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Abstract

Two higher order time stepping methods for solving subdiffusion problems are studied in
this paper. The Caputo time fractional derivatives are approximated by using the weighted
and shifted Griinwald—Letnikov formulae introduced in Tian et al. (Math Comput 84:2703—
2727, 2015). After correcting a few starting steps, the proposed time stepping methods have
the optimal convergence orders O (k%) and O (k3), respectively for any fixed time ¢ for both
smooth and nonsmooth data. The error estimates are proved by directly bounding the approx-
imation errors of the kernel functions. Moreover, we also present briefly the applicabilities
of our time stepping schemes to various other fractional evolution equations. Finally, some
numerical examples are given to show that the numerical results are consistent with the
proven theoretical results.
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1 Introduction

Two higher order time stepping methods based on the weighted and shifted Griinwald-
Letnikov formulae in Tian et al. [34] are introduced and analyzed for the following
subdiffusion problem, with 0 < @ < 1,

SDYu(t) + Au(r) = f(r), for0 <t <T withu(0) = u, 1)

where A = —A and A denotes the Laplacian defined on a regular domain 2 ¢ R?, d =
1, 2, 3 with smooth boundary 9§2 and D(A) = HO1 (£2) N H2(£2). Here the initial value
ug € Lo(£2) and the smoothness of the source term f is described in Theorems 1, 2 in Sect. 2
and 3, respectively. The time fractional derivative g Dfu(t), 0 < a < 1 is defined in the
sense of Caputo, see, e.g., Diethelm [10],

1

C no _
0 Drul) = F g

t
/ (t — ) “u,(s)ds.
0
More generally the operator A in (1) could be any linear, selfadjoint, positive definite operator
with compact inverse, defined in D(A) C L»(£2), and satisfies the following resolvent
estimates, with /2 < 6y < 7, see, e.g., Lubich et al. [23] and Thomée [33],

I(zI + A7 < Clz|™! forz e Zg, ={z #0: |arg z| < 6p). )

It is easy to see that for any z € Xy with 0 € (7/2,6p), we have z% € Xy, since, with
O<a<l,

larg(z¥)| = |a arg(z)| < af < 0 < Oy,
which implies that, by (2), see, e.g., Jin et al. [14, (2.3)],
IG*T+A) " <Clzl™, YzeXy={z#0: |argz| <0}. 3)

In Sects. 2 and 3, with some suitable approximation z; of z, we shall choose 6 € (7/2, 6p)
sufficiently close to /2 such that z; € X, which guarantees that (z / + A)~! exists.

Recently, Meerschaert et al. [27] and Tian et al. [34] introduced the weighted and shifted
Griinwald-Letnikov difference operators to approximate the Riemann-Liouville fractional
derivative and applied such difference operators to solve space fractional partial differential
equations under the assumptions that the solution is sufficiently smooth and satisfies the
homogeneous boundary conditions. To our knowledge, we have not seen any works in litera-
ture to apply such weighted and shifted Griinwald-Letnikov difference operator to construct
higher order time discretization schemes for solving the subdiffusion equation (1). One of
the possible reasons for lacking such works may be that the solution of (1) is not sufficiently
smooth and it has the singularity near + = 0. For example, in the homogeneous case of (1)
with f = 0, one has the following stability estimate, [29], with || - || the norm in L, ($2),

1§ Dfull < Ct~*Jluoll, “

which shows that the «-th order Caputo derivative of the solution of (1) becomes unbounded as
t — 0. Hence, the C%-regularity assumption, generally, does not hold for the exact solution of
(1). Numerical experiments indicate that the convergence orders of some numerical methods
for solving (1) actually do not hold uniformly in # even for the smooth data ug, see, e.g., Jin
et al. [15], Stynes et al. [31] and Stynes [30]. Therefore, an attempt has been made in this
paper to consider the higher order time discretization schemes for (1), based on the weighted
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and shifted Griinwald-Letnikov schemes developed in Tian et al. [34] and prove the optimal
convergence orders of the proposed schemes with both smooth and nonsmooth data.

There are several approaches to improve the convergence orders of the numerical methods
for solving (1), when the solution is not sufficiently smooth. One approach is to correct some
weights of the numerical methods in order to capture the singularity of the solution. This
idea was first introduced by Lubich et al. [23] for second order time stepping scheme applied
to an evolution equation with positive memory term. After correcting some weights of the
numerical methods, Lubich et al. [23] proved optimal convergence of the corrected numerical
method for both smooth and nonsmooth data. Jin et al. [16] derived some higher order numer-
ical methods in time for the problem (1), where the fractional derivatives are approximated
by using the convolution quadrature generated by using the backward difference formulae.
By correcting some starting steps of the numerical methods, Jin et al. [16] established that
the corrected numerical methods have optimal order of convergence for any fixed time ¢ for
both smooth and nonsmooth data, see also [14,17]. Subsequently, Yan et al. [36] corrected
the starting steps of the L1 scheme for solving (1) and proved that the modified L1 scheme
has the optimal convergence order O(k*%),0 < o < 1. More recently, Xing and Yan
[35] analyzed a numerical method for solving (1), where the Caputo fractional derivative is
expressed by using the Hadamard finite-part integral which is then approximated by using the
quadratic interpolation polynomials. After correcting some starting steps and some weights of
the high-order numerical methods, Xing and Yan [35] derived the optimal convergence order
O(kS_“), 0 < a < 1 of the corrected numerical methods for both smooth and nonsmooth
data. For the recent development of the corrections of numerical methods for (1), we refer
the readers to the survey paper [12], see also [37]. For other numerical methods for solving
time fractional diffusion equation, we refer to [3,5-8,11,15,18-22,24,25,28,32,38-40], etc.

The aim of this paper is to prove that the proposed numerical methods have the optimal
convergence orders O (k%) and O (k?), respectively, by correcting a few starting steps of
the numerical methods for both smooth and nonsmooth datas. Compared to other higher
order time stepping methods in the literature for solving time diffusion problem (1), the
proposed methods have two advantages: (i) The weights of our numerical methods are much
simpler than those obtained by approximating the fractional derivative with the quadratic
interpolating polynomials, see, e.g., in Xing and Yan [35] and further, these weights have a
special structure as mentioned in Tian et al. [34], which may be useful for constructing some
fast algorithms and also for proving their stability and error analyses; (ii) The weights of the
proposed numerical schemes are related not only to the order of the fractional derivative, but
also to the shifted numbers, which imply that our methods are more related to the equation
itself, see, e.g., Tian et al. [34].

The main contributions of this paper are as follows.

1. Based on the weighted and shifted Griinwald -Letnikov schemes proposed in Tian et al.
[34], two new corrected higher order time discretization methods are introduced and the
convergence orders are shown to be of O (k%) and O (k?), respectively for both smooth
and nonsmooth data.

2. The error estimates of the corrected numerical methods are proved in both homogeneous
and inhomogeneous cases.

3. With the help of Laplace transform techniques, it is shown that the error estimates are
even suitable for more general elliptic operator A, which satisfies the resolvent estimate

.

The paper is organized as follows. In Sect. 2, we consider the error estimates of the
time discretization scheme for (1) with the convergence order O (k?) for both smooth and
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nonsmooth data. In Sect. 3, we derive the error estimates of the time discretization scheme
with the convergence order O (k®) again for both smooth and nonsmooth data. Finally in
Sect. 4, numerical examples are presented to show that numerical results are consistent with
the theoretical results.

