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Abstract

In this paper, we shall establish the superconvergence property of the Runge—Kutta discontin-
uous Galerkin (RKDG) method for solving a linear constant-coefficient hyperbolic equation.
The RKDG method is made of the discontinuous Galerkin (DG) scheme with upwind-biased
numerical fluxes coupled with the explicit Runge—Kutta algorithm of arbitrary orders and
stages. Superconvergence results for the numerical flux, cell averages as well as the solution
and derivative at some special points are shown, which are based on a systematical study
of the L2-norm stability for the RKDG method and the incomplete correction techniques
for the well-defined reference functions at each time stage. The result demonstrates that the
superconvergence property of the semi-discrete DG method is preserved, and the optimal
order in time is provided under the smoothness assumption that is independent of the number
of stages. As a byproduct of the above superconvergence study, the expected order of the
post-processed solution is obtained when a special initial solution is used. Some numerical
experiments are also given.

Keywords Hyperbolic equation - Runge—Kutta discontinuous Galerkin method - L?-norm
stability - Superconvergence - Post-processing

1 Introduction

In this paper, we shall study the superconvergence property of the explicit Runge—Kutta
discontinuous Galerkin (RKDG) method with the upwind-biased numerical flux for solving
the linear hyperbolic equation

U +BU,=0, xel=(,1), te(0,T], (1.1)
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equipped with the initial solution U (x,0) = Up(x) and the periodic boundary condition.
Here T > 0 is the final time. For simplicity, we assume in this paper that 8 is a positive
constant. We remark that there is no essential difficulty to extend the above context to multi-
dimensional problems and to variable-coefficient linear problems.

The discontinuous Galerkin (DG) method was first introduced by Reed and Hill [31], and
then developed by Cockburn etal. [15,16,18-20] in the framework of explicit RKDG methods
for solving time-dependent nonlinear hyperbolic conservation laws. Due to its flexibility in
implementation and good numerical performance, especially on high order accuracy for
smooth solutions and high resolution for discontinuities, this method has attracted increased
attention in recent years. For more details, one can refer to [13,21] and the references therein.
However, in contrast to its wide applications, theoretical results are not plenty. Even when
restricted to linear hyperbolic equations, many theoretical works have mainly been carried out
for the semi-discrete DG method, for example, the stability and optimal error estimate [14,28,
33], the superconvergence analysis [2-5,7,9,10,25,39], and the post-processing [17,26,32].
In this paper, we continue the work in [37,38] and investigate superconvergence properties
of RKDG methods with arbitrary orders and stages, when solving the model problem (1.1).
Superconvergence orders in space, together with the optimal order in time, will be shown for
the numerical flux, the cell average, as well as the solution and derivative at some discrete
points.

To achieve the above goals, we have to address two key points. One is the L?-norm
stability analysis for the fully-discrete RKDG method. It is well known that this cannot
be directly obtained under the strong stability preserving (SSP) framework [24], since the
DG method combined with forward Euler time-marching is not stable under the standard
CFL condition for piecewise linear or higher degree polynomials. Hence we need to find
another way to recover the stability performance in theory. In [40,41], Zhang and Shu have
derived the optimal error estimate for the second order and third order RKDG methods
when solving the sufficiently smooth solution of nonlinear conservation laws. The L?-norm
stability is implicitly presented in [40,41] for the linear hyperbolic equation. Recently, Xu
et al. [38] have proposed an analysis framework of L2-norm stability for linear hyperbolic
equations, and have made a classification on the different stability performance for many
RKDG methods of time order up to twelve. Specially, it is proved theoretically that the four
stage fourth order RKDG method is actually stable under the standard CFL condition. The
main technique is to rewrite the RKDG scheme into an equivalent representation by using the
temporal differences of the stage solutions, and then carry out a matrix transferring process
with the aid of computer, in order to automatically obtain a delicate energy equation that can
essentially reveal the stability mechanism of the higher order RKDG method. Similar work
has also been given by Sun and Shu [35] for the Runge—Kutta algorithms to solve ordinary
differential equations with semi-negative operators. After that, the authors [37] have found
the relationship between the multiple-steps and the single-step time-marching, which allows
us to avoid a detailed computer-aided calculation on the evolution vector. Hence the matrix
transferring process for multiple-step time-marching is not necessary to be carried out.

Another key point is how to define the reference functions [37,40,41] and the technique
of correction functions [2,7] at each time stage. The purpose of this paper is to verify in
theory that the time discretization does not destroy the superconvergence performance. To
this purpose, we have to overcome two technical difficulties. One is the definition of reference
functions at every time stage, under the almost same regularity assumption as that in the semi-
discrete method. This issue has been addressed in [37], where the optimal error estimate is
obtained for the fourth order RKDG method and the additional regularity assumption solely
depends on the time order, independent of the number of stages. The basic idea is the cutting
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treatment on the original reference functions proposed in [40,41]. The other is the definition
of the correction function without too much regularity requirement on the exact solution. To
that end, we propose in this paper an incomplete correction technique for the above reference
functions.

It is worthy mentioning that the technique of correction functions is important in the
development of superconvergence analysis for DG methods. Below we recall some impor-
tant works related to this issue, mainly restricted to the semi-discrete DG method for one
dimensional problems. Cheng and Shu [10] proved the (k + 3/2)th order supraconvergence
between the numerical solution and a particular projection of the exact solution for the linear
hyperbolic equation, and then Meng et al. [29] extended this result to the nonlinear con-
servation law if the flow speed keeps its sign. Here and below k is the degree of piecewise
polynomials. The word supraconvergence is used to mean the supercloseness of the numer-
ical solution and a special function in the finite element space, in order to distinguish with
the word superconvergence. For the linear hyperbolic equation, Yang and Shu [39] improved
the work of [10] and proved the (k 4 2)th order superconvergence at the downwind-biased
Radau points with a suitable initial discretization, when the purely upwind numerical flux is
used. As a milestone in this issue, Cao et al. [7] firstly adopted the technique of correction
functions for the linear hyperbolic equation and proved the (2k + 1)th order supraconver-
gence of the numerical solution towards a particular function in the finite element space. As
an application of this technique, the superconvergence results with respect to the cell average,
the numerical flux, the solution at the right Radau points, and the derivative at the left Radau
points were established in a uniform framework. After that, this correction technique has
been implemented to many problems; see [2—6] for an incomplete list of references.

In this paper we shall investigate the superconvergence property for the fully discrete
RKDG method. Although the technique of correction functions is inherited from [2,7] for
the semi-discrete DG method, some improvements are achieved on several issues. Firstly,
we make a minor modification to the definition of correction functions, such that the super-
convergence property can be correctly reduced for the non-uniform mesh and upwind-biased
parameter. Secondly, the smoothness requirement on the exact solution is weakened, with
the help of the Bramble-Hilbert lemma, instead of the Legendre expansion. In this paper, we
only require the initial solution and its derivatives up to the min(2k +2, r + 1)-th order belong
to L2(1), rather than L°°(I). Here r is the temporal order of the RKDG method. Thirdly,
some tedious treatments are presented to preserve the optimal order in time under the mild
regularity assumption that is independent of the number of stages of the RKDG methods.
Finally, by making a full use of the superconvergence results and the properties of divided
differences, we are able to avoid the duality arguments [17] and present a new proof of the
accuracy-enhancement of a post-processed solution when a special initial solution is taken.

The rest of the paper is organized as follows. In Sect. 2, we give the definition of the RKDG
scheme and its equivalent representation by the temporal difference of the stage solutions.
In Sect. 3, we recall the matrix transferring process and quickly set up the propositions of
the termination index and the contribution index, which lead to different stability results.
Section 4 is the main part of paper, in which we establish the supraconvergence results for
the solution and its derivative, both (2k + 1)th order in space and rth order in time, if the
initial solution is smooth enough. In Sect. 5, we present the superconvergence results in the
discrete L2-norm, including the numerical flux, the cell average, as well as the solution and
the derivative, respectively, at the roots and the extrema of some Radau-type polynomials. As
abyproduct, in Sect. 6 we give a new proof for the superconvergence result for post-processed
solutions. Some numerical experiments are given in Sect. 7, and the concluding remarks are
given in Sect. 8. Finally, the supplement of three technical issues are given in the appendix.
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There are many notations in this paper. To help the readers better understand this paper,

we list here some main important notations with short descriptions.
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The RKDG(s, r, k) method

Number of multiple-steps

Evolution vector

Temporal difference of stage solutions

The termination index, and the contribution index

The minimum of integers m such that ¢ (m) = p(m)

Quantity to quickly judge stability performance; see (3.17)
Total number of correction manipulations in time-marching
Total number of correction manipulations for the initial solution
Maximal order of derivative in reference functions

Reference function at the £th stage, and the corresponding truncation error in time

Reference function at each time stage, defined as U, [(f]) (x, ™)

. . ()
Truncated reference function at each time stage, defined as U, [min(q,)] (x, ")

Arbitrary series 2z and their combinations; see 4.8)

One stage function in the finite element space

Stage error and its decomposition -t = - — £ see (4.10)
Functional to determine the residual of stage error; see (4.12)

L2 projection and the projection error

GGR projection and the projection error

The pth correction operator; see (4.19)

The antiderivative in each element; see (4.20)

The parameter-dependent Radau polynomial of degree k + 1 on I
Roots of R k1 and the total number of roots on / fi

Eextrema of R; j1, and the total number of extrema on /;
Parameter-dependent local projection and the projection error
Discrete L2 (resp. L°°) norm at element boundary points

Discrete L2 (resp. L%°) norm at element midpoints
Discrete L2 (resp. L°°) norm at roots of every R; i1
Discrete L2 (resp. L°°) norm at extrema of every R Jok+1

The £th order divided difference
Kernel function for post-processing

2 The RKDG Method

In this section, we first present for the model problem (1.1) the RKDG method in the Shu-
Osher form [34], and then write it into the equivalent representation [38] by the help of the
temporal difference of the stage solutions.

2.1 Discontinuous Finite Element Space
Let7, = {Ij = (xj—1/2, Xj+1/2)}1<j<J be apartition of the spatial domain / = (0, 1), where

J € Zt ={1,2,3,...} is an integer. The length of the element /; is hj = Xxj 112 — X;—12
for j =1,2,...,J.Denote h = hpyx = maxj<j<y h; and hyi, = minj<;<y h;. In this
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paper we assume that the partition is quasi-uniform, namely, the ratio Zmax/Amin 1S upper
bounded by a fixed constant as & goes to zero.
Associated with the partition 7, the discontinuous finite element space is defined as

Vi=Vyi={veL*U):vl, e PXUy, j=1.....J}, 2.1)

where P (1 j) is the space of polynomials in /; of degree at most k > 1. Note that the functions
in V}, are allowed to have discontinuities at element endpoints. Dropping the subscript j+1/2
for convenience, the jump and the weighted average are respectively denoted by

wl=vt—v™, 1P =6 +0 -0, (2.2)
where v~ and v, respectively, are the left- and right-limit, and 6 is a given constant.
Some inverse inequalities are used in this paper. Namely, for any v € V}, there hold

_ _1 _1
llvx ”LZ(I) < ph ! ||U||L2(1) ) ”v”LZ(E,) <ph™2 ||U||L2(1) o Mvllpeey < uh™2 ||UHL2(1) )
2.3)

where the inverse constant u > 0 is independent of & and v. Here ||| 12y and |||l po<(p
respectively are the usual norms in L2(1) and L®°(I), and

2

1 2 2
2 —
lellz2y =1 D /.(UX) Sep o Whea = 1§<:J §[<v./‘+%) + (v;—%) ] ’

1<j<s

with I}, being the set of all element endpoints. For more discussions, one can refer to [12,30].

