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Abstract
It is well known that for the second-kind Volterra integral equations (VIEs) with weakly
singular kernel, if we use piecewise polynomial collocation methods of degree m to solve it
numerically, due to the weak singularity of the solution at the initial time t = 0, only 1 − α

global convergence order can be obtained on uniform meshes, comparing with m global
convergence order for VIEs with smooth kernel. However, in this paper, we will see that at
mesh points, the convergence order can be improved, and it is better and better as n increasing.
In particular, 1 order can be recovered for m = 1 at the endpoint. Some superconvergence
results are obtained for iterated collocation methods, and a representative numerical example
is presented to illustrate the obtained theoretical results.
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1 Introducation

We consider the following second-kindVolterra integral equation (VIE) with weakly singular
kernel:

u(t) = g(t) +
∫ t

0
(t − s)−α K (t, s)u(s) ds, t ∈ I := [0, T ], 0 < α < 1, (1)

where g and K are continuous functions on their respective domains, and K (t, t) �= 0
for t ∈ I . In [1], it is shown that on uniform meshes, the convergence order of piecewise
polynomial collocation methods is only 1 − α. In order to improve the convergence order,
graded meshes are employed to overcome the lower regularity at the initial time t = 0.
However, in [2], it is said that “the commonly used graded meshes may cause serious round-
off error problems due to its use of extremely nonuniform partitions and the sensitivity of
such time-dependent equations to round-off errors”, and in order to avoid this problem, a kind
of hybrid collocation methods is presented, but the original singularity has to be considered
for carefully designing the mesh.

In this paper, at the mesh point tn , a fine error estimation with order t−α
n h2−α + t1−m−α

n hm

for piecewise polynomial collocation methods on uniform meshes is obtained, where m is
the degree of the piecewise polynomial. In particular, at the endpoint, the convergence order
is min{2 − α,m}; for m = 1 and α ≤ 0.5, at the collocation point, the convergence order is
always 1, which is not affected by the initial singularity. In order to improve the convergence
order, the general iterated collocation methods are presented for m = 1, and it is shown that
for the k-th iterated collocation method, the convergence order is tk−1−kα

n h2−α at the mesh
point tn .

The outline of this paper is as follows. In Sect. 2, the classical piecewise polynomial
collocation method on uniform meshes is recalled. In Sect. 3, fine error estimations at mesh
points for VIEs with m = 1 and K (t, s) ≡ 1 are investigated, and the error estimations for
m ≥ 2 and general kernels are given in Sect. 4. The iterated collocation methods and the
convergence are analyzed in Sect. 5. A typical numerical example is given to illustrate the
obtained theoretical results in Sect. 6.

2 CollocationMethods on UniformMeshes

Let N ≥ 2 be a positive integer, and Ih := {tn := nh : n = 0, 1, . . . , N (tN := T )} be a
given mesh on I = [0, T ], with σn := (tn, tn+1

]
and mesh diameter h := T /N .

We seek a collocation solution uh for (1) in the piecewise polynomial collocation space

S(−1)
m−1(Ih) := {v : v|σn ∈ πm = πm(σn) (0 ≤ n ≤ N − 1)

}
,

where πm denotes the space of all (real) polynomials of degree not exceeding m. For a
prescribed set of collocation points

Xh := {t = tn + ci h : 0 < c1 < · · · < cm ≤ 1 (0 ≤ n ≤ N − 1)} , (2)

uh is defined by the collocation equation

uh(t) = g(t) +
∫ t

0
(t − s)−α K (t, s)uh(s) ds, t ∈ Xh . (3)
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In [1], it is shown that the collocation solution uh converges to the exact solution u, with
order 1 − α, i.e.,

‖u − uh‖∞ := sup
t∈I

|u(t) − uh(t)| = O(h1−α). (4)

In this paper, we will show that at the mesh points, especially at the endpoint, a better
convergence result can be expected.

The following lemma, coming from [1, Lemma 6.2.10], is useful.

Lemma 1 Let Ih be a uniform mesh on I = [0, T ]. If {ci } satisfy 0 ≤ c1 < · · · < cm ≤ 1,
then, for 0 ≤ l < n ≤ N − 1 and ν ∈ N0,

∫ 1

0
(n + ci − l − s)−α sν ds ≤ γ (α) (n − l)−α , i = 1, 2, . . . ,m,

where γ (α) := 2α

1−α
.

3 Fine Error Estimations form = 1 and Constant Kernels at Mesh Points

In order to obtain the first insight, in this section, we assume that m = 1 and K (t, s) ≡ 1.
Let eh := u − uh . On the first mesh interval [t0, t1] = [0, h], by [1, Theorem 6.2.9], we

know that there exists a constant C1, which is independent of h and N , such that

|eh(t0 + vh)| ≤ C1h
1−α, 0 < v ≤ 1. (5)

For 1 ≤ n ≤ N−1, the collocation error on (tn, tn+1
]
has the local Lagrange representation

eh(tn + vh) = εn,1 + hRn(v), (6)

where εn,1 := eh(tn,1), tn,1 := tn + c1h and

Rn(v) = u′(ξn(v)) (v − c1) , tn < ξn(v) < tn+1.

By [2] (see also [1, Theorem 6.1.6]), there exists a constant C2, such that

|Rn(v)| ≤ C2t
−α
n = C2 (nh)−α . (7)

By (1), (3) and (6), we have

εn,1 = eh(tn,1) =
∫ tn,1

0

(
tn,1 − s

)−α eh(s) ds

= h1−α

∫ c1

0
(c1 − s)−α eh(tn + sh) ds + h1−α

n−1∑
l=0

∫ 1

0

(
tn,1 − tl

h
− s

)−α

eh(tl + sh) ds

= h1−α

∫ c1

0
(c1 − s)−α

[
εn,1 + hRn(s)

]
ds + h1−α

∫ 1

0
(n + c1 − s)−α eh(t0 + sh) ds

+ h1−α
n−1∑
l=1

∫ 1

0
(n + c1 − l − s)−α

[
εl,1 + hRl (s)

]
ds

= h1−α

∫ c1

0
(c1 − s)−α dsεn,1 + h1−α

n−1∑
l=1

∫ 1

0
(n + c1 − l − s)−α dsεl,1 + rn(α),
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i.e., (
1 − h1−αa0

)
εn,1 − h1−α

n−1∑
l=1

an−lεl,1 = rn(α), (8)

where

rn(α) := h1−α

∫ 1

0
(n + c1 − s)−α eh(t0 + sh) ds + h2−α

∫ c1

0
(c1 − s)−α Rn(s) ds

+ h2−α
n−1∑
l=1

∫ 1

0
(n + c1 − l − s)−α Rl(s) ds,

(9)

and

a0 = a0(c1;α) :=
∫ c1

0
(c1 − s)−α ds, ak = ak(c1;α) :=

∫ 1

0
(k + c1 − s)−α ds

defined as in [5].
Therefore, for 1 ≤ n ≤ N − 1, (8) can be written as

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 − h1−αa0

−h1−αa1 1 − h1−αa0

−h1−αa2 −h1−αa1 1 − h1−αa0
...

...
. . .

. . .

−h1−αan−1 −h1−αan−2 . . . −h1−αa1 1 − h1−αa0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎝

ε1,1
ε2,1
ε3,1
...

εn,1

⎞
⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎝

r1(α)

r2(α)

r3(α)
...

rn(α)

⎞
⎟⎟⎟⎟⎟⎠

.

