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Abstract

In this paper, a weak Galerkin finite element method is proposed and analyzed for one-
dimensional singularly perturbed convection—diffusion problems. This finite element scheme
features piecewise polynomials of degree k > 1 on interior of each element plus piecewise
constant on the node of each element. Our WG scheme is parameter-free and has competitive
number of unknowns since the interior unknowns can be eliminated efficiently from the
discrete linear system. An e-uniform error bound of O((N ~11n N)*) in the energy-like norm
is established on Shishkin mesh, where N is the number of elements. Finally, the numerical
experiments are carried out to confirm the theoretical results. Moreover, the numerical results
show that the present method has the optimal convergence rate of O(N ~*+D) in the L2-norm
and the superconvergence rates of O((N ~11n N)) in the discrete L*°-norm.
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1 Introduction

In this paper, we consider the following one-dimensional singularly perturbed convection—
diffusion problem
[ —eu”" +bu'+cu=f in2=(,1), (L)

u(0) =u(l) =0,

where 0 < ¢ < 1 is a small positive parameter, and b, ¢, f are sufficiently smooth functions
with the following properties

1 _
b(x) > by >0, c(x) >0, c(x)— Eb’(x) >co>0, Vxes2, (1.2)

for some constants bg and cp. This assumption guarantees that problem (1.1) has a unique
solution in H2(£2) N H} (2) for all f € L?(£2) [16,26].

It is well known that the exact solution of problem (1.1) typically has an exponential
boundary layer at x = 1, which cause difficulties for classical numerical methods. For
example, the standard finite element or finite difference method fails to produce an accurate
numerical solution unless the mesh size is comparable or smaller than the parameter ¢.

Layer-adapted meshes [9,13], such as Bakhvalov mesh and Shishkin mesh, have been
developed to remedy the difficulties caused by the boundary layers. As it is shown in [4],
on layer-adapted meshes one can use standard discretization techniques such as conforming
finite element method [16,26], but some small oscillations still appear in the discrete solution.
Additional stabilization is necessary to improve the situation. Over the past several decades,
many stabilized numerical methods such as the up-winding finite difference scheme [8],
the streamline-diffusion finite element method [10,11,17], variational multiscale method
[19], and the discontinuous Galerkin finite element method [5,6,14,18,23-25,27,30,31], have
been developed for the singularly perturbed convection—diffusion problem. Details of these
methods can be found in the classical book [15] and the references therein.

Recently, the WG finite element methods have attracted increasing attention. The WG
methods, first proposed and analyzed by Wang and Ye [20], provide a general finite element
technique for solving partial differential equations. In general, the WG scheme for PDEs by
replacing usual derivatives by weakly-defined derivatives in the corresponding weak form
with additional parameter-free stabilization term. The WG methods have been successfully
applications in the elliptic problems [20,28], the options pricing problem [29], the Stokes
equation [21], the Maxwell equations [12], the biharmonic equations [22], and etc.

Most recently, the WG methods demonstrate robust and stable discretizations for sin-
gularly perturbed problems (SPP). For example, a WG method with an upwinding-type
stabilization was presented and analyzed for the SPP with convection—diffusion type [7].
A Py-Py WG method was investigated in [1] for the SPP with reaction-diffusion type. The
WG method was also studied for the fourth order singularly perturbed problems [2]. But
the uniform convergence of the WG finite element method on layer-adapted mesh has not
been discussed so far. The main concern here is to investigate the uniform convergence of
the WG finite element scheme on a Shishkin mesh for one-dimensional singularly perturbed
convection—diffusion equations.

The outline of this paper is organized as follows. In Sect. 2, we introduce some prelimi-
naries and notations which will be used later. The formulation of WG finite element method
for the singularly perturbed convection—diffusion equation is presented in Sect. 3. The error
estimates of the proposed method are discussed in Sect. 4. Some numerical experiments are
displayed in Sect. 6. It aims to confirm our theoretical results and investigate some interesting
convergence phenomenons.
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In the following, C denotes generic positive constants independent of N and ¢, and their
value will not be the same in different inequalities.

2 Preliminary and Notations
2.1 The Shishkin Mesh

Let N be an even integer. Define the transition parameter
1 k+1
T =min| -, ielnN ,
2 by

where £ is the degree of polynomials in the finite element space which will be given later.

Then divide each of the subdomains £2; = [0, ] —t] and £2, = [1—1, 1]into N /2 equidistant

subintervals. Notice that ¢ << 1, here and below we take T = %8 In N. Now, we have

he, j=1,...,NJ2,
hf, j=N/2+1,....N,

x0=0,xj =Xj-1 +hj,hj ={
where
he =2(1—-1)/N, hy=2t/N.
It can be easily shown that

he=ON"Y, hy=0EN"InN).

Denote the mesh by /; = [x;_1,x;]for j=1,...,NandsetTy ={l;,j=1,..., N}.
For each interval /j € Ty, we define its outward unit normal ny; (x;) = 1 and ny, (xj—1) =
—1; if there is no confusion, instead of n; ; we simply write n.

2.2 Weak Function and Weak Derivative

On each interval /; = [x;_1, x;], a weak function on the interval I; refers to a function
v = {vg, vp} such that vy € L2(Ij) and v, € L*>(d1}), where 91; = {x;_1, x;}. That s, for

eachinterval I; € Ty, j =1,..., N, we have
Vo, in ]j,
V=
vp, onadl;.

Here vg can be understood as the value of v in (x;_1, x;), and v, represents the values of v
on the endpoints of /;. Denote by M(/;) the space of weak functions on [}, i.e.,

M(Ij) = {v = {vo, vp} : vo € L*(I}), vy € L®(D1})}.