2.2 Semi-discrete DG Scheme

The semi-discrete DG method for (1.1) is defined as follows. Find the map u(x, ¢): [0, T] —
Vi, such that
(ur, v) = H(u,v), Vv e Vp, (24

holds for any time # € (0, T'], and a suitable initial solution is enforced at t = 0. Here

Hu,v) = Y. [/I_ﬂuvxderﬂ{u}%[[v]]H} 2.5)

1<j<Jg LY4

is the DG spatial discretization with respect to the periodic boundary condition, and (-, ) is
the inner product in L2(I). In this paper we demand 6 > 1/2 such that ﬂ{u}ﬁll P forms
an upwind-biased numerical flux, since 8 > 0. Actually, when 8 = 1 it yields the purely
upwind flux.

The following important properties will be repeatedly used later in our analysis. The proofs

are straightforward and hence are omitted. Please refer to [38] for more details.
Lemma 2.1 For the DG spatial discretization H(-, -), we have the following conclusions.

1. There holds the approximate skew-symmetric property, namely

1
Hw.v) + H.w) = =28(0 = 3) 3 [l [ol,,y. Yw.ve Vi,
1<j<J

which implies H(w, w) = —ﬂ(@ — %) ||[[w]]||iz(17),f0r any w € Vp;
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2. There holds the nonpositive property, namely

Z gijH(wi, wj) <0, w; € Vp,
i.jeg
where {gi;}i,j.eg forms a symmetric positive semidefinite matrix, and G is an arbitrary
index set for the row number and column number.
3. There holds the weak boundedness in Vi, x Vy,, namely

[Hw, )| < CIAIL w2 1vll2) . Yw, v € Vi,

where the bounding constant C > 0 solely depends on 6 and 1.

2.3 Fully-Discrete RKDG Method

The explicit Runge—Kutta algorithm is widely used to solve (2.4); see, e.g., [22-24] and
the references therein. In this paper this kind of fully-discrete method is named as the
RKDG(s, r, k) method, where s and r are the stage number and time order of the Runge—Kutta
algorithm, and k is the degree of piecewise polynomials in V},.

For any M € Z7, let {t" = nt}p<y<m be a uniform partition of the time interval [0, T'],
where 7 is the time step. In this paper the time step is taken to be a constant just for simplicity.
For the RKDG(s, r, k) method, each time-marching from ¢” to t"*! is generally given in the
Shu-Osher form [34]:

o Letu™0 =u".
e For{ =0,1,...,s—1,successively find the stage solution z”-**! through the following
variational formula
@0 = 3 e )+ rdy M@ ] Yo Vi 26)

0<k<t

where the parameters ¢y, and dy, are given constants, determined by the used Runge—
Kutta algorithm; noting that dgy # 0 and ) gy coe = L.
o Letu"tl = yms.

The initial solution u® € Vj, is given as the suitable approximation of Ug. The detailed

definition will be given for different purposes; see Sects. 4 and 5 below.

2.4 Equivalent Representation of the RKDG Method

Following [37,38,41], we set up an equivalent representation of the RKDG method by using
the temporal differences of the stage solutions.

Sometimes we need to investigate the numerical performance for multiple-step time-
marching of RKDG methods. To do that, we introduce for any integers n > 0 and k > 0 the
notations

w'tt = et g =0,1,. 5 — L. 2.7)

Let m € Z*. The m steps time-marching of an RKDG(s, r, k) method with time step t can
be looked upon as a single step time-marching of the RKDG(ms, r, k) method with time step
mt, in which each stage marching can be written in the form

@) = Y [eam @) + medu H@E 0], Yoe Vi 28)

0<k<t
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where £ =0, 1, ..., ms — 1. Here the parameters ¢, (m) and dg, (m) are determined by the
given parameters cg, (1) = ¢ and dy, (1) = dyyc.

In this paper, we always denote Do (m)u” = u” for simplicity of notation. For 1 < ¢ < ms,
the temporal difference of the stage solution

De(myu" = ) opc(m)u™* (2.9)
0=<k=t

is recursively defined by the variational form
Dy (m)u", v) = mtHDe_1 (m)u”,v), Yv eV, (2.10)

Itis easy to see that the combination coefficients satisfy o¢ (m) # 0and Zo << Otc(m) = 0.
This process can be implemented by some suitable linear combination of the variational
formulas at different time stages.

In the meanwhile, the above definitions lead to the evolution equation

ao(myu" ™" =Y i (m)Di(myu, @11
0<i<ms
which is an equivalent representation of the RKDG method. Here oo (m), o1 (m), . . ., ot ()

are constants, and oo (m) > 0 is used only for scaling such that all components are integers.
It is only needed for easier computer implementation. In the theoretical analysis, we often
take og(m) = 1. For the convenience of notations, we would like to express (2.11) by the
so-called evolution vector

o(m) = (ap(m), a1(m), ..., otms(m)). (2.12)

In addition, we define «; (m) = 0 fori > ms.

In the next lemma, we would like to point out that it is not necessary to carry out a tedious
manipulations to write down the detailed formulation of (2.8) and/or (2.11) for multiple-
step time-marching of RKDG methods. To show that, associated with o (1) we define the
generating polynomial

o=y & o) i 2.13)

9
0<i<ms &0 (m)

and denote the offsets by &; (m) = «o;(m)/ag(m) — 1/i! fori > 0.

Lemma 2.2 Every evolution vector a(m) can be obtained from a(1), due to the following

identity
Z m
P () = [p(”(*)] :
m
Furthermore, we have &;(m) = 0 for 0 <i <r, and &,+1(m) = &,41(1)/m".

This is a trivial extension of the results in [37], which is given for the fourth order RKDG
method. The proof is almost the same, so it is omitted here.

3 Stability Analysis

In this section we investigate the L?-norm stability of the RKDG methods, following [37,38].
The main technique is to carry out a matrix transferring process to set up a sufficiently good
energy equation, showing explicitly by the termination index, the contribution index, and the
sign of the central objective.
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3.1 Matrix Transferring Process

Squaring and integrating on both sides of the evolution equation (2.11), we can get the initial
energy equation. However, the stability mechanism of the DG spatial discretization (see
Lemma 2.1) is not well reflected.

To fully explore the positive contribution of the spatial discretization, we would like to
execute the matrix transferring process through a series of energy equations

2 2
oGm0 72y = |72, | = RHS@ = TM@®) + 8P, G.1)
where £ > 1 is the sequence number of the matrix transferring, and

MO = Y Y a m@iemu", D myu"),
0<i<ms 0<j<ms

SP()y=mz Y > b myHD;(m)u", D (myu"), (3.2)

ij
0<i<ms 0<j<ms
respectively represent the time discretization information and the spatial discretization infor-
mation. They are equivalently expressed by two symmetric matrices

A (m) = {af; (m)) and B (m) = {b{; (m))

0<i,j<ms 0<i,j<ms"’

The matrix transferring process is defined as follows. Let £ > 1 be the sequence num-
ber, and assume both A“~D(n) and B¢~D(m) have been known. If the central objective

aée:l 1271 (m) # 0, we define the termination index

(m)=1¢£—1, (3.3)

and stop the process. Otherwise, we make the following manipulation such that the time
discretization information, corresponding to the (¢ — 1)th row and column of A~ (m),
is completely transformed into the space discretization information. Owing to the symme-
try property of matrices, below we only present the manipulations in the lower triangular
matrices. Assuming i > j, the formulations are given in the form

0, Jj=L—1,
-1 -1 . .
) ai(j )(m) — Zai(_H }_l(m), i=¢and j = ¢,
a;;"(m) =194 (@1 -1y . ) (3.4a)
2 a;; (m)—al.H,jfl(m), L+1<i<ms—1landj=2¢,
al.(f._l)(m), otherwise,
2am), t—1<i<ms—landj=10—1
4 s =1 = J s
b (m) = A _ (3.4b)
bl.j (m), otherwise,

where the relationship (2.10) is used. See [38] for more discussions.

Recalling the initial energy equation, we define two matrices A (m) and B© (m) with
the entries

©y_ 10 i=j=0, o, _
@ (m) = {(xi (m)aj(m), otherwise, bij (m) =0, 3.5)

in addition. Since a(()g) (m) = 0, the transform is done at least once. This implies ¢ (m) > 1.

A careful observation on (3.4a) reveals that the kernel information in TM(¢ (m)) can be
explicitly expressed by the evolution vector (). The related formulations are collected in
the following lemma; see [37, Propositions 3.1 and 3.2] for more details.
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Lemma3.1 For0 < j < ¢(m), we have

al.(j)(m): (=D igcmaj o (m), j <i<ms. (3.6)

O=<k=j

Also we have a(()g) (m) =0and

almy="3" (=Dajptma;cm), 1<j<tm). (3.7)
—Jjsk=j
Furthermore, we have a(g(m))(m) = 0 provided min(i, j) < ¢(m).

The results given in [37] can be extended from the fourth order RKDG methods into
arbitrary order RKDG methods, along the same line.

Proposition 3.1 Form € Z+, we have {(m) = ¢ > [r/2]+1 anda@)(m)a@)(l) > 0. Here
Lr/2] denotes the maximal integer not greater than r /2.

Proof This can be proved by the generating polynomial. If p@™ () p" (—z) = > 0<i<ms
2i (m)z%, then it follows from (3.7) that

a)m) = (1) [ag(m)Pga;(m), 1< j < t(m). (3.8)

For 1 < j < |r/2], using (3.7) again we have

ailm) (1)) (—1)/H2))! -
Ji ! (=17 2
— — ] —_ ] J —
> (-1

[ao(m)I> — (2))! 2j =G +OlG+0! @)t

j<<

since Lemma 2.2 clearly states o4, (m) = 1/(j £«)! for 0 < j £« < r. Owing to

the definition of the termination index ¢ (m), the central objective aéifn")l?( m) (m) is the first

nonzero diagonal entry in the matrix transferring process. Hence ¢(m) > |r/2] + 1, and

1 m m
P =1+ S e )

On the other hand, using Lemma 2.2 and (3.9) with m = 1, we have

P @p ) = [pV ()0 (= 2] =1+ E;O()l)]z agiean () 0y o]

(=D LR CSO) 20(1)
BTG ( ) 22 Yy A (3.10)
Comparing with the order and coefficient of (3.9) and (3.10), we have ¢(m) = ¢(1) = ¢ and
1
2© [aro (m)]? © G

44 (m) = m2¢—1 [o (1)]2 {{( )

That is to say, a ({)(m) and a(o (1) have the same signs. This completes the proof of this
proposition. O

By (3.4b) and (3.6) in Lemma 3.1, each entry in the ¢(m)th order leading principal
symmetric submatrix of B¢ (m) can be explicitly expressed by

b my =207, ;(m) =2 Y (=D g1 ()t (m), (3.12)

0<K</
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where 0 < j <i <¢(m) — 1.
The contribution index of the spatial DG discretization is defined by

p(m) =min{k : k € BI(m) U {¢(m)}}, (3.13)
where

BI(m) = {K:OEK <Z(m)—1and det{bfj?(’"”(m)] <0}.

0<i,j<k
This index implies that the o (m)th order leading principal submatrix of B¢ () is sym-
metric positive definite. If BI(m) = @, then p(m) = ¢ (m).

Proposition 3.2 There holds p(m) > |[(r + 1)/2].

Proof Let0 <i,j < [(r—1)/2].Sincei + j + 1 < r, each element in the right-hand side
of (3.12) is clearly determined by Lemma 2.2. By the same manipulation as that in [37], we

can obtain 1

i+
Please refer to [37] for more details. The | (r + 1)/2]th order leading principal submatrix of

B¢ () is symmetric positive definite, since it is congruent to a Hilbert matrix with a diag-
onal transform matrix made up of v/2a(m) /i!. This completes the proof of this proposition.

by ™ (m) = 2fag(m)T? (3.14)

O
Proposition 3.3 There exists an integer m, > 1 such that p(m) = {(m) for m > m,.
Proof Along the same line as that for (3.14) we have
(&(m)) _ 2 7 (¢(m))
b (m) = 2[og(m)] [7”1.!(1_ el (m)} : (3.15)
forO < j <i <¢(m)— 1, where
(¢ (m) 1 . . _
ORI SN [maj_x(m B ) +a,-+1+K<m)a,»_K<m)} :
0<k<j
‘We can announce that Ei(f(m)) (m) goes to zero as m increases, because the offset satisfies
lag(m)] < Cm™", 0<4£<2¢(m)—1, (3.16)

where the bounding constant C > 0 is independent of m. The detailed proof of (3.16) will
be given in the appendix.