By C, we denote a positive constant independent of discretization parameter k, but not
necessarily the same at different occurrences.

2 Second Order Time Stepping Scheme

In this section, we analyze a second order time discretization scheme for approximating the
solution of the problem (1). After correcting some starting steps of the scheme, the optimal
order of convergence is derived for the problem with both smooth and nonsmooth data.

Based on Tian et al. [34], we shall introduce a scheme to approximate the Riemann-
Liouville fractional derivative §D$‘¢(t). Let0 =1 <t <--- <ty = T be atime partition
of [0, T'] and k be the step size. We define the following numerical scheme to approximate
Epegtyatt =t,,n > 1

EDEOG) % LD 6(0) = 5B 60 + 3 P B 00 O
where
n+p
B (1) =k~ Y g p(tajip)- ©)
=0

Here g;.a), j=0,1,2,..., are generated by the generating function §;(¢) = (1 — ¢), that
1s,

o0
G1E)" = (1= 0)" =) g)'¢" with g’ = (=1)/ (j> : %)
j=0
When p =0, g = —1org =0, p=—1, the equation (5) leads to
n
LDf 0 ) =k~ > w61, ®)
j=0

where

a+2 () 0@ — a+2 @ o @
2 ©0 > i T 9o 8 28j-1
In Table 1, we show the differences numerically between the weights generated by (9) and

by BDF2, i.e., backward difference formula with convergence order 2, in Jin et al. [16] with

w(()“): i=12,...,n ©

n = 5. Here wi.a) and bﬁ.a), 0O<a<1,j=0,1,2,...,n denote the weights generated by
(9) and by BDF2, respectively with respect to the different 0 < o < 1.

The corresponding generating function §(¢) of the weights wﬁ.“), j=0,1,2,...in(9)
satisfies
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Table 1 Comparison of the weights generated by (9) and BDF2 withn =5

j 1 2 3 4 5 6
b 1.0845 —0.2892 —0.0819 —0.0463 ~0.0323 —0.0247
i 1.1000 —0.3200 —0.0680 —0.0448 —0.0322 —0.0247
p (Y 1.1761 —0.6272 —0.0941 —0.0530 —0.0365 ~0.0273
wi 1.2000 —0.6800 —0.0640 —0.0528 —0.0371 —0.0276
b0 12754 ~1.0203 —0.0170 —0.0333 —0.0255 ~0.0191
(" 1.3000 —1.0800 0.0240 —0.0368 —0.0269 ~0.0196
¥ 1.3832 —1.4754 0.1721 —0.0066 —0.0105 —0.0084
w08 1.4000 — 1.5200 0.2080 —0.0128 —0.0118 —0.0087

J

o0
. oa+2 a—+2 o
BN =Y wel = LT gl ( g - ,ggw) ¢
j=0

2 2 2
a+2 @ _ (a) a+2 @ _ (a)
+< 5 & 58 2+ 58 58 o+
oa+2
= 5 (g(()a)+g§a)§+‘ (Ot)g- ) C(g(()a)+g§a)é“+--'+g,(1“)§”)
a+2 «
- —5¢) -0 10
( ) 2()( ) (10)

As in Lubich et al. [23], we denote the discrete Laplace transform of the sequence wj.a), j=

0.1,2,...by H(¢) = Y32 w'”'¢/. We then have, by (10),

~ — a) o j o +2 o
D)=y w\el =50 = (“ - %;) (1-0)°. (11)
=0

The following lemma gives the series expansion of w(¢) in (11) in terms of (1 — ¢), see,
the similar argument used in [16, (16)].

Lemma 1 Let w(¢) be defined by (11). Then, the following expansion holds:

- e _ L e o\
DOV = (1430 =)+ ===+ ) (1 =) asg— 1.

Proof From (10), we observe that

2 1/a
(o) = (“ L %;) (1-¢)

2

1 11—« 2
= (1430 -0+ ==+ Ja=0) asc—>1 (2
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where we have used the following binomial expansion, with 8 € R,
+ 1

BB
2

This completes the proof of the Lemma 1. O

A+ =148+ asz — 0. (13)

We now introduce a fully discrete scheme for solving (1). Let 7;, denote a triangulation
of £2 with h the maximal length of the sides on 7j,. Let Sj C HO1 (£2) denote the piecewise
continuous linear finite element space.

For any fixed ¢ € (0, T], the finite element method of (1) is to find uy(¢) € S;, such that

ngluh(t) 4+ Apup(t) = fr(t), forO <t <T withu,(0) = uo, (14)

where Aj, : S — S, denotes the discrete analogue of A defined with some suitable bilinear
form a(-, -) defined on HOl (£2) x HOl (£2) associated with the operator A, by

(Apup, x) = alup, x), Vx € Sp,
and f, = Pnf, where Py, : L>(£2) — Sj, denotes the L, project operator given by
(Ppv, x) = (v, x), VX € Sh.

Here ugy, € Sj denotes some approximation of ug € L»(§2). When ug is nonsmooth, we
choose 1o, = Pnuo and when ug is smooth, thatis ug € D(A), we may choose ug;, = Ryuo,
where Ry, : H(} (§£2) — Sj, denotes the Ritz projection or elliptic projection defined by

aRpv, x) =a(v, x), VYx €Sy.
Let Vi, (t) = up(t) — uop. Then, the equation (14) is equivalent to
ng‘ V() + ApVi(t) = fu(t) — Apuon with V5 (0) = 0. (15)
Since gD‘," Vi(t) = gD;’(Vh(t) — V5(0)),0 < a < 1, now (15) is rewritten as
ng‘ V(@) + ApVi(t) = fu(t) — Apuon with V,(0) = 0. (16)
An application of Taylor’s expansion as in Jin et al. [17] yields
S (@) = fu©) + Ru(1),  Ru(1) = 1£,(0) + (¢ % f) (0),

where g * h denotes the convolution of g and h.
By the Laplace transform method, we obtain, with g(z) denoting the Laplace transform

of g(#),
22V (2) + ApVi(2) = (fn(0) — Apuon)z™ " + Ry(2).

A use of the inverse Laplace transform shows att = ¢,
1
Vi(tn) = 5— / @+ A~z (fn(0) — Apuon) dz
2mi r

1 R
+— / e (2% + Ap) ' Ry(2) dz, 17
27Tl r

where I is defined by, see, e.g., Lubich et al. [23], with some 6 € (7/2, 6p),
I'="Iy:={z€C: |argz| =6}. (18)
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Now we shall consider the time discretization scheme of (1). To improve the accuracy
near t = 0, we follow the approach in Lubich et al. [23] to correct the values of the first step
in the time discretization.