(10)

Let εn :=

⎛
⎜⎜⎜⎜⎜⎝

ε1,1
ε2,1
ε3,1
...

εn,1

⎞
⎟⎟⎟⎟⎟⎠

and rn(α) :=

⎛
⎜⎜⎜⎜⎜⎝

r1(α)

r2(α)

r3(α)
...

rn(α)

⎞
⎟⎟⎟⎟⎟⎠
. Then

(
In − h1−αTn

)
εn = rn(α), (11)

where In denotes the identity in L(Rn) and Tn is the lower triangular Toeplitz matrix (see
[5]).

It is easy to prove the following lemma.

Lemma 2 Let r ∈ N, and

A :=

⎛
⎜⎜⎜⎜⎜⎝

a1,1
a2,1 a2,2
a3,1 a3,2 a3,3
...

...
. . .

ar ,1 ar ,2 . . . . . . ar ,r

⎞
⎟⎟⎟⎟⎟⎠
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be a lower triangular matrix with ai,i �= 0 (i = 1, 2, . . . , r). Then A is invertible, and the
inverse matrix A−1 is also a lower triangular matrix, with the elements

wi,i = 1

ai,i
, i = 1, 2, . . . , r ,

wi, j = − 1

ai,i

i− j−1∑
l=0

ai, j+lw j+l, j , 1 ≤ j < i ≤ r .

Denote the inverse of the matrix In − h1−αTn as Bn with the element bi, j , and ā0 =
ā0(c1;α) := 1 − h1−αa0(c1;α). By Lemma 2, we easily obtain the following corollary.

Corollary 1 For 1 ≤ n ≤ N − 1, the matrix In − h1−αTn is invertible for sufficiently small

h, and Bn = (In − h1−αTn
)−1

is also a lower triangular matrix, with the elements

bi,i = 1

ā0
, i = 1, 2, . . . , n,

bi, j = h1−α 1

ā0

i− j−1∑
l=0

ai− j−l b j+l, j , 1 ≤ j < i ≤ n.

Lemma 3 For 1 ≤ n ≤ N,
n∑

l=1

l−α ≤ n1−α

1 − α
,

and
n−1∑
l=1

(n − l)−α l−α ≤ 22α

1 − α
n1−2α.

Proof The first part follows from [4, Lemma 5.6], and the second part follows from [3,
Lemma 6.1]. 
�
Lemma 4 For 1 ≤ n ≤ N − 1, 1 ≤ i ≤ n, 1 ≤ k ≤ n − i , bi+k,k has the same value as
bi+1,1, which is independent of k, i.e.,

bi+k,k = bi+1,1.

In addition, there exists a constant C3, which is independent of h and N, such that∣∣bi+k,k
∣∣ ≤ C3h

1−αi−α.

Proof We use the argument of the mathematical induction. First, for i = 1, 1 ≤ k ≤ n − i ,

b1+k,k = h1−α 1

ā0

1+k−k−1∑
l=0

a1+k−k−l bk+l,k = h1−α 1

ā0
a1bk,k = h1−α a1

ā20
,

so the values of b1+k,k are same, i.e., b1+k,k = b2,1.
We assume that for 1 ≤ i ≤ n − 1, 1 ≤ k ≤ n − i the values of bi+k,k are same, which

implies bi+k,k = bi+1,1. Then by Corollary 1,

bi+1+k,k = h1−α 1

ā0

i+1+k−k−1∑
l=0

ai+1+k−k−l bk+l,k

= h1−α 1

ā0

i∑
l=0

ai+1−l bl+k,k = h1−α 1

ā0

i∑
l=0

ai+1−l bl+1,1,
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which is independent of k with 1 ≤ k ≤ n − (i + 1), i.e., the values of bi+1+k,k are same,
and bi+1+k,k = bi+2,1. The proof of the first part is complete.

In addition, for sufficiently small h, there exists a constant D0, which is independent of h
and N , such that ∣∣∣∣ 1ā0

∣∣∣∣ =
∣∣∣∣∣

1

1 − h1−α
∫ c1
0 (c1 − s)−α ds

∣∣∣∣∣ ≤ D0.

So by Corollary 1 and Lemma 1, we have,

∣∣bi+1,1
∣∣ = h1−α

∣∣∣∣∣
1

ā0

i−1∑
l=0

ai−lbl+1,1

∣∣∣∣∣

≤ D0γ (α)h1−α
i−1∑
l=0

(i − l)−α
∣∣bl+1,1

∣∣

≤ D0γ (α)h1−α
i−1∑
l=1

(i − l)−α
∣∣bl+1,1

∣∣+ D2
0γ (α)h1−αi−α.

By the discrete Gronwall inequality (see [1, Theorem 6.1.19]), we know that there exists a
constant C3, which is independent of h and N , such that

∣∣bi+1,1
∣∣ ≤ C3h

1−αi−α.


�

Theorem 1 Assume that g ∈ C1(I ), K ∈ C1(D). Let u and uh ∈ S(−1)
0 (Ih) be the exact

solution and the collocation solution defined by the collocation Eq. (3), respectively, for the
second-kind Volterra integral Eq. (1). Then for sufficiently small h,

‖u − uh‖n,∞ := sup
t∈(tn , tn+1]

|u(t) − uh(t)| ≤ Ct−α
n h,

where C is a constant independent of h and N.
In particular, there exist constants Ĉ and C̄, independent of h and N, such that at the

collocation points, ∣∣u(tn,1) − uh(tn,1)
∣∣ ≤ Ĉt1−2α

n h,

and at the endpoint,
|u(T ) − uh(T )| ≤ C̄h.

Proof First, by (5), (7), (9), Lemmas 1 and 3, there exists a constant C4, such that

|rn(α)|

≤ C1γ (α)n−αh2(1−α) + C2
c1−α
1

1 − α
(nh)−α h2−α + C2γ (α)h2−α

n−1∑
l=1

(n − l)−α (lh)−α

≤ C1γ (α)n−αh2(1−α) + C2
c1−α
1

1 − α
n−αh2(1−α) + C2

22α

1 − α
γ (α)n1−2αh2(1−α)

≤ C4n
1−2αh2(1−α).
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Next, by (10), Lemmas 3 and 4, we have

∣∣εn,1
∣∣ =
∣∣∣∣∣

n∑
l=1

bn,lrl(α)

∣∣∣∣∣ ≤
n−1∑
l=1

∣∣bn,l
∣∣ |rl(α)| +

∣∣∣∣rn(α)

ā0

∣∣∣∣

≤ C3C4

n−1∑
l=1

h1−α (n − l)−α l1−2αh2(1−α) + D0C4n
1−2αh2(1−α)

≤ C3C4
22α

1 − α
T 1−αn1−2αh2(1−α) + D0C4n

1−2αh2(1−α)

≤
(
C3C4

22α

1 − α
T 1−α + D0C4

)
n1−2αh2(1−α)

=: Ĉn1−2αh2(1−α).

In particular, by (6) and (7), there exists a constant C , such that for 1 ≤ n ≤ N − 1,

|eh(tn + vh)| = |u(tn + vh) − uh(tn + vh)|
≤ ∣∣εn,1

∣∣+ h |Rn(v)|
≤ Ĉn1−2αh2(1−α) + C2h (nh)−α

≤ Cn−αh1−α.

