Journal of Scientific Computing (2020) 85:59
https://doi.org/10.1007/510915-020-01365-z

®

Check for
updates

Numerical Analysis of Two Galerkin Discretizations with
Graded Temporal Grids for Fractional Evolution Equations

Binjie Li' - Tao Wang?(® - Xiaoping Xie'

Received: 9 March 2020 / Revised: 23 September 2020 / Accepted: 8 November 2020 /
Published online: 22 November 2020
© Springer Science+Business Media, LLC, part of Springer Nature 2020

Abstract

Two numerical methods with graded temporal grids are analyzed for fractional evolution
equations. One is a low-order discontinuous Galerkin (DG) discretization in the case of frac-
tional order 0 < « < 1, and the other one is a low-order Petrov Galerkin (PG) discretization
in the case of fractional order 1 < o < 2. By a new duality technique, pointwise-in-time
error estimates of first-order and (3 — «)-order temporal accuracies are respectively derived
for DG and PG, under reasonable regularity assumptions on the initial value. Numerical
experiments are performed to verify the theoretical results.

Keywords Fractional evolution equation - Graded temporal grid - Convergence

1 Introduction

Let X be a separable Hilbert space with inner product (-, -) x. Assume that the linear operator
A : D(A) C X — X is densely defined and admits a bounded inverse Al X > X,
which is compact, symmetric and positive. Consider the following time fractional evolution
equation:

(D§y (u —up)) (1) + Au(t) =0, 0<t=<T, (D

where @ € (0,2) \ {1}, 0 < T < 00, up € X and Dy, is a Riemann-Liouville fractional
derivative operator of order . Here, we assume that u(0) = uo for « € (0,2) \ {1} and
u'(0) =0fora € (1,2).
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There are quite a few research works on the numerical treatment of time fractional evolu-
tion equations. Let us briefly introduce four types of numerical methods for the discretization
of time fractional evolution equations. The first-type method uses the convolution quadra-
ture to approximate the fractional integral (derivative) (cf. [2,6,16,17,36]). The second-type
method uses the L1 scheme to approximate the fractional derivative (cf. [3,5,12,15,31,32]).
Such methods are popular and easy to implement. The third-type method is the spectral
method (cf. [9,14,20,33,34]), which uses nonlocal basis functions to approximate the solu-
tion. The accuracy of the spectral method is high, provided that the solution or data is smooth
enough. The fourth-type method is the finite element method (cf. [10,13,19,21,24,25]), which
uses local basis functions to approximate the solution. It should be mentioned that the finite
element method is identical to the L1 scheme in some cases (cf. [7,12]).

Most of the convergence analyses for the numerical methods mentioned above are based on
the assumption that the exact solution is smooth enough. However, the solution of fractional
equations is generally singular near the origin despite how smooth the data is (cf. [6,8]). In
fact, the main difficulty is to derive the error estimates without any regularity restriction on
the solution, especially for the case with nonsmooth data. When using the uniform temporal
grids, the Laplace transform technique is a powerful tool for error estimation in the case of
nonsmooth data (cf. [2,5,12,17,21,32]). We note that the non-uniform temporal grids are also
useful to handle the singularity of fractional equations (cf. [15,22,26,30]).

McLean and Mustapha analyzed the DG methods with graded temporal grids for a variant
form of (1):

du+ Dy " Au(t) =0, 0<t<T, )
u(0) = uo,

which is obtained by applying Déjr"‘ to the both sides of (1). For (2) with 0 < o < 1, they
[22] derived first-order temporal accuracy for a piecewise-constant DG under the condition
that ug € D(A") for v > 0. For the case 1 < o < 2, they [23] proved optimal error bounds
for the piecewise-constant DG and a piecewise-linear DG under the condition that

t|Adu(t) | x + 2| Adu()llx < CtM71 0<r<T,
l3,u()llx + tldu@®lx <Ct™ ', 0<t<T,

where 0 < M < 1 is a constant. For a fractional reaction-subdiffusion equation, Mustapha
[26] derived second-order temporal accuracy for the L1 approximation with graded temporal
grids under the condition that

lu@llg2 < C, N8| g2 + 1218w @l g1 + 2728 (@) | g1 < CtM 71,

forall0 <t <T.

Though being equivalent to (2) in some senses, equation (1) leads to different kinds of
numerical methods. For a fractional diffusion equation with nonsmooth data, Li et al. [11]
obtained optimal error estimates for a low order DG. It should be noticed that their analysis
is optimal in the sense of some space-time Sobolev norms, which is not very sharp when
compared with the pointwise-in-time error estimates. For a fractional diffusion equation,
Stynes et al. [30] analyzed the L1 scheme with graded temporal grids and derived temporal
accuracy O(N®~2) (N is the number of nodes in the temporal grids) under the condition
that

10Put) e < C, Ndpu@®)|e < Ct*2, 0<t<T.
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Liao et al. [15] obtained temporal accuracy O(N®~2) for a reaction-subdiffusion equation
by assuming that

18Pu@) 2 < C, Ndpu®) 2 <CM2, 0<t<T,

where M € (0,2) \ {1}. Although the regularity assumptions above are reasonable in some
situations, it is worthwhile to carry out error estimation for some numerical methods with
weaker regularity assumptions on the data. Moreover, as far as we know, there is no rigorous
numerical analysis for (1) with 1 < « < 2 and graded temporal grids.

In this paper, we consider the DG and PG approximations for time fractional evolution
equation (1) with 0 < @ < 1 and 1 < o < 2 respectively. These methods are identical to
the L1 scheme when the temporal grid is uniform. We develop a new duality technique for
the pointwise-in-time error estimation, which is inspired by the local error estimation for the
standard linear finite element method [1,29]. The key point of the analysis is the estimate of
a “regularized Green function” (cf. Lemmas 3.3 and 4.2). For 0 < o < 1 and ug € D(A")
with 0 < v < 1, we obtain first-order temporal accuracy for the DG approximation with
graded grids (cf. Theorem 3.1). For | < @ < 2 and ug € D(AY) with 1/2 < v < 1,
we obtain (3 — «)-order temporal accuracy for the PG approximation with graded grids
(cf. Theorem 4.1).