As a result, the ¢ (m)th order leading principal submatrix of B¢ ™) () can be looked
upon as a perturbation of a symmetric positive definite matrix, which is also congruent to a
¢ (m)-th order Hilbert matrix. Hence this lemma is proved. ]

For many popular RKDG methods, we do not need to make the above discussion in order
to find out the above important information for each m. The stability performance can be
quickly judged by the following quantity

Ary2(1) —ar41(1)  ifriseven,

= 3.17
vr {&,Ha), if 7 is odd, G.17)

when it is not equal to zero.
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Remark 3.1 Note that &,1(1) # O for the rth order RKDG methods. Hence v, # 0 always
holds for odd r. However, it may happen that . = 0 for even r. If so, the matrix transferring
process for m = 1 is needed. In the following we will not pay more attention to this case.

Proposition 3.4 Assume v, # 0. There holds ¢ = | (r +2)/2] and (—=1)5 4, - aé?(l) > 0.
Proof By means of e* =), %z", it follows from Lemma 2.2 that

V@)= +a () + a2+,
which also implies
PP @p M (=2) = 1417 + (1)@ (D 4 [e7F + (=) 2@ (D -
= 14 & o (DD 10 4 140 (D = & (DD = 1072 4
Comparing this identity with (3.9), we are able to prove this proposition. O

Proposition 3.5 Let m, € Z™ be the integer stated in Proposition 3.3, and assume r, # 0.
Then for odd r we have m, = 1, and for even r we have

2
UL | BT

my=min{m e Z*:
r+ D! m

Proof It follows from Propositions 3.2 and 3.4 that
Lo+ 1D/2] < plm) < &m) =& = L(r+2)/2].

For odd r, this conclusion implies m, = 1 since | (r + 1)/2] = | (r 4+ 2)/2]. For even r, this
also implies that p(m) > ¢ — 1.

Hence, to achieve p(m) = ¢ = r/2 + 1 for even r, we only need to ensure
det{bl.(;)(m)}og,jg_l > (. Note thati + j + 1 > r happens only wheni = j = ¢ — 1.

Therefore, in (3.15) there holds I;l.(f)(m) = 0 almost everywhere, except

~ 1 r
B g1 m) = (=1 a1 (m) = — (D=5

Note that Lemma 2.2 is used at the last step. By the formulation for the determinants of
Hilbert matrices [11], we have

det{bg)}osi,jgg = [Za(%(m)]

120 (¢ =212 212 1 .
{[1121...&—;)]! i[(r/ ¥ +*r5‘r+1(1)(—1)5}-

r+Dlr!  m
For more details to get this equality, please refer to [37]. We have now completed the proof
of this proposition. O

Remark 3.2 There holds &,+1(1) = —1/(r 4+ 1)! for the RKDG(r, r, k) method. Proposi-
tion 3.5 shows m, = 1 forr # 0 (mod 4), and m, = 2 forr =0 (mod 4).

3.2 Stability Conclusions

In this subsection we would like to point out three kinds of stability performance for those
RKDG methods satisfying v, # 0.

Following the line of analysis in [37,38], we can have the following extending conclusions.
Propositions 3.3 and 3.1 imply p(m) = ¢{(m) = ¢ for m > m,. Using the relationship (2.10)
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among the temporal differences of stage solutions, as well as the weak boundedness of the
DG discretization (see Lemma 2.1), we can conclude for any 0 <i < j < ms that

|Dj ) | 15y < COmA [ Dimyu”| (3.19)

(0N
where the bounding constant C(m) > 0 is independent of n, &, T and u. This, together with
the Cauchy-Schwarz inequality, yields

T™M@©) = [af o) + 0 | Dt |72

where A = |B|th~! is the CFL number. Here and below Q,,()) represents a generic poly-
nomial satisfying Q,,(0) = 0.

Because the ¢th order leading principal submatrix of B¢’ (i) is symmetric positive defi-
nite, its smallest eigenvalue, denoted by &(m), is positive. By the previous two conclusions
in Lemma 2.1, and the second inverse inequality in (2.3), we get

1 1
SPe) = —gmrpem(0=3) D [IDeemu" | T2, + & QG [Dem 72,
0<f<ms—1

where the Cauchy-Schwarz inequality and Young’s inequality are also used. Here the first
term on the right-hand side of SP(¢) explicitly shows the stability mechanism of the DG
discretization.

Summing up the above conclusions, we have

oo ()] [”” e ||L2(1) - ” ||L2(1)] [ "om) + Qm(k)] “D{(’")“ ||L2(I)’ (3.20)
for any m > m,. For more details, please refer to [37,38].

Theorem 3.1 If(—1)V/21+ 1y < 0, the RKDG(s, r, k) method has the strong (boundedness)
stability. That is, there exists an integer m, € 7", such that

”Ll ||L2(I) = ”uo”LZ(I) , n Z My,

provided the CFL number A = | Blth~" is smaller than a certain constant. Moreover; if
my = 1 is admitted, the monotonicity stability is achieved, namely,

“ i ||L2(1) “” ||L2(1) , n>0.

Proof Since (—1)"/21+14y,. < 0, Proposition 3.4 implies a“ )(m) < 0. It follows from (3.20)
that

n+m ”2

” u L2 = ” u ”LZ(I)

provided & < Apax(m). If m, = 1, this obviously implies the monotonicity stability. If
m, > 1, wetakem = m,,m,+1,...,2m, — 1, and get the strong (boundedness) stability.
We have now completed the proof of this theorem. O

Theorem 3.2 If (—1)U/2+1y. > 0, the RKDG(s, r, k) method has the weak(y) stability
with

y =2|(r+2)/2].

That is, there exists a bounding constant C > 0 depending on the final time T and independent
of u, such that

Hu HL2(1) =C HMOHLQ(I)’ n =0,
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Table 1 Stability results for the RKDG(r, r, k) and RKDG(r + 1, r, k) methods

r (mod 4) 1 2 3 0

Stability for k > 0 Weak(r + 1) Weak(r + 2) Monotonicity Strong, m, = 2
Strong for k < lr/2] lr/2] ) o0
Monotonicity for k < lr/2] lr/2] o0 lr/2] —1

provided that the time step satisfies a strong restriction t = O(hY/¥~1),

Proof Since (—1)V/2+1y. > 0, Proposition 3.4 implies aé?(m*) > 0. It follows from

(3.20) that

2

[“0(’”*)]2[ ””Hm* L2y ””n ”i%l)] < C(m)r* ””n Hi2(1) ’

where the bounding constant C(m,) > 0 is independent of n, h and t. An application of
Gronwall’s inequality gives us this theorem for n = 0 (mod m,). Using (3.19) and the
triangle inequality, we can easily see that

n+x

Hu < C(my) Hu" 0<k <m,—1,

”L2(1) H L2(1)°
where the bounding constant C(m,) > 0 is also independent of n, h, T and u. We can then

complete the proof of this theorem by collecting the above conclusions. O

In practice, the study on the stability under a suitable CFL condition is extremely important.
For the piecewise polynomials of lower degree, we have the following theorem.

Theorem 3.3 Forthe RKDG(s, r, k) method, some improved stability holds for the piecewise
polynomials of lower degree.

1. There holds the monotonicity stability provided k < |r/2] — 1;
2. There holds the strong (boundedness) stability provided k < |r/2]. Ifm, = 1is admitted,
the strong (boundedness) stability is improved to be the monotonicity stability.

Proof Recalling the result in [38, Theorem 5.1] that the RKDG(ms, r, k) method has the
monotonicity stability for k < p(m) — 1, where the jump’s square on element endpoints (the
stability mechanism of the semi-discrete DG method) plays an important role. As a corollary
of Propositions 3.1 through 3.3, we can complete the proof of this theorem. O

Theorem 3.3 implies that the RKDG(s, r, k) method always has the L?>-norm stability
under a suitable CFL condition, if » > 2k + 1. It is good for the superconvergence study
below.

To conclude this section, the L2-norm stability results for the RKDG(s, r, k) method [23]
are listed in Table 1, where s = r or s = r + 1. They are given by Theorems 3.1 through 3.3.

4 Supraconvergence Analysis

In this section we devote to establishing the supraconvergence property of the RKDG method,
starting from the stability result in the previous section. The main tools are the reference
functions and the technique of correction functions at different time stages.

For the convenience of notations, in what follows we would like to use the notation C to
denote those generic constants independent of n, i, 7, u, and U.
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4.1 Elemental Analysis Process

Following [37] we set up an elemental analysis process on the error estimate for the fully-
discrete RKDG method.

4.1.1 A General Stability

The stability results in Theorems 3.1 through 3.3 can be extended to the nonhomogeneous
problem. For simplicity of notations, the numerical solution is still denoted by «. Similarly
as (2.6), at each time-marching there holds

@) = 3 e v+ wde @ v + (0] e, @

0<k<t

fort =0,1,...,5s — 1. Here f”"Z is the given source term.
Along the same line as the discussion for the homogeneous problem, we can easily obtain
the following lemma. To shorten the length of this paper, the proof is omitted.

Lemma 4.1 Under the temporal-spatial condition as stated in Theorems 3.1 through 3.3,
there holds

’ 4.2
el 42)

2 2
T I L A S Sl T

0<k<n0<t<s

where the bounding constant C > 0 is independent of n, h, t, f, and u.

4.1.2 The Reference Functions

We now extend the idea in [37] and define a series of reference functions. Below the arguments
x and ¢t may be dropped if it does not cause confusion.

Given an integer o satisfying 0 < o < r, and let U[((?]) = U be the exact solution of (1.1).
The others are inductively defined. Let us assume for the sake of argument that the previous

reference functions U[((':]) , for 0 < k < £, have been defined well and expanded in the form

Ui = 2. Tau. 43)
0<i<min(o,k)

where the parameter yl.([';)] has been known. Paralleled to the stage marching of the
RKDG(s, r, k) method, we define an auxiliary reference function

~+1 041y foi
U[(‘7]+ ) = Z I:C[KU[((‘T(]) - fd[KﬂaxU[((’;]):I = Z yi([g-i]_ )7:'8,’U, (44)
O<k<t 0<i<min(oc41,£+1)

where the expansion results from the simple substitution of (4.3). The detailed formulations

to compute the parameter yi([f;;l) are omitted here; please refer to [37] for more details. By

cutting off the term involving the (o + 1)th order time derivative — if it exists — we define the
subsequent reference function

(e+1) (E+1) i i
U = Z Vi) T U (4.5)
0<i<min(o,l+1)

Letting £ go through the set {0, 1, ..., s — 2}, we can define all reference functions.
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Proposition4.1 For 0 < ¢ < s — 1, there hold Vo ] = 1and yl(? yl(?] if0 <i <
min(o, £).

For the convenience of notations, we denote U, [(;; (x,t) = U(x, t + 7) in this paper. Since
Uy € H™ (I, the exact solution U (x, ) = Ugp(x — Bt) is smooth enough such that the above
reference functions are all continuous in space, due to the Sobolev embedding theorem [1].
After some manipulations that all Taylor expansions in time are only done up to the (o 4 1)-th
time derivatives, it is easy to see that

U = Y [ewtis) - dupa Ui |+ 7ol 0sess-1. @)

0<k<t

where Q(E) are the truncation errors in time, bounded by

+1 _ .
Hg vy = C1 Uiy ¥ = CMllisony 27, i 20, @)

Here L™ (H' (1)) denotes the space-time Sobolev space in Which the H' (I)-norm at any time
t € [0, T] is uniformly bounded. Actually, there holds Q[ g] =0forf <min(c — 1,5 —2).