The local Sobolev space H L j) can be embedded into the space M(I;) by the inclusion
map

im@) =l vlag). Yve H'(UI)).

Let PF(1 ;) be the set of polynomials defined on I; with degree no more than k. Denote
by P31 ) is the set of piecewise constants on d1;. For a given integer k > 1, we define a
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local WG finite element space My (/;) on each element /; € Ty as follows
My () = {v = {vo. v} : vol1, € PX(U)), vplar, € PO}

A global WG finite element space M y is then obtained by gluing all the local space My (1)
with common values on interior nodes. In other words, for any function v = {vg, vp} € My,
it means vol;; belongs to the polynomial space P¥ (I;) for j =1,..., N, and v, has a single
value on the nodes of the partition 7y .

Let M(z)v be the subspace of My consisting of discrete weak functions with vanishing
boundary values, i.e.,

M = {v = {vo, v} : v € My, vp(0) = v (1) = 0}. 2.1)
The weak derivative of a weak function v = {vg, vp} € My is defined as follows.

Definition 2.1 For any weak function v € My (I;), the weak derivative of v = {vo, vp} is
defined as the unique polynomial D, j;v € P¥~! (1)) satisfying

(D, 1;v. @)1, = — (0, g1, + (b qn)ar,. Vg € PX7H(I)). (2.2)

Here, we have used the notation

w0, = [ owwe

J

and

(. yn)or; == @(x))Y(xj) — @(xj—)Y (xj-1).

To approximate the convection term bu’ in the problem (1.1), we introduce a weak con-
vection derivative as follows.

Definition 2.2 For any weak function v € My (/;), the weak convection derivative of v =
{vo, vp} is defined as the unique polynomial Dg’ S P*(1 ;) satisfying

(Dfu,,jv,q)z_,- = —(v0. (bq)")1; + (vp. bgn)ar;. ¥q € PE(I)). (2.3)

The weak derivatives D,, and Dz on the finite element space My can be computed by
using the Eqgs. (2.2) and (2.3) respectively on each element /; € 7y. More precisely, it is
given by

(Dwv)l1; = Du,iy @), (Dyv)ly; = Dy, 1 lr), Vv e My,

3 The Weak Galerkin Finite Element Scheme
For simplicity, we adopt the following notations,
N N
(@, W7 =D (@, W)1s (@0 ¥)azy = Y {0, Vhay,-
j=1 j

Jj=1
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To describe our weak Galerkin finite element method, we need to introduce three bilinear
forms on My as follows: for any ¢ = {0, ¢p}, ¥ = {¥0, ¥»} € My, we define

A, V) := e(Dwg, Dy¥) 1y + (D2 + cgo, Yo) 7y »

N

Sale, ¥) =Y (0(90 — @v), Yo — Vi )as;»
j=1
N

Selp W) =D _(bny; (9o — @b), Yo — V), 1;»
j=1

where 01 1; = {x € 91; : b(x)nlj (x) > 0}, o is a penalty parameter given as follows:

aj:{l’ ifj=1,...,N/2,

N/InN, ifj=N/2+1,...,N. 3.1)

Remark 1 The value of o; is chose as o; = eh~! in most of existence works of WG finite
element method such as [20,28,29]. But e-uniform error estimates can’t be obtained by this
choice of 7.

With the above notations and definitions, the weak Galerkin finite element approximation
of the problem (1.1) is to find an approximate solution uy = {ug, up} € .M?v such that

B(un,vn) = (f.v0). Yoy = {vo, vp} € MY, (32)

where
B(p, ¥) := Alp, ¥) + Sa(p, ¥) + Sc(p, ¥). (3.3)
Let qb(j)"i, i =1,...,k+ 1 be the basis functions of piecewise polynomial space IP¥ (1 i)
Denote by P {xj,j =1,..., N — 1} the set of interior nodes of the mesh 7y. And let

¢p,j, j =0, ..., N be the nodal basis function of]P’O(SN),i.e.,fpb,j(xi) = §;j, where §;; = 1
if j =ielsed;; =0if j # i. Denote @, = {qbéyi,O} where m =i + (j — 1)(k + 1), with
i=1,...,k+1,j=1,...,N.Let @, ; = {0, ¢p ;} with j = 1,..., N — 1. Then the WG
finite element space ./\/19\, =span{®Po 1, ..., Po,k+1)N> Pb,1, - .. Pp,N—1}. Denote by

(Bo,0)ij = Bn(Po,j, Po,i).1,j=1,....,(k+ 1N,

(Bop)ij = BN (Pp,j, Poi),i=1,...,(k+1DN,j=1,...,N -1,

(Bp0)ij =Bn (Do, j, Ppi), j=1,....,k+1N,i=1,...,N -1,

(Bp.p)ij = BN(@p,j, Ppi), i, j=1,...,N—1,

Fi=(f,90,),j=1,...,(k+ 1N,

then the matrix form of the WG scheme (3.2) can be written as
Boo Bop) (Uo) _ (F
Byo Bpp) \Up 0/’

where Uy and U}, represent the vectors of degrees of freedom for u( and u;, respectively. We
can write the above system as

(Bb.b — Bb.0By 3 Bo.n)Us + ByoBy o F =0
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and
Uo = By o(F — Bo.sUp).

We emphasize that the inverse B, é can be computed on each element independently of
each other since the matrix By o is block-diagonal owing to the discontinuous nature of the
approximation space /\/l?V

Remark 2 Tt can be observed that the interior degrees of freedom Uy can be locally eliminated
in terms of the interface degrees of freedom U}, in practical implementation. This means that,
the linear system resulting from WG finite element methods only involves the degrees of
freedom on the skeleton of the mesh. Therefore, the degrees of freedom of the WG method is
comparable with conforming finite elements, and it is much less than the degrees of freedom of
the discontinuous Galerkin method. It is worth to point out that the procedure of elimination
of Up by U, is the so-called Schur complement technique in the domain decomposition
community, which can be used any dimensional problem.