The rest of this paper is organized as follows. Section 2 gives some notations and basic
results, including Sobolev spaces, fractional calculus operators, spectral decomposition of A,
solution theory and discretization spaces. Sections 3 and 4 establish the error estimates for
problem (1) with0 < o < 1 and 1 < a < 2 respectively. Section 5 performs two numerical
experiments to verify the theoretical results. The last section is a conclusion.

2 Preliminaries

Throughout this paper, we will use the following conventions: if @ C R is an interval, then
(P, q) o denotes the Lebesgue or Bochner integral f » P4 for scalar or vector valued functions
p and g whenever the integral makes sense; for a Banach space W, we use (-, -) w to denote a
duality paring between W* (the dual space of W) and W the notation C denotes a positive
constant depending only on its subscript(s), and its value may differ at each occurrence; for
any function v defined on (0, 7'), by v(r—), 0 < t < T we mean lim,_,;_ v(s) whenever this
limit exists; given 0 < a < T, the notation (a — )4 denotes a function of variable ¢ defined
by

( 0 a—t if0<t <a,
a — =
o ifa<t<T.

Sobolev spaces Assume that —oo < a < b < 00. For any m € N, define
oH"(@,b) := {ve H" (@, b): vV (@) =0 Y0 <k <m]
and endow this space with the norm
Iollgrmap = 10" N2 Yv€oH™(a,b),

where H™ (a, b) is an usual Sobolev space and v® 1 < k < m, is the k-th order weak
derivative of v. For any m € N.g and 0 < 6 < 1, define

oH" " (a,b) := (0H" '(a.b), oH" (@, D)), , .
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where (-, -)g.2 means the interpolation space defined by the K-method [18]. The space
OHV(a, b),0 < y < 00, is defined analogously. For each —oo < y < 0, we use ¢ H" (a, b)
and "HY (a, b) to denote the dual spaces of Og—r (a,b) and H Y (a, b), respectively. The
embedding L%*(a,b) = oH Y (a,b), y > 0, is understood in the conventional sense that

(v, Wogr @y = (V. W@ Ywe HY(a,b), Yve L*(a,b).

Fractional calculus operators Assume that —oo < a < b < 00. For —oco < y < 0, define

t
(DZJrv) @) : / (t—s)"us)ds, a<t<b,

NG V)

(D}_v) (@) :

(s =) " Nus)ds, a<t<b,

'(=y) /

forall v € L'(a, b), where I'(-) is the gamma function. In addition, let D2Jr and Dg_ be the
identity operator on L' (a, b). For j — 1 < y < j with j € N.¢, define

Dl v:= D~jDZJ:jv,
D} v:=(-D) D},

forall v € L'(a, b), where D is the first-order differential operator in the distribution sense.

The vector-valued version fractional calculus operators are defined analogously. Assume that

0<p <y <pB+1/2.Forany v € oHP(a, b), define D}, v € ¢HP~7 (a, b) by that
(DY, v, w) (Dd v, D} w)

OHY-B(ab) T (@.b)

forall w € YHY~#(a, b). For any v € OHP(a, b), define DZ_U e "HPY(a, b) by that

4 . [nh y—B
<Db—v’ w>0HV—B(a,b) = <Db—v’ Da+ w>(a,h)

forallw € o H” P (a, b). By Lemma A.2 and a standard density argument, it is easy to verify
that the above definitions are well-defined and that if

Y 14
(DY v, w)o @p and (DY v, w)o e @b
both make sense by the definition, then they are identical.

Spectral decomposition of A Assume that the separable Hilbert space X is infinite dimen-
sional. Itis well known that (cf. [35]) there exists an orthonormal basis, {¢, : n € N} C D(A),

of X such that

A¢n = )Vn¢n7

where {A,, : n € N} is a positive non-decreasing sequence and A, — 0o as n — oo. For any
—00 < B < 00, define

Aﬂ/2 [ch¢n. Zkﬂcﬁ<oo}

and equip this space with the norm

(o¢]
H Z CnPn
n=0

00 1/2
o B2
D(AB2) (2;))””6") ‘
n=
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Solution theory Recall that « € (0,2) \ {1}. For any 8 > 0, define the Mittag-Leffler
function Ey g(z) by

Eyp(z) = vz € C,
Xzzor(k +B8)

which admits the following growth estimate (cf. [27]):
Cop
Egp(—t)| < —= Vit >0. 3
|Ea,p( )I_H_t > (3)
For any A > 0, a straightforward calculation yields
D§, (Eq,1 (=A%) — 1) 4+ AEq 1 (=A%) =0 Vi > 0. 4)
Therefore, the solution to problem (1) is of the form (cf. [28])
[e.¢]
() =) Eo 1 (=2nt®) o, ¢u)x ¢, 0<1<T. ©)
n=0
For any 0 < ¢ < T, a straightforward calculation gives

W(t) ==Y Mt" " Ega (—1nt®) 0, $n)x $n-

n=0

Lt//(l‘) = - Z)LntaizEa,afl (_)\nta) (ll(], ¢n)x ¢n~

Hence, for 1 < o < 2, by (3) we obtain that

N @O)llx + u" (O llx < Cat™ > uoll pavy, (6)

< 12 0=1/2)-2

U Ol p(arzy + 1" Ol parey < luoll peavy. ™)

where 0 < v < 1.
Discretization spaces Let t; := (j/J)°T foreach0 < j < J, where J/ e N,gand o > 1.
Define

W = {v e L0, T; D(A"?)) : v is constant on (t;_y,1;) foreach 1 < j <J},
We:={vecC(0,T];D (A'/z)) : v islinear on (tj_1,1;) foreach 1 < j < J}.
For the particular case D(A) = R, we use W; and W¢ to denote W, and Wy, respectively.