Further, at t = tN = T , for N ≥ 2,

|u(T ) − uh(T )| = |u(tN ) − uh(tN )| ≤ CN−αh1−α ≤ CT−αh.


�
Corollary 2 If α ≤ 0.5, the order of the error at the collocation points is always 1; i.e.

max
n

∣∣u(tn,1) − uh(tn,1)
∣∣ = O(h).

4 Fine Error Estimations form ≥ 1 and General Kernels at Mesh Points

Let eh := u−uh . On the first mesh interval [t0, t1] = [0, h], by [1, Theorem 6.2.9], we know
that there exists a constant M1, such that

|eh(t0 + vh)| ≤ M1h
1−α, 0 < v ≤ 1. (12)

For 1 ≤ n ≤ N−1, the collocation error on (tn, tn+1
]
has the local Lagrange representation

eh(tn + vh) =
m∑
j=1

L j (v)εn, j + hm Rm,n(v), (13)

where εn, j := eh(tn, j ), tn, j := tn + c j h and

Rm,n(v) = u(m)(ηn(v))

m∏
j=1

(
v − c j

)
, tn < ηn(v) < tn+1.

By [2] (see also [1, Theorem 6.1.6]), there exists a constant M2, such that∣∣Rm,n(v)
∣∣ ≤ M2t

−(m−1)−α
n = M2 (nh)1−m−α . (14)
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By (1), (3) and (13), we have

εn,i = eh(tn,i ) =
∫ tn,i

0

(
tn,i − s

)−α
K (tn,i , s)eh(s) ds

= h1−α

∫ ci

0
(ci − s)−α K (tn,i , tn + sh)eh(tn + sh) ds

+ h1−α
n−1∑
l=0

∫ 1

0

(
tn,i − tl

h
− s

)−α

K (tn,i , tl + sh)eh(tl + sh) ds

= h1−α

∫ ci

0
(ci − s)−α K (tn,i , tn + sh)

[ m∑
j=1

L j (s)εn, j + hm Rm,n(s)

]
ds

+ h1−α
n−1∑
l=1

∫ 1

0
(n + ci − l − s)−α K (tn,i , tl + sh)

[ m∑
j=1

L j (s)εl, j + hm Rm,l(s)

]
ds

+ h1−α

∫ 1

0
(n + ci − s)−α K (tn,i , sh)eh(t0 + sh) ds

= h1−α
m∑
j=1

∫ ci

0
(ci − s)−α K (tn,i , tn + sh)L j (s) dsεn, j

+ h1−α
n−1∑
l=1

m∑
j=1

∫ 1

0
(n + ci − l − s)−α K (tn,i , tl + sh)L j (s) dsεl, j + rm,n(ci ;α),

where

rm,n(ci ;α) := h1−α

∫ 1

0
(n + ci − s)−α K (tn,i , sh)eh(t0 + sh) ds

+ hm+1−α

∫ ci

0
(ci − s)−α K (tn,i , tn + sh)Rm,n(s) ds

+ hm+1−α
n−1∑
l=1

∫ 1

0
(n + ci − l − s)−α K (tn,i , tl + sh)Rm,l(s) ds.

(15)

For 1 ≤ n ≤ N − 1 and 1 ≤ l ≤ n − 1, denote

An,n = An,n(c1, . . . , cm;α) :=
⎛
⎝
∫ ci

0
(ci − s)−α K (tn,i , tn + sh)L j (s) ds

(i, j = 1, . . . ,m)

⎞
⎠ ,

An,l = An,l(c1, . . . , cm;α) :=
⎛
⎝
∫ 1

0
(n + ci − l − s)−α K (tn,i , tl + sh)L j (s) ds

(i, j = 1, . . . ,m)

⎞
⎠ ,

εn := (εn,1, . . . , εn,m
)T

, rm,n = rm,n(c1, . . . , cm;α) := (rm,n(c1;α), . . . , rm,n(cm;α)
)T

.

Then (
Im − h1−αAn,n

)
εn − h1−α

n−1∑
l=1

An,lεl = rm,n, (16)
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and
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Im − h1−αA1,1

−h1−αA2,1 Im − h1−αA2,2

−h1−αA3,1 −h1−αA3,2 Im − h1−αA3,3
.
.
.

.

.

.
. . .

. . .

−h1−αAn,1 −h1−αAn,2 . . . −h1−αAn,n−1 Im − h1−αAn,n

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎝

ε1
ε2
ε3
.
.
.

εn

⎞
⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎝

rm,1
rm,2
rm,3

.

.

.

rm,n

⎞
⎟⎟⎟⎟⎟⎟⎠

. (17)

Denote

T̄mn := −h1−α

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

A1,1

A2,1 A2,2

A3,1 A3,2 A3,3
...

...
. . .

. . .

An,1 An,2 . . . An,n−1 An,n

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

Then the coefficient matrix can be written as Imn − h1−αT̄mn .
It is easy to prove the following lemma.

Lemma 5 Let r ∈ N and Dp,q (1 ≤ q ≤ p ≤ r) be square matrices, and

D :=

⎛
⎜⎜⎜⎜⎜⎝

D1,1

D2,1 D2,2

D3,1 D3,2 D3,3
...

...
. . .

Dr ,1 Dr ,2 . . . . . . Dr ,r

⎞
⎟⎟⎟⎟⎟⎠

be a lower triangular blockmatrixwith invertibleDp,p (i = 1, 2, . . . , r). ThenD is invertible,
and the inverse matrix D−1 is also a lower triangular block matrix, with the elements

Wp,p = D−1
p,p, p = 1, 2, . . . , r ,

Wp,q = −D−1
p,p

p−q−1∑
l=0

Dp,q+lWq+l,q , 1 ≤ q < p ≤ r .

Denote the inverse of the matrix Imn − h1−αT̄mn as B̄mn with the element Bi, j , and
Āi,i = Āi,i (α) := Im − h1−αAi,i . By Lemma 5, we easily obtain the following corollary.

Corollary 3 The matrix Imn − h1−αT̄mn is invertible for sufficiently small h, and the inverse

matrix B̄mn = (Imn − h1−αT̄mn
)−1

is also a lower triangular blockmatrix, with the elements

Bp,p = Ā−1
p,p, p = 1, 2, . . . , n,

Bp,q = h1−αĀ−1
p,p

p−q−1∑
l=0

Ap,q+lBq+l,q , 1 ≤ q < p ≤ n.
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For 1 ≤ n ≤ N − 1, 1 ≤ p ≤ n, 1 ≤ k ≤ n − p, it is easy to see that for non-constant
kernel K (t, s), the values ofBp+k,k are usually different, which is different from the constant
kernel case (see Lemma 4). But the estimation for Bp+k,k still holds, which is described in
the following lemma.

Lemma 6 Assume that K ∈ C(D), where D := {(t, s) : 0 ≤ s ≤ t ≤ T }. Then for 1 ≤ n ≤
N − 1, 1 ≤ p ≤ n, 1 ≤ k ≤ n − p, there exists a constant M3, which is independent of h
and N, such that ∥∥Bp+k,k

∥∥
1 ≤ M3h

1−α p−α.

Proof Denote K̄ := max
(t,s)∈D

|K (t, s)| and L̄ := max
1≤ j≤m,s∈[0,1]

∣∣L j (s)
∣∣. Then by Lemma 1, we

know that∣∣∣∣
∫ 1

0
(n + ci − l − s)−α K (tn,i , tl + sh)L j (s) ds

∣∣∣∣ ≤ K̄ L̄γ (α) (n − l)−α .