4.1.3 The Error Decomposition and Error Estimate

The following compact notations will be used for convenience. Let z"-¢ form a series of
solutions at every time stage, and denote

Zg Z [ nt+1 _ Z C[/(Z ] Zg,[ — Z dZKZn’K, (48)

0<k<t O0<k<t
forany £ =0, 1,...,s — 1, and n under consideration. Also we denote 7" = z"+1.0,
Denote by ¢ = u™¢ — U"* the stage error, where
Ut = Ul = U, 0<e<s—1, 4.9)

is the reference function at each time stage.
Let x™* € V), be arbitrary series of functions defined at time stages. They will be deter-
mined for different purposes. As the standard analysis in the finite element method, we define

gt =umt — x"t eV, and gt =Um" -yt (4.10)

which implies the error decomposition "¢ = ¢ — ¢,

Letting t = " in (4.6), we can get a group of variational forms similar as in the RKDG
method. Subtracting them from each other and using the error decomposition, we can achieve
the following error equation

E = Y {ew @ 0+ rde [HE )+ F 0] e, @i

O0<k=<t

for¢ =0,1,...,s — 1. Here (F™!, v) is the residual functional at every time stage, which
is recursively defined by

e (F™*0) = (' 0) = HOp ) = ) v) = Y dec(F™,0), (412)
O<xk<t—1

zZnt )
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where Qﬁ,’]l = fo]) (x, t"), and the summation in (4.12) is equal to zero if £ = 0.

By employing Lemma 4.1 on (4.11), we have the starting point of our estimate. The proof
is easy, so is omitted here.

Lemma 4.2 Assume that the RKDG(s, r, k) method has the L*-norm stability under suitable
temporal-spatial condition, as stated in Theorems 3.1 through 3.3. Then we have

2 2 2
G I DD Sl EA (@.13)

0<k<n0<t<s

where HZK’K H = SUPgLyey, Z<t )/ lvllz2(ry, and the bounding constant C > 0 is inde-
pendent of n, h, t,u and U.

4.2 The Supraconvergence Property

In this subsection we carefully take x™¢ to arrive at the expected order of [|§" |2y and
HE;‘ ”LZ(I)’ in the framework of Lemma 4.2.

4.2.1 Two Projections

In this paper we employ the L? projection and the generalized Gauss-Radau (GGR) projection
[8], respectively denoted by P, = IP’];l and Gy, = Glfl. The first one is locally defined, and the
second one is globally defined except when 6 = 1.

If there is no confusion, the superscript k is dropped. For any w € L>([), the projection
Prw € Vj, satisfies

/(Pﬁw)vdx =0, Yve P, j=1,2,....J, (4.14)
1

where Pﬁw = w — Pjw is the projection error. It is easy to get that [12]

[Fiu|

L R
oy T | meu) < ChR Jwliyrgy, 1<R<k+1. (4.15)

Forany w € H L7, the projection Gpw € Vj is defined by

Gwypdy =0, Yo e P, (Gru)[), =0, j=12....J, (416
1

where Gf; w = w — Gpw is the projection error. Here H 1(7,) denotes the space including all
piecewise H'-functions. The main advantage of the GGR projection is the exact collocation
of the numerical flux on element boundary points. As a result, we have

H(Grw,v) =0, veV,. (4.17)
Moreover, it is proved in [8] that

|5

+h|Giu| s chflwlgrg. 1= R=k+1 (4.18)

L2(I) H\(I)
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4.2.2 The Technique of Correction Functions

Given any integer p > 0, the pth correction function [2] for any function w € H L) is
defined by
Fpw = (=GpD; )P (P — Gp)w € V. (4.19)

Here ]D);l is the antiderivative in each element, defined by

X
D,;lz(x)=/ 2(x)dx', x el (4.20)
X

i=1/2

Below we present some elemental properties about (4.19), similar as those in [2].
Lemma4.3 Let0 < p < k. There exists a constant C > 0 independent of h and w, such that

| Fowl 2y < CRP I®L = G)wlip2y, w € H'(Th). 4.21)
As a corollary, F), is a linear and continuous operator from H L) to vy,

Proof We only need to prove (4.21) for p > 1, since it is trivial for p = 0.
Using the triangle inequality, the approximation property (4.18) of the GGR projection,
and the first inverse inequality in (2.3), we have for any function z € V,{‘H that

1Ghl2q) < Izl + |G|

20 < llzllp2¢ry + Chlizll gz < Cllzll2qry -

This, together with the fact that ]DJ,:I}" p—1W € V}fH , yields

—GhD;l.'prlw’

<C H]D);lf,,,lw‘

< Ch|Fp_rw] L2y’

|7 20 = |

L2(I) L2(I)

where the Holder’s inequality is used element by element at the last step. As a result, we can
complete the proof of this lemma by induction. O

Lemma4.4 Let1 < p < k and w € H'(T},). There holds

1. the exact collocation of the numerical flux, namely, {]-'pw};‘g_al/2 =0forj=1,2,...,J;
2. the recurrence relationship, namely, (Fpw, vx) = (Fp_1w, v) for any v € V;

As a corollary of the above results, we have H(Fpw, v) = B(Fp—1w, v) for any v € Vj.

Proof By the definition of antiderivative operator, it is trivial to see (]D);1 Fp-1 w)j_+l n= 0.
Then an integration by parts yields

/ Fp_jwdx = / (—=GiD; HFprwdx = — /
I 1 I;

7

-1
D, Fpowdx = ,/1f (x — xH%)]—'p,gwdx.
Successively using this identity we have
1
-1 - _- = - —X. p=l =
(D, fp_lw)jJr% _./1,- Fp—qwdx = (P—l)!/lj(x x]+%) Fowdx = 0,
where the definitions of the two projections are used at the last step since p — 1 < k — 1.

Now we prove two elemental results by using the above statements (D) v p—1 w)f 12 =
0. The definition of the GGR projection implies

{f,,w};?% = {—GhD}Tl}'p_]w};?% = {_D,jl]-",,_lw}ﬁ% =0, (4.22)
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and reduces for any v € Vj, that
(Fpw, vx) = (=G D, HFpo1w, v) = —(D, ' Fpiw, vy) = (Fpo1w, v),  (4.23)

where an integration by parts in each element is used. Now we have completed the proof of
this lemma. O

Lemma4.5 Letl < p <kandw € H(T}). There holds (Fp—1w,v) =0foranyv € Vfﬁp.

Proof Repeatedly applying (4.23), we have (F,_jw,v) = (Frw, 8§_p+1v) = 0 for any
v e V,{‘. This completes the proof of this lemma. O

Remark 4.1 The antiderivative operator in this paper is slightly different from that in [2,7].
The multiplier (;/ 2)~! is dropped in (4.20). This minor modification is very important to
correctly yield Lemma 4.4 no matter whether the mesh is uniform or not.

4.2.3 The Supraconvergence of the Solution

Let g be an integer satisfying 0 < g < k, to denote the total number of correction manipu-
lations. At each time stage, in (4.10) we take

X" =GUmt = Y Fp(—0)P Wt ey, (4.24)
l<p=q
where both U™t = U[(f]) (x, ") and Wt = U[(f])in(qqr)] (x, t") are the reference functions.

The detailed definition in Sect. 4.1.2 clearly shows that W™ is truncated from U™, Tf g =0,
the summation in (4.24) is understood to be zero and there is no correction manipulation. It
is worthy mentioning that the introduction of W™ is very important to help us obtain the
superconvergence results under a weak smoothness assumption of the exact solution.

Lemma 4.6 Assume t/h is upper bounded by a constant. With the choice (4.24), we have
HZM” < C Ul gmatesgarsn gy (RFHH 477, (4.25)

for£ =0,1,...,5 — 1, where the bounding constant C > 0 is independent of n, £, h, T, u
and U.

Proof Substituting (4.24) and (4.10) into the definition of Z"(v), we have Z"‘(v) =
2 0<p=q ZZ’Z(U), where

Zg’[(v) = (Gf{U!"e, v) — H(Gfl‘Ug’Z, v) — (Q{'r’f, v),
23t ) = (Fp(=0" W o) = H(Fp (=007 Wi v). 1= p =g,

Note that the term ZZ’Z (v) does not exist if g = 0. Owing to (4.17), it follows from Fy =
G,f - ]P),f and the definitions of the two projections that

) = (]—'OUC”, u) - (g";f, v).
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Applying the last conclusion in Lemma 4.4 for the second term in ZZ’K (v), we get
Z;’Z(U) = (]'—p(—ax)pwg’l, U) - ﬂ(}-p—l(_ax)pwg’z, v)

= (Fp=a0P W 0) = (Fpor(a0PWEEw) + (Fpr (<00 ot v)-

for 1 < p < g, where the equality (4.6) with 0 = min(q, r) is used.
Denote V¢ = U2¢ — W*. Summing up the above identities we have

2w = (R ) + (AW e B (i i) - el )
=p=q4—

which implies

] < e

+|7ove]

L2(D) L2(D)

+ Hfﬂ( 8)” Chmin(g.)
O<p<

oy (4.26)

LX) + ‘ L2
Below we are going to separately estimate each term on the right-hand side.
Recalling that yo[d =1 and ZOSKS[ coye = lholdfor =0,1,...,5s — 1. As aresult,

we "t can be split into two kinds of terms, say,

n+1 U

ne _ SO i1 i yn ne UM —

WC’l = E Yy, 't o U", and WC’2 = " ,
1<i<min(g,r)

where )750 are some known constants. Note that the term Wf;Z emerges only for £ = s — 1.
Successively applying Lemma 4.3 and the approximation property of the two projections,
we get

|7 —aomwet] | <cont Y A @ - G-a0taiu”

2 2
LD 1<i<min(q,r) 0
q i—1pk+2—i ||(_q \qgqiyn
< Ch Z v 'h 010U,
1<i<min(q,r)
< CHH I Ul gsaragyy » 4.27)

since U (x, t) = Up(x — Bt) and t/h is bounded. Similarly, we have

tn+l

= cnet [ |- B0 D g, 0
t

n

EACERIAN

LX)

< CH N Ul grrarayy - (4.28)

Note that VC""Z comes from the cutting-off manipulation of reference functions. If ¢ > r,

it is trivial to see that VC”’[ = 0 and hence H]-'o VC"’Z‘ = 0. Even if ¢ < r, noticing

L2(1)
Proposition 4.1, along the same line as for (4.27) we can get
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ne i-1 _ irm
H]:OVC ‘LZ(I) =C Z t H Er = Cuo U L2(I)
q+1<i<r
i—1ymax(k+q+2—i,1) || qiyrn
= ¢ Z T h ' at u Hmax(k+q+27i.l)([)
g+l=i=r
< Chk+q+l ||U()||Hmax(k+q+2,r+l)(1) . (429)

For 0 < p < ¢ — 1, we can similarly get

n,t
[min(g,r)]

< CPRH1=7 | (—a.) o,

I
”]:p( 8X) Q[min(q,r)] L2(I) Hk+H1=p(I)

< CRP AP ™™D 1 U | yiminryz ) < CHTH D+ 7)1 Ul grrsaay »

(4.30)

where (4.7) is used at the second step. Also (4.7) implies
01 | 12py = €T IWolrs1ry - 31)
Summing up the above inequalities, we have completed the proof of this lemma. O

Theorem 4.1 Suppose the time step is taken to ensure the L*-norm stability of the
RKDG(s, r, k) method, as stated in Theorems 3.1 through 3.3. For any integer q satisfy-
ing 0 <q <k, let
0 _ p
W =Gplo— Y Fp(=0:)"Us (4.32)
1<p=qnt
be the initial solution of the RKDG method, where qy is an integer satisfying g —1 < qnt < k.

Then we have
18" | 121y = € NVl mascarasarn gy (HFFTH 27, (4.33)

where the bounding constant C > 0 is independent of n, h, T, u and U.

Proof As a corollary of Lemmas 4.2 and 4.6, we have completed the proof of this theorem
since

1€ 2y = 22 17000 Ul 2y = D0 CHPHEHI0 1 Wollgossssasay
q=<p=k q=<p=k
< CHM M Up | gisiva gy - (4.34)

At the second step, we have used Lemma 4.3 and the approximation properties of the two
projections. O

Remark 4.2 Taking g = k in (4.33), the highest supraconvergence order 2k + 1 in space is
achieved for the solution. It will be verified by the numerical experiments.