Assume that Y = X or R. For any v € LI(O, T;Y)and w € C([0,T]; Y), define Q,v €
L0, T;Y)and Zyw € C([0, T]; Y) respectively by

t—ti—1
7w

j—lji-1 Lj —tj-1

1 1 tj—t

(Q-v)(1) := P—— v oand (Zrw) (1) = —L——w(tj-1) +
J - j j

foralltj 1 <t <tjand 1 < j < J.In the sequel, we will always assume that o > 1.
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3 Fractional Diffusion Equation (0 < a < 1)

This section considers the following discretization (cf. [11]): seek U € W, such that

T T
/ ((D§, +A)U. V), dt :/ (D§uo. V)y dt YV € Wy. ®)
0 0

Remark 3.1 By (5), a straightforward calculation yields that

T T
/0 (Dgpu+A)u, V), dt :/0 (D§uo0, V), dt VYV € Wy, ©

Theorem 3.1 Assume that ug € D(AV) withQ < v < 1. Then

J~ min{ove, 1

lu —UllL=w©,1:x) < Cao,T Muoll pavy- (10)

The main task of the rest of this section is to prove Theorem 3.1. To this end, we proceed
as follows. Assume that A > 0. Forany y € oH/? (0, T), define Hﬁy € W; by that

(D +2) (v = T7) s Whoyap gy =0 Yw € Wr. (11)

Remark 3.2 Note W is the piecewise constant finite element space.

Foreach 1 <m < J, define G}' € W; by that G}'|(;,.7) = 0 and

1 tm
(w. (D, - +2) G}, = ——— / w (12)
m 1,

—Im—1 n—1
for all w € W;. In addition, let GT,m+1 :=0and, foreach 1 < j <m,let
m . __ 4 m
= tllrt?_ Gy (1).
Remark 3.3 The G can be viewed as a regularized Green function with respect to the

operator Dy _ + A.

Lemma3.1 Foreachl <m < J,

> G;L”,m_l > > G;\"’l >0, (13)
1
T T S Sy —— (1
- '"Z—:l ( no %) zj::: —(t; - t1)11:z +A02 — ) . .
ot tm © = (m — 1) "+ AT 2 — o)y
Proof Let us first prove that
G:\n,j-s-l > G’;’_J- foralll < j < m. (16)

For any 1 < k < m, by (12) we obtain

m
So(6r =60 a) (G =50) ™ = (=) ") + i = 1) Gy =0,

J=k
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where p := A'(2 — «), so that a simple algebraic computation yields

m—1

Z ( il — T,j) ((fj - ’k—l)lfa —(t; = 1) T+ (e — tkfl))

j=k

=Gy (= =)' ™ =t — 1) ™+ (i — 11-1)) -

a7

Inserting k = m — 1 into the above equation and noting the fact G}, > 0 indicate G’ >

GT,m—l' Assume that G:\n,j-s-l > Gg”,j forall k < j < m, where 2 < k < m. Multiplying
both sides of (17) by

(tm — t5—2) "% = (t — i)' ™ + 11 (h—1 — tx—2)
(tm = t—)" ™ = (tw — 1) ™% + 1 (tk — tr—1)

from Lemma B.2 we obtain

m—1

> (G0 =G (6= 2) ™ = (4 = ) ™ et — 1)

=k
<GP, ((tm — t=2)' T = (tm — k)T + (ko1 — 1)) -
Similarly to (17), we have

m—1

) ( it T T;) ((’j —n) = (=) T e - tk—z))

j=k—1
=G ((tm = =)' ™ =t — i)™ + 1 (et — 1-2)) -
Combining the above two equations yields G’;’q 0 > Gg”, «—1- Therefore, (16) is proved by

induction.
Next, inserting k£ = 1 into (17) yields

m—1

Z ( il — Gfx",,,-) (t}_“ —(tj — tl)l_a + ml)

p (18)
=G (7 = (tm — 1) ™% + puty) .
Since

1§ = (1 - ) T bt > =y =) Tt V1< j<m—1,

from (16) and (18) it follows that
m—1

m m m
( A+l T GA,j) < G -
—

~

This implies GTJ > 0 and hence proves (13) by (16).
Finally, (14) is evident by (12), and dividing both sides of (18) by #.L.=% — (t,, — 1) ! =% + 1
proves (15). This completes the proof. O
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Lemma3.2 Foreachl <k < J,

k
JOENT = 0t =Dy < Caor IO, (19)
(1 1 .7)
j=1
k
PN = 00t = iy < Caor 7TV (20)

~.
I

Proof A straightforward calculation gives

KODEDUT — 00y (0 — N oy a0
< Cuk V@D (g — gyt
= Ca,a,Tjio(lia)

and

k—1
Y JOTVONA = Q) (6 =Dy
j=1

Z (o= (a=1) t -t 1) ((tk—l‘j)_a_(tk_tj—l)_a)

k—1

< Ca,a,T-]7U<17a) Zj(frfl)(afl) (Jrr — (- 1)0‘) <(ko _ ja)fa _ (ka — (- l)o)fot)
j=1
k—1
< Ca,a’rjfa(lfa) Zj(afl)(afl)jZ(a—l) (ku _ jo')*a*]
j=1
k—1
— Ca,o,TJ_aa_a) Zj(a—l)(a—H) (ko _ jo)fotfl
j=1
< Coord 71 (by Lemma B.4).

Combining the above two estimates proves (19). Similarly, a simple calculation gives

k=7 N = Qo) (tk — O N pigy a0
< Cok™ oM (g — '@

< Co{(r TJ—(T(l—Ot)k—(T()(

@ Springer



Journal of Scientific Computing (2020) 85:59 Page90f27 59

and

k—1

SN = 00 (= Dl

j=1

z:: —o—a+l (tj —tj1) ((l‘k _ t.,-)_a — (& — tj—l)_ot>

k—1

< Caard 700N T (57— (= %) (K7 = 57 = (k= G = D7) )

j=1
k—1
< CaVO_.TJ—o'(lfot) ijo'fokf»ljz(afl) (ko' _ jo')—(l—l

Jj=1
_ Caymr‘lfa(l—a) Zjafotfl (ka _ ja)—a—l

< CoorJ 7U"k=°% (by Lemma B.4).

Combining the above two estimates proves (20) and thus concludes the proof.