3.1 Coercivity of the Bilinear form B(-, -)

We introduce an energy norm || - || in the finite element space My as follows: for all
v = {vo, vp} € My,

Ioll? = vl . + Iveovoll 7z 7, + V15, (3.4)

with the seminorm
If . = el Dwvllfa 7, ) + Sa(v, v),
N
wIf ==Y w; Vb — vp)*(x),
j=1
where
w; = 5 J=N,
J 1, j=1,...,N—1.
In addition, forv € My + HO1 (£2), define the discrete H' energy norm
Iol3 = IZ. + Iveovoll 72 7, + IVIF- (3.5)
with the seminorm
I3 = ellvgliga g, + Sav, v).

It is worth noting that a function v € Hol (£2) can be understood as a weak function {vg, vp}
with vo = v|;; and vy = v|yy; for any I; € Tj,.

The following lemma shows that the || - [|-norm and || - || o4 are equivalent in the WG finite
element space M(1)v-

Lemma 3.1 Forany vy = {vg, vp} € ./\/l?V there holds
Cillvnllm < llowll < Cubllow i,

where Cyp := max{Ceq, 1} with Ceq = max{\/z, V1 +2C}and Cy, :=1/Cyp.
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Proof For any vy = {vo, vp} € MY, it follows from the definition of weak derivative (2.1)
and integration by parts that

(Dwon, w)p; = Vg, w)r; = (vo = vp, wn)ar,;, Yw € PNIN), VI € Ty, (3.6)

Let w = Dyvy in (3.6), we have

(Dwvn, Dyon)1; = (vg, Dyon)1; — (vo — Vb, Dwvnn)ar;.
Using the Cauchy-Schwarz inequality and the trace inequality (4.3), we infer

||DwUN||2Lz(,j) = ||U(/)||L2(1j)||DwUN||L2(1j) + [lvo — Ub||L2(31j)||DwUN ||L2(a1j)
—-1/2
= (||U(/)||L2(1_,~) + C*hj / lvo — Ub||L2(a1_,))||DwUN ||L2(I_,~)-
Thus,
/ —1/2

||DwUN||L2(1_,-) = (||Uo||L2(1j) + C*hj llvo — Ub||L2(31j))~

Squaring this inequality and summing over /; € 7y yields

N
e1DuwN 727y < 21017273,y +C2 D eh lIvo = voll725,)-
j=1
Recalling (3.1), we have
-1

l_<C forj=1,...,N.
gj

Then, from the definition of Sy (-, -), we get

N N -1
§ : -1 2 § : J 2
gh] ”UO - vb”LZ(an) = o; : O‘ijO - Ub||L2(31j) < CSy(vy, UN)

j=1 j=1
As a result,
elDwoN 727, < 20001727, + CESa(0N VX))
Moreover,
lonlie < 261090727, + (1 +2C)Su(on, v,
which yields
[unlie < Ceqlonlse 3.7)

with Ceq = max{+/2, T+ 2C.}.

As to the lower bound, we choose w = v6 in (3.6) to obtain
(g, v)1; = (D, v 1; + (Vo — Vb, Von)ar; -
Using the Cauchy-Schwarz inequality and the trace inequality (4.3), we infer
2
||”6||L2(1j) < ||Dwv||L2(1j)||U6||L2(1,-) + llvo — vb||L2(31j)||Uf)||L2(alj)

—-1/2
< (IDwoN llp2qr;) + Cohy 2 Ilvo = vl 2o, IV 221,
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Thus,
||U6||L2(1 N = < (I Dy UN||L2(1 )+ C* ||U0 - Ub||L2(a1 ))
As a result,
eNvhIa r,) < 21 DN s r,, + C2Sa(on, vn)),
which yields

lonll3,e < 21 Duwonlifs gy, + (1 +2CHSa (N, vn) < Cgllvwlf -
Then, we arrive at
Cog IVllse < lvllne
which together with (3.7) yields
C;]1|UN|*,8 <lunlie < Ceq|UN|*,6o
From the definition of || - [|-norm and | - || o¢-norm, we observe that

Civllonlim = vl < Cubllvnv i,

with Cyp := max{Ceq, 1} and Cyp := 1/Cyp. The proof is completed. ]
Now we turn to the coercivity of the WG bilinear form B(-, -) with respect to the || - [|-norm
defined by (3.4).
Lemma 3.2 (Coercivity with respect to the || - [|-norm) The WG bilinear form defined by
(3.3) is coercive on M(I)V with respect to the || - ||-norm, i.e.,
B(ww,vw) = llowll®, Yoy € MY (3.8)

Proof Let vy = {vg, vp}, wy = {wg, wp} € /\/l?v It follows from (2.2) and integration by
parts that
(Dhvn, wo)zy = —(v0, (bwo) )z, + (b, bnwo)azy
= (bvg, wo) 7y — (bn(vo — vb), WO)aTy - (3.9)

Since v, and wy, are single value at the interior nodes of 7y and vanish at the boundaries
nodes of 7y, we have

N
(bnvp, wp)ay = Z (bvpwp) (xj) — (bvpwy)(xj—1)]
j=1

= (bvpwp)(1) — (bvpwyp)(0) =0,

whence we infer from (2.2) that

(Db wi, vo) 7y = —(wo, (bvo) )7y, + (wp, bnvo)ary
= —(wo, (bvo)) 7y + (wp, bn(vo — vp))aTy - (3.10)