4.2.4 Supraconvergence with Respect to the Derivative

Directly applying the first inverse inequality in (2.3), we can easily obtain from Theorem 4.1
that
1820 207y < € N0l prmaxacrgzren gy (WFF + 12",

It seems that one order of accuracy is lost in both space and time. However, the numerical
results do not show this phenomenon. In the following lemma we give a theoretical support.
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Theorem 4.2 Suppose the time step is taken to ensure the L*-norm stability of the
RKDG(s, r, k) method, as stated in Theorems 3.1 through 3.3. For any integer q satisfy-
ing 0 < g <k, let (4.32) be the initial solution of RKDG method with ¢ < qn < k. Then we
have

180 21y < C MU0l gmasctrassrm gy (HFFTH 27, (4.35)

where the bounding constant C > 0 is independent of n, h, t,u and U.

Proof Let I1 = —BU,. Obviously, it satisfies the auxiliary problem
I, + I, =0, xel=(0,1), te(,T], (4.36)

which is equipped with the periodic boundary condition and the initial solution IT(x, 0) =
o (x).

For any function w € Vj, there exists a unique function w € V}, such that (w, v) =
H(w, v) holds for any v € V},. Define

w=Huw.

It is easy to see that H}, is a linear map from V}, to itself.
Let ¢ = Hyuu™*t. It follows from (2.6) that 1w+ = ZOSKSZ [cocu™ + Tdgeu™"].
Making a left-multiplication of Hj, yields

@y =3 [czk(ﬁ"”(,v)—i—tdgKH(ft”"(,v)], 0=0.1,....s—1, (437
0<k<t

for any n under consideration. This can be viewed as the RKDG(s, r, k) method to solve
(4.36), with the initial solution #° = Hj,u°. Along the same line as that for Theorem 4.1, we
have

The main difference comes from the initial solution. Here

g + C Tl gmasterg 241 ¢y (REFIH 427, (4.38)

=c[#]
LX (1) — 5

L2(I)

Ent =it —GuITly + ) Fp(—d)P T

(min(g.r)] € V> (4.39)

l=p=q
is analogously defined as for £”-¢, and the including reference functions are defined along

the same way as that in Sect. 4.1.2.
Due to the initial setting i = H,u®, a tedious manipulation yields

¥

The detailed process will be given in the appendix. y
To finish the proof of this theorem, we need to set up the relationship between & and £”.
By the definition of & n.t we know that

s = CH U || ez - (4.40)

Di(DE" =Di(Du" = Gy (Di(DUL) + D Fp(—d0)F (]I))](l)U[’;m(q,r)o . (441
I=p=q

By (2.10) there holds D (1)u" = tHpu" = tu". By the definition of the reference functions
(see Sect. 4.1.2) we have Dl(l)U[';] = —1pU} and ]Dl(l)U[’fnm(q,r)] = —t1pU} forq > 1.
A comparison with (4.41) and (4.39) yields for ¢ > 1 that

7D (1)E" = €. (4.42)
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In fact, this conclusion also holds for ¢ = 0, because both summations in (4.41) and (4.39)
vanish at this status. Substituting the identity (4.42) into the error equation (4.11) with £ = 0,
we have

HE", v) = (", v) — dgy' 2"0(v), Vv € V. (4.43)
It follows from [36, Lemma 2.3] that
£ .0
l&] 2y = € ‘5" s TEIE] (4.44)

Together with (4.38), (4.40) and Lemma 4.6, this completes the proof of this theorem. 0O

Remark 4.3 Taking g = k in (4.35), the highest supraconvergence order 2k + 1 in space is
achieved for the derivative of solutions. It will be verified by the numerical experiments.

5 Superconvergence Analysis at Discrete Points

In this section we devote to establishing the superconvergence results on some discrete points,
based on the supraconvergence analysis in Sect. 4.

5.1 Notations and Conclusions
Let L; (%) be the standard Legendre polynomial of degree i on the reference element [—1, 1],
and thus

Lji(x)=Li(X) =L; (2(x—x)/hj), i>0,

is the Legendre polynomial of degree i in /;, which is scaled from L; ().
Associated with the mesh and the upwind-biased parameter, we are able to seek a group
of parameters {¥};},<;<y by the following system of linear equations

eh’;“ﬁj +(=DFa - e)h’;i{zml = Qh’]‘.“ —(=D*a - e)h’;i}, 5.1
where j = 1,2, ..., J. The existence and uniqueness can be verified since the determinant

is not equal to zero, due to & # 1/2. Similar system has been discussed in [8]. Then the
parameter-dependent Radau polynomial of degree k + 1 is defined element by element,
namely,

Rjp+1(x) = Ljg+1(x) —9;Ljr(x), x€lj. (5.2)
Its roots in /; are denoted by r;; for 1 <i < nI}, and its extrema in /; are denoted by /;; for
1<i< nJL. Almost the same as that in [2, Lemma 3.1], we have nlj =k+ Lif [9;] < 1,

and n]R = k otherwise. By Rolle’s theorem, we know nI]‘ >nR — 1.

R
Remark 5.1 When the purely upwind flux (¢ = 1) is used, there always holds ©#; = 1 and
hence R; x41(x) is the right Radau polynomial in each element. When the upwind-biased

flux (@ # 1) is used together with the uniform mesh, we have
6 — (=1 —0)
= & =
6+ (=D*1 —-6)
However, it may happen #; < 0 for the upwind-biased flux coupled with the non-uniform

mesh. To show that, we give a numerical example in Table 2, where the non-uniform mesh
is obtained by random perturbations of a uniform mesh with J elements.
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Table 2 The proportion of #; < 0 for the upwind-biased flux coupled with the non-uniform meshes: k = 2
and 6 = 0.75

J =1000 (%) J =2000(%) J =4000(%) J =28000(%) J = 16,000 (%)

10% Perturbation ~ 9.318 9.022 9.199 9.085 9.139
20% Perturbation ~ 25.513 25.477 25.449 25510 25.471

Four types of discrete point sets are considered in this section. The first two sets are for
the element boundary points and the element midpoints, respectively denoted by

S}?:th{x.

jepl=isdh Si=lg =)=, (5.3)

where x; = (xj_1/2 + xj4+1/2)/2 is the central point in /;. The other two sets are for the
roots and extrema of the parameter-dependent Radau polynomials (5.2), namely,
Sp={rj:1<j<J, andl <i<n¥}, Sy={lj:1<j<J andl<i<n%)
’ (5.4)

Below the following notations are used. For any given function z, define discrete norms

1 1

2 2

1 1
©®) I ®) 2 = e =2
lI{z} |”L2(SE) =17 E |{Z}j+%| , |||Z|||L2(SE) =7 E |Zj| ,
I=j=J l<j=J

where z; is the cell average of z in ;. Similarly, we define the discrete norm

2

1 1
lell2gspy = | 5 22 = > il

I<j<J J lsiSnI}

Similarly for [zl ;2 sby- Now we are ready to present the superconvergence property in the
next theorem.

Theorem 5.1 Assume that the RKDG(s, r, k) method has the L*-norm stability under suitable
temporal-spatial condition, as stated in Theorems 3.1 through 3.3. Let " = u" (x)—U (x, t")
be the numerical error at each time level.

1. Let (4.32) be the initial solution with k — 1 < qn < k, then the numerical fluxes and the
cell averages are superconvergent, namely,

"YW 2sp) + " 25y < € 1ol gmascsarin gy WP 427,

2. Let (4.32) be the initial solution with 0 < qn¢ < k, then the solution is superconvergent
at the roots of the parameter-dependent Radau polynomial, namely,

k+2
lle" "|L2(S}f) <C ||UO||Hmax(k+3,r+1)(1) (h s ),

and the derivative is superconvergent at the extrema of the parameter-dependent Radau
polynomial, namely,

k+1
|||e£ |”L2(S,I1‘) f C ||U()||Hmax(k+3.r+2)(1) (h + + Tr).

Note that the above bounding constant C > 0 is independent of n, h, t,u and U.
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In the next subsections we are going to prove this theorem based on the previous supra-
convergence results. Before that, we give here two remarks to conclude this subsection.

Remark 5.2 Theorem 5.1 indicates that the fully-discrete RKDG scheme preserves the
superconvergence properties of the semi-discrete DG method. In order to not destroy the
superconvergence order in space, we have to use Runge—Kutta time-marching of enough
high order. Numerical experiments in Sect. 7 will verify this statement.

Remark 5.3 Theorem 5.1 shows the superconvergence orders in the discrete L>-norm. How-
ever, numerical experiments indicate the same order in the discrete L°°-norm. How to fill in
this gap is left for the future work.

5.2 Superconvergence Results on the Average and the Numerical Flux

Now we take ¢ = k in (4.24), and get

("} =g —(GrU"Y D — Y AFp(—00P UMD = (g @,

1<p<k

due to the definition of the GGR projection (4.16) and the first property in Lemma 4.4.
Applying the second inverse inequality in (2.3) and Theorem 4.1 we have

e Y258y < € 18" 121y = € Mol gmacwsaren gy WP 427 (5.5)
Analogously we have

@ =F"—GrUT = Y Fp(—00PU" =" - Fu(=3)FU",
1<p=<k

due to (4.16) with v = 1 and Lemma 4.5. Applying the triangle inequality and the Holder’s
inequality, we obtain
<C ||UO||HmaX(2k+2,r+l)(1) (h2k+1 +1).

(5.6)
At the last step, Theorem 4.1 is used for [|§" || .2(;), and Lemma 4.3 and the approximation
properties of the two projections are used for H Fr(=d)kun || L2y We have now proved the
first superconvergence results stated in Theorem 5.1.

1" 2y < € 1€" ] 2y +C | (00 U

L2(D)

5.3 Superconvergence Results on the Solution and Derivative

To do that, we define a local projection with respect to the parameter-dependent Radau
polynomials. This work is almost the same as that in [2], with a minor modification.

Let w € H'(7}) be any given function. The projection Cyw € Vj is defined element by
element. It depends on whether 1#; is equal to zero or not. If #; # 0, it satisfies [2]

/ Chwyedy =0, Yue PN, and ;w7 +(1—9)Chw?t | =0,
I; Itz -2

' (5.7)
where 0; = (¢#; + 1)/2 for even k, and 0; = (191._1 + 1)/2 for odd k. If ¥; = 0, it is just
defined by the standard L2-projection P w in this element. Here (Cf;w = w — Cjw is the
projection error.
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The projection C,w is well-defined. By the standard scaling argument, together with the
Sobolev embedding theorem and the Bramble-Hilbert lemma, we can easily prove that

|civ]

L R
L2(I) h Hch wHHl(l) = Chollwligregy, 1=R<k+1, (5.8)

no matter whether ¢; = 0 or not.