For sufficiently small h, Ā−1
p,p is uniformly bounded, which implies that there exists a constant

D̄0, which is independent of h and N , such that
∥∥∥Ā−1

p,p

∥∥∥
1

≤ D̄0.

So by Corollary 3 and Lemma 1, we have

∥∥Bp+k,k
∥∥
1 = h1−α

∥∥∥∥∥∥Ā
−1
p+k,p+k

p−1∑
l=0

Ap+k,k+l Bl+k,k

∥∥∥∥∥∥
1

≤ D̄0mK̄ L̄γ (α)h1−α

p−1∑
l=0

(p − l)−α
∥∥Bl+k,k

∥∥
1

≤ D̄0mK̄ L̄γ (α)h1−α

p−1∑
l=1

(p − l)−α
∥∥Bl+k,k

∥∥
1 + D̄2

0mK̄ L̄γ (α)h1−α p−α.

By the discrete Gronwall inequality (see [1, Theorem 6.1.19]), we know that there exists a
constant M3, which is independent of h and N , such that

∥∥Bp+k,k
∥∥
1 ≤ M3h

1−α p−α.

Lemma 7 For 1 ≤ n ≤ N, m ≥ 2 and 0 < α < 1,

n−1∑
l=1

(n − l)−α l1−m−α ≤ γ̄ (α)n−α,

where γ̄ (α) := 2α
(
1 + 1

m−2+α

)
+ 2m−2(1−α)

1−α
.

Proof By

n∑
l=1

l1−m−α ≤ 1 +
∫ n

1
s1−m−α ds = 1 + n2−m−α − 1

2 − m − α
≤ 1 + 1

m − 2 + α
,
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and together with Lemma 3, we obtain

n−1∑
l=1

(n − l)−α l1−m−α =
� n
2 ∑

l=1

(n − l)−α l1−m−α +
n−1∑

l=� n
2 +1

(n − l)−α l1−m−α

≤
(n
2

)−α
� n
2 ∑

l=1

l1−m−α +
(n
2

)1−m−α
n−1∑

l=� n
2 +1

(n − l)−α

≤
(n
2

)−α
(
1 + 1

m − 2 + α

)
+
(n
2

)1−m−α
( n
2

)1−α

1 − α

= 2α

(
1 + 1

m − 2 + α

)
n−α + 2m−2(1−α)

1 − α
n2(1−α)−m

≤
[
2α

(
1 + 1

m − 2 + α

)
+ 2m−2(1−α)

1 − α

]
n−α.


�
Theorem 2 Assume that g ∈ Cm(I ), K ∈ Cm(D), and uh ∈ S(−1)

m−1(Ih) is the collocation
solution for the second-kind Volterra integral Eq. (1) defined by the collocation Eq. (3). Then
for sufficiently small h,

‖u − uh‖n,∞ := sup
t∈(tn , tn+1]

|u(t) − uh(t)| ≤ M
(
t−α
n h2−α + t1−m−α

n hm
)
,

where M is a constant independent of h and N.
In particular, there exist constants M̂ and M̄, independent of h and N, such that at the

collocation points,

∣∣u(tn,i ) − uh(tn,i )
∣∣ ≤ M̂

{
t1−2α
n h, if m = 1
t−α
n h2−α, if m ≥ 2,

and at the endpoint,
|u(T ) − uh(T )| ≤ M̄hmin{2−α,m}.

Proof We divide into the following two cases.
Case I: m = 1.

First, by (12), (14), (15), Lemmas 1 and 3, there exists a constant M̂4, which is independent
of h and N , such that∣∣r1,n(c1;α)

∣∣

≤ M1 K̄γ (α)h2(1−α)n−α + M2
c1−α
1

1 − α
K̄ n−αh2(1−α) + M2 K̄γ (α)h2(1−α)

n−1∑
l=1

(n − l)−α l−α

≤ M1 K̄γ (α)n−αh2(1−α) + M2
c1−α
1

1 − α
K̄ n−αh2(1−α) + M2 K̄γ (α)

22α

1 − α
n1−2αh2(1−α)

≤ M̂4n
1−2αh2(1−α).

Similar to the case of m = 1 and constant kernels in Sect. 3, it is easy to obtain that there
exist constants M̂5 and M̂6, such that

|εn | ≤ M̂5n
1−2αh2(1−α),

123



12 Page 12 of 23 Journal of Scientific Computing (2020) 84 :12

and
|eh(tn + vh)| ≤ M̂6t

−α
n h.

In particular, at t = tN = T , for N ≥ 2,

|u(T ) − uh(T )| = |u(tN ) − uh(tN )| ≤ M̂6t
−α
N h = M̂6T

−αh,

which completes the proof.

Case II: m > 1.
First, by (12), (14), (15), Lemmas 1 and 7, there exists a constantM4, which is independent

of h and N , such that∣∣rm,n(ci ;α)
∣∣

≤ M1 K̄γ (α)h2(1−α)n−α + M2
c1−α
i

1 − α
K̄ (nh)1−m−α hm+1−α

+ M2 K̄γ (α)hm+1−α
n−1∑
l=1

(n − l)−α (lh)1−m−α

≤ M1 K̄γ (α)n−αh2(1−α) + M2

1 − α
K̄ n1−m−αh2(1−α) + M2 K̄γ (α)γ̄ (α)n−αh2(1−α)

≤ M4n
−αh2(1−α).

Next, by (17), Lemmas 3 and 6, we have

‖εn‖1 =
∥∥∥∥∥

n∑
l=1

Bn,lrm,l

∥∥∥∥∥
1

≤
n−1∑
l=1

∥∥Bn,l
∥∥
1

∥∥rm,l(α)
∥∥
1 + ∥∥ Ā−1

n,n‖1‖rm,n(α)
∥∥
1

≤mM3M4

n−1∑
l=1

h1−α (n − l)−α l−αh2(1−α) + mD̄0M4n
−αh2(1−α)

≤
(
mM3M4T

1−α 22α

1 − α
+ mD̄0M4

)
n−αh2(1−α)

=:M5n
−αh2(1−α).

(18)

By (13) and (14), there exists a constant M6, such that

|eh(tn + vh)| = |u(tn + vh) − uh(tn + vh)|

≤
∣∣∣∣∣∣
m∑
j=1

L j (v)εn, j

∣∣∣∣∣∣+ hm
∣∣Rm,n(v)

∣∣

≤ L̄M5n
−αh2(1−α) + M2h

m (nh)1−m−α

≤ M6
(
t−α
n h2−α + t1−m−α

n hm
)
.

In particular,

|u(T ) − uh(T )| = |u(tN ) − uh(tN )|
≤ M6

(
T−αh2−α + T 1−m−αhm

)
≤ M6

(
T−α + T−1) h2−α,

which completes the proof. 
�
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Corollary 4 For the general kernel, if m = 1 and α ≤ 0.5, the order of the error at the
collocation points is always 1; i.e.

max
n

∣∣u(tn,1) − uh(tn,1)
∣∣ = O(h).

5 Iterated CollocationMethods form = 1

In the following, we investigate the iterated collocation methods for m = 1 to obtain some
further superconvergence results.