Lemma3.3 Foreachl <m < J,

=

m (e—D(l—a)
m o m
(7> I = Qo) DGy, 1) < Cavont-
1

j:
Proof Foreach1 < j < m,let

m._ (J/°% + 2 i(e=D(@=1) jo(l-a)
! e J
I (J/m)°* + A

Since

" tji—1)."
(D;xm Gm (Z) = Z( T,j+l) (l_‘J(l—);_)v

2D

(22)
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we have

m
Zn;?’ I = Q)DE, G iy

a) Zn Z Tl = Qo) (=Dl 1))
=1

k
l m m m —
=T e ;mk — Gyl Z;n,- I = Qo) (e = DML,y .0y
= J:
Ja(l o)
< CooT Z|Gf\” GTH”W

k
X Y (/D7 +2) jOTVEINU = Qo) (= DN,y
j=1

/)% + A
= Ot o, T Z (]/m)“"‘ T |G;\n,k - G;Ln,qul (by (19) and (20)).
Therefore, from Lemma 3.1 and the inequality

) T AT Qo (J 1K) + 1
el N2V A Tv—
1y — ) AT Q=) T (I /m)TY 4 A

it follows that

m

Dot = Q) DY G,y < Cao G

In addition, by (14) and (22), it holds

G”nfq > Cour ((]J//J))Z‘:_); {(o—De=1) yo(l-a) (m((r—l)(l—a)JU(a—l) +Ama—1J—a>
A,m m

(J/ )% + A H(o—D(@=1),, (6—~)(1-a)

(J/m)o« + A

> Caor (m/ )7V

= Cot,J,T

Consequently, combining the above two estimates proves (21) and thus concludes the proof.
]

Remark 3.4 Df"n _G?%" is anon-smooth function in L! (0, T), but it is smoother away from t,,,.
This is the starting point of Lemma 3.3.

Lemma3.4 Ify € H*2(0, T) N C(0, T, then
(Mky — Qry) (tw—) = (I — Q) y. (I — Q7) DY G'”)(Ot N (23)

foreach1l <m < J.
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Proof A straightforward calculation gives
(M3y = Qcy) (tn—)
= (M7y = Qey. (D, _ +4) Gy, | (by (12))

7y — Qcy, (D7_+ )»)Gi")(o.r) (by the fact G}'|¢,,.7) = 0)
(D§y +2) (M7 = 0r) . Gllopernoy  (by Lemma A.3)
Di +2) (I =00y, GYlopenyy by (1)
(I =00y, (DF_+1) GT)(O,T) (by Lemma A.3)
= (I = Qu)y. (D, _ + MG, | (by the fact G'|¢,,.7) = 0).

= (i
(
((
(

Hence, (23) follows from the equality
(I = Qo y. (D, +2)GY),  =(U = Q0)y.(I = Qo) Dj; _G)g,
which is easily derived by the definition of Q.. This completes the proof. O
Lemma 3.5 Assume that y € oH*/*(0, T) N C'(0, T] satisfies
Yl 0<t=T, (24)

where 0 < r < 1. Then

[ =) 3l 0.1 < Cagrr s~ 25)
Proof Forany 1 <m < J,

(%Y = Qry) (tn )|

’((1 — 0y, (I — QT)D;);ﬁGT)(OJm)‘ (by Lemma 3.4)

IA

DI = Q) vl .y I = Qo) DGl i1

j=1
max (n/ ) VCVNAT = Q) Yl oo,y

1<j<m

IA

x Z(m/j)“"““‘“)n(l — Qo) DY Gl 1))

j=1
< C()[,U,T maX (m/])((r_l)(a_l)“(l - Q‘[)y”Lw(t,',l,l,') (by (21))
1<j<m o
= Coorll = Q)Y L%0,1)-

It follows that

(T = Q) ¥l e o1y = max |(T;y = Qcy) (tn—)| < Caor I = Q)yllLzo.1),s

1<m<J

and hence

(1 =1) ¥ ooy < 1T = Qim0 + [ (TG = Qc) ¥ ooy
< Coorll — Q)yllLe©,1)-
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In addition, by (24) we obtain

I = Qo) yliL=©.1) < lgljaSXJH(I = Q) Vi@ y.1y)

IA

max (z}" - tj‘.—’) /(1= r)

1<j<J
co(l—r)— 1] o(l—r)

IA

Co.0,r,T lmjaXJ J
< Cogp MmO,
Finally, combining the above two estimates proves (25) and hence this lemma. O
Finally, we are in a position to prove Theorem 3.1 as follows.
Proof of Theorem 3.1. For each n € N, let
u (1) == (u(t), pp)x, 0=<t=<T.
By (5) we have
u"(t) = Eq.1 (=Ant®) (o, ¢pn)x . 0<t<T.
A straightforward calculation gives
W") (t) = =2t " Eqq (—Ant®) (o, ¢n)x ¢n. 0<t <T,
and hence (3) implies
(") O] < Cat™ "2yl wo, g)xl, 0<t=<T. (26)
By (8, (9) and (11) we have U = Zj’l‘;o(nﬁ”u")%, so that

1/2
l — Ullo.7:x) = sup (D (" — T u” (r)|>

O<t<T n=0

00 1/2
< (Zn(l — %) u”u%eo(o,n)

n=0
o0 12
< Cyo.pJ~ mintoar.1} (Z 22V (ug, ¢,,)§(> (by Lemma 3.5 and (26))

n=0
= Coo7d =™ W 140] pavy.

This proves (10) and thus concludes the proof. O

4 Fractional Diffusion-Wave Equation (1 < a < 2)

This section considers the following discretization: seek U € W¢ such that U (0) = u¢ and

T
/ (pgr'v' + av, v)x dt=0 VYV e W,. 27)
0
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Remark 4.1 By (5), a straightforward calculation gives that u(0) = ug, u’(0) = 0 and
T
/ (ngu/ +Au, V)xdt =0 VYV e W,. (28)
0

Remark 4.2 For the case with uniform temporal grids, the discretization (27) is equivalent to
the L1 scheme (cf. [12]),

Theorem 4.1 Assume that ug € D(AY) with 1/2 <v < 1. If

3—«a

7T a1y @

then

max || — U) (tn)|x < Cao.7I* lluol peav). (30)
l<m<J

The main task of the rest of this section is to prove the above theorem. Foreach 1 <m < J,
define G € W, by that G"|,, 7y = 0 and

o079

Im—

= {1, Yw € W;y. 31
©.im) ( w)(O,tm) w T (31)

LetG, ., =0and, foreach 1 < j <m, let

Q’;” = lim G" ().

t—t;—
Since
m 11—«
a—1 _ (tj B l)+
Dy _ g" = ; <g;n - g;‘n+l> m,

a straightforward calculation yields, from (31), that

m

> (9;" - 7+1> () — )™ = () — 1)) =TG- (tx — =) (32)

j=k

foreach 1 <k < m.
Remark 4.3 Although G is not a regularized Green function, it has similar properties.