Lemma 5.1 There exists a bounding constant C > 0 independent of j, h j and w, such that
1 L k+3
(Chwirip)| +hy | Chw | = € Tl - (5.9)

Proof Along the same line as that for (5.8), we can prove this lemma by verifying (Cfl-w(ri i) =
0 and (Cfl-w)x(l,-_/) =0 forany w € Pk“(ll,-)‘ Since (Cf;w = 0 holds for any w € Pk(Il,-),
we only need to show

ChLjjs1 =9;Lj. (5.10)

If #; = 0, it is obviously true since C, = Py,. If ¢#; # 0, it has been clearly proved in [2].
This completes the proof of this lemma. O

Lemma 5.2 There exists a bounding constant C > 0 independent of h and w, such that
IGhw — Crwll 2y < CH 2 lwll gz g - (5.11)
Proof The proof is postponed into the appendix. O

Lemma 5.3 There exists a bounding constant C > 0 independent of h and w, such that

IGH Wil 2(sr) + NGy whxll sty < CHH? wl grsayy - (5.12)

Proof Since the mesh is quasi-uniform, we have J —1 = O(h). Due to the third inverse
inequity in (2.3), there is a bounding constant C > 0 independent of 4 and w, such that

1

2

1 2
Mol SC [ 5 D wlixg, | < Cllwlzag. we Vi (5.13)
I<j=J

This implies [[Cpw — thlan(S]R) < C|IChw — Gpwll12(s)- An application of the triangle
inequity reduces

1 k+2
|||Gh meZ(S}l}) < llw - (ChmeZ(s;If) +IChw — th|||L2(5}f’<) <Ch + ||w||1-1k+2(1) ,

where Lemmas 5.1 and 5.2 are used for each term at the last step. The remaining part can be
proved similarly, the details are omitted here. O

Now we turn to prove the second conclusion in Theorem 5.1. Taking ¢ = 1 in (4.24), we
have

"l 2sky = WE" 25ty + NG U 25y + IF1 (=00 U" N 2 sy
Using the inequality (5.13), together with Theorem 4.1 and Lemma 4.3, we obtain
15" 2(sk) < C 18" [ 2s) < CHF2 + ) Vol masckssrn oy

IF1 (=0)U" 258y < € | F1(=0U" | 2y, < CH 2 U0l iy -

(0
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where the approximation property of the two projections are also used. It follows from
Lemma 5.3 that

L k+2 k+2
”lGh u" "|L2(S}T‘) <Ch + ” u" ||Hk+2(1) <Ch + ”UO”HHZ(I) .

Collecting up the above conclusions, we prove the estimate for [|e” || L2(sR) in Theorem 5.1.
Along the similar line as before, we can bound [le} || ;2 sh) by using Theorem 4.2 with
g = 0. We have now completed the proof of Theorem 5.1.

Remark 5.4 Under the stronger smoothness assumption on the exact solution, there holds
Chweip|+hy | Chw) )] = CHE2 wlhyasg,)

and so on; see [2] for more details. These are beneficial for obtaining the superconvergence
order in the discrete L>-norm for the semi-discrete DG method. However, it is difficult to
get the expected order for the RKDG method. If the third inverse inequality in (2.3) is used,
an unsatisfying boundedness like #~'/27" will emerge. We plan to address this difficulty in
future work.

6 Byproduct: Accuracy-Enhancement of the Post-processed Solution

In this section, we consider the smoothness-increasing accuracy-conserving (SIAC) filter to
obtain superconvergence of a post-processed solution. Following [17], the filter on a uniform
mesh is implemented by the convolution of the numerical solution with the kernel function

1 X
KZk+l,k+l(x) _ Z C§k+l,k+l(p(k+1) (7 _ 6) , 6.1)
h h
—k<t<k
where ¢**1 is the B-spline function of order k + 1. The coefficients cgkﬂ’k *1 are taken to

ensure that the kernel function reproduces polynomials of degree 2k by convolution.

Theorem 6.1 Assume that the RKDG(s, r, k) method has the L%-norm stability under suitable
temporal-spatial condition, as stated in Theorems 3.1 through 3.3. Furthermore, the mesh is
uniform and Mt = T. Let (4.32) be the initial solution withk — 1 < qn < k, then

H UM - K§k+l'k+1*b{M’ < C ||UO||Hmax(2k+2,r+l)(1) (h2k+1 + fr), (62)

L2(I)
where the bounding constant C > 0 is independent of h, T, u and U. Here x denotes the
convolution.

Proof For the obtained numerical solution 1™, the post-processed solution satisfies the well-

known conclusion [17]

HUM _ Kh2k+l,k+1*uM

2%+ || M e M
ser ] g€ X ke

L2() — H-G+D (g ’
0 0<t<k+1 D

(6.3)
where the bounding constant C > 0 solely depends on k. Here the negative norm is defined
as

(P, w)
lwllg-wrngy = sup 6.4)

DeCE (1) PN ey

and 85 eM is the ¢th order divided difference of the numerical error.
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In the following analysis, the divided differences will play important roles. To be more
clear, we would like to quickly introduce its definition and recall some essential properties
[27] about it. Let w be any piecewise smooth function on 7. The divided difference is
recursively defined by

Bwen) = h~' [0 wer +h/2) = o~ we = 2) ],

for £ > 1, where 8,?w(x) = w(x). By Holder’s inequality, one can see that

opw| , <[atw] , 6.5
H W2y = 1% 20 6.5)
If w and v are periodic, there holds

@fw,v) = (=) w, dv), €=>0. (6.6)

Furthermore, it is easy to see that 85 commutes with many operators, like Gy, dx, and F),.
Finally, it is worthy pointing out that the above manipulations in this section should be
understood on the correspondingly shifted meshes.

According to (6.3), it is sufficient to prove this theorem by showing for any ® € C§°(I)
that

@he™, @) < C Ul gmascrszrsn gy BT+ ) [ @ grsr ), 0<€<k+1. (6.7)

For simplicity of notations, the superscript M is dropped below. This purpose can be imple-
mented with the help of the previous superconvergence results. Recalling the definitions
(4.10) and (4.24) with ¢ = k, we have the decomposition (3¢, ®) = (3/€, @) — (3} n, ).
By (6.6) and (6.5) we have (3/&, ®) = (—1)*(€, 3, ®) < [l 2 | @ gye+1(sy- Hence

(05, ®) < CO* ! +27) | Ul grmascarszrn gy 19 gt 1y - (6.8)

due to Theorem 4.1. By the definition of the correction function, we get the decomposition

@pn, ®) = @GrU, @)+ Y (0,Fp(=0:)"U, @) + (3, Fr(—0.) U, ®).
l<p<k—1
Below we are going to separately estimate the three terms on the right-hand side.
The GGR projection implies (3;Gj-U, ®) = (Gj-d U, ®) = (Gj-ajU, & — P}~ @),
where ]P”;l_l is the local L2-projection onto V}f ~! The approximation properties of the two
projections lead to

OLGLU, @) < Ch2H! Ha,fUH 1Dl sy < CRZH U sz 19 ey - (6.9)

Hk+1(l)

Below we assume k > 2 such that the second term exists; otherwise, it vanishes. Depending
on ¢, we split the summation index into two sets. There is no harm in assuming 1 < p <
min(¢, k — 1). By using (6.6), the commutative property, and Lemma 4.5, we have

@LFp(=0)PU, @) = (=1)P (3, " Fp(=8.:)PU, 8 ®) = (=1)?(Fp (=875, "U, 3] ®)
= (=DP(Fp(=3)"8) PU, 30D —PB, ' Pol D).
Then Lemma 4.3, the approximation property of the two projections, and (6.5) lead to

4 k+1 - k—
O Fp(—00"U. @) = Ch? i1 || Yl [P P

Hk+l+p([)
< CR2H U @
< NU N gpaes2py 1P gy -
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Along the same line we can get the same boundedness for £ < p < k — 1. Hence

> (95 Fp(=0)PU. ®) < CR*H U oz gy 19 gy - (6.10)
1<p<k—1

Similarly, the third term can be bounded in the form
@ Fk (=) U, @) = (=D (Fi(—=d)fU, 8} @)
< CH* U | e g Ha,fcb‘ < CRP*F U s 1) 19l i gy - (6.11)

LX(D)

Collecting up the above estimates and noticing that U = Uy(x — T), we can obtain (6.7)
and then prove this theorem. O

Remark 6.1 Theorem 6.1 requires a special setting on the initial solution, which is inherited
from the supraconvergence study. In practice, the L2-projection setting (not included in this
theorem) still works well to obtain the accuracy enhancement; see the numerical experiment
below.

Remark 6.2 Theorem 6.1 provides a small relaxation on the regularity assumption of the
exact solution. In this paper we only demand Uy € H?**2(I) N H"*!(I), which is slightly
weaker than the usual assumption Uy € H 2k+3 () for the semi-discrete method [17].

7 Numerical Experiments

In this section, we provide some numerical verification. To this end, we carry out the
RKDG(r, r, 2) method with the upwind-biased parameter & = 0.75, to solve the model
problem (1.1) with § = 1 and T = 1. The non-uniform meshes, obtained by a random per-
turbation of the equidistance nodes by at most 10%, are used except for the post-processed
solutions. The time step is T = 0.2hpin, Where Ay, is the minimum of all element lengths.

With different degree k, and/or the different upwind-biased parameter 6, the numerical
experiments are very similar. Limited by the length of this paper, we only present the data
for the case mentioned here.

Example 7.1 We take Uy = sin(2mx), which is infinitely differentiable.

In Table 3, we list the superconvergence results on the solution and derivative at the roots
and extrema of the parameter-dependent Radau polynomials. The error and convergence
order in the discrete L2-norms, |le]| L2(s%) and ||ex|| 12(sk)» are shown. As a comparison, the
error and convergence order in the discrete L°°-norms, [|e]| Lo(sR) and ||ex || Loo(sk)» are also

given. The initial solution uY is taken to be (4.32) with gy = 1 and gne = 0, respectively.
The min(k + 2, r)-th order is observed for the solution, and the min(k + 1, r)-th order is
observed for the derivative. This verifies the second conclusion in Theorem 5.1.

In Table 4, we present the superconvergence results on the average and the numerical flux.
Similarly, the discrete L2 norms and the discrete L°° norms are given. The initial solution ulis
taken to be (4.32) with gn¢ = k and g = k — 1, respectively. The expected min(2k + 1, r)-th
order is observed for the two initial settings. This verifies the first conclusion in Theorem 5.1.

In Table 5 we investigate the supraconvergence results with different initial settings. To
do that, we take u° to be (4.32) with three parameters gp;.
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Table 3 Example 7.1: superconvergence results on the solution and derivative
J tell 2 (g Il () el 1) el o 5t
gnt =1
r=3 1000 1.89E—10 2.79E—10 1.20E—08 7.30E—08
2000 245E—-11 295 353E—-11 298 141E-09 3.09 797E-09 3.19
4000 298E—-12 3.04 423E-12 3.06 1.71E-10 3.04 1.12E-09 2.83
8000 373E-13  3.00 5.30E—13 3.00 211E-11 3.01 133E-10 3.07
16,000 4.62E—14 3.01 6.54E—14 3.02 2.68E—12 298 1.83E—11 2.87
r=4 1000 1.83E—12 8.22E—12 1.05E—-08 5.02E—-08
2000 1.20E—-13 394 6.85E—13 359 139E-09 291 7.76E-09 2.69
4000 731E—15 4.04 548E—14 3.64 1.69E—10 3.05 1.14E-09 2.77
8000 4.60E—16 399 338E—15 4.02 2.12E-11 299 143E-10 299
16,000 2.90E—17 399 217E-16 396 2.68E—12 298 [1.79E—11 3.00
r=>5 1000 1.90E—12 8.44E—12 1.10E—08 5.10E—08
2000 1.16E—13 403 6.26E—13 375 133E-09 3.05 7.25E-09 2.1
4000 735E—15 398 4.03E—-14 396 1.70E—10 297 9.23E—-10 2.97
8000 4.63E—16 399 328E—15 3.62 2.14E—11 299 138E-10 274
16,000 2.92E—17 398 251E—-16 3.71 272E—12 298 212E-11 2.70
r=6 1000 1.91E—12 1.00E—11 1.11E—08 5.84E—08
2000 1.18E—13  4.02 7.79E—13 3.69 1.36E-09 3.03 8.65E—09 2.75
4000 729E—15 401 4.17E—14 422 1.68E—10 3.01 9.12E-10 3.25
8000 4.60E—16 399 351E-15 3.57 212E-11 299 149E—-10 2.62
16,000 2.88E—17 4.00 235E—16 390 2.66E—12 3.00 194E—11 294
Gnt =0
r= 1000 1.96E—10 2.89E—10 1.12E—08 6.70E—08
2000 240E—11 3.03 348E—11 3.06 1.39E-09 3.02 8.61E-09 296
4000 298E—-12 3.01 424E—-12 3.03 1.74E—10 299 1.14E-09 291
8000 3.71E-13 3.0l 527E-13 301 216E—-11 3.01 1.53E-10 2.90
16,000 4.61E—14 3.01 6.54E—14 3.01 2.70E—-12 3.00 1.87E—11 3.04
r=4 1000 1.96E—12 1.16E—11 1.14E—-08 6.00E—08
2000 1.19E-13 4.03 746E—13 396 139E—09 3.04 8.I8E-09 2.88
4000 727E—15 4.04 4.85E—14 394 1.67E—-10 3.06 9.84E—10 3.06
8000 4.62E—16 398 384E—15 3.66 2.13E—-11 297 1.57E-10 2.65
16,000 2.88E—17 400 2.19E-16 4.13 2.66E—12 3.00 203E-11 295
r=5 1000 1.93E—12 8.61E—12 1.13E-08 5.24E—-08
2000 1.14E—13 408 647E—13 373 130E-09 3.12 742E-09 2.82
4000 7.52E—15 392 559E-14 353 1.75E—-10 290 1.13E-09 2.72
8000 458E—16 4.04 274E—15 435 2.11E-11 3.05 148E-10 294
16,000 2.87E—17 400 253E—-16 344 2.65E—12 3.00 2.04E-11 2.86
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Table 3 continued