Let V" = V), (t,) be the approximation of V},(#,). We define the following time discretiza-
tion scheme for approximating (1)

= Zw(a) VI AV = a,(f(0) — Apuon) + Ri(ty) with V0 =0,  (19)

where, with co = 1/2,

Applying the discrete Laplace transform in both sides of (19), we obtain

Z (kfot Z w’(loi)j Vj>§” + Z(Ah vryen
j=1 n=1

n=1

= (1{? + CoC) (fn(0) = Apuon) + Y Ru(tn)¢". (20)
n=l1

It is easy to see with V (¢) = Z;io vigi

n

> Zw“” Vil = w0 | (vie+ v+ = h @)V (@),

n=1 j=0
which implies by (20) that
V(£) = (k™ *B(@) + Ap) ™! ((15; + Co§> (fin(0) = Apuon) + Y Rhan)c") :

n=1

Further, with w(¢) given in (11), we set

= k7b()e, @1)

and

e eg) = 50 (1 ek, 22)

By the inverse discrete Laplace transform, it follows for » > 1 and using the variable change
¢ = e % that

(e = ke

= IV @)de = o / V(e dz
21 Jie1=p 2ri Jry
1
=5 [ G+ AN g 1@ (i (0) = Apuon) dz
Tl Ty
1 oo
pE el MG Ak Ri(ta)g") dz, (23)

Tk n=1
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where, see Lubich et al. [23], with I" defined in (18),
Iy=A{zerl: |3z] <m/k}. (24)
Below, we state our main result in this section whose proof will be provided subsequently.
Theorem 1 Let V), (t,) and V" be defined in (17) and (23), respectively. Assume that uy €

Ly(£2) and f € CY([0, T1; L2(£2)) and [y (ta — )* | f" ()|l ds < oo for t, € (0, T].
Then, there is a positive constant C, independent of k, such that for0 < o < 1

Vi) = V"Il < & (12 uoll + 1521 £ O

In
+#ﬂumw+/'m—QWWWmMM)
0
To prove Theorem 1, the following two lemmas will be useful.

Lemma?2 Let z; and ju(¢) with ¢ = e~ be defined by(21) and (22), respectively. Assume
that

Ki(2) =z '@+ A Ap, Ka(z) =270 + AL (25)

Then with Iy defined by (24), the following estimates hold:

ln(e™*) — 1| < Clzk|>, z €I}, (26)
Clz|l < |zl = Clzl, z € Iy, 7
| K1 (z) — Ki(@)|| < CK*zl, z € I}, (28)
(@) Ka(z) — K2(2) | < CK*z'™®, z € I} (29)

Proof We first show (26). Now, zk is uniformly bounded for any z € I} since, with 6 €
(7r/2, 6o),
|3z i3

T
k= lak= "< £ g = T _const, forze Iy
Ikl = lelk = Gog% = e = sing — COMt forze i

Further we note that, by (22) and Lemma 1 with ¢g = 1/2,

PO =1 = 50" (g + ar) -1

(14 300+ 220024 ) - +ar) -1

2 1—¢
1 1 -

= (1430 -0+ U= 4+ )¢ + et =) — 1

_ 1 l -« ) 2

=(1+30-0+ 1=+ )(1+@=-DU =0 =l = )?) ~ 1

=0((1-¢)?) as¢— 1,
and this implies that
e *) —1=0(1-e?) = 0((zh)?) aszk — 0.
Hence, there exists §g > O with0 < 89 < - such that (26) holds for 0 < |zk| < &9, z € I%.

sin O
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T
sinf’

PO =1 = @) (2 +eox) = (“;2—§)%1—;(15§+aﬁ)

This is continuous at any ¢ # 1, which implies that i(e~%) — 1 is continuous at any z # 0.
Since every continuous function is bounded on the closed and bounded domain, therefore,
w(e=%) — 1is bounded on 8y < |zk| < 55+ 2 € I Then,

— Ssin

For large zk with §¢ < |zk| < we now note by (22) that

ln(e™*) — 1] < C = C8;%83 < C8; |2k | < Clzk|™. (30)

Hence, (26) also holds for §y < |zk| < si’{f 5> 2 € I, which completes the estimate (26).

In order to prove the estimate (27), it suffices to show |i| is bounded for any z € I}.
Now, a use of (21) yields

JERE

=———., 26T}
lzkl Jw(e—)a|

To show |Zi| is bounded for any z € I}, we consider two cases: one for the small zk and the
other for the large zk.

For the small zk, observe that

X . X . X
lim = lim — = lim ]
=0 fhe—x)a 0 (O w;.a)(e—x)l)i 0 (x4 dyx2H 4 dpx3te L )a
. 1
= lim - =1,
x—0 (1+d1x2+,,,)&

80 — sin 9

For the large zk, we note that I‘Z I

I is continuous at any w = zk # 0, z € '}, which implies
the boundedness of Iz\ for large |zk| with §¢ < |zk| < W’ z € I}. Thus, we complete the
estimate (27). Slmllarly, it is easy to show that |Z" | is also bounded for any z € I.

For (28), we first observe with ¢ = e —2k that

1
(Cowf”@ ) —2k @yt ik +oF =k
X - k
_ GO+ QR+ — 2k
- k

This implies that there exists 0 < §p < ﬁ such that

ik — 2=

=k'0((zk)?), aszk — 0.

|z — 2| < CK*|23|, for O < |zk| < 80,z € I}

For large |zk| with §¢ < |zk| < z € Ik, an application of (27) shows

T
sinf’

lze — 2l < lzxl + |z] < Clz| < C(k?*|zPP) —— aﬁm> <aﬁm%

|z kl2 -
Hence,

lzx —z] < C(K%|zI%), forz € I}. 31)
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Following the idea of the proof in Lubich et al. [23, (4.6)] and noting that || K { @I <
Clz|~2 in [23, (3.12)], we obtain by mean value theorem and using (31),

IK1(z) — K1 (@)l < Clz| k2|2 < Ck*lz|, for z € I (32)

As in the proof of [36, Lemma 3.12], and noting that | K (zz)| < Clzel ' < Clz|™Y, z e I,
we now arrive by (32) and (26) at

@) K1 (z) — K1) < [(1(0) = D) K1z + | Ki(z) — K12 ||
< Clzk*|z|~" + CK?|z| < CK?|z|, z € Tk,

which completes the proof of (28).
Finally in order to estimate (29), a use of the mean value theorem, (31) with K»(z) =
7@ + Ap) 7 and K5 (2) || < Clz| 727 yields

I1K2(zx) — K22l < Clz|27k*|z)* < CK*|z)'™%, z e Tk (33)

Further, noting that |K»(zx)| < Clzx|~'™® < Cl|z|~'7%, z € I}, we obtain, by (33) and
(26),

(@) Ka(zi) — K2(2) || < [[(n(@) = 1) Ka(zo) | + | Ka(zr) — K22) ||
< |zk]*Clz| 7' + CK? 2" < Ck*z)' Y, z € I,

which shows (29).
Altogether, it concludes the proof of the Lemma 2. O

In the following lemma, with z; defined in (21), we claim that zg € Xy, for some
6y € (%, ).

Lemma3 Let 6 > /2 be sufficiently close to w /2. Let zj. be defined by (21). Then we have,
for some 0y € (7w/2, ), with I} defined by (24),

Zf € Xg,, forz e Iy. (34)

Proof By the definition of z; in (21) and the expression of w(¢) in Lemma 1, we obtain

a+2 o

2 3t
It suffices to show that both %(l — )t and (1 — )* lie in Xy, for all z € I. Recall that
z € Iy satisfies J(zk) € (0, ] and arg(z) = 6 with 6 > % Note that zif depends on z
continuously [14, proof of Lemma 3.6]. It suffices to consider the case for z with arg(z) = %
and J(zk) € (0, ]. In other words, suppose that we can prove 5 (1 — Ot e Xy, for all
z with arg(z) = % and J(zk) € (0, ], then since z; depends on z continuously, there exist
6o € (0, ) such that 5 (1 — £)**! € Xy,. Note that arg(z) = Z with J(zk) € (0, ] implies
that { = e= = 7%, ¢ € (0, w]. We next show (1 — )**! € Xy and (1 — {)* € Xy,
forz = 7%, ¢ € (0, 7]. Write

=k Ja-or =k (Fa-o* +a-0°). 69

l—¢=1—e¢"=1—cosp+ising,

then, 0 < M(1 —¢) =1—-cosp < land0 < J(1 —¢) = sing < 1 for p € (0, 7]
Thus, we arrive at arg 5 (1 — 0t e (0, m) with 0 < o < 1 and arg(1 — ¢)* € (0, 7) with
0 < a < 1. Then, there exists 6y € (5, 7) such that zj € Xy, and this completes the proof.