Lemma4.1 Forany1/2 < B <landl <k <J,

k
S GDT (=15-0)" 7 = (= 1)) = Camr G/ 7P (33)
j=1

Proof An elementary calculation gives

ka(l—Ol) (kU — (k- 1)0)17ﬁ < Cakﬂ(l—a)k(a—l)(l—ﬁ) — Caka(z_a_ﬂ)""ﬁ_l
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and

=

-1

jU(lfot) ((ko _ (j _ 1)(7)1*13 _ (ka _ jo')lfﬂ)
1

J

k—1
= Col=p) Yy j7 0 (k7 = o) P!
j=1
k—1

— Cg-(l _ﬂ)ZjZU*O‘O{*l (ka _ ja)_ﬁ

j=1
< Cook®?=%=P)  (by Lemma B.5).
It follows that

k
> GIDT ((=1-1) 7 = (= 17)"F)

j=1

k
— joQ-a—p)l-p Zja(l—a) ((ka (- l)g)lfﬁ _ (kU _ ja)lfﬁ)
j=1

< Cyop] 0P (ko(Z—a—ﬁ)Hf—l + ko@—a—ﬂ))
< Cao(k/)7C74F),
This proves (33) and hence this lemma. m}

Lemma4.2 Forany1/2 < B <landl1 <m < J,

m
> GIDTNDE G i,y < Caot (34)

tm

j=1
Proof By (32) and Lemma B.3, an inductive argument yields that
Gl >0y > >Gn=T@—a) (tm—tw-1)""". (35)
Plugging k = 1 into (32) shows
m
So(ar-am)) (- -0 ) =rG-wn,
j=1

and hence

m .
Z '3 —a) (gf J+1) I
From (35) and the inequality

27— (1 —n)"

rG—an

> Coo7(j/ )77,
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it follows that

> G/T(gr — G = Cor (36)
j=1
Since
gm_i:(gm_ m]) (t] [)I
[m j ,‘+
S\ T -y
we obtain

Z(J/J)"“ DD _G" iy )

j=1
e (=) = =1
= 20 >kX]j(gk G ra=p OV
m 1-8 1-B
_ ot (k= 1j=1) " — (& — 1))
=2 (G - gt) gu/n e

~
Il
—_

< Coor Z(k/ 1)@= (g — g ) (by Lemma 4.1and (35))
k=1
< Cuo,r  (by(35)and(36)).

This proves (34) and thus completes the proof. O
Remark 4.4 For more details about proving (35), we refer the reader to the proof of (13).
Lemma 4.3 Assume that y € C2((0, T1; X) satisfies

Ty Ollx + 1y Ollx <t™, 0<t<T, (37)

where 0 < r < 2. Foreach 1 < j < J, the following three estimates hold:
ifo <2/(3 —r), then

[pg:2 a1~ 00| < Cagr g d 77 o (700 1) 1 38)

L (10t X)

ifo =2/(3 —r), then

o2

<C Jfo'(3foz7r) —oo ( .0(3—r)+a—3 1 ~); 39
Lm(tj;],tj;X) = Ca,r,T J J +1Inj);(39)

ifo >2/(3—r), then

|pgz2 - 00y < Cogppd OG0T jo a3 4
L®(tj_1,tj:X)
Proof We only present a proof of (40), the proofs of (38) and (39) being similar. Since the

case r = 1 can be proved analogously, we assume that r # 1.
Let us first prove that

sup
ti—1<a<t;

(@' (1= 20¥)q, HX < Coo ] 707D jOOTEmRETS gy

@ Springer



59 Page 16 of 27 Journal of Scientific Computing (2020) 85:59

foreach2 < j < J. Since the case j = 2 can be easily verified, we assume that 3 < j < J.
Lett;_| < a < t;. By the definition of O, we have

(@=0"a = 00y, o], =T+E+I, 42)
where

L= (0 - 0n@ =0 = 00y)g, |, -

j—2
L= [(-0n@-n"*a-00v), .,

k=2

L= - on@—0'"a = 00v), L, ], -

x’

By (37) and the facts 0 > 2/(3 —r) and t; | < a, aroutine calculation yields the following
three estimates:

I < I(1 = Qo) (@ — 0" "o I — Q) Y Il L1 0u:x)

< Cor(l@a—m)' ™" —a' =) i7"
1—- — —
< Cq, ((tj_l —n) " - t}_f‘) B
< Carrd 7O (G =17 =)' = (i = 171 )

< Ca,o,r,TjigGiair)jiaa

< Cyor TJ*U(Sfafr)ja(3fa7r)+a73’
j—2
T < Co Y I = @)y Ly mexy (e — i) ((@ — 1) = (@ — 1_1)' ™)
k=2
j—2
< Cqy Z ‘t;:_r — 1077 (e = ) (-1 — 1) 7% — (-1 — )1 T)
k=2
j—2
S Ca,a,r,TJ_a(S_a_r) Zka(l—r)—lk2(o—l)(ja _ kU)—E(
k=2
j—2
— Ca,a,r,TJ_UG_a_r) ZkS(r—ar—3(ja _ k(r)—a
k=2

< Caya’r’TJ—U(S—a—r)jo(3—a—r)+ot—3 (by Lemma B.4)
and

2— _
I3 < CallI = Q)Y Iz _ptj—1:X) ((a —tj0) = (a—tj)? )

1—-r

1—r 2—a
U ) )

=< Ca,r

(tj—1 —tj—2
< Ca,g’r’TJ—o(3—a—r)ja(l—r)—lj((r—l)(Z—a)

= Co,0,r,T 1_0(3_0‘_’)]'0(3—0[_,)_,_(1_3.