5.1 The First Iterated CollocationMethod

Let

uit,1h (t) := g(t) +
∫ t

0
(t − s)−αK (t, s)uh(s) ds, t ∈ I

be the first iterated collocation method. It is obvious that

uit,1h (t) = uh(t), for all t ∈ Xh .

Let

δh(t) := −uh(t) + g(t) +
∫ t

0
(t − s)−αK (t, s)uh(s) ds, t ∈ I

with δh(t) = 0 whenever t ∈ Xh . Then

δh(t) = eh(t) −
∫ t

0
(t − s)−αK (t, s)eh(s) ds, t ∈ I .

At t = tn + vh, by Lemmas 1, 3, and Theorem 2, there exists a constant Ẽ0, such that

|δh(tn + vh)| ≤ |eh(tn + vh)| + h1−α

∣∣∣∣
∫ v

0
(v − s)−αK (tn + vh, tn + sh)eh(tn + sh) ds

∣∣∣∣

+ h1−α
n−1∑
l=0

∣∣∣∣
∫ 1

0
(n − l + v − s)−αK (tn + vh, tl + sh)eh(tl + sh) ds

∣∣∣∣

≤ 2Mt−α
n h + 2K̄ Mt−α

n h
h1−α

1 − α
+ 2K̄ Mγ (α)h1−α

n−1∑
l=0

(n − l)−α t−α
l h

≤ Ẽ0t
−α
n h.

By (13) and (14), for 1 ≤ n ≤ N − 1, and t ∈ (tn, tn+1
]
, there exists a constant E1, such

that

∣∣e′
h(tn + vh)

∣∣ = ∣∣R′
1,n(v)

∣∣ =
∣∣∣∣ ddv

[
u

′
(ηn(v))(v − c1)

]∣∣∣∣
=
∣∣∣hu ′′

(ηn(v)) (v − c1) + u
′
(ηn(v))

∣∣∣
≤ hM2 (nh)−1−α + M2 (nh)−α

≤ E1t
−α
n .
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Similarly, there exists a constant E2, such that

∣∣e′′
h(tn + vh)

∣∣ = ∣∣h−1R′′
1,n(v)

∣∣ ≤ h−1
∣∣∣∣ d

2

dv2

[
u

′
(ηn(v))(v − c1)

]∣∣∣∣
= h−1

∣∣∣h2u ′′′
(ηn(v))(v − c1) + 2hu

′′
(ηn(v))

∣∣∣
≤ hM2 (nh)−2−α + 2M2 (nh)−1−α

≤ E2t
−1−α
n .

In addition,

δh(t) = eh(t) + 1

1 − α

∫ t

0
K (t, s)eh(s) d(t − s)1−α

= eh(t) + 1

1 − α

[
−K (t, 0)eh(0)t

1−α −
∫ t

0
(t − s)1−α ∂

∂s

(
K (t, s)eh(s)

)
ds

]

= eh(t) − 1

1 − α

(
K (t, 0)t1−α

)
eh(0) − 1

(1 − α)(2 − α)

∂

∂s

(
K (t, s)eh(s)

)∣∣∣
s=0

t2−α

− 1

(1 − α)(2 − α)

∫ t

0
(t − s)2−α ∂2

∂s2

(
K (t, s)eh(s)

)
ds,

therefore,

δ′
h(t) = e′

h(t) − 1

1 − α

d

dt

(
K (t, 0)t1−α

)
eh(0) −

∫ t

0
(t − s)−α

(
∂K (t, s)

∂s
eh(s) + K (t, s)e′

h(s)

)
ds

− 1

1 − α

∫ t

0
(t − s)1−α

(
∂2K (t, s)

∂t∂s
eh(s) + ∂K (t, s)

∂t
e′
h(s)

)
ds,

δ′′
h (t) = e′′h (t) − 1

1 − α

d2

dt2

(
K (t, 0)t1−α

)
eh(0) − 1

(1 − α)(2 − α)

∂2

∂t2

[
∂

∂s

(
K (t, s)eh(s)

)∣∣∣
s=0

t2−α

]

−
∫ t

0
(t − s)−α

(
∂2K (t, s)

∂s2
eh(s) + 2

∂K (t, s)

∂s
e′h(s) + K (t, s)e′′h (s)

)
ds

− 2

1 − α

∫ t

0
(t − s)1−α

(
∂3K (t, s)

∂t∂s2
eh(s) + 2

∂2K (t, s)

∂t∂s
e′h(s) + ∂K (t, s)

∂t
e′′h (s)

)
ds

− 1

(1 − α)(2 − α)

∫ t

0
(t − s)2−α

(
∂4K (t, s)

∂t2∂s2
eh(s) + 2

∂3K (t, s)

∂t2∂s
e′h(s) + ∂2K (t, s)

∂t2
e′′h(s)

)
ds,

and by Lemmas 1, 3 and 7, there exist constants Ẽ1 and Ẽ2, such that

∣∣δ′
h(tn + vh)

∣∣ ≤ ∣∣e′
h(tn + vh)

∣∣+
[

K̄1

1 − α
(tn + vh)1−α + K̄ (tn + vh)−α

]
|eh(0)|

+
∫ tn+vh

0
(tn + vh − s)−α

[
K̄1 |eh(s)| + K̄

∣∣e′
h(s)
∣∣ ] ds

+ 1

1 − α

∫ tn+vh

0
(tn + vh − s)1−α

[
K̄2 |eh(s)| + K̄1

∣∣e′
h(s)
∣∣ ] ds

≤ Ẽ1t
−α
n ,

123



Journal of Scientific Computing (2020) 84 :12 Page 15 of 23 12

and

∣∣δ′′
h (tn + vh)

∣∣
≤ ∣∣e′′

h(tn + vh)
∣∣+
[

K̄2

1 − α
(tn + vh)1−α + 2K̄1(tn + vh)−α + α K̄ (tn + vh)−α−1

]
|eh(0)|

+ K̄3 |eh(0)| + K̄2
∣∣e′

h(0)
∣∣

(1 − α)(2 − α)
(tn + vh)2−α + 2

K̄2 |eh(0)| + K̄1
∣∣e′

h(0)
∣∣

1 − α
(tn + vh)1−α

+
[
K̄1 |eh(0)| + K̄

∣∣e′
h(0)
∣∣ ](tn + vh)−α

+
∫ tn+vh

0
(tn + vh − s)−α

[
K̄2 |eh(s)| + 2K̄1

∣∣e′
h(s)
∣∣+ K̄

∣∣e′′
h(s)
∣∣ ] ds

+ 2

1 − α

∫ tn+vh

0
(tn + vh − s)1−α

[
K̄3 |eh(s)| + 2K̄2

∣∣e′
h(s)
∣∣+ K̄1

∣∣e′′
h(s)
∣∣ ] ds

+ 1

(1 − α)(2 − α)

∫ tn+vh

0
(tn + vh − s)2−α

[
K̄4 |eh(s)| + 2K̄3

∣∣e′
h(s)
∣∣+ K̄2

∣∣e′′
h(s)
∣∣ ] ds

≤ Ẽ2
(
t−1−α
n + t−α

n h−α
)
,

where K̄ j := max
0≤s≤t≤T

j∑
i=0

∣∣∣ ∂ j K (t,s)
∂t i ∂s j−i

∣∣∣ ( j ∈ N).