Summing (3.9) and (3.10), and let vy = wy, we obtain

1 1
(D vy, vo) Ty = =5 ®'vo, vo) 7y — 2 {bn(uo = vp), v0 — Vb oy (3.11)
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By a simple manipulation, we have

1
Se(wn, v) = 3 (bn(wo = vp), vo = vy, = lu 3,

which together with (3.11) yields

(DY vy + cvo, vo) 7y + Se(vn, vy) = ((c — %b’)vo, vo) 7y, + lvn ]
= IVeovoll a7y, + 1on3 (3.12)
Owing to the definition of B(-, -) and (3.12), we obtain, for any vy € /\/l?v,
By, vn) = e(Vuuw, Vuon) +San, vw) + IVeovoll 3o, ) + lowlf = llow 1.
(3.13)

The proof is completed. O

As a consequent of Lemma 3.1 and Lemma 3.2, the WG bilinear form By, (-, -) also has the
coercivity with respect to the || - || o¢-norm defined by (3.5).

Lemma 3.3 (Coercivity with respect to the || - || aqnorm) The WG bilinear form defined by
(3.3) is coercive on M(])\, with respect to the || - || m-norm, i.e.,

2 0
B(vy,vn) = Cllovlling, Yoy € My.

3.2 Interpolation Operator

Usually, the locally defined L? projections on each element and its boundaries are used
for the error analysis of WG finite element method in all existence references such as [20,
28,29]. Unfortunately, the interpolation error bound of L? projection is not g-uniform on
Shishkin mesh because of its anisotropic property. So in our analysis we will adopt a special
interpolation introduced in [19].

Oneachelement I; € Ty with I; = [x;_1, x;], we define the set of K+ 1 nodal functionals

No(v) = v(xj—1), Nr(v) =v(x;), (3.14)

N,(v):h;’/ x—xj-Dwydx, I=1,...,k—1. (3.15)
[.

J

Now a local interpolation Z : H La i) = Pk(1 j) is defined by
Ni(Zv—-v)=0, [=0,1,...,k, (3.16)

which can be extended to a continuous global interpolation Zv.

Obviously, Zv|;; is continuous on /; and belongs to H (1 ). Then, the weak function
{(Zv)| 1, @V)lar; }, still denoted by Zv for simplicity, belongs to the local WG finite element
space My (1;).

Lemma 3.4 (Commutativity of 7) Let Z be the interpolation operator defined by (3.16). Then,
on each element I; € Ty, we have

Dy,(Zv) = (Zv), Vve H'(I)).
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Proof 1t follows from the definition of weak derivative (2.1) that for any w € P*~1(J i)
(Dy(Zv), w); = —(Zv, w')y; + (Zv, wn)yy,.

Applying integration by parts to the first term on the right hand side of the above equation
leads to the assertion. O

3.3 Error Equation

The WG finite element scheme (3.2) is not consistent in the sense that for the solution u of
problem (1.1), one doesn’t have By (4, vy) = (f, vg) for some vy = {vg, vp} € M?V. Asa
result of the inconsistency, the usual orthogonality property for the conforming Galerkin finite
element methods doesn’t hold true for the weak Galerkin method; i.e., By (# —un, vy) # 0
for some vy = {vg, vp} € M?V. In this subsection, we will derive an error equation which
will be used in error analysis.

Lemma 3.5 Let u be the solution of the problem (1.1). Then for vy = {vg, vp} € M?v, there
holds

—e(”, vo)1y = e(Dw(Zu), Dyon) 1y — E1(1, VN). (3.17)
where
E1(u, vy) = e(u’ — (Zu)', (vo — vp)n) 7y - (3.18)

Proof Let vy = {vg, vp} € M?v. We infer from Lemma 3.4 that D,,(Zu) = (Zu)’, which
yields

(Dy(Zu), Dyon)1; = ((Zu)', Dyvn)r;, Vi € Ty. (3.19)
Then, it follows the definition of the weak derivative (2.1) and integration by parts that

((Zw)', DyvN)1,

_(UO, (II/{)//)]I. + ('Uhn, (II/{)/);)]I.
((Zw)', v)1; — ((Zw)', (vo — vp)n)ar; - (3.20)

The definition of Z and integration by parts implies

((u —Zu)', v, = —(u — Tu, vy) 1, + (u — Zu, von)ar, =0,

thus
((Tw), vo) 1, = (W', vo)1;,
which together with (3.19) and (3.20), leads to
(Dy (Zu), Dyon) i, = W', vp) 1, — ((Zu)', (vo — vp)n)ar;.

Summing the above equation over all element /; € 7y, we obtain

(Dy (Zu), Dyon) 1y = W', v9) 73 — ((Z1)', (V0 — VB)N) 3Ty, - (3.21)
Integration by parts shows that

—(I/l”, 'U())]j = (M/, U(/))Ij - <l’t/a v0n>31j
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Summing the above equation over all element /; € 7y, and recalling the fact
N
> ' ven)ar; =0,
j=1
we obtain
—", o)z, = W', vp) 7y — (W', (vo — vp)n)aTy,
which combining with (3.21) yields the assertion (3.17). ]

Lemma 3.6 Let u be the solution of the problem (1.1). Then for vy = {vg, vp} € M?v, there
holds

(bu', vo) 7y = (D} (Tu), v0) 73, — E2ut, VN), (3.22)
where
E(u, vy) = ( — Tu, (bvo) )7y - (3.23)
Proof 1t follows from the definition of the weak convection derivative (2.2) that
(DZ(ZM), vo)7y = —(Zu, (bvo)/)TN + (Zu, bnvo) sy - (3.24)