O
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Remark 1 1In Jin et al. [14, Lemma 3.7], the authors have proved that for all -7 < 6 < 7,
there exists 6y € (/2, ) such that z{ € Xy, for all z € Xy. Actually in our analysis, we
only need to show z;} € Xy, for all z € I'; for some 6 > 7/2 sufficiently close to /2.

Lemma4 Let zi be defined as in (21), then, there is a positive constant C independent of k
such that

o0
H G+ AT - Ah)_1<k2tn§") ‘ < CK2|z.
n=1

Proof Apply Lemmas 2, 3 to arrive at

H @+ AN T = @+ AT (k itnf'l)

n=1

o0
<G+ AN @ AT+ H @+ A2 (1= kY ")
n=1

I

< C(|| (2% + Ap) 23 |+ [l + Al ||)||Zk -zl

_ 2 &
e+ A~ el 2|1 = B)F ——|
“ k ” (1— 4-)2
< Ck*|z|™.
This completes the rest of the proof. O

Now we turn to the proof of Theorem 1.
Proof (Proof of Theorem 1) Subtracting (17) from (23), we arrive at
Va(tn) = V" =1 + I,
where, with K> (z) defined by (295),

1 zt o —1_-1
I = — e (2% +Ap)” 2 (fn(0) — Apuon) dz
2mi /T
1 2t —zk
5 [ e (K@) = (e Ka () ) (i 0) = Apuon) dz
L Jry,
=1 + Iz,
h=— [ "+ A" Ry(x) dz
2mi r

1 o0
— o= | e+ AT (k > Ry (M)!") dz = I + I».
27‘[[ N el

For Iy, apply the bound || (z* + A A, | <, (3), (28) and (29) to obtain
I < CK 4, 2 luon || + CR 211 £ (O)])-
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For I, we note that

_ 1 Zty (A —1p1
I = - e (" + Ap) Rh(Z)dZ
2i r
1

2mi Tk

o0
e (e + A~ (kYD R)E") dz,

n=1
1 ~
I = %/ e (2% + Ap) ' RX(2) dz
r
] o0
— o= | emar+ AN (kY RRwe") da,
by

k n=1

where

Ry(t) = t£,(0) + (t % f)(t) =t Ry(t) + Ry (D).

For 11, we easily bound it as
1
il = | o [ e+ A0 a2y 0)
27Tl r

o0
L[ ety ! (kZR},(tn);”) dz|
n=1

2ri Jp

— i iy (O —-1,-2 /

= - e (2 + Ap)” 27" dzf;(0)
27 /Ty

1
2mi

e an T Ah)—l(kérn;")) azf; )|

An application of Lemma 4 yields
Il < CE2 2 £ O] (36)
For I, following the arguments as in Jin et al. [14,17], we arrive at
i
Il < CK* / (tn =) f7 )l ds.
0

Together these estimates complete the proof of Theorem 1. O

3 Third Order Time Discretization Method

In this section, we introduce a third order time discretization scheme for solving (1) based
on the weighted and shifted Griinwald-Letnikov difference operator introduced in Tian et al.
[34].

Let us define the following weighted and shifted Griinwald-Letnikov difference operator
LD/?, pogr 0 approximate the Riemann-Liouville fractional derivative operator (If Df by

RDEp() ~ DY, , &) = 11 BY ju(t) + 2B, ¢ + 3B, 01, (37)

@ Springer



Journal of Scientific Computing (2020) 83:40 Page 130f29 40

where p, ¢, r are integers and mutually nonequal, and B,‘(’" ,,¢(tn) are defined by (6) and

12gr — (6q + 6r + Da + 3a?

M= 2
(gr — pq — pr + p?)

hy = 12pr — (6p + 6r + Da + 3a?
12(pr — pq —qr +¢°)

s — 12pg — (6p + 6q + D + 3a?

12(pg — pr —qr +r?)
When p =0, g = —1, r = —2, we obtain
24 + 170 + 302 —22a — 602 5a + 3a?
\=—F, M=—F"", M=—F"",
24 24 24

and we then arrive for n > 2 at

OD;X(p(tn) ~ LD]?,p,q,rd’(tn) = )\IB]?,0¢(ln) + )\ZB]gi71¢(tn) + ABtgj(é(,fzd’(tn)-

Thus, we obtain

n n—1
LDf g @) = Mk~ ot ) + 20k Y g p(taj1)
j=0 =0

n—2
+ 23k~ Y g bl 2)

j=0
=k Mg\ P (1) + k4 Mg\ + 228V (11)
el + 008\ + 238V (10-2)
gl + 2gd + 238N (1) + - -

— k¢ Zw(d) ¢([J

where
gy, j=0,
wﬁa) _ (a) T2 g(a) j=1,
Alg(a)+kzg +Mgl 2, j=2,3,...,n.

The discrete Laplace transform of wﬁa), j=0,1,2,...1s given by

oo
DE) =Y wie =gl + (gl + g ¢
j=0

(R8s + Aag® + Aagf) 2 + (Mgl + gl + aagf?) ¢ -

= (M + 22 + 2381 = )",

(38)

(39)

(40)

(41)

Below, following the idea in Lemma 1, we consider the series expansion of the function

W(¢) in (41).
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Lemma5 Let w(¢) be defined by (41). Then,

- A2+ 24
W)V = (1 — %

A=+ )1 =¢) as¢— 1. (42)
Proof From (41), the binomial expansion (13) and A1 + A> + A3 = 1, it now follows that
BV = (1 + 2ot + 23221 =)
= (1= G2+ 20 -0+ 10 -07) “a o)

1 2
= {1+ (= G2+ 220 =) + 331 - 0)?)

11 _ 2
+%(—(x2+2x3>(1—;>+A3<1—¢)2) +oja-o
A 2\
(-2 a0+ )a-0 ot 43)
This concludes the rest of the proof. O

Next, we turn to the solution of (16) when f},(¢) is written as

2 2
Fu@) = fu(0) + f1O) + Ry(t),  Ry(t) = %f,i’(O) + GO, @

where g % h denotes the convolution of g and 4.
An application of the Laplace transform to (16) with respect to the time variable ¢ yields

Vi(0) = (2% + Ap) " ((fn(0) — Apuon)z ™" + £(0)272 + Ry (2)). (45)

By the inverse Laplace transform, the solution of (16) takes the following form at ¢t = #,,
1 2t o -1_-1
Viltn) =5— | e @+ Ap) " 2 (fn(0) — Apuon) dz
2mi r
1 .
o= | (@ AT RO+ AT Ri@) dz @6)
r