Denote eit,1h := u − uit,1h . Then by [1, Theorem 6.1.2],

eit,1h (t) =
∫ t

0
Rα(t, s)δh(s) ds, t ∈ I ,

where Rα(t, s) := (t − s)−α Q(t, s;α), Q(t, s;α) :=
∞∑
n=1

(t − s)(n−1)(1−α) �n(t, s;α), and

the functions �n are defined recursively by

�n(t, s;α) :=
∫ 1

0
(1 − z)−α z(n−1)(1−α)−1K (t, s + (t − s)z)�n−1(s + (t − s)z, s;α) dz

(n ≥ 2), with �1(t, s;α) := K (t, s) and �n(·, ·;α) ∈ C(D).
Therefore, at the first interval [0, t1], there exists a constant E3, such that

∣∣∣eit,1h (vh)

∣∣∣ =
∣∣∣∣
∫ vh

0
(vh − s)−α Q(vh, s;α)δh(s) ds

∣∣∣∣
= h1−α

∣∣∣∣
∫ v

0
(v − s)−α Q(vh, sh;α)δh(sh) ds

∣∣∣∣
≤ Ẽ0 Q̄h1−α h1−α

1 − α
≤ E3h

2(1−α),

where Q̄ := max
0≤s≤t≤T ,0<α<1

|Q(t, s;α)|.

123



12 Page 16 of 23 Journal of Scientific Computing (2020) 84 :12

For 1 ≤ n ≤ N − 1,

eit,1h (tn + vh) =
∫ tn+vh

0
Rα(tn + vh, s)δh(s) ds

= h1−α

∫ v

0
(v − s)−αQ(tn + vh, tn + sh;α)δh(tn + sh) ds

+ h1−α
n−1∑
l=0

∫ 1

0
(n + v − l − s)−αQ(tn + vh, tl + sh;α)δh(tl + sh) ds.

Since ∫ 1

0
(n + v − l − s)−α Q(tn + vh, tl + sh;α)δh(tl + sh) ds

=
∫ 1

0

[
(n + v − l − s)−α Q(tn + vh, tl + sh;α)δh(tl + sh)

− (n + v − l − c1)
−α Q(tn + vh, tl,1;α)δh(tl,1)

]
ds

= h
∫ 1

0

[
(n + v − l − s)−α Q(tn + vh, tl + sh;α)δh(tl + sh)

]′ |s=c1 (s − c1) ds

+ h2
∫ 1

0

[
(n + v − l − ξl)

−α Q(tn + vh, tl + ξl h;α)δh(tl + ξl h)
]′′ (s − c1)2

2! ds,

where ξl ∈ (0, 1), so if the orthogonality condition
∫ 1
0 (s − c1) ds = 0 holds, by the proof of

[1, Theorem 6.2.13], there exists a constant Cit
1 , such that∣∣∣eit,1h (tn + vh)

∣∣∣ ≤ Cit
1 t

−α
n h2−α.

Therefore, we have proved the following theorem.

Theorem 3 Assume that g ∈ C2(I ), K ∈ C4(D), and uh ∈ S(−1)
0 (Ih) is the collocation

solution for the second-kind Volterra integral Eq. (1) defined by the collocation Eq. (3), with
the corresponding first iterated collocation solution uit,1h . The collocation parameter satisfies

J0 :=
∫ 1

0
(s − c1) ds = 0 (i .e., c1 = 1

2
).

Then for sufficiently small h,∥∥∥u − uit,1h

∥∥∥
n,∞ := sup

t∈(tn , tn+1]

∣∣∣u(t) − uit,1h (t)
∣∣∣ ≤ Cit

1 t
−α
n h2−α,

where Cit
1 is a constant independent of h and N.

In particular, there exists a constant C̄i t
1 , which is independent of h and N, such that∣∣∣u(T ) − uit,1h (T )

∣∣∣ ≤ C̄i t
1 h

2−α.

5.2 The Second Iterated CollocationMethod

Let

uit,2h (t) := g(t) +
∫ t

0
(t − s)−α K (t, s)uit,1h (s) ds, t ∈ I
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be the second iterated collocation method.
Denote eit,2h := u − uit,2h . Then

eit,2h (t) =
∫ t

0
(t − s)−α K (t, s)eit,1h (s) ds

=
∫ t

0
(t − s)−αK (t, s)

[∫ s

0
(s − v)−αQ(s, v;α)δh(v) dv

]
ds

=
∫ t

0
(t − s)1−2α Q̃(t, s;α)δh(s) ds,

where Q̃(t, s;α) := ∫ 10 (1 − x)−α x−αK (t, s + x(t − s))Q(s + x(t − s), s;α) dx .

Therefore, at the first interval [0, t1], there exists a constant Ê3, such that

∣∣∣eit,2h (vh)

∣∣∣ =
∣∣∣∣
∫ vh

0
(vh − s)1−2α Q̃(vh, s;α)δh(s) ds

∣∣∣∣
= h2(1−α)

∣∣∣∣
∫ v

0
(v − s)1−2α Q̃(vh, sh;α)δh(sh) ds

∣∣∣∣
≤ Ê3h

3(1−α).

For 1 ≤ n ≤ N − 1,

eit,2h (tn + vh)

=
∫ tn+vh

0
(tn + vh − s)1−2α Q̃(tn + vh, s;α)δh(s) ds

= h2(1−α)

∫ v

0
(v − s)1−2α Q̃(tn + vh, tn + sh;α)δh(tn + sh) ds

+ h2(1−α)
n−1∑
l=0

∫ 1

0
(n + v − l − s)1−2α Q̃(tn + vh, tl + sh;α)δh(tl + sh) ds,

since∫ 1

0
(n + v − l − s)1−2α Q̃(tn + vh, tl + sh;α)δh(tl + sh) ds

=
∫ 1

0

[
(n + v − l − s)1−2α Q̃(tn + vh, tl + sh;α)δh(tl + sh)

− (n + v − l − c1)
1−2α Q̃(tn + vh, tl + c1h;α)δh(tl,1)

]
ds

= h
∫ 1

0

[
(n + v − l − s)1−2α Q̃(tn + vh, tl + sh;α)δh(tl + sh)

]′ |s=c1 (s − c1) ds

+ h2
∫ 1

0

[
(n + v − l − ξ ′

l )
1−2α Q̃(tn + vh, tl + ξ ′

l h;α)δh(tl + ξ ′
l h)
]′′ (s − c1)2

2! ds,

where ξ ′
l ∈ (0, 1), so if the orthogonality condition

∫ 1
0 (s − c1) ds = 0 holds, by the proof of

[1, Theorem 6.2.13], there exists a constant Cit
2 , such that∣∣∣eit,2h (tn + vh)

∣∣∣ ≤ Cit
2 t

1−2α
n h2−α.

Therefore, we have proved the following theorem.
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Theorem 4 Assume that g ∈ C2(I ), K ∈ C4(D), and uh ∈ S(−1)
0 (Ih) is the collocation

solution for the second-kind Volterra integral Eq. (1) defined by the collocation Eq. (3),
with the corresponding second iterated collocation solution uit2h . The collocation parameter
satisfies

J0 :=
∫ 1

0
(s − c1) ds = 0 (i .e., c1 = 1

2
).

Then for sufficiently small h,∥∥∥u − uit,2h

∥∥∥
n,∞ := sup

t∈(tn , tn+1]

∣∣∣u(t) − uit,2h (t)
∣∣∣ ≤ Cit

2 t
1−2α
n h2−α,

where Cit
2 is a constant independent of h and N.

