Table 1. Dual-phase-lag (DPL) bio heat transfer is characterized by thermal relaxation time
74 and phase lag for temperature gradient t7. Vedavarz et al. [37] found that 7, for some
biological tissues lies in the range of 1s — 100s at room temperature. Following the paper
by Mitra et al. [22], we take the thermal lag time (z,) and phase lag time (77) as 16s and
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Table2 Example 6.1. EOC fortp #0att =landt = 1073

h ”u_uh”LZ(Q) EOC ”u_uh”Hl(Q) EOC
0.3050910 5.03668e-002 - 9.99850e-001 -
0.1673780 1.11142e-002 22414 4.64219e-001 1.1025
0.0828717 2.77700e-003 2.1093 2.30304e-001 0.9971
0.0420952 7.65119e-004 2.0718 1.20741e-001 1.0877

Table3 Example 6.1. EOC fortp =0att=1landt = 1073

h ”u_uh”LZ(Q) EOC ”u_uh”Hl(Q) EOC
0.3050910 1.17510e-002 - 7.11408e-001 -

0.1673780 3.24310e-003 2.1444 3.54219e-001 1.1615
0.0828717 7.31190e-004 2.1191 1.70304e-001 1.0418
0.0420952 1.85119e-004 2.0280 8.47410e-002 1.0305

0.043 s, respectively. Then using Table 1, we have the first set of physical coefficients for the
DPL bio heat model:

(0,8,6,,3):(

TqWpPpCh + PC WpPpCh  TTK K )

T4pC T orgpe T rgpe’ Tgpc
~1(0.4325,0.0231,1.1696 x 10710,2.7199 x 107?) if r < ro,
~ 1(0.6050,0.0339, 1.2083 x 10~7,7.5520 x 107°) if r > ro.

In the absence of phase lag time (77), Eq. (1.1) reduces to the thermal wave model of bio
heat transfer [10,11]. The second set of physical coefficients that corresponds to the thermal
wave model of bio heat transfer is given by

(0.4325,0.0231,0,2.7199 x 1079) if r < r,

0,6,€,8) =
( P {(0.6050,0.0339, 0,7.5520 x 1077) if r > ro.

Tables 2 and 3 represent the numerical solution errors and convergence rates in both L2 and
H' norms for 7 # 0 (DPL bio heat transfer) and 77 = 0 (thermal wave bio heat transfer),
respectively. In both cases, we choose the uniform time step size 7 = 1073, The errors at
time ¢ = 1 are listed in the Tables 2 and 3. Figure 4 clearly demonstrates the second order
of convergence in L? norm and first order of convergence in H'! norm. Note that the second
set of physical coefficients are chosen to emphasize the fact that our numerical scheme is
consistent for the thermal wave model of bio heat transfer and is clearly depicted in Table 3.

Example 6.2 For our second numerical example, we consider the interface to be a curve given
by y = x? in the computational domain = (—1, 1) x (—1, 1). We select the data appearing
in (5.19)—(5.20) setting the exact solution as

0.25exp(t)(y — x?) sin(zrx) sin(rwy) if y < x2,

u(x’y’t):{—Stz(y—xz)(y—l) if y>x2.

With the development of high-power short impulse lasers, use of dual-phase-lag (DPL) model
has become common in the study of heat transport in metallic films during ultrafast laser
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DPL bio heat transfer modeI(T.r* 0)

Thermal wave model of bio heat transfer(7T=0)

-3 4 4
10 —— 2 error —— L2 error
o(h?) oh?)