Let V' = Vj(t,),n = 0, 1,2, ..., N denote the approximate solution of the following
time discretization scheme for solving (16), with vo =0,

n
Ky i VI ARV =£i,(0) — Apon + f1O) + Ry(t)
j=0
+ a1 (fi(0) — Apuon) + bikfi(0), n=1, (47)
n .
Y w® VI AV = (0) — Apuon + f5(00t + Ra(tn)
Jj=0
+ ax(fn(0) — Apuop) + bakf5(0), n =2, (48)
n .
k7Y wl@ VI 4 AV = fy(0) — Apuon + £t + Ru(ta), n =3, (49)
j=0
where w;a), j=0,1,2,... are defined by (40) and the coefficients ai, az, b1, by satisfy

11 5

= —, -, 50
“=1 12 (50)
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and

1
b b 51
1+b= TR (5D

Now we come to the following main theorem in this section

Theorem 2 Let V), (t,) and V" be the solutions of (16) and (47)—(49), respectively. Assume
that uy € Lo(82) and f € C2([0, T1; L(2)) and fl”(t,, — ") ds < oo for
t, € (0, T]. Let upp = Phug, then there exists a positive constant C independent of k such
that

Vi) = VI = CF (57 ol + 27O + 12721 Ol + 157 1O
tn
+ f (1= )£ )] ds ).
0
To prove Theorem 2, we need the following lemmas.

Lemma 6 With w(¢) given by (41), let zy and pu(¢) with ¢ = e~ be defined by

% =klB(0)7, (52)
and
Z . 1 é‘ Z .
p© =ka( oo+ Lael) = 0@ (7 + ) (53)
j=1 j=1

Further, let K1 (z) and K»(z) be given by (25). Then, with Iy as in (24), the following estimates
hold:

lu(e™*) — 1| < Clzk, z eI}, (54)
Clz| < |zl = Clzl, z eIy, (55)
| K1 (z) — Ki(@)|| < CR |z, z € Ik, (56)
(@) K2 (zx) — K2()|| < CIO)2P7%, z € I (57)

Proof The proof is similar to the proof of Lemma 2. For each inequality, again two cases
such as the small zk and the large zk are considered.
For (54), a use of Lemma 5 yields, with a; = 11/12, ap = —5/12 by (50),

p(©) = 1= 0@ (e arc +ar?) -

;
=(1- AzJFZM(I—;“H )(1—4)(1;j+611§+a2§2)—
= (=220 ) (s ras0 - 0t a0 - 0) -
=(1- A2+2A3(1—c)+ )

(14 @ +a =11 = 0) = (@ +2a)(1 = 0% +ax(1 - ¢)°) -
=0((1-0)7) as¢— 1,
and then this implies that
we ™ —1=0(1-e*?) = 0(h)?) aszk — 0.
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Hence (54) holds for small zk with 0 < |zk| < §p with some positive §o > 0, 0 <
do < %, 0 € (w/2,6p). Note that ;4(¢) is continuous at any point except { # 1, which
implies that, following the argument as in (30), w(e~%) — 1 is bounded for large zk with
8o < |zk| < sirir(ﬁ)' Hence (54) follows.

We next estimate (55). With w(¢) defined by (41), we arrive at

2 _ Ik
2kl fibeshya|
Hence,
lim —— = lim ————————
x—0 w(e—x)g x—0 (Zj:O wj (efx)])g
. X
= lim ;
x—0 (x + d1x3+a + d2x4+06 + )
1
= lim =1,

=0 (L dyxd 4 )

which implies that % is bounded for small |zk| with O < |zk| < 8¢, z € I} for some suitable

0<dy < ﬁ Note also that % is continuous at any w = zk # 0, z € I, which implies

that % is also bounded for large |zk| with 89 < |zk| <
boundedness of % for any z € I';. Similarly, we may show that % is also bounded for any
z € I}. Thus, we derive the estimate (55).

To estimate (56), we observe that

4
sng 2 € Tk Hence, we proved the

L
(X520 wie ™) —2k @)1 +di(K)> +-)7 —k
k - k
@O+ L2k ) — 2k
- k

which implies that there exists 0 < §y < # such that

Ik — 2=

=k'0(zb)*), aszk — 0,

lzk — z| < CK3|Z%| for O < |zk| < 8,7 € I.

For large |zk|, with §¢ < |zk| < Lg, z € I, we have, by (55),

— sin
1 1
< C(k3|z|“)8—3 < C(K1z.

|z — 2| < lzxl + 12| < Clz| < CKJ2|H—— <
|zk] 0

Thus, we obtain
|z — 2l < CJzlY), z € I (58)
Then an application of the mean-value theorem with (58) and || K i (@)|l < Clz|~2 shows
1K1 (z0) = Ki@I| < Clz| K Jzl* < CJl, z € T, (59)

Following the same line of proof of (28), we arrive from (54), (59),and | K1 (zx)| < C|zk -1 <
Clz|™ ',z € Iy at
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@) Ki(zp) = Ki@)| < [|(n@) = K1) | + | Kiz) — K1)
< zkPPClz|™" + CKz)? < CKPJz)?, z € I,
which shows (56).

Finally in order to show (57), we note that K>(z) = 77Nz + Ap) ! and 1K} ()]
C |z|‘2_°‘. Then, by mean-value theorem and (58), we obtain

IA

I1K2(zk) — K2 ()|l = 1Ky @)z — 2] < Clz| 274K |z|* < Ck3Jz[>7, z € T}

Following the same arguments as the proof of (29), a use of |Ka2(zx)| < C |lzx| =1
Clz|~'~* yields

(@) Ka(zi) — Ko@) || < [|(1(©) — 1) Ka(zo) || + | K2(zx) — K2(2) ||
<|zkPClzI7""* + CB 1z < CK3 |z, z € I

IA

Hence, we prove (57).
Together with these estimates, we complete the proof of Lemma 6. O

In the following lemma, with z; defined by (52), we will show that z% € Xy, for some
Op € (m/2, ).

Lemma?7 Let 0 > 1 /2 be sufficiently close to w /2. Let zx be defined by (52). Then, there
exists 6y € (w/2, ) such that

Z% € Xy, forallz € Iy, (60)
where Iy is defined by (24).
Proof By the definition of z; in (52) and the expression of w(¢) in Lemma 5, we rewrite

2 = k7 + At + A3 =0, (61)

2 2 2
where A; = 24+172‘Z+3“ S = _22‘;4_6“ LAz = 5"“{2‘” . It suffices to show both A + A2 ¢ +

A3§‘2 and (1 — ¢)* lie in Xy, for all z € I. Recall that z € I satisfies J(zk) € (0, w] and
arg(z) = 0 with 6 > % Note that z depends on z continuously [14, proof of Lemma 3.6],
and arg(z) = % with J(zk) € (0, =] implies that { = e~k = 7o, ¢ € (0, r]. Hence, we
only need to show (A1 + A2 + A3¢%) € T, for ¢ = ™%, ¢ € (0, ]. Observe that
A F Al 38 = A+ Aoe T + azeT
= (M + A2cos¢ + A3cos2¢) — i(Ao sin@ + A3 sin2¢),

and therefore, we arrive at

R(h1 + rag + 2322)
= +k200s<p+2kgcos2<p — A3

5a + 302 2 22a + 602 o
zTcos ga—Tcosgo—i—l—i—E

o? 1\’ S5« , o?
:Z<COS¢_E> +E(COS§0—1) +E(1_COS¢)+(]_E)

Then, R(A; + A2 + A3§2) >(0forp e (0,7)and 0 < o < 1.
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Similarly,