In particular, there exists a constant C̄i t
2 , which is independent of h and N, such that

∣∣∣u(T ) − uit,2h (T )

∣∣∣ ≤ C̄i t
2 h

2−α.

Corollary 5 If α ≤ 0.5, the order of the error for the second iterated collocation solution is
always 2 − α; i.e. ∥∥∥u − uit2h

∥∥∥
n,∞ = O(h2−α).

5.3 The k-th Iterated CollocationMethod

Let

uit,kh (t) := g(t) +
∫ t

0
(t − s)−α K (t, s)uit,k−1

h (s) ds, t ∈ I

be the k-th iterated collocation method.
Similarly, we have the following theorem.

Theorem 5 Assume that g ∈ C2(I ), K ∈ C4(D), and uh ∈ S(−1)
0 (Ih) is the collocation

solution for the second-kind Volterra integral Eq. (1) defined by the collocation Eq. (3), with
the corresponding k-th iterated collocation solution uit,kh . The collocation parameter satisfies

J0 :=
∫ 1

0
(s − c1) ds = 0 (i .e., c1 = 1

2
).

Then for sufficiently small h,∥∥∥u − uit,kh

∥∥∥
n,∞ := sup

t∈(tn , tn+1]

∣∣∣u(t) − uit,kh (t)
∣∣∣ ≤ Cit

k t
k−1−kα
n h2−α,

where Cit
k is a constant independent of h and N.

In particular, there exists a constant C̄i t
k , which is independent of h and N, such that

∣∣∣u(T ) − uit,kh (T )

∣∣∣ ≤ C̄i t
k h

2−α.

Corollary 6 If α ≤ k−1
k , the order of the error for the k-iterated collocation solution is always

2 − α; i.e. ∥∥∥u − uit,kh

∥∥∥
n,∞ = O(h2−α).
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Table 1 The maximum error at the mesh points with m = 1 and α = 0.3

N c1 = 0.1 c1 = 1
3 c1 = 0.49 c1 = 0.5 c1 = 0.8 c1 = 1

29 1.1193e−03 7.5029e−04 5.4960e−04 5.3751e−04 2.0186e−04 1.2989e−05

210 6.8871e−04 4.6165e−04 3.3818e−04 3.3074e−04 1.2429e−04 6.5079e−06

211 4.2384e−04 2.8410e−04 2.0812e−04 2.0355e−04 7.6520e−05 3.2581e−06

212 2.6086e−04 1.7485e−04 1.2810e−04 1.2528e−04 4.7108e−05 1.6304e−06

Order 0.70 0.70 0.70 0. 70 0.70 1.00

Table 2 The errors at the endpoint with m = 1 and α = 0.3

N c1 = 0.1 c1 = 1
3 c1 = 0.49 c1 = 0.5 c1 = 0.8 c1 = 1

29 1.6749e−04 1.2064e−04 8.9217e−05 8.7211e−05 2.7077e−05 1.2989e−05

210 8.3740e−05 6.0325e−05 4.4612e−05 4.3610e−05 1.3535e−05 6.5079e−06

211 4.1869e−05 3.0164e−05 2.2307e−05 2.1806e−05 6.7662e−06 3.2581e−06

212 2.0934e−05 1.5082e−05 1.1154e−05 1.0903e−05 3.3827e−06 1.6304e−06

Order 1.00 1.00 1.00 1.00 1.00 1.00

Table 3 The maximum error at the mesh points with m = 1 and α = 0.5

N c1 = 0.1 c1 = 1
3 c1 = 0.49 c1 = 0.5 c1 = 0.8 c1 = 1

29 3.4269e−03 2.1189e−03 1.5034e−03 1.4677e−03 5.2608e−04 1.1997e−05

210 2.4197e−03 1.4960e−03 1.0615e−03 1.0364e−03 3.7208e−04 6.0418e−06

211 1.7092e−03 1.0566e−03 7.4986e−04 7.3207e−04 2.6314e−04 3.0363e−06

212 1.2077e−03 7.4658e−04 5.2985e−04 5.1729e−04 1.8609e−04 1.5236e−06

Order 0.50 0.50 0.50 0.50 0.50 0.99

6 Numerical Results

Example 1 In (1) let T = 1, K (t, s) = 1
10(1−α)

and g(t) = 1 such that the exact solution

u(t) = E1−α,1(
t1−α

10 ), where the Mittag-Leffler function Eμ,θ is defined by

Eμ,θ (z) :=
∞∑
k=0

zk

(μk + θ)
for μ, θ, z ∈ R wi th μ > 0.

In Tables 1, 2, 3, 4, 5, 6 and 7, we take m = 1 for α = 0.3, 0.5, 0.7, respectively. From
these tables, we observe that the numerical results agree with our theoretical analysis.

At the mesh points, in Tables 1, 3 and 6, we observe that the order is min{2(1− α), 1} for
c1 = 1. The reason is that for this case, the mesh point tn = tn−1 + c1h is also a collocation
point. In Tables 8 and 10, the similar phenomena appear for Rauda IIA , ( 12 , 1) for m = 2,
and Rauda IIA , ( 13 ,

1
2 , 1) for m = 3. At collocation points, in Table 5, we observe that the

order for α = 0.5 and m = 1 is 1.
In Tables 8, 9, 10 and11, we take α = 0.5 and m = 2, 3, respectively. From these tables,

we observe that the numerical results also agree with our theoretical analysis.
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Table 4 The errors at the endpoint with m = 1 and α = 0.5