Integration by parts shows that
(bu',vo) 1y = —(u, (bvo) )7y + (U, bnvo)szy
which together with (3.24) and recalling the fact Zu = u on 91; yields the assertion (3.22).0

Lemma 3.7 (Error equation) Let u and uy € /\/l?v be the solutions of problem (1.1) and
(3.2), respectively. Then, for any vy € M?v, there holds

B(Zu —uy,vy) = E(u, vy), (3.25)
where
E(u,vy) = E1(u,vy) + Eu, vy) + E(u, vy). (3.26)

Here E\(u, vy) and E3(u, vy) are defined by (3.18) and (3.23) respectively, and E3(u, vy)
is given as

&, vy) = (c(Tu —u), vo) 7y - (3.27)
Proof Testing (1.1) by vy = {vo, vy} € MY, we arrive at
—e(", vo)1yy + (b, vo) 73y + (cu, vo)7yy = (f, v0)7y-
Plugging (3.17) and (3.22) into the above equation yields
AZu, vy) = (f,vo)7y + EW, vn).

Since Zu is continuous in £2, with the aid of the definitions of S.(-,-) and S;(-, ), we
conclude

Se(Zu,vy) =0, S4(Zu,vy) =0.
Thus,

B(Zu,vy) = (f,vo)zy + E(u, vN). (3.28)
Subtracting (3.2) from (3.28) yields the error equation (3.25). The proof is completed. O
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4 Error Analysis on a Shishkin Mesh

In this section, we will provide a e-uniform error estimate for the error u — uy in the || - || p¢-
norm defined by (3.5). The error analysis relies on a layer-adapted mesh — the Shishkin
mesh, S-decomposition and a priori estimate of the exact solution of (1.1) and a special
interpolation introduced in [19]. In the following analysis, we will assume ¢ < N~! which
is realistic for singularly perturbed problem.

The following trace inequality and inverse inequality from [3] will be used frequently in
our analysis:

101172057, < ctr(hflnvuiz(,.) ol ll2g,y), Yoe HUp, @D
llviy ||L2(BI 5 < Cinvh; ||UN||L2(1 ), Yun € P* ), (4.2)
lovllzrr) < Cih; ”UN”LP(I ), Y1 < p<oo,Vuy e P(I)), 4.3)

where Cy, Ciny and C, are positive constants, and independent of both /; and /.

The following statements present a decomposition of the exact solution u of problem
(1.1) into a sum of a smooth part and a layer part, which is necessary to the e-uniform error
estimates of numerical methods for singularly perturbed problems [8].

Lemma 4.1 (S-decomposition) [15] Let g be some positive integer. Consider the problem
(1.1) with the assumption of (1.2). The exact solution u can be composed as u = ug + ug,
where the smooth part us and the layer part ug satisfies

—8u/5/ + bu/S +cus = f,
—euy, + buly + cug =0,

and

Wl ol < C, w0l < Celexp(=bo(1 —x)/e) for0<1<gq. 4.4)

The following lemma shows the approximation properties of the interpolation operator 7
defined by (3.16).

Lemma4.2 [19] For any element 1; € Ty with I; = [x;_1,x;] and v € Hk+l(1j), the
interpolation Tv defined by (3.16) has the following approximation properties:

|v—Iv|H1(,)<Ch+ |u|Hk+1(,j), 1=0,1,...,k+1, 4.5)

||U—IU||L00(]j) < C//lj |U|Wk+l,oc(1‘/,), (4.6)
where C is independent of hj and ¢.

From Lemmas 4.1 and 4.2, we have the following interpolation error estimates on the
Shishkin mesh 7y.

Lemma 4.3 [19,31] Let the exact solution u = us + ug of the problem (1.1) can be decom-
posed into a smooth and layer part, respectively. Denote Tus and Zufg by the interpolations
us and ug on a Shishkin mesh, respectively. Assume € In N < bo/2(k 4+ 1). Then, we have
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Tu = Tus + Zug and the estimates

lu — Zull (@) < CN~ED, (4.72)

lu — Zull L@y < C(N~'In NYHL (4.7b)

s —Zus)Pll 20y < CN'TEFD 1=0,... &, (4.7¢)

lug —Tugl 2, < Ce'2 (N~ In NF, (4.7d)

N7N@up) 2, + ITuel 2, < Ce?+ NT2NTED - @.7e)
luglloy + &2 luelzg, < CNTED, (4.7f)
g2, < Cem ' /ANTEHD, “.72)

Lemma 4.4 Assume u € H*T1(2). Under the conditions of Lemma 4.3, there holds
lue = Zup)Pl2, < Ce'PINTED,
lug —Tup) Pl 20, < Ce/*7H (N InNYFHIT
withl =1, 2.
Proof Owing to the triangle inequality and (4.7e) and (4.7g) of Lemma 4.3,
l(we —Tup) 1200, < gl + 1@ue) l2@g) < Ce V2N—FD,
As the same procedure, and using the inverse inequality, we get
(g —IME)N||L2(.Q]) = ||u/é ||L2(Q]) + CN”(IME)/”LQ(Q,)
< Ce 21+ (eN)? + (eN)*IN~KHD
< Ce 32N~ Kk+D),

Due to (4.5) of Lemma 4.2 and (4.4), we obtain, for/ =1, 2,

2
Z ”(ME - IME)(I) ||L2(1j)
I;C82

Z Chi(k-ﬁ-l—l) “ugﬂ)
I;C8

e = Zup) V132,

IA

1%,
L2(1j)