Since a, tj_| < a < t;, is arbitrary, combining (42) and the above three estimates proves
“Al)for3 <j<J.
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Next, let us prove that (40) holds forall2 < j < J.Forany t;_| <a <,

(P52 (- 20)) @ = W +15) /T2~ ), @)
where
— 1-

Li={a—-0""% U=00Y), o

Is = ((a =)' (1 = Q) ¥}, )
We have

IMallx < Cala— 11> 1T = Q)Y oot

< Corty — i)™ |t;7 = 1,77 (by 37)

< Cyor TJ75(3*01*")j(Ufl)(Zfot)jo(lfr)fl

=Cyor TJ—0(3—06—V)j0(3—a—r)+a—3
and, by (41),

IIsllx < Ca,g,r,TJ_U(3_°‘—V)j0(3—a—r)+a—3.
Combining the above two estimates and (43) gives
1(D§7207 = Qey)) @l = Coygppd 7 G 70 joGmamrra=s,

Hence, the arbitrariness of ;| < a < t; proves (40)for2 < j < J.
Finally, for any 0 < a < #1,

1(D6:2¢ = 20y @lix

< Cor / (a—0"@"" 1/ dr (by (37))

<Car<3ar/(1 lotlrds+a2a]r)

< Cort] " = Caor,rd 70707
This proves (40) for j = 1 and thus concludes the proof. O
For any y € H@*tV/2(0, T), define P,y € WE by
(y =Pry) (0) =0,

a1 / _ (44)
<D0+ (y = Pey). w>0H<u,l)/2(0’T) =0 YweWr,
and define E*y € W¢ by
(y— E7y) 0 =0,
a1 Ay = _ 45)
<Do+ (y— ELy) +a(y— ELy). w>0H<a71)/2(0.T) =0 YweW;.
Lemmad.4 Ifa —1 < B < landy € H®D/2(0, T), then
1—
(v = Pey) () = (D500 — . D), ¢") (46)

foreachl <m < J.
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Proof A straightforward calculation gives
= Pry) (tn) = Zey — Pry) (tm) = ((Iry - Py, 1)(0,tm)
= (@y =Py D g") (by (31))

= 0,0

= (@ey = Peyy’ . DENG") by the fact ", 1) = 0)

_ o—1 _ /I ~m
= <D0+ (Zey = Pey), G >0H(0‘*‘)/2(0,T) (by Lemma A.3)

-1
= (DB @y =3 0", Oy G,

Foranyo —1 < g8 <1,

a—1 _uY om
<D0+ Ty =y). 6 >oH<a—1>/2(o,T>

_ B a—1-8 Y om
= (D8, 057 @y =)o

= <D8:1_ﬁ (Zey =), D?,Qm% n (by Lemma A.3)

= <Dg;liﬁ(1ry—)’)/,Dfn_Qm>(o | (by the fact G"|¢,,.1) = 0)

\tm

= (p*"“f(0, - ny . D* m> .
(D50 =1y, D), g o)

Combining the above two equations proves (46) and hence this lemma. O

For any

o0 oo
y € H(a+l)/2(05 T» X) = {ch¢n : Z”CYL ”§_I(a+])/2(0’7‘) < OO} )
n=0 n=0

define

o0

PYy =Y (Pe (v, dw)x) bn- (47)
n=0
Remark 4.5 By (44), (47), Lemmas A.l and A.2, we obtain
IPXy I gernror.x < Catllylgarnror:x (48)
forall y e H@+D/2(0, T; X).
Lemma 4.5 Assume that y € H@D/200, 7: X) N C2((0, T1; X) satisfies
Y Olx + 1Y Olx <677, 0<t<T,

where 0 < r < 2. Then

[(v=PEy) @], = Canrrd 7@ max jro-orta=s (49)

I<j=m

foreachl <m < J.
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Proof Foreachn € N, let

YU = (). p)x, 0<t<T.

A straightforward calculation gives

. 172
[0 =PXoan)|, = (Z 0"~ Pry”)(tm)|2) (by (47))
n=0

- (gl

> e
[ (Elosca-

n=0
/(;

forany o« — 1 < B < 1. From Lemma 4.2 it follows that

N 172
) (by Lemma 4.4)

- 0oy )’,Dz‘i—g'">

©0.1m)

IA

tm

1/2
|2> dr (by the Minkowski inequality)

alﬂ(l_

|D G"|dt,

tm—

[(y=P5y) | < ZU/J)”(“ DIDY 6" 16,1y

o (1—a) a—1-p /
X llslljals)(m(J/]) ||D(]+ (I - Q‘L’)y ”Loo(tj,],tj;X)

< Corr max (/)77 DG P = 00y a1y 0)-
Passing to the limit 8 — 1— then yields
[ =PEy) ], = Coor max, (1) "IDE2 U = 00y et 110,
so that a straightforward calculation proves (49) by Lemma 4.3. This completes the proof. O
Lemma 4.6 Assume that y € H@D/2(0, T; X) N C%((0, T1; D(AY?)) satisfies
Y Ol + 1Y Ollpaiey <t™, 0<1<T,
where 0 <r <2. Ifo > 3 —a)/(2 —r), then

I(Z = Po) yll 270 0,7:p(a12)) < Cavorr, 747 (50)
Proof A simple modification of the proof of (49) yields

max 1y = Pey)am)lpgare) < Caar.r (51)
which implies

(e = Pe) ¥l (o.7:p(412)) =< Caor7 I
It follows that

I(Ze = Po) Yl 2w o,7:p(a12)) < Caor, 7
In addition, a routine calculation gives

17 =Zo) yl2re (0.7 p(a12)) < Caor7d

Combining the above two estimates proves (50) and hence this lemma. O
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Lemma4.7 Ify € H@tD/2(0, T), then
|(y — 8%y) ()| < Car (10 = Pey)tn)| + A 20U =P Yl p2res,y)  (52)
foreachl <m < J.