—8—H' error —8—H' error
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10 - - - - - - - 10 - - - - - £

0.04 0.06 0.08 0.1 0.12 0.140.16 0.05 0.1 0.15 0.2 025 0.3
h h

Fig.4 Log-log plot of the L2 norm and H'! norm versus the mesh size at time 1 = 1 in Example 6.1
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Fig.5 Exact solution (left) and triangulation(right) of € with 7 = 0.286172 (Test Example 6.2)

Table4 Example 6.2. EOC att = 10712 and r = 1014

h ”u_uh||L2(Q) EOC ”u_uh”Hl(Q) EOC
0.2861720 1.14180e-002 - 2.16910e-001 -
0.1656240 3.05842e-003 2.4088 1.09996e-001 1.2417
0.0888431 7.67597e-004 2.2195 5.48601e-002 1.1169
0.0478408 1.94671e-004 2.2164 2.74689¢-002 1.1175

heating [28,34]. The phase-lag time varies for different materials and it may take values in
the range of 10735 — 10%s for heterogeneous materials (cf. [21]). To mark the significance
of our model problem, we choose the physical coefficients from the paper by Tzou et al. [32]

C2
E 2
—£,0,0.,C})
((XE ae E

(0,6,€,B)

(12x10'2,0,1.2 x 1074, 1.44 x 10%) if y <x?,
(1.2 x 102,0,1.6 x 107#,1.96 x 10%) if y > x?.
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Fig.6 Log-log plot of the L? 100 T T T T
norm and H " norm versus the
mesh size at time 7 = 10712 in
Example 6.2
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Fig.7 Exact solution (left) and triangulation(right) of € with 2 = 0.2969850 (Test Example 6.3)

Here Cr represents the equivalent thermal wave speed, a g denotes the equivalent thermal
diffusivity and «, is the electron thermal diffusivity of the material. In Fig. 5, we show
the exact solution and the triangulation of the domain 2 with mesh size h = 0.285956.
The numerical solution errors and convergence rates in both L2 and H'! norms at final time
t = 1072 are listed in Table 4. The final time step is taken in pico-second (ps) as the thermal
lagging model describes the pico-second (ps) heat transport in metal films (cf. [32,34]). It
is clear from Fig. 6 that we have achieved optimal order of convergence in both L% and H'
norms, which confirm the theoretical prediction as proved in Theorem 5.1

Example 6.3 For our final numerical example, the computational domain = (—1, 1) x
(—1, 1) is divided into four subdomains €2;,i = 1, 2, 3, 4 using the interface I' := {(x, y) €
Q : xy = 0}. We select the data appearing in (5.19)—(5.20) setting the exact solution as

—0.5x%sin(rx) sin(ry?)  if (x,y) € Q.
0.5ty2 sin(7rx?2) sin(ry) if (x,y) € Qa,
0.5 sin(t)x? sin(rx) sin(ry?) if (x,y) € Qs,
—0.5y%sin(mx?)sin(ry)  if (x,y) € Q.

u(x,y,t) =

In Fig. 7, we show the exact solution and triangulation of the domain € with mesh size
h = 0.2969850. Equation (1.2) also represents the linearized Westervelt’s equation for
classical model for nonlinear ultrasound propagation through thermoviscous fluids [25].
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Table 5 Parameters used in computation for Example 6.3 (cf. [3,25])

Parameters Domain €2 Domain Q9 Domain 23 Domain Q4
o 5 4 4 7

s 0 0 0 0

€ 6 x 1072 4x107° 4% 1072 4x107°
B 15002 10002 10002 30002

Table 6 Example 6.3 EOC atr = 1 and t = 1072 for IP| elements

h ||M7Mh||L2(Q) EOC ||u7uh”[.]l(§z) EOC
0.2969850 9.90197e-003 - 2.39631e-002 -
0.1542410 2.70301e-003 1.9817 1.20437e-002 1.0501
0.0765776 6.69095e-004 1.9940 6.01226e-003 0.9922
0.0410173 1.80135e-004 2.1019 2.92771e-003 1.1526

Table7 Example 6.3 EOC att =1andt = 10~2 for P, elements

h ”u_uh”LZ(Q) EOC ”u_uh”Hl(Q) EOC
0.2969850 4.75802e-004 - 2.77468e-002 -
0.1542410 6.63167e-005 3.0077 7.11948e-003 2.0762
0.0781625 8.56805e-006 3.0106 1.82065e-003 2.0062
0.0435878 1.47599e-006 3.0114 5.47462e-004 2.0576

Table 8 Example 6.3 EOC att = 1 and t = 102 for IP3 elements

h ”u_uh”L2(Q) EOC ”u_uh”].]l(g) EOC
0.2969850 4.32487e-005 - 1.9120e-003 -
0.1542410 3.02790e-006 4.0587 2.60082e-004 3.0449
0.0781625 1.94952e-007 4.0353 2.97168e-005 3.1914
0.0435878 1.85633e-008 4.0266 4.63975e-006 3.1798

Following [3,25], in each subdomain we use different material parameters for the physical
coefficients, given in Table 5.