IA

1
Chyrth. / g 72040 exp(—2bo (1 — x)/&)dx

1-7

< C8172l (Nfl In N)Z(k“rl*l).
The proof is completed. O

Lemma 4.5 Assume u € H*1(2). Let oj is given by (3.1). Under the conditions of Lemma
4.3, there holds

1/2
N - /

e

D=l =Tw 2, ¢ < CWN~'InN)-
O J

j=1"

Proof To simplify notation in the proof, let ns := us — Zug and ng := ug — Zu g denote the

interpolation errors of u g and u g, respectively. Then, the total interpolation error  := u —Zu

can be written as n = ns + NE.
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By the triangle inequality, we have

Z |In 1201, < 22 (||77s||L2(dI )+ e 2g,)- (4.8)

j= l

Owing to the trace inequality (4.1),
1051721, < Corlhy sl + sz 1§l 2.
then, by (4.5) of Lemma 4.2, we arrive at

N 1 N

2
£ 2 £ 1 2
E ;j"n&|lL2(al_f) < Cy E ;j(h-/ ”77:9”L2(1_,-) + ||’I/5||L2(1j)||Ug||L2(1j))
j=1 j=1

2 2 2
E C(S N||7719||L2(Q]) + 8”77/5'”[,2((_)2)
+ 52||'7/s||L2(91)||’7§||L2(.Ql) +&’N" ' N||’7/5||L2(91)||77§||L2(91))

< CeN™%, (4.9)

where éeN < land eIn N < 1 are used.
Using the trace inequality (4.1) again, we have
||775||L2(31 N = Ctr(h ”'719”3‘2(11-) + ||'7/E||L2(1_,-)||77%||L2(1j))-

As a result,

N N

2

& -1 2
E ||775||L2(31 y = < Cy E ;(hj ||77;9||L2(1j) + ”'799||L2(1/)||’7%||L2(1j))
j= I j=1 "7

< CE@Nlngljago,, + el g,)
+ C<92(||77;;||L2(91)||77/é 22 + N~'In Nlng ||L2(92)||77% l22(2,))-
Then, it follows from Lemma 4.4 that

N g2
Z IInEIILz(a, ) < Cle + N"HN~FD 4 (v vy,
=1 °
which combining with (4.8) and (4.9) yields
N 82
D I Mgy, = Cle + NTHNTH 4+ (N n N,
="
Thus,
N 1/2
E 2 -1 k
27”77”112(31.) EC(N th) .
— O'j J
j=1
The proof is completed. O

Lemma4.6 Let u € H*1(2) solve the problem (1.1) and o} is given by (3.1). Then, for
uN € M(,)v, there holds

1€, vp)| < C(N~ I N)YFluy [l ag, (4.10)
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where C is independent of N and e.

Proof Tt follows from the Cauchy-Schwarz inequality and Lemma 4.5 that

N
€1, v)| < Y el = (Tw)', (vo — vp)n)ar,|
j=1

N
<D el —Tw) 21, lv0 = vbll 21
j=l1

e 12 ¢y 1/2
<12 = Tw) I, D aillvo = wlga,,

j=1"7 j=1
< C(N"'In NYFSY (o, ). A.11)

From (3.23) and (3.27), we observe that

Ex(u, vn) + E3(u, vn) = (u — Zu, bvy) + (u — Zu, (b' — c)vy)
=T+ 1.

With the aid of the Cauchy-Schwarz inequality and the estimates (4.7a), (4.7b) of Lemma
4.3, we have

|T1| < C[llu — Iu||L°°(S?1)||U6||L1(Q]) + |lu —Iu||L°°(Qz) ||U(/)||L1(92)]
< CIN" vyl pigg,y + N In N gl 11 g,)]

On £21, the inverse inequality implies

ool L1,y < CNIvoll L@,y < CNIS211Y 1ol 2,y < CNIun g,
while on £2, the Cauchy-Schwarz inequality gives

Il 2y < VTIvoll 22, < CAn N2 flun ]l
As a result,
ITi] < CIN " + N1 n N)>2 - (N1 in N)¥Tow v
< CIN"'InN) oy [l . (4.12)

where we use the fact N~ !(In N)3/% < 1.
From (4.15) we observe that

lu — Zull 2y < CN~HD.
Hence, T can be bounded by
IT] < Cllu = Tull 2@y llvoll 22y < CNTCF oy,
which together with (4.11) and (4.12) completed the proof. ]

Theorem 4.1 Let u solve the problem (1.1) anduy € M(,{, be the WG finite element solution
of (3.2) calculated on Shishkin mesh Ty. Then, there holds

IZu — unlipm < C(N~'In N)K,

where C is independent of N and .
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Proof Let & := Zu — uy. Owing to Lemma 3.3,

CivlE 5 < BE.§) 4.13)
Taking vy = £ in the error equation (3.25) leads to
B(.§) =&, §).
It follows from Lemma 4.6 that
B € < CIN "' In )Y€l

which together with (4.13) complete the proof. O

Theorem 4.2 Assume u € H*t1(§2) and J/&(In N < C. Under the conditions of Lemma
4.3, there holds

le = Zulp < N~ In N,
where C is independent of N and ¢.