Proof Letting 0 := (B —Pp) y, by (44), (45) and Lemma A.3 we obtain

T

(Dggle/,e’)(o 10,0y, =2y =Py, 0)

\Im

©0,m) O,tm)?
so that using Lemmas A.1 and A.2 and integration by parts yields
16112 o120, + MO @) > < CahllT = Po) ¥l 20,1, 16 2100 0,1,

Since

16"l L2/e-0 0.4,y < Cor7 10"l r@=1120.1,,)»
it follows that

10m)| < Car2 21U = Po) V2101, (53)
Hence, (52) follows from the triangle inequality

(v = E2Y) )] <16 ()| + (v = Pey) (m)] -
This completes the proof. O
Proof of Theorem 4.1. For eachn € N, let
u'(t) == (u@), ¢n)x, 0<t=T.
By (27), (28), (45) and Lemma A.3, we have
00
U=) (Eru)gn,

n=0
so that

00 1/2
I = U) tn)llx = (Zl(u” — E}mu) (tm)F)

n=0

00 1/2

< Car [ I = PXuy(en)lx + (Z hnll(I = Pr) u”)||im<o,tm)> (by (52)).
n=0

Applying the Minkowski inequality gives

% 1/2
(Z Inll1 _P‘E)un)”%]/a(o’tm)) < —775)”||L2/a(0,zm;D(A'/2))~

n=0

The above two estimates yield

N6 = U) @)lx = Corr (1 (= PE) @dlx + 10 = POl 21001412 ) -

In addition, using (6), (29) and Lemma 4.5 gives

(= PXu) t)lx = Cononr ol peay.
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and using (7), (29) and Lemma 4.6 shows

[ (1 - PTX) ull e (0,7:p(4112)) < Caow,7 I ol D(ar)-
Finally, combining the above three estimates proves (30) and thus concludes the proof. O

Remark 4.6 Assume that up = 0 and u’(0) = u; € X. Similar to (6) and (7), we have
W @) x4 " (Ollx < Cat®™urllpear), (54)
1l O pearzy + " O pearzy < Cat™ 27 uy | peav, (55)

forall0 <t < T and 0 < v < 1, provided that u; € D(A"). Discretization (27) will be
modified as follows: seek U € W¢ such that U (0) = 0 and

T
/ (DU —uy) + AU, V)xdt =0 VV € W,.
0
Following the proof of Theorem 4.1, we have
max @ = U)tn) x = Coor (| max lu = PEu)ta)llx + 10 = PEull oo 7:peary )
I<sm<J I<m=<J

By (54), (55) and Lemmas 4.5 and 4.6 we can estimate of the right hand side of
the above inequality in terms of |lu1|p(avy and J, and thus obtain the convergence of
maxi<m<Jl|l(u — U)(ty)| x. We leave the details to the interested readers.

5 Numerical Experiments

This section performs two numerical experiments to verify Theorems 3.1 and 4.1, respec-
tively, in the following settings:

T=1;
X = {w € HOI(O, 1) : w is linear on ((m — 1)/2“,m/2“) foralll <m < 2“};
A:X — Xisdefined by [} (Avywdx = — [ vVw' Vv, w e X.

Experiment 1. The purpose of this experiment is to verify Theorem 3.1. Let uo be the
L?-orthogonal projection of x%31(1 — x), 0 < x < 1, onto X. Define

E = U* — U||L°0(0,T;L2(0,1))7

where U* is the numerical solution of discretization (8) with J = 213 and o = 2/a. Clearly,
regarding v as 0.5 is reasonable. The numerical results in Tables 1, 2 and 3 illustrate that &
is close to O (J~Mintee/2.1}) "which agrees well with estimate (10) in Theorem 3.1.
Experiment 2. The purpose of this experiment is to verify Theorem 4.1. Let ug be the
L?-orthogonal projection of x'1(1 — x)2,0 < x < 1, onto X. Let
Cy— * —_ .

& = lréljagjn (U =U) ()2
where U* is the numerical solution of discretization (27) with J = 21 and o = 2(3 — a)/a.
Evidently, regarding ug € D(A) is reasonable. The numerical results in Table 4 clearly
demonstrate that & is close to O (J "‘_3), which agrees well with Theorem 4.1.
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Table1 o« =0.2

o=1 o=5 o=10

J &l Order &) Order &) Order

22 212-1 - 1.60e—2 - 6.58¢—4 —

210 205e—1  0.05 1.09e—2  0.55 3.23e—4  1.03

211 197e—1  0.06 7.54e—3  0.54 1.58e—4  1.03

212 18%e—1 0.06  523e—3 0.53 7.64e—5 1.05
Table2 o« =0.5 o —1 o =2 o —4

J &l Order & Order & Order

27 136e—1 - 342e-2 - 3.02e—3 -

28 1.14e—1 025 2.29e—2  0.58 1.45e—3  1.06

2% 947e—2 027 1.55e—2 056  7.0de—4 1.04

210 776e—2  0.29 1.06e—2  0.55 343e—4  1.04
Table3 o« =0.8 oc=1 o=2 o=2.5

J &l Order & Order & Order

27 620e—2 - 6.95¢—3 - 377e-3 -

28 446e—2 048 3.89e—3  0.84 1.82e—3  1.05

2% 322e—2 047 2.19e—3  0.83 8.8le—4  1.05

210 23462 046 124e—3  0.82 426e—4  1.05
Table4 0 =23 — o)/« c=12 a=15 o =18

J & Order & Order & Order

20 244e-5 - 127e—4 - 7.97e—4 -

27 68le—6 1.84 458e—5 147 3.57e—4  1.16

28 190e—6 1.84 1.65e—5 147 1.57e—4  1.18

29 535e—7 1.83 597e—6  1.47 6.87e—5  1.20

6 Conclusions

For the fractional evolution equation, we have analyzed a low-order discontinuous Galerkin
(DG) discretization with fractional order 0 < « < 1 and a low-order Petrov Galerkin (PG)
discretization with fractional order 1 < « < 2. When using uniform temporal grids, the
two discretizations are equivalent to the L1 scheme with 0 < o < land 1 < « < 2,
respectively. For the DG discretization with graded temporal grids, sharp error estimates are
rigorously established for smooth and nonsmooth initial data. For the PG discretization, the
optimal (3 — «)-order temporal accuracy is derived on appropriately graded temporal grids.
The theoretical results have been verified by numerical results.

However, our analysis of the PG discretization requires ug € D(A") with 1/2 < v < 1.
Hence, how to analyze the case 0 < v < 1/2 remains an open problem. It appears that the
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results and techniques developed in this paper can be used to analyze the semilinear fractional
diffusion-wave equations with graded temporal grids, and this is our ongoing work.
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A Properties of Fractional Calculus Operators

LemmaA.1 Foranyv € oHY (a,b) with0 <y < 1/2,

cos (y1) 1D 40135, ) = (DI, DY v}, < secymID; oI35, )
2 2
cos(y )| Dy_vl72, ) =< (Dasv. Dl’,’_v)(ayb) < sec(y )1 Dy_vl}2, -

LemmaA.2 Foranyv € gHY (a,b) and w € "HY (a, b) with0 < y < o0,

y

Cillvllgrr @,y = 1Dgyvll200p) < C2llvllga7 (a,6)
¥

Cillwllogy a,py < I1D,_wliz2,p) < C2llwllogy a,pys

where C1 and Co are two positive constants depending only on y.