J Iell 2 sp) Tell o 51 el 5t Bexll e 1)
r=6 1000 1.91E—12 1.34E—11 1.11E-08 7.20E—08
2000 1.18E—-13 402 8.20E—-13 403 135E-09 3.03 8.81E-09 3.03
4000 737E—-15 4.00 48IE—-14 409 1.70E-10 299 1.06E-09 3.05
8000 455E—16 4.02 3.80E-15 3.66 2.09E-11 3.02 1.53E-10 2.79
16,000 2.88E—17 398 235E—-16 4.01 2.66E—12 298 195E-11 2098

Table 4 Example 7.1: Superconvergence results on the numerical flux and average

J |||{e}<">|||L2(SE) ll\{e}(e)"lmo(s;) Bell 2 s Iell o )
qnt =k

r=3 1000 1.92E—10 2.71E-10 1.92E—10 2.71E-10
2000 2.44E—-11 297 3.45E—-11 297 2.44E—-11 297 345E-11 297
4000 2.98E—-12  3.03 421E-12  3.03 2.98E—12 3.03 421E-12 3.03
8000 3.72E—-13  3.00 5.27E—-13  3.00 3.72E—-13 3.00 527E-13 3.00
16,000 4.60E—14  3.02 6.51E—14  3.02 4.60E-14 3.02 6.51E-14 3.02

r=4 1000 3.90E—14 5.51E—14 3.95E—14 5. TTE—14
2000 2.40E—15  4.02 339E-15  4.02 242E—-15 4.03 348E—-15 4.05
4000 1.53E—16  3.97 2.17E—16  3.97 1.54E—16 397 2.19E-16 3.99
8000 9.35E—-18  4.03 1.32E—17 4.03 9.37E—18 4.04 133E-17 4.04
16,000 5.85E—19 4.00 8.27E—~19  4.00 5.85E—19 4.00 8.30E—19 4.00

r=35 1000 3.62E—15 5.12E—15 3.69E—15 5.63E—15
2000 1.13E-16  5.00 1.60E—16  5.00 I.ISE-16  5.00 1.79E—16 4.97
4000 3.51E—-18 5.01 497E-18  5.01 3.58E—18 5.00 5.66E—18 4.99
8000 1.11IE-19 499 1.57E—-19  4.99 L.I3E-19 499 1.79E-19 4.98
16,000 3.45E-21 5.00 4.88E-21  5.00 3.52E-21 500 5.64E-21 4.99

r==6 1000 3.65E—15 5.16E—15 3.72E—-15 5.79E—15
2000 1.14E—16  5.00 1.61IE—16  5.00 1.16E-16 500 1.87E—16 4.96
4000 3.54E—18 5.01 5.01E-18 5.01 3.61E-18 501 5.79E-18 5.0l
8000 L11E-19  5.00 L.57TE—-19  5.00 L.I3E-19 5.00 1.80E-19 5.0l
16,000 3.47E-21 5.00 491E-21  5.00 3.54E-21 500 S5.57E-21 5.02

gnt =k —1

r=3 1000 1.89E—10 2.67E—10 1.89E—10 2.67E—10
2000 2.45E—-11 294 3.47E—-11 294 245E—11 294 347E-11 294
4000 2.98E—-12  3.04 421E-12  3.04 298E—12 3.04 421E-12 3.04
8000 3.73E—13  3.00 5.27E—-13  3.00 3.73E—-13 3.00 S527E-13 3.00
16,000 4.62E—14  3.01 6.53E—14  3.01 4.62E—14 3.01 6.53E—14 3.01

@ Springer



Journal of Scientific Computing (2020) 84:23 Page310f40 23

Table 4 continued

Y |||{e}<9>|||L2(S£) |||{e}<9>|||Lm(S£) el 2 ) 18l )

r=4 1000 3.95E—14 5.62E—14 4.01E—-14 5.77E—14
2000 241E—15 4.04 341E—15 4.04 242E—15 4.05 347E—-15 4.06
4000 1.49E—16 4.02 2.11E-16 4.02 1.49E—16 4.02 2.12E—-16 4.03
8000 9.29E—-18  4.00 1.31E-17 4.00 9.31E—18 4.00 1.32E-17 4.01
16,000 5.81E—19 4.00 8.22E—19 4.00 5.82E—19 4.00 8.24E—19 4.00
r=>5 1000 3.70E—15 5.26E—15 3.67E—15 5.33E—15
2000 1.14E—-16 5.01 1.64E—16  5.00 1.14E—16 5.02 1.66E—16 5.00
4000 3.61E—18 4.99 5.21E-18 4.98 359E—18 498 529E—-18 497
8000 1.12E-19  5.01 1.61E—-19 5.01 1.12E—-19 501 1.65E—19 5.00
16,000 3.52E-21 5.00 5.07E-21 4.99 3.50E-21 499 5.19E-21 499
r=6 1000 3.73E—15 5.34E—15 3.71E—15 541E—-15
2000 1.I1SE—-16  5.02 1.66E—16 5.01 1.14E—16 5.02 1.69E—16 5.00
4000 3.58E—18 5.00 5.12E—-18 5.02 3.56E—18 5.00 5.24E—-18 5.01
8000 1.12E—-19  4.99 1.62E—19  4.99 1.12E—-19 499 1.65E—19 4098
16,000 3.51E-21 5.00 5.05E-21 5.00 3.49E-21 5.00 5.19E-21 5.00

Table 5 Example 7.1: Supraconvergence results

J €02, lexl 21, lExxl 2,
qnt =k
r=3 1000 1.92E—10 1.20E—09 7.57E—09
2000 244E—-11 297 1.53E—-10 2.97 9.63E—10 297
4000 2.98E—12 3.03 1.87E—11 3.03 1.18E—10 3.03
8000 3.72E—13 3.00 2.34E—12 3.00 1.47E—-11 3.00
16,000 4.60E—14 3.02 2.89E—13 3.02 1.82E—12 3.02
r=4 1000 3.90E—14 245E—13 797E—12
2000 2.40E—15 4.02 1.51E—14 4.02 4.79E—13 4.06
4000 1.53E—-16 3.97 9.63E—16 3.97 3.02E—-14 3.99
8000 9.35E—18 4.03 5.88E—17 4.03 1.93E—-15 3.96
16,000 5.85E—19 4.00 3.67E—18 4.00 1.19E—16 4.02
r=>5 1000 3.62E—15 2.30E—14 7.62E—12
2000 1.13E—16 5.00 7.18E—16 5.00 4.78E—13 3.99
4000 3.51E-18 5.01 2.23E—-17 5.01 2.95E—14 4.02
8000 1.11E-19 4.99 7.06E—19 4.98 1.92E—15 3.95
16,000 3.45E-21 5.00 2.20E—-20 5.01 1.17E—16 4.04
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Table 5 continued

J 1§ 2(p xll 27y 8xxllp2p)
r==6 1000 3.65E—15 2.32E—14 7.90E—12
2000 1.14E—16 5.00 7.24E—16 5.00 4.77E—13 4.05
4000 3.54E—18 5.01 2.25E—-17 5.01 3.00E—14 3.99
8000 1.11E—-19 5.00 7.06E—19 4.99 1.89E—15 3.99
16,000 347E-21 5.00 2.21E-20 5.00 1.18E—16 4.00
gnt =k —1
r=3 1000 1.89E—10 1.19E—09 7.45E—09
2000 245E—11 2.94 1.54E—-10 2.94 9.68E—10 2.94
4000 2.98E—12 3.04 1.87E—11 3.04 1.17E—10 3.04
8000 3.73E—13 3.00 2.34E—12 3.00 1.47E—11 3.00
16,000 4.62E—14 3.01 2.90E—13 3.01 1.82E—12 3.01
r=4 1000 3.95E—14 2.77E—13 1.34E—10
2000 241E—15 4.04 1.61E—14 4.11 1.04E—11 3.69
4000 1.49E—16 4.02 9.72E—16 4.05 9.38E—13 3.47
8000 9.29E—18 4.00 5.98E—17 4.02 8.10E—14 3.53
16,000 5.81E—-19 4.00 3.72E—18 4.01 7.53E—15 343
r=>5 1000 3.70E—15 9.76E—14 1.05E—10
2000 1.14E—16 5.01 491E—-15 4.31 9.65E—12 3.44
4000 3.61E—18 4.99 2.72E—16 4.17 9.42E—13 3.36
8000 1.12E—19 5.01 1.33E—17 4.36 8.24E—14 3.51
16,000 3.52E-21 5.00 6.96E—19 4.25 7.70E—15 342
r==6 1000 3.73E—15 1.08E—13 1.14E—10
2000 1.15E—16 5.02 5.20E—15 4.38 1.03E—11 3.47
4000 3.58E—18 5.00 2.71E—16 4.26 9.57E—13 3.43
8000 1.12E—-19 4.99 1.38E—17 4.30 8.54E—14 3.49
16,000 3.51E-21 5.00 6.64E—19 4.37 7.38E—15 3.53
gnt =k =2
r=3 1000 1.96E—10 1.23E—-09 1.70E—08
2000 240E—11 3.03 1.51E—10 3.03 2.22E—-09 2.94
4000 2.98E—12 3.01 1.87E—11 3.01 3.10E—-10 2.84
8000 3.71E—13 3.01 2.33E—12 3.01 4.44E—11 2.81
16,000 4.61E—14 3.01 2.90E—13 3.01 5.93E—12 2.90
r=4 1000 4.22E—14 1.95E—11 2.36E—08
2000 248E—15 4.09 1.64E—12 3.57 3.58E—09 2.72
4000 1.53E—16 4.02 1.39E—13 3.56 5.46E—10 2.71
8000 9.51E—-18 4.01 1.31E—-14 3.40 9.11E—11 2.58
16,000 5.96E—19 4.00 1.18E—15 3.48 1.45E—11 2.65
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Table 5 continued

J HER lExl2 ) lxell 2
r=>5 1000 1.63E—14 1.80E—11 2.18E—08

2000 8.42E—16 4.27 1.72E—12 3.39 3.76E—09 2.53

4000 4.11E—17 4.36 1.44E—13 3.57 5.53E—10 2.76

8000 2.05E—18 4.32 1.29E—14 3.48 8.95E—11 2.63

16,000 1.04E—19 4.31 1.16E—15 3.48 1.43E—11 2.64
r==6 1000 1.66E—14 1.80E—11 2.15E—08

2000 8.05E—16 4.37 1.60E—12 3.49 3.48E—09 2.62

4000 3.95E—17 4.35 1.41E—13 3.50 5.47E—10 2.67

8000 2.00E—18 431 1.27E—14 3.47 8.82E—11 2.63

16,000 1.10E—19 4.19 1.23E—15 3.36 1.51E—11 2.55

e For gn¢ = k, the expected min(2k + 1, r)-th order is observed for €[ 127y and [|Ex Il 2(p)
which verifies Theorems 4.1 and 4.2. Note that [|§xx [ 2;) does not keep the same order.
When r becomes large enough, the reduction of one order is observed for [|§xx |l 12(s),
which can be explained by the inverse inequality.

o The expected order is not achieved for |||l 2,y when gnt = k — 2, and for [|Ex |12
when gn < k — 1. This verifies that it is sharp for the requirement on gy in Theorems 4.1
and 4.2.