Proof Let n = u — Zu. Since 7 is continuous in £2, we have ||y = 0 and S;(n, n) = 0.
Then,

1715 = elln'172q) + collnll}a g, 4.14)

Applying the estimates (4.7¢)—(4.7f) of Lemma 4.3 and the Cauchy-Schwarz inequality, we
obtain

lu —Zullp2o) < lus — Zusl2oy + e — Zupl 20,
+ lluel2e) + I1Zuell2g)
< CN—(k+1)[1 + 81/2(11'1 N)k+1 + 81/2 + N—l/2]
< CN—(k+1)[1 + 81/2(11'1 N)k+1]
< CN~*FD, (4.15)
Due to Lemma 4.4, we obtain
e = Zup) I g, < Ce~ (V" In N,
g = Zup) 175 q,, < Ce'N72EFD,
which together with (4.7¢) of Lemma 4.3 yields
ell —Zu)' |72, < elltus — Tus) |72, + €l e = Tup)' 72 g,
2
+ 8”(”E _IME) ||L2(_(22)
< CleN~%* 4 (N"'In N)?F 4 N~2K+D)
< C(eN~* 4 (N"'In Ny 4 N725FD) (4.16)
Combining (4.14), (4.15), and (4.16) leads to
le = Zullape < C(N~'In N,

which completes the proof. O
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Using the triangle inequality and the results of Theorems 4.2 and 4.1, we arrive at the
following statements.

Theorem 4.3 Let u € H*'(Q2) and uy € ./\/l(l)V solve the problem (1.1) and (3.2), respec-
tively. Then, there holds

lu —unlpm < C(N""n N,

where C is independent of N and .

5 Numerical Experiments

In this section, we carried out some numerical experiments to verify our theoretical findings
in previous section. The Shishkin mesh with N elements is called mesh N. Let ey denote
the error of the approximate solution computed on the mesh N. Then the approximate order
of convergence, i.e., order(2N), is computed by

In
order(2N) .= (en/ean) .
In(2In(N)/In(2N))
Firstly, we confirm the convergence rate of the errors between the exact solution u and the
WG finite element solution uy = {ug, up} computed by (3.2) measured in the || - || po4-norm

defined by (3.5). Furthermore, we investigate the convergence properties of the error u — u
measured in the L?-norm defined by

1/2

N
- _ 2
lu = woll 2z =y Dl —wolljagy
Jj=1

and the discrete L°°-norm given by
u— up|l e = max |u(x;) — up(xj)|.
I bllLe(Ty) O<j<N| (x;) p(x))|

Example 1 Consider the following convection—diffusion problem

—eu"+Q2—x)'+u=f in(0,1),
u(0) =u(l) =0,

with the right-hand side f chosen such that

) 1 ef(lfx)/s _ e*l/a
M(x) = Sin (Eﬂx) — W

is the exact solution, which has a boundary layer with the width O(eIn %) at the outflow
boundary x = 1.

Table 1 displays the history of convergence of the WG finite element method for Example
1. They are clear illustrations of the k-th order convergence rate in the energy-like norm
(3.5), which is agree with the theoretical result of Theorem 4.3. The errors |u — un || rm,
lu—uoll 27y and [lu—up|| Lo (7 for Example 1 withe = 10~ are plotted on log-log scales
in Fig. 1. It is observed that the rate of convergence in the || - || o¢-norm is O((N~'In N)¥),
which verifies the theoretical findings in Theorem 4.3. Fig. 1 indicates that our WG finite
element scheme (3.2) has the optimal convergence rates of O(N ~**+1) in the LZ-norm and
the super-convergence rate of O((N ! In N)?¥) in the discrete L>°-norm.
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Table 1 History of convergence of the WG method, under the norm || - [ o4

¢ =1.0E-03 ¢ = 1.0E-05 ¢ = 1.0E-07
k N ll — upnll pmqg Order lle — upnll amqg Order lle — unll A Order
1 8 3.0536E—-01 - 3.0522E-01 - 3.0522E—-01 -
16 2.1181E-01 0.90 2.1179E-01 0.90 2.1179E-01 0.90
32 1.3588E—01 0.94 1.3587E—01 0.94 1.3587E—01 0.94
64 8.2684E—02 0.97 8.2683E—02 0.97 8.2683E—02 0.97
128 4.8578E—02 0.99 4.8577E—-02 0.99 4.8577E—-02 0.99
256 2.7858E—02 0.99 2.7858E—02 0.99 2.7858E—02 0.99
512 1.5698E—02 1.00 1.5698E—02 1.00 1.5698E—02 1.00
2 8 9.3756E—02 - 9.3752E—-02 - 9.3752E—-02 -
16 4.5808E—02 1.77 4.5809E—02 1.77 4.5809E—02 1.77
32 1.8928E—02 1.88 1.8928E—02 1.88 1.8928E—02 1.88
64 7.0095E—03 1.94 7.0096E—03 1.94 7.0096E—03 1.94
128 2.4172E-03 1.98 2.4172E-03 1.98 2.4172E-03 1.98
256 7.9420E—-04 1.99 7.9421E—-04 1.99 7.9421E—-04 1.99
512 2.5204E—04 1.99 2.5204E—04 1.99 2.5204E—04 1.99
3 8 2.8937E—02 - 2.8939E—-02 - 2.8939E—-02 -
16 1.0029E—02 2.61 1.0030E—03 2.61 1.0030E—02 2.61
32 2.6862E—03 2.80 2.6863E—03 2.80 2.6863E—03 2.80
64 6.0721E—-04 291 6.0721E—-04 291 6.0721E—04 291
128 1.2303E—-04 2.96 1.2303E—-04 2.96 1.2303E—-04 2.96
256 2.3168E—05 2.98 2.3168E—05 2.98 2.3253E-05 2.98
512 4.1406E—06 2.99 4.1411E—-06 2.99 4.6166E—06 2.81
102 10°

5 B
£ E o
u u 10
g g
S e [~e-lugl, =
el 10
Ilu-ugl, 2 Ilu-ugfl, 2
10 —Oo(N"InN)") " ——O((N""In N)?)
——0O((N"'InN)?) 10° ——O((N""In N)*)
on?) on?)
10 1072
10° 102 107" 10° 107 1072 107 10°
log(N) log(N)
(a) P! element (b) P2 element