LemmaA.3 Assume that v € HY/*(a, b) and w € "HY/?(a, b) with0 < y < 1. Then

y y
<Da+v’ w>01-17/2(a,b) = (Db—w’ v>0HV/2(a,b) : (56)
If DY v e LYUH7)(a, b), then
(Dyv, w>0m/2(a,b) = (Dy v, w)(a,b) : (57
IfDwa e LYY (g, b), then
y _InY
(Db_w, v)OHy/Q(aqb) = <Db_w, U>(a,b) . (58)

For the proof of Lemma A.1, we refer the reader to [4]. For the proof of Lemma A.2, we
refer the reader to [19]. Since the proof of Lemma A.3 is a standard density argument by
Lemmas A.1 and A.2, it is omitted here.

B Some Inequalities

LemmaB.1 Forany0 < <land0 <t <a<b<c<d,

d='"P—d-a'? (- —@c-—a)’

A=) P —d=bF  Cc—a)P—(c—bIF (59)
Proof Let
w(y) = ﬂ/(lﬂ—ﬂ) ify=1,
y): )}1—_33'_1 if y € (0,00) \ {1}.
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A routine argument proves that w is strictly decreasing on (0, 00), so that
w(d—-t—x)/d—a—x))<w((d—-b—x)/d—a—x)) YO<x<d-—c.
It follows that, forany 0 < x <d — ¢,

d—a—x)P—d—-t—x)"F d=-b—x)P—d—-—a—-x)"P
d—t—x)!1"F—(d—-a—x)-F = d—a—x)!"P—(d—-b—x)1-F"

which implies
(d—a—x)P—d-1t-0)P)(d—a—x)""F —d-b-x)'7)
—(d=b-x)P-(@d-a-x)P)(d-t-0)"F-@d-a-x)'F)<0
forall 0 < x < d — c¢. A simple calculation then yields g’(x) < Oforall0 < x <d —c,
where

d—t—x)""P—d—-a—x)'P

d—a—0F_@_p_xrp 0Sr=d-c

g(x) =
This proves g(d — ¢) < g(0), namely (59), and thus concludes the proof. O

LemmaB.2 ForanyO0 < <1, u>0and0 <t <a<b<c<d,

@-0'"F—@d-a'Ptpa-n (-0'"F--a'F+pa-n

d—a)!=F —(d—=b)'""P 4 ub—a) - (c—a)'P —(c—D)'" P +pub-a’ (0
Proof Define
g&)=d—-b+sb—a)' P —(c—b+sb—a)'™? VYO<s<a.
By the mean value theorem, there exists 6 € (0, 1) such that
g(1) — g(0) = ¢'(0)
=(1-B)(d=b+0b-a) P —(c—b+60B—-a))b-a.
Since
d=b+0b—a)P—(c—b+o0b-—a)P<d—a)yP—(c-—a)?,
it follows that
g) —gO)<(1 =B (d—a)F —(c—a)F) (b —a),
which implies
1 (1=-p(d-a)f —(c—a)F) 1)

b—a da)P—@d=D)P—(c—a) P+ (c—b)F
Hence, by the estimate

d=—)P-(c—-9)P<@-a)P—Cc—a)y? YO<s<a,
we obtain

1 (1=B)(d =) = (c—)F)

b—a @ P—d—bFP—(c—a) Fre_pip O=F=a 6
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Integrating both sides of the above equation with respect to s from 7 to a yields

a—t (c—-D"P—(c—a)' P —d-0"P+U@d—-a)F
b—a (c—a)P—_(c—hIP_(d—a) Pt (d—blF

(63)

Let

A=d-0'""P-@d-a'F, B=d-a)'?—-w@-bn'"",
C=(c—0"P-c—a)', D=Cc—-a) P =@c-b'P~,
M:=pa—1), N:=pub-a).

Since Lemma B.1 implies AD > BC and (63) implies M(D — B) > N (C — A), we obtain
A+M)D+N) > B+N)C+M),

which proves (60). This completes the proof. O

LemmaB.3 Foranyl < <2and0 <t <a<b<cg,

c=0)¥P —(c—a)* P a—t
c—aP—(c—b>P “b_a

(64)

Proof By the mean value theorem, there exists 0 < 6 < 1 such that
c=a) P —(c=-bFP=2=B)(c—b+0b-a)'"F b-a),

and so

Q-Bc—a)F _< c—a )”* 1 1
c—a)B—(c=b)2F \c—b+060b-a) b—a b-—a’

Since
(c — a)lfﬂ > (¢ — s)lf/3 forall0 <s < a,
it follows that

C=B)c—9'"

C—a?F —(c—b2PF < b—a forall0 <s <a.

Hence, forany 0 <t < a,

“©Q-Ple—9'F “ 1
et PPt p=a

which implies (64). This completes the proof. O

LemmaB.4 If8 > —1and y > 1, then
k—1
Pk =0T < Cpy kPO Y (65)
j=1

forallk > 2.
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Proof A routine calculation gives

iB (ko — jo)V
Co < — L J.) — = Ci,
=Pk —(—x)°)"
forall2 < j <k—1and0 < x < 1, where Cp and C| are two positive constants depending
only on 8, y and . Hence,

k—1
Dt =)
j=1

k—1
< Cﬁ,y,g/‘ xP (k* —x”)iy dx
1
((k=1)/k)”
< Cﬁ,y,ak_ay+ﬁ+l/ S(l+ﬁ)/0’—1(1 _ S)—)/ ds

((k=1)/k)°
< Cpyok oV / sUHB/T=1(] _ ) g
0

< Cpy ok V(1 = ((k = 1)/0)°)' 7
< Cﬂyy’gk—rr)/+ﬂ+l+y—1

This proves the lemma. O
A trivial modification of the proof of Lemma B.4 yields the following estimate.

LemmaB.5 Iff > —land 1/2 <y < 1, then

k—1
Pk =) = Cpo(l — y) T kP or ! (66)
j=1

forallk > 2.
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