1o + 3a? . 5a + 302
———sing —

SO+ 2128 + 238D = 5 —

sin ¢ cos ¢
o Sa . o
= Zsmgo(l —cos ) + Esmgo(l —cos @) + Esmq) > 0. (62)

Thus, arg(A; + A2l + A322) € (0, 7) for ¢ € (0,7) and arg(l — ¢)* € (3, m) with
0 < a < 1 in Lemma 3. Then, we can infer the existence of 6y € (0, %) such that z{ € Xy,
and this concludes the rest of the proof. O

Lemma 8 Let zi be defined as in (52). Let by, by be defined as in (51). Then, the following
estimate with ¢ = e~ holds:

o 2
= (B Ene ] zevta
n=1 j=1

Proof Let¢ = e~ % and x = zk, then by Lemma 5, we have

00 2
z,%(Zn;” + Zb,{j)kz -
n=1 j=I
00

(Z e + ib,,-(ew) -1

n=1 j=1

2
w(e “’

—x )
o

¢ — —

= (W—"_Zb (@ x)])(w(e )C))

! 2 3 , 1 3
= (7(1—1/12)6 #0074 ) by —bix 4 1/2b1x% = Sbix

x .

8
+ by — 2byx +2b2x2 _ §b2x3)(x°‘ +d1xa+3 +d2xa+4 +...)§ 1

= (b1 + by — 1/12))62 —|—a,'1x3 +d2x4+°‘ N

for some suitable positive constants dy, ds.
Combining this with (51), we obtain

H (2) % = (Zn;” + Zb ¢ )k2 H < Ck|z].

n=1

This completes the proof of Lemma 8. O

Remark 2 Observe that following the arguments as in Jin et al. [16], we can choose suitable
coefficients by = %, by, = 0.

Lemma9 Let zi be defined as in (52). Let by, by be defined as in (51). Then, there holds

|+ a2 = g+ 4 (Zn; FY b e = iz,

j=1
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Proof The proof is similar to the proof of Jin et al. [16, Lemma C.1.] and hence, we omit the
proof here. O

Lemma 10 Let zi be defined as in (52), then, there exists a positive constant C independent
of k such that

[+ -+ A)*l(ki ﬁ;”) | <kl
k s - ’

Proof From Lemma 6, it follows that

” @+ @@+ AT (k i ;i'g") ‘
n=1""

)
t

<+ AT oG AT+ H @+ A)‘l(z,j3 —k ;;")
n=1""

= (O + H2 )+ ClE + M7 e~

G+ A - "| = ke

21
— 2!
This concludes the proof. O
We are now ready to prove the main theorem of this section.

Proof (Proof of Theorem 2) We now calculate the approximate solution V" defined in (47)—
(49). Taking the discrete Laplace transform in (47)—(49), we arrive at

Z (ke Z wi Ve £ AV
n=1

n=1

= (n(0) = Apuon) (@18 +a2¢” + - - ;)

+ Y ta O + bikg £70) + bokt? £(0) + > Ry ()"

n=1 n=1

Note that
Z Zw‘“’ viler= Y w@e | (vie+ Vi 1) = w@©) V@),
n=1 j=0

and hence

V(@) = €@ + A0~ (O — Apuor) (@ +arg? + ——)

¢
+ (Zn;" +b1 + b2§2> kfr )+ Rhan)g”).

n=1 n=1

A use of the inverse discrete Laplace transform yields, with £(¢) defined by (53), and Ik
as in (24).
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1 ~ 1 -
V= — cWV@ds = — / etV (emH)e % kdz
2mi [C]=p 2mi Tk
1 _
=— | @+ A g @) (£ (0) — Apuon) dz
2mi Jry
1 o0
— | G+ AT D ont" + b1+ bag? ) K £(0) dz
27Tl Tk el
o0
— | i+ A% Ry (t)¢") dz. (63)
27Tl I k (}; )

Now, subtracting (46) from (63), we arrive at
Vity) = V" =1 + L+ I,
where, with K;(z) defined by (25),

1 2t o —1_-1
I = i . e+ Ap) 2 (fu(0) — Apuon) dz
k
1
5 [ e (K@) = (e Ka (@) ) (i (0) = Apuon) dz = Iy + Lz,
Iy
and
1 zt o —1_-2 g/
1227 e+ AR 2 7 f0)dz
Tl /Ty
1 . 1 —
= [ e+ a2 A0
L Jry
o) 2 )
— G AT (Yo + Y by VR O dz = By + I,
n=1 j=1
and
1 ~
L=~ / e + Ap) ' Ry(2) dz
L Jr
1 o0
—— | ey + AT KDY Ru(ta)¢") dz = Iy + I
27‘[1 Ik ( HX:; " )

For Iy, apply the bound || (z* + Ah)’lAhH < C, (3), (56) and (57) to obtain
1111l < CE 1, luon |l + CEE [ £ (O]
For I»1, by (3), it follows that

211 < CII/ e (2% + Ah)flzfzfé(o) dz||
/Iy

< CPE 2 £ O)]l.
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For I3, a use of the Lemma 9 shows
it <c| [ e a0z 0 d:
Tk
o0 2 )
—/ e (e + AT (Do ne" + 3 bie ) )] dz|
Tk n=1 j=1
<Ck? / e M= 1z ||| £ O] < CRP 12| £ ).
I
Thus, we obtain
Il < CE 21 £
For I3, we observe that
] ~
I3 = 7/ e (2% + Ap) 'R} () dz
27i r
o0
— o | e anT (kYD RiGe") dz,
2mi Tk k ; hn
and
1 ~
I = —— / ¢ (2% + A~ R2(2) dz
27i r
l oo
— o | e+ AT (kYRR ) dz,
2 Tk k nX:; hin
where
_ ﬁ " ﬁ " _. pl 2
Ry(t) = 2'fh 0) + (2| * f )(f) =: R, (t) + R} (1).
For 131, we easily bound it as
1 1
1311 = H—/ (2 + Ap) 1273 daf] (0)
2mi r
o0
— i eZl‘n (Zg + Ah)_] (kZ Rfll(tn){n) dZ”
2mi I o
1 Zty (o —1_-3 "
= H s e (2% 4+ Ap)” 2 dzfy (0)
2mi /Iy
1 ap
— o e (@ AT = AT (KD ) ) dzf o).
2mi Ty it
An application of Lemma 10 yields
15310 < CEEH £ O] (64)
For I3;, following the arguments as in Jin et al. [14,17], we now arrive at
lll
e D e I
0
Together these estimates complete the proof of Theorem 2. O
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In order to prove the error analysis in the completely discrete schemes, we now recall
the error estimates of the semidiscrete scheme as is developed in [13] for the problem with

/=0,
e (t) = wn (1) | < € 17 12 lu. (65)
Denote U" = V" + Ppug with V" defined by (19) or (47)—(49), respectively. Using (65),
we then have the following fully discrete error estimate

luetta) = U™ < € (10 + 1K™ ) o,

where m = 2 or 3, respectively, for second order and third order time stepping schemes.

Since our main objective in this article is to derive higher order time stepping schemes,
therefore, we may generalize our present results to include mass lumping scheme as discussed
n [13].