N c1 = 0.1 c1 = 1
3 c1 = 0.49 c1 = 0.5 c1 = 0.8 c1 = 1

29 1.2875e−04 9.2080e−05 6.7558e−05 6.5995e−05 1.9162e−05 1.1997e−05

210 6.4374e−05 4.6054e−05 3.3789e−05 3.3007e−05 9.5645e−06 6.0418e−06

211 3.2187e−05 2.3033e−05 1.6899e−05 1.6507e−05 4.7765e−06 3.0363e−06

212 1.6094e−05 1.1518e−05 8.4508e−06 8.2550e−06 2.3862e−06 1.5236e−06

Order 1.00 1.00 1.00 1.00 1.00 0.99

Table 5 The maximum error at the collocation points with m = 1 and α = 0.5

N c1 = 0.1 c1 = 1
3 c1 = 0.49 c1 = 0.5 c1 = 0.8 c1 = 1

29 9.7860e−06 3.9639e−06 2.6354e−06 2.6893e−06 7.2682e−06 1.1997e−05

210 4.9006e−06 2.0017e−06 1.3147e−06 1.3416e−06 3.6499e−06 6.0418e−06

211 2.4529e−06 1.0078e−06 6.5629e−07 6.6971e−07 1.8306e−06 3.0363e−06

212 1.2273e−06 5.0637e−07 3.2777e−07 3.3447e−07 9.1728e−07 1.5236e−06

Order 1.00 0.99 1.00 1.00 0.97 0.95

Table 6 The maximum error at the mesh points with m = 1 and α = 0.7

N c1 = 0.1 c1 = 1
3 c1 = 0.49 c1 = 0.5 c1 = 0.8 c1 = 1

29 8.7477e−03 4.9295e−03 3.3781e−03 3.2916e−03 1.1178e−03 3.0268e−05

210 7.0753e−03 3.9862e−03 2.7324e−03 2.6624e−03 9.0687e−04 1.9806e−05

211 5.7272e−03 3.2262e−03 2.2118e−03 2.1553e−03 7.3586e−04 1.2980e−05

212 4.6390e−03 2.6128e−03 1.7916e−03 1.7458e−03 5.9721e−04 8.5177e−06

Order 0.30 0.30 0.30 0.30 0.30 0.61

Table 7 The errors at the endpoint with m = 1 and α = 0.7

N c1 = 0.1 c1 = 1
3 c1 = 0.49 c1 = 0.5 c1 = 0.8 c1 = 1

29 7.9096e−05 5.6201e−05 4.1042e−05 4.0078e−05 1.1261e−05 7.8540e−06

210 3.9572e−05 2.8131e−05 2.0535e−05 2.0052e−05 5.5905e−06 4.0117e−06

211 1.9797e−05 1.4079e−05 1.0274e−05 1.0031e−05 2.7792e−06 2.0402e−06

212 9.9038e−06 7.0450e−06 5.1395e−06 5.0181e−06 1.3831e−06 1.0341e−06

Order 1.00 1.00 1.00 1.00 1.01 0.97

In Tables 12, 13, 14, 15, 16 and 17, we take m = 1, c1 = 0.5 and α = 0.3, 0.5, 0.7,
respectively, for the first, second and third iterated collocation methods. From these tables,
we see that the numerical results are again consistent with our theoretical analysis.
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Table 8 The maximum error at the mesh points with m = 2 and α = 0.5

N Gauss Rauda IIA ( 12 , 1) ( 14 , 5
6 ) ( 13 , 2

3 ) ( 16 , 1
2 )

29 2.2342e−04 1.0355e−07 4.8491e−07 1.5357e−04 2.7748e−04 7.7443e−04

210 1.5805e−04 5.1477e−08 2.4187e−07 1.0863e−04 1.9621e−04 5.4771e−04

211 1.1179e−04 2.5634e−08 1.2073e−07 7.6833e−05 1.3874e−04 3.8734e−04

212 7.9067e−05 1.2780e−08 6.0293e−08 5.4339e−05 9.8104e−05 2.7392e−04

Order 0.50 1.00 1.00 0.50 0.50 0.50

Table 9 The errors at the endpoint with m = 2 and α = 0.5

N Gauss Rauda IIA ( 12 , 1) ( 14 , 5
6 ) ( 13 , 2

3 ) ( 16 , 1
2 )

29 1.3561e−08 1.1453e−08 3.9962e−08 1.3557e−08 4.0495e−08 6.1779e−08

210 3.8874e−09 4.0491e−09 1.4148e−08 4.1129e−09 1.3121e−08 1.9598e−08

211 1.1478e−09 1.4314e−09 5.0063e−09 1.2841e−09 4.3404e−09 6.3683e−09

212 3.4921e−10 5.0596e−10 1.7710e−09 4.1153e−10 1.4597e−09 2.1113e−09

Order 1.72 1.50 1.50 1.64 1.57 1.59

Table 10 The maximum error at the mesh points with m = 3 and α = 0.5

N Gauss Rauda IIA ( 13 , 1
2 , 1) ( 13 , 1

2 , 2
3 ) ( 13 , 1

2 , 8
9 ) ( 19 , 1

3 , 1
2 )

26 2.1494e−04 5.2426e−07 1.9630e−06 3.6193e−04 9.7979e−05 2.4986e−03

27 1.5228e−04 2.6073e−07 9.7666e−07 2.5641e−04 6.9713e−05 1.7679e−03

28 1.0783e−04 1.2987e−07 4.8662e−07 1.8155e−04 4.9508e−05 1.2506e−03

29 7.6317e−05 6.4763e−08 2.4271e−07 1.2849e−04 3.5113e−05 8.8458e−04

Order 0.50 1.00 1.00 0. 50 0.50 0.50

Table 11 The errors at the endpoint with m = 3 and α = 0.5

N Gauss Rauda IIA ( 13 , 1
2 , 1) ( 13 , 1

2 , 2
3 ) ( 13 , 1

2 , 8
9 ) ( 19 , 1

3 , 1
2 )

26 3.6194e−08 6.3288e−08 2.5907e−07 1.4641e−07 2.2744e−07 4.5403e−07

27 1.3101e−08 2.2369e−08 9.1542e−08 5.2467e−08 8.0605e−08 1.5839e−07

28 4.6687e−09 7.9060e−09 3.2359e−08 1.8623e−08 2.8522e−08 5.5743e−08

29 1.6556e−09 2.7967e−09 1.1433e−08 6.5593e−09 1.0078e−08 1.9649e−08

Order 1.50 1.50 1.50 1.50 1.50 1.50
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Table 12 The maximum error of
the first iterated collocation at the
mesh points with m = 1 and
c1 = 0.5

N α = 0.3 α = 0.5 α = 0.7

29 9.5670e−08 1.9498e−06 2.6693e−05

210 3.6267e−08 9.7450e−07 1.7552e−05

211 1.3746e−08 4.8710e−07 1.1549e−05

212 5.2096e−09 2.4350e−07 7.6029e−06

Order 1.40 1.00 0.60

Table 13 The errors of the first
iterated collocation at the
endpoint with m = 1 and
c1 = 0.5

N α = 0.3 α = 0.5 α = 0.7

29 1.8779e−08 8.9168e−08 3.1320e−07

210 5.8439e−09 3.1549e−08 1.2712e−07

211 1.8146e−09 1.1160e−08 5.1610e−08

212 5.6251e−10 3.9472e−09 2.0956e−08

Order 1.69 1.50 1.30

Table 14 The maximum error of
the second iterated collocation at
the mesh points with m = 1 and
c1 = 0.5

N α = 0.3 α = 0.5 α = 0.7

29 2.2481e−09 7.3781e−09 9.7275e−08

210 6.8104e−10 2.6177e−09 5.2193e−08

211 2.0683e−10 9.2778e−10 2.7996e−08

212 6.2949e−11 3.2859e−10 1.5014e−08

Order 1.72 1.50 0.90

Table 15 The errors of the
second iterated collocation at the
endpoint with m = 1 and
c1 = 0.5

N α = 0.3 α = 0.5 α = 0.7

29 2.2481e−09 7.3781e−09 1.2837e−08

210 6.8104e−10 2.6177e−09 5.4974e−09

211 2.0683e−10 9.2778e−10 2.3263e−09

212 6.2949e−11 3.2859e−10 9.7567e−10

Order 1.72 1.50 1.25

Table 16 The maximum error of
the third iterated collocation at
the mesh points with m = 1 and
c1 = 0.5

N α = 0.3 α = 0.5 α = 0.7

29 1.8592e−10 8.2199e−10 2.4401e−09

210 5.6098e−11 2.8863e−10 1.0475e−09

211 1.6987e−11 1.0155e−10 4.5096e−10

212 5.1559e−12 3.5773e−11 1.9456e−10

Order 1.72 1.51 1.21
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Table 17 The errors of the third
iterated collocation at the
endpoint with m = 1 and
c1 = 0.5

N α = 0.3 α = 0.5 α = 0.7

29 1.8592e−10 8.2199e−10 2.1776e−09

210 5.6098e−11 2.8863e−10 8.8774e−10

211 1.6987e−11 1.0155e−10 3.6145e−10

212 5.1554e−12 3.5773e−11 1.4705e−10

Order 1.72 1.51 1.30
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