In Table 6, we give the numerical results on the accuracy enhancement of the post-
processed solutions, where uY is taken to be (4.32) with gnt = k. As an example out of
the assumption of Theorem 6.1, we also take u to be (4.32) with gnt = 0 (i.e., the GGR
projection) or the L? projection of Ug. The convergence order min{2k -+ 1, r} is observed for
all cases, indicating that the result in Theorem 6.1 is correct but not sharp.

Example 7.2 To investigate the sharpness of regularity assumption, we take Uy =
sin“t2/3(27rx), where € is a positive integer. This function belongs to H¢+!(I) but not
H€+2 ).

The superconvergence results are shown in Table 7, the supraconvergence results are
shown in Table 8, and the accuracy enhancements of the post-processed solution are shown
in Table 9. In each group, the regularity parameter is € — 1 for the left column, and is € for the
right column. When the regularity parameter satisfies the requirement in the theorems, the
expected orders are observed. However, when the regularity parameter drops, the expected
orders are lost. These results indicate that the regularity assumptions in the theorems appear
to be sharp.

8 Concluding Remarks

In this paper we establish the superconvergence results for the fully-discrete RKDG methods
with arbitrary stages, time order and degree of piecewise polynomials, when the upwind-
biased flux is used. To complete this task, many analysis techniques are involved. Firstly
we are able to avoid the computer-aided manipulation on the matrix transferring process,
and set up the relationship between the single-step and multiple-steps time-marching. As a
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Table 6 Example 7.1: Accuracy enhancement of the post-processed solution with three different initial solu-

tions

J gnt =k gnt = 0 (GGR) L2 projection
r=3 1000 3.67E—10 3.67E—10 3.67E—10
2000 4.59E—11 3.00 4.59E—11 3.00 4.59E—11 3.00
4000 5.74E—12 3.00 5.74E—12 3.00 5.74E—12 3.00
8000 7.17E—13 3.00 7.17E—13 3.00 7.17E—13 3.00
16,000 8.97E—14 3.00 8.97E—14 3.00 8.97E—14 3.00
r=4 1000 9.38E—14 9.29E—14 9.24E—14
2000 5.82E—15 4.01 5.79E—15 4.00 5.77E—15 4.00
4000 3.62E—16 4.01 3.61E—16 4.00 3.61E—16 4.00
8000 2.26E—17 4.00 2.26E—17 4.00 2.25E—17 4.00
16,000 1.41E—18 4.00 1.41E—18 4.00 1.41E—18 4.00
r=5 1000 3.46E—15 3.18E—15 3.15E-15
2000 1.06E—16 5.03 9.73E—17 5.03 9.61E—17 5.03
4000 3.28E—18 5.01 3.00E—18 5.02 2.97E—18 5.02
8000 1.02E—19 5.01 9.33E—20 5.01 9.22E—20 5.01
16,000 3.18B-21 5.00 291E—21 5.00 2.87B—21 5.00
r=6 1000 3.48E—15 3.20E—15 3.17E-15
2000 1.07E—16 5.03 9.79E—17 5.03 9.67E—17 5.03
4000 3.30E—18 5.01 3.02E—18 5.02 2.99E—18 5.02
8000 1.03E—19 5.01 9.39E—20 5.01 9.28E—20 5.01
16,000 3.20E—21 5.00 2.93E-21 5.00 2.89E—21 5.00

Table 7 Example 7.2: Superconvergence results

J lell 2 (sk)s que=0.r =4, =4 lexllgsey an=0.r=3, e=4
1000 6.53E—10 8.42E—11 1.42E—06 4.92E-07

2000 5.65E—11 3.53 4.96E—12 4.09 2.57E-07 2.46 6.35E—08 2.95
4000 491E—12 352 3.10E-13 4.00 4.52E—08 2.51 7.76E—-09 3.03
8000  431E—13 351 191E—-14 4.02 8.29E—-09 245 9.87E—-10 298
16,000 3.84E—14 3.49 1.21E-15 3.98 1.54E—-09 2.43 1.22E—-10 3.02
J YU 25p) am=kr =5, €=5 Nell2 ey e =k.r =5, e=5
1000 1.72E—11 5.12E—12 1.64E—11 5.12E—12

2000 8.20E—13 439 1.61E—-13 499 7.88E—13 438 1.61E—13 4.99
4000  4.11E—14 432 5.06E-15 4.99 397E-14 431 S5.07E—-15 4.99
8000 2.02E—-15 434 1.57E—-16 5.01 1.97E—-15 433 1.57E—-16 5.01
16,000 9.99E—17 4.34 4.94E—18 4.99 9.80E—17 4.33 4.94E—18 4.99

In each group, the regularity parameter is € — 1 for the left column, and is € for the right column

@ Springer



Journal of Scientific Computing (2020) 84:23 Page350f40 23

Table 8 Example 7.2: Supraconvergence results

J Il 2. am=kr=5 €e=5 Il 2y an=Fkor=5 e=6
1000 1.72E—11 5.12E—12 6.38E—10 2.99E—10

2000 8.32E—13 4.37 1.61E—13 4.99 3.04E—11 439 939E—12 4.99
4000 408E—14 435 5.06E—15 499 1.48E—12 436 295E—13 499
8000 201E—15 434 157E—16 5.01 723E—14 435 9.15E—15 5.01
16,000 9.96E—17 433 4.94E—18 4.99 3.58E—15 434 287E—16 4.99

In each group, the regularity parameter is € — 1 for the left column, and is € for the right column

Table 9 Example 7.2: Accuracy J

=k, r=5 €=5
enhancement of the Gt g

post-processed solution 1000 1.59E—11 4.50E—12
2000 7.59E—13 4.39 1.38E—13 5.03
4000 3.67E—14 4.37 4.25E—15 5.02
8000 1.79E—15 4.36 1.32E—16 5.01
16,000 8.82E—17 4.35 4.12E—18 5.00
The regularity parameter is € — 1 for the left column, and is € for the

right column

result, the stability results can be directly concluded by an equivalent representation of the
RKDG methods. Secondly, we present a uniform strategy on the reference functions and the
incomplete correction functions at every time stage. Then many superconvergence results
are rigorously given under different regularity assumptions, and the optimal time order is
achieved as expected. Thirdly, we obtain two interesting results in addition. With the help
of the discrete derivative operator according to the DG spatial discretization, as well as the
transform between the spatial derivative and temporal difference, we are able to prove that the
first order spatial derivative of the solution has the same supraconvergence order as that for
the solution. We also present a new proof for the accuracy enhancement of the post-processed
solution, as an application of the obtained supraconvergence result and the properties of the
divided differences of the numerical error.

In future work, we shall extend the above techniques and analyses to non-periodic
boundary conditions and to nonlinear equations and/or systems. The extensions to other
time-marching methods are also on the plan. Furthermore, we plan to explore the proof of
piecewise-point superconvergence results that have been shown in the numerical experiments
for the RKDG methods.

Appendix

In this section, the supplement proofs of three technical results are given.

Proof of (3.16)

Substituting the offset into the relationship in Lemma 2.2, we have
r+1 m

e+ 3 amd =[ei + 3 an(5)] = [oh + Za0)]

i=r+1 i=r+1

.1
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where ¢(z) = Y00 qizt = Y% O“+’+1(l) 7. Denote Gmax = = max |&, (1)|. By a direct
calculation, the coefficient of [¢(z)]/ = Z,ZO qgi, ;7' " satisfies
19,1 < C@max)’, 0<i,j<2r—1,

where the bounding constant C > 0 solely depends on the termination index ¢.
Subtracting e* from both sides of (9.1) we have

0 —j o+l i
- ; m\  2\"=i 1z T q(z)\J
> aomd = 3 (7)()" (5
i=r+1 1<j<m
m\ /D P S m = N T e ;
= > (e[ X a2 ]
1<j<m i=0 i=0

and get

~ m 1 m— j\oij—¢ 1
&i(m) = Z (])W Z ﬂﬂ,j( m )I (O‘ij—e)! ’

I<j<m 0=t=ojj

where 0;; =i — j(r + 1). Hence

a i Ca
@oml s Y [Em] < e
1<j<m " "

provided m” > 2d&max. This completes the proof of this inequality.

Proof of (4.40)

It is no harm in assuming that ¢ > 1. Substituting (4.32) into the definition of g0 yields

B =1(Gallo— Y Fp(=007Uo) = (Gallo = Y. Fp(=20)"To)

1=<p=ginit I<p=q
=HaGulo — Y HaFp(=0)"Up+ BGr(Uo)x — B D Fp(—0:)" (Uo)x.
1<p=ginit l<p=q
9.2)
since [Ty = —B(Up)x. Because Uy € H'(I) is continuous in 7, for any v € Vj, we have

(HpGrUy, v) = H(G,Ug, v) = H(Up, v) = —B((Up)x, v) = =P, (Up)x, v),

where the definitions of the two projections are used. Similarly, due to Lemma 4.4, each term
in the first summation of (9.2) satisfies

(HpFp(=3)P Vo, v) = H(Fp(=0x)" Vo, v) = B(Fp-1(=0x)"Vp, v), Vv € Vj.

Hence, H,G,Uy = —BP,(Up)x and HpF,(—0dx)PUy = BFp—1(—0x)?Up. Substituting
them into (9.2), we arrive at

E=—p > Fp=a)"MUs+B Y. Fp(—d) U, 9.3)

1<p=<gn—1 I<p=q

Since ¢ < gnt < k, we can get (4.40), along the same line as for (4.34).
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A supplement is given for ¢ = 0. Since the summation is equal to zero if the index set
is empty, the formula (9.3) also holds for ¢ = 0 and g,y > 1. If ¢ = gnr = 0, the two
summations in (9.2) vanish such that é 0= _ BFo(Up), . For these special cases, it is easy to
see that (4.40) holds.

Proof of Lemma 5.2

By the definitions of the two projections we have
Grw = Cpw)|;; =wiLjk, j=1,2,...,J,

and the undetermined constants w; satisfy the following system of linear equations

6)

0 + (1 —0) (=)' = {Cﬁw};+%, Jj=L2 . ©.4)

It is proved in [8] that this linear system has a unique solution since 6 # 1/2, and

2 ~ 2 1 ® 2
IGhw — Chwlisy < Ch Y WP <Ch ) HCirw) )y P (9.5)

1<j<J 1<j<J

Hence, it is sufficient to prove this lemma by showing
|{<c,fw};9+’%| < Ch*+3 wllgacgyonyy > J=1,2, . (9.6)
To this end, let us consider the decomposition
(Crwl], =G @ )]y HHCP W) = bji +bj,

where IP’]Z+l denotes the local L2-projection on V]fH. By using the approximation property
of the projections Cy and IP"}‘IJrl , we get

b1l < Ch?

3
ph+1 in < CH w L 9.7
&) H'(I;jUlj1) — Wl o) ©.7)

Using (5.10), we know that Ci-Pi T w(x) = wj g1 (L k41(x) — 9L x(x)) for x € I,
where
2k+3 (! hjx ! hjx

Wkt = ks w(xj + J)Lkﬂ(}?)df = pkH! / a)lwa(xj + Lx)d>(£)d)2,

' 2 _1 2 A 2
and the kernel function ®(x) = %7]((23);?)()22 — 1)1 is independent of ;. In the above
manipulations the Rodrigue’s formula of the Legendre polynomials and integration by parts
are used. Using (5.1), we get

bjp=0(1 —0)wj i1+ A —D(=D =9, 1 (=D w1441
1 hix hi X
k+1 k+1 k41 +1 A~ N
= 61— 9)hk* /_1 o w(x; + ’7) — 0w (g + = IRIELE

< Chk+3 9.8
= ”w”Hk*'Z(I_,-UI_Hl)- (9.8)

where the Holder’s inequality is used at the last step. We have now proved (9.6) and hence
completed the proof of this lemma.
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