4 Some Generalizations

This section is devoted to some generalization of the present methods to various other prob-
lems, which includes evolution equations with positive memory.
For instance, our generalizations include the following type of problems:

1. Evolution equations with positive memory called time diffusion-wave equation, as in
(23],
u'(x,t) + (I)eD;"‘Au(x, )=0, ae(,1), (66)

where g D;* denotes the Riemann-Liouville fractional integral operator.
2. The parabolic integro-differential equation with singular kernel, see, [26]
u'(x, )+ (I + (Ith_"‘)Au(x, t)=0, aec(0,]1). (67)
3. The Rayleigh-Stokes problem described by the time-fractional differential equation as
in [4]
W, )+ (I +y 8D %) Aux, 1) =0, «e(0,1), (68)

where y is a positive constant. In order to unify problems (66)—(68), we define J%
denoting a time integral/differential operator and consider the unified problem by

' (x,t) + T*Au(x,t) = 0. (69)
Now, a use of Laplace transforms in (69) yields
zit + h(z)Ai = v,
with some function /(z) dependmg on «. Hence, with B8(z) = h(z) I we formally write
the representation of solution as i = B(z)(zB(z)I + A)~ Ly = Eh(z)v Here, for the

problem (66), note that 8(z) = z%, for the problem (67), 8(z) = z%/(1 + z%), and for (68),
Bz) =1/(1+yz%).

Assume that one can properly choose 6 in (7/2,6p) with 6y € (7w/2, ) such that
2P (zk) € Xy,, where z; is an approximation of z € Xy. This is indeed possible in all
given examples. With this, the resolvent estimate yields

I(zB() + A~ <

6o
A 2o, 70
STB@ e (70)
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where My, = 1/sin(zw — 6p).
With corresponding Ay as semidiscrete approximation of A (asin Sect. 2), the semidiscrete
method becomes: find i, () € V}, such that

ity + T Apity =0 1 € (0, T, i#n(0) = vy (71)

Following the arguments of [9,23], one easily deduces property (70), when A is replaced
by Ap.

Therefore, our two time stepping methods can be appropriately applied and the desired
estimates can be easily derived.

Other generalizations also include the fractional cable equations with mass lumping by
Al-Maskari and Karaa [2] and references therein. Further, it may include Fokker-Plank spatial
discretization as our analysis does not depend on selfadjointness of the operator A and for
complete discrete scheme, we may use the proposed time stepping schemes.

Finally, the present schemes can be applied to the Eq. (1), when A is a fractional Laplacian
like A = (—A)%, s € (0, 1), that is, with 0 < «, B < 1 and some positive constant § > 0,

W+ D¢ (=AY ut s8Dlu=f in2 x0TI, (72)
u=0 in2°x(0,T], (73)
u(0) = ug in £2. (74)

An appropriate modification of the arguments in [ 1], we obtain the semidiscrete error estimate
as:

lu(t) — up(0)]| < Cr=* psFmints1/2=€b ;)

with € > 0 small. Therefore, when it is combined with our proposed time stepping schemes,
the final error estimate reads as: with U" ~ uy(t,),

luatty) = U] = € (1 BT o) g, m = 2,3,

5 Numerical Simulations

In this section, we present five numerical examples to show that the numerical results are con-
sistent with the theoretical results obtained in this paper. The first three examples are solved
by using the numerical method (19) for both homogeneous and inhomogeneous problems in
one- and two-dimensional cases. The last two examples are computed by using the numerical
method (47)-(49) for both homogeneous and inhomogeneous problems in one-dimensional
case.

Example 1 Consider, with0 < o < 1,

3u(x, 1)
ax2

u(,1) =u(l, 1) =0,

u(x,0) = up(x),

ng’u(x,t)— =0, 0<x<1, 0<t<T,

where (a) ug(x) = x(1 — x) (smooth data) and (b) uo(x) = xj0,1/2] (nonsmooth data).
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Table 2 Time convergence orders for the corrected scheme (19) in Example 1 at 7 = 1

o k=270 k=275 k=274 k=273 k=272 Order (average)

0.2 (a) 8.37e—8 3.55e—7 1.46e—6 6.2le—6 2.66e—5 2.07
(b) 2.15e-7 9.13e—7 3.77e—6 1.57e-5 6.84e—5 2.07
0.4 (a) 1.85e—7 7.86e—7 3.25e—6 1.36e—5 5.92e-5 2.08
(b) 4.74e—7 2.0le—6 8.33e—6 3.49e-5 1.51le—4 2.08
0.6 (a) 2.96e—7 1.26e—6 5.23e—6 2.20e—5 9.54e—5 2.08
(b) 7.53e—7 3.20e—6 1.32e—5 5.58e—5 2.42e—4 2.08
0.8 (a) 3.79e—17 1.6le—6 6.74e—6 2.85e—5 1.14e—4 2.06
(b) 9.49e—7 4.04e—6 1.68e—5 7.14e—5 2.87e—4 2.06

Table 3 Time convergence orders for the uncorrected scheme (19) with ¢y = 0 in Example 1 at 7 = 1

o k=20 k=27 k=2"% k=273 k=272 Order (average)

0.2 (a) 7.97e—6 1.86e—5 3.99e-5 8.28e—5 1.68e—4 1.10
(b) 2.04e—5 4.77e—5 1.02e—4 2.12e—4 4.33e—4 1.10
0.4 (a) 1.34e—5 3.14e—5 6.73e—5 1.38e—4 2.79e—4 1.09
(b) 3.44e—5 8.04e—5 1.72e—4 3.54e—4 7.12e—4 1.09
0.6 (a) 1.55e—5 3.60e—5 7.68e—5 1.56e—4 3.02e—4 1.07
(b) 3.93e-5 9.16e—5 1.95e—4 3.97e—4 7.68e—4 1.07
0.8 (a) 1.22e-5 2.82e-5 5.93e-5 1.15e—4 1.92e—4 0.99
(b) 3.08e—5 7.12e—5 1.49¢—4 2.92e—4 4.86e—4 0.99

Let N, be a positive integer. Let 0 = xo < x1 < xp < --- < x5, = 1 be the space
partition and / the space step size. We shall use the piecewise linear finite element method
to consider the space discretization.

Let0 <t < t; < --- < ty = T be the time partition and k the time step size.
To observe the convergence order of the numerical method, we first need to calculate the
reference solution u,.7(¢) at some fixed time T with very small step sizes h;.r = 276 and
kref =210,

By Theorem 1, we see that the numerical method (19) has the second order convergence.
To see this convergence order, we shall calculate the approximate solution of u(T) at 7 = 1
with the space step size & = 27° and the different time step sizes k = « * krep with
K = [22,23,24, 25, 20]. In Table 2, we observe the convergence orders O (k?) of the corrected
scheme (19), where the rows with (a) denote the errors and the experimentally determined
convergence orders in the smooth data case and the rows with (b) denote the errors and the
orders in the nonsmooth data case. For each «, we choose the average convergence order of
the computed orders obtained by using the different time step sizes.

For the numerical method (19) with ¢g = 0, that is, for the uncorrected scheme, we
observe that, in Table 3, the experimentally determined convergence order is only O (k) with
both smooth and nonsmooth data.