Tables 6, 7 and 8 represent the numerical solution errors and convergence rates in both
L? and H! norms for Py, P, and P finite elements, respectively. In all cases, we choose
the uniform time step size 7 = 1072, The errors at time ¢ = 1 are listed in the Tables 6,
7 and 8. Note that the finite element spaces P, and IP3 are chosen to emphasize the fact
that our numerical scheme is consistent for the higher order finite element spaces under the
assumption that A = O(%3) and A = O(h*), respectively. It is clear from Fig. 8 that we have
achieved optimal order of convergence in both L? and H' norms which consolidates our
theoretical findings.
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Fig.8 Log-log plot of the L2 norm and H'! norm versus the mesh size at time 7 = 1 in Example 6.3

7 Conclusion

Time-dependent interface problems are frequently encountered in scientific computing and
many applied sciences. The typical mathematical models are the heat or wave type equations
with discontinuous coefficients, which arise when the physical processes involve two or more
materials or media with non-identical properties. In this article, we have presented finite
element analysis for linear general hyperbolic equations with interfaces. The discretization
with respect to space is by the piecewise linear finite elements and in time we have applied the
Crank-Nicolsion scheme by setting the governing equation as a first-order system in time.
We have established second order convergence in time and optimal order convergence in
space with respect to L% (L?)-norm. Present analysis provides a scope for the generalization
of these works to higher order finite element methods under the assumption that A = O(h?)
and solution belongs to L®(L%(Q) N HPT! (21 U Q7)), p is the order of approximating
polynomial spaces (see, [17] for elliptic type problems with interfaces). Further, we believe
that present work can be easily extended to following linearized Westervelt equation with
variable coefficients (cf. [25])

y@,Hu” + o, Hu’ —V - (eVu' + BVu) = f(x,t) in Q x (0, T, (7.1)
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where Q@ C R3 is a bounded and convex domain with C? smooth interface I'. It is worth
to note that only semidiscrete error analysis has been discussed in Nikoli¢ et al. [25] for
non-interface problems.

Future work will be focussed on the extension of this theory to the Westervelt’s quasi-linear
acoustic wave equation

2" — V- (Vu(x, t) + Bx)Vu') = y?)” in (0, T] x £, (7.2)

with interfaces. Equation (7.2) with interfaces are motivated by lithotripsy where a silicone
acoustic lens focuses the ultrasound traveling through a nonlinearly acoustic fluid to a kidney
stone (cf. [24]). In [24], the authors have investigated interface coupling problems involving
Westervelt equation for different types of boundary conditions. Currently, we are working
on the extension of the work of Nikoli¢ et al. [25] for interface problems.

Acknowledgements The authors are grateful to the anonymous referee for valuable comments and suggestions
which greatly improved the presentation of this paper.

Appendix

Proof of Lemma 4.1: Taking t — 0T in (4.1) and then using definition of Q, operator, we
obtain

(uy(0), vy) = —Bon(u}(0), v) — Bsn(up(0), vp)
—Aei (), (0), vi) — Agp (u (0), vi) + (£(0), vp)
= —Bsp(Qenvo, vi) — Bpr(Qpgnuo, vi)
—Acn(Lenvo, vi) — Apn(Qpnuo, vr) + (f(0), vp)
= —Bsn(Qenvo, vin) — Bpn(Lpnito, vp)
—Ae(vo, vi) — Ag(uo, vp) + (f(0), vp). (7.3)