Fig. 1 Example 1. Convergence curve of error with & = 10~9. a For P! element, and b for P2 element

Example 2 Consider the following convection—diffusion problem

—eu” + (A +x)u' + 2+ x)u =4sin(rx) 1in (0, 1),
u(0) =u(l) =0.
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Table 2 History of convergence of the WG method, under the norm || - || o4

& = 1.0E—03 e = 1.0E—05 & = 1.0E-07
k N lley —uan Il Aq Order luy —uan Il Aq Order lluy —uan Il Amq Order
1 8 3.3932E—-01 - 3.3950E—01 - 3.3950E—-01 -
16 2.6021E—01 0.65 2.6029E—-01 0.66 2.6029E—-01 0.66
32 1.7385E—01 0.86 1.7388E—01 0.86 1.7388E—01 0.86
64 1.0600E—01 0.97 1.0602E—01 0.97 1.0602E—01 0.97
128 6.1573E—02 1.01 6.1581E—02 1.01 6.1582E—02 1.01
256 3.4891E—02 1.01 3.4895E—02 1.02 3.4895E—02 1.02
512 1.9488E—02 1.01 1.9491E—02 1.01 1.9491E—02 1.01
2 8 2.0186E—01 - 2.0186E—01 - 2.0186E—01 -
16 1.1525E—-01 1.38 1.1522E—-01 1.38 1.1522E-01 1.38
32 5.1769E—02 1.70 5.1742E—-02 1.70 5.1742E-02 1.70
64 1.9708E—02 1.89 1.9696E—02 1.89 1.9696E—02 1.89
128 6.8107E—03 1.97 6.8061E—03 1.97 6.8061E—03 1.97
256 2.2270E—03 2.00 2.2255E-03 2.00 2.2254E—-03 2.00
512 7.0333E—04 2.00 7.0284E—04 2.00 7.0283E—04 2.00
3 8 1.1006E—01 - 1.1001E-01 - 1.1001E-01 -
16 4.8045E—02 2.04 4.7999E—-02 2.05 4.7998E—02 2.05
32 1.5015E—02 2.47 1.4994E—02 2.48 1.4994E—-02 2.48
64 3.6572E—03 2.76 3.6512E—03 2.77 3.6512E-03 2.77
128 7.6146E—04 291 7.6014E—04 291 7.6005E—04 291
256 1.4446E—04 2.97 1.4421E—04 2.97 1.4412E—04 2.97
512 2.5850E—05 2.99 2.5809E—05 2.99 3.4582E—05 2.48

The exact solution of this test problem is unknown. Therefore, we use the following variant
of the double mesh principle to estimate the errors. Compute

ey = lluy —uan |7y,

where || - || 7, refers one of the three norm || - [|aq, || - |72 and || - [z, and upy is the
WG solution obtained on a mesh containing the mesh points of the original Shishkin mesh
7y and its midpoints x; = (x; +x;4+1)/2,j=0,1,..., N — L.

For different ¢ = 107!, 1072, 1073, the numerical solutions of Example 2 computed by
the WG scheme (3.2) with P! element on Shishkin meshes of N = 32 elements are displayed
in Fig. 2. It can be observed that there is a boundary layer near x = 1 for small ¢.

We show the history of convergence of the WG finite element method for Example 2 in
Table 2. The errors |lu — unlim, lu — uollp2(7y,) and [lu — up || Loo(7y) for Example 2 with
e = 107 are plotted on log-log scales in Fig. 3. From Table 2 and Fig. 3, we observe the
same convergence behavior as in Example 1.
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1 T T T T
—8— epsilon=1.0e-1
09 |—o— epsilon=1.0e-2
—&— epsilon=1.0e-3

0.7

0.6

0.4+

0.3

02r

0¢ I I I I I I ! I I ®

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
X

Fig. ]2 Exgmple 32. The WG solution computed by P! element with N = 32 and different ¢ =
107,107, 10~

102 10°
100 102
104
= 102 =
e 1Y
iy [T
e : g
2 4 —oelluuyll, 2 ) o lluuyll,
e (|l 108 e e fluull
P llu-ugll 2 Pat llu-u, i 2
10 il ——Oo(N"InN)") o ——Oo(N"InNY)
- —— oI NY) 107 - —— (NI N)*)
P oN?) oN?d)
10°® 10712
10° 102 107! 10° 10° 102 107 10°
log(N) log(N)
(a) P! element (b) P2 element

Fig.3 Example 2. Convergence curve of error with & = 10~9. a For P! element, and b for P2 element

6 Conclusion

In this article, a WG finite element method is presented and analyzed for the one-dimensional
singularly perturbed problem of convection—diffusion type. To obtain e-independent error
estimate, a special stabilization term is proposed for the discretization of the diffusion term.
Optimal and uniformly convergent error estimates in the energy-like norm of the present
method is proved on the Shishkin mesh for any high order element. In the view of implemen-
tation, the presented WG finite element method and the technique of elimination of interior
unknowns can be extended to two-dimensional singularly perturbed problem of convection—
diffusion type. Using our error analysis approach, it is not hard to prove optimal and uniformly
convergent error estimates in the energy-like norm of our presented method with linear ele-
ment on Shishkin meshes. As for the uniform convergence of high order element case, the
main difficulty is to construct a special type of interpolation satisfying two following condi-
tions: (1) its interpolation error is uniformly convergent on Shishkin meshes; (2) it is suitable
for the analysis of the WG finite element method. We will investigate this topic in future
work.
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