Here, we have used the fact that u, € C2(J; V}). For the third term and fourth term in (7.3),
we use Green’s formula and boundary condition to derive

Ac(vo, vp) = —(V - (€Vup), vp) < Cllugll2llvall,
Ap (o, vi) = —(V - (BVug), vp) < Cllugll2llvrll.
Hence, (7.3) yields

Iy O < € (luoll2 + llvollz + 1 Fll 71 (22))- (7.4)

In the previous estimate, we have used the fact that

sup [[fON = CDONSNlar:wy-
0<t<T

In fact, for any Banach space B, we know that (cf. [30], Proposition 7.1)

sup [v®)lg < C(D)lIvll iy Yv € H'(J; B). (7.5)

0<t<T

Also, from the definition of Q) operator, we can easily derive

lluy, (0) 1 = [|Qenvolli < Clluoll- (7.6)
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For i = 3, taking t — 07 in (2.3) and using (7.3), we have
(uy (0) — u”(0), vp) = By (vo, v) — Bon(Qenvo, v) + Bs(uo, vi)
—Bsn (Qpruo, Vi)
= B2 (00, vi) + Bon(vo — Qenvo. vn) + By (1o, vp)
+Bsp(uo — Qgruo, vi)
< C(h* + M luollz + lvoll)llvall- (7.7)

In the last inequality, we have used Lemmas 3.2 and 3.4, and the fact that u € C2(J: W).
Then use definition of L? projection and (7.7) to obtain

W) (0) — Lpu"(0), vp) = W) (0) — u”(0), vz)
< C(h* + ) (luoll2 + llvoll) lvall, (7.8)

which imply
lluy (0) — Lru” ) = Chlluoll2 + llvoll2)- (7.9)
Estimate (7.9) together with inverse inequality and (3.19) yields

lujy Ol < Ch~luy () — Ly O) | + 1 Lau” O]y
< Cluolls + llvolls + I1f | 1 (aa1))- (7.10)

Next, for u;, € C3(J; Vi), we differentiate (4.1) with respect to ¢ and then take ¢t — 07 to
have

(u}(0), vp) = —Bgn(uy(0), vy) — By (u},(0), vp)
—Aen (uy,(0), v) — Agp (u),(0), v) + (f(0), vp)
=B () (0), vi) — Bsn(Qenvo, vn)

—Aen(uy (0) — Qent”(0), vi) — Agn(Qenvo — Qpnut’ (0), vp)

2
=Y AL O v + A ), o) | + (), ).

=1
Now, foru € H 3(J ; V) or equivalently u € C 2(J ;' V), use the fact that
ou’ (1) ou'(t)

e(x)

+B(x)

on on ] =0 along I' x [0, T]

in the Eq. (7.11) to obtain

(u' (0), vp) = —Bon U}, (0), vy) — Bsn(Qenvo, vi)
—Aen (u (0) — Qepu’ (0, vi) — Apn(Qenvo — Qpnvo, vr)

2
+ 3|V @Vu O, v, + (V- BVE O, v)g, | + (0, v)

=1
= C[IIMZ(O)II + b7 ([luy (0) — Qenu” (0) 11 + [ Qenvo — Qpavolli)
2
+Z llu” 0)ll2,, + llvoll2 + ||f||H2(L2)}||Uh||- (7.11)
=1
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From (7.8) and Remark 3.1, we have

lluj, (0) — Qenu” (01
< Ch™ M (0) — Ly O)]| + [ Late" (©0) = Qe (O) |1

2
= C(luoll2 + llvoll2) + Ch Z lu” () 12,2,

I=1
< Ch(lluoll4 + llvolla + 1L f ll 1 (m2))- (7.12)

In the last inequality, we have used the fact that ||ugl|x < Ch|lugl|2,x for all K € 7j,. Using
(7.12) in (7.11), we obtain

lluy, O < Cllluolla + llvolla + Il £ Il 22 (7.13)

The case i = 4 can be done in a similar way and hence details are omitted. This completes
the rest of the proof. O
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