The second example is an inhomogeneous problem with zero initial value and the source
term f which is smooth in time.
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Table 4 Time convergence orders for the corrected scheme (19) in Example 2 at 7 = 1

o k=270 k=275 k=274 k=273 k=272 Order (average)
0.2 1.84¢—7 7.78¢—7 3.17e—6 1.29¢—5 53le—5 2.04
0.4 3.80e—7 1.60e—6 6.57¢—6 2.68¢—5 1.12e—4 2.05
0.6 5.40e—7 2.28¢—6 9.40e—6 3.89¢—5 1.65¢—4 2.06
0.8 5.54e—7 2.36e—6 9.82¢—6 4.15e—5 1.80e—4 2.08

Table 5 Time convergence orders for the uncorrected scheme (19) with ¢y = 0 in Example 2 at 7 = 1

o k=277 k=20 k=275 k=274 k=273 Order (average)
0.2 5.39e—6 1.25¢—5 2.65e—5 5.38e—5 1.08e—4 1.08
0.4 8.64e—6 1.99e—5 4.20e—5 8.45¢—5 1.70e—4 1.07
0.6 9.05e—6 2.07e—5 4.33e—5 8.59e—5 1.79e—4 1.07
0.8 6.16e—6 1.39e—5 2.85e—5 5.64e—5 1.46e—4 1.14

Example 2 Consider, with0 < o < 1,

%u(x,t
ngu(X,l‘)—%=f(x,t), O0<x<1, 0<t<T,
u(,1) =u(l,t) =0,

u(x,0) =0,
where f(x, ) = (cos(t) + sin(#)) (1 + x(0,1/2)(x)).

We use the same parameters as in the numerical simulations in Example 1. In Table 4, we
observe that the experimentally determined convergence order of the corrected scheme (19)
indeed is O (k?) forall 0 < « < 1 (Table 5).

The third example is a two-dimensional example and we shall consider an inhomogeneous
problem with nonsmooth initial data and the source term f which is smooth in time.

Example 3 Consider

ng‘u(x, v, t) — Au(x,y,t) = f(x,y,t), t€(0,T], (x,y) €2, (75)
u(x,y,0) =uolx,y), (x,y) €8, (76)
u(x,y,t)=0, te€(,T], (x,y) €052, 77)

where 2 = (0,1) x (0, 1), up(x,y) = xj0,1/21(x) x10,1/21(y) and f(x, y,t) = (cos(t) +
sin(t))(1 + x(0,1/2)(x))(1 + x(0,1/2)(y)). Note that f is smooth with respect to the time
variable ¢.

Let Ny, be a positive integer. Let 0 = xg < x1 <x2 <--- <xy, =land0=yp < y1 <
Y2 < --- < yn, = 1 be the partition of £2. We divide £2 into some triangles with the same
sizes and let 2 be the maximal length of the sides of the triangle. We shall use the piecewise
linear finite element method to consider the space discretization on the triangulation of £2.

LetO <19 <t <--- <ty = T be the time partition and k the time step size. We shall
use the very small space step size h,.f = 276 and the time step size kyof = 2710 ¢ calculate
the reference solution at time 7.
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Table 6 Time convergence orders for the corrected scheme (19) in Example 3 at 7 = 1

o k=270 k=275 k=274 k=273 k=272 Order (average)
0.2 1.01e—7 4.25¢—7 1.74¢—6 7.16e—6 3.02e—5 2.05
0.4 2.46v7 1.04e—6 4.28¢—6 1.76e—5 7.47e—5 2.06
0.6 4.35¢—7 1.84¢—6 7.57v6 3.13e—5 1.33¢e—4 2.06
0.8 6.74e—7 2.86e—6 1.18e—5 4.95¢—5 2.16e—4 2.08

Table 7 Time convergence orders for the uncorrected scheme (19) with ¢g = 0 in Example 3 at 7 = 1

o k=270 k=275 k=274 k=273 k=272 Order (average)
0.2 6.19e—6 1.44e—5 3.08¢e—5 6.32e—5 1.26e—4 1.08
0.4 1.14e—5 2.65¢—5 5.64¢—5 1.14e—4 2.25¢—4 1.07
0.6 1.40e—5 3.24e—5 6.83¢—5 1.36e—4 2.56e—4 1.04
0.8 1.17e—5 2.68¢—5 5.50e—5 1.04e—4 1.88e—4 1.00

Table 8 Time convergence orders for the corrected scheme (47)—(49) in Example 4 at 7 = 1

o k=270 k=275 k=274 k=273 k=272 Order (average)
0.2 (a) 1.32¢—9 1.10e—8 9.33¢—8 8.36e—7 8.62e—6 3.16
(b) 3.40e—9 2.83¢—8 2.40e—7 2.15¢—6 2.22¢—5 3.16
0.4 (a) 3.10e—09 2.59¢—8 2.19¢—7 1.98¢—6 2.16e—5 3.19
(b) 7.96e—9 6.64e—8 5.64e—7 5.09e—6 5.54v5 3.19
0.6 (a) 6.43¢—9 4.54e—8 3.87e—7 3.54e—6 6.23e—5 3.37
(b) 1.37¢—8 1.15¢—7 9.84e—7 8.99¢—6 1.55¢—4 2.36
0.8 (a) 8.30e—9 6.98¢—8 6.04¢—7 5.78¢—6 6.12¢—5 3.21
(b) 2.07¢e—8 1.74e—7 1.51e—6 1.44e—5 1.62¢e—4 3.23

We shall choose T = 1 in our simulation. We calculate the approximate solutions with
the space step size h = 276 and the time step sizes k = k *kyor withk = [22, 23 24 25 26].
In Table 6, the experimentally determined convergence orders O (k?) are observed as we
expected.

In Table 7, we observe the experimentally determined convergence orders O (k) for the
uncorrected scheme (19) with ¢y = 0 as we expected.

In the next two examples, we shall consider the experimentally determined convergence
orders of the numerical method (47)—(49).

Example 4 In this example, we shall use the numerical method (47)—(49) to solve Example 1.
We use the same parameters as in the numerical simulation in Example 1. In Table 8, we
observe that the corrected scheme (47)—-(49) has the convergence orders O (k%) with both
smooth and nonsmooth data as expected.

For the uncorrected scheme (47)—(49), that is, a; = ap = by = b, = 0in (47)-(49), we
observe that, in Table 9, the experimentally determined convergence order is only O (k) with
both smooth and nonsmooth data.
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Table 9 Time convergence orders for the uncorrected scheme (47)-(49) with a; = ap = by = by = 01in
Example 4at7 =1

o k=270 k=275 k=274 k=273 k=272 Order (average)
0.2 () 7.98¢—6 1.86e—5 4.0le—5 8.34e—5 1.72¢—4 1.10
b) 2.04e—5 4.78v5 1.02¢—4 2.14e—4 441e—4 1.10
0.4 (@) 1.35v5 3.16e—5 6.80¢—5 1.4le—4 2.94c—4 1.11
) 3.45¢—5 8.07e—5 1.73¢—4 3.62e—4 7.53e—4 111
0.6 (a) 1.55e—5 3.64e—5 7.85¢—5 1.64e—4 3.44e—4 1.11
) 3.96e—5 9.26e—5 1.99e—4 4.17e—4 8.75e—4 1.11
0.8 (a) 1.24e—5 2.90e—5 6.28e—5 1.33e—4 2.6le—4 1.09
(b) 3.12¢e—5 7.32e—5 1.58e—4 3.35¢—4 6.64e—4 1.10

Table 10 Time convergence orders for the corrected scheme (47)—(49) in Example Sat T = 1

« k=270 k=273 k=2"% k=273 k=272 Order (average)
0.2 2.30e—9 1.93¢—8 1.66e—7 1.53e—6 1.65¢—5 3.20
0.4 3.07e—9 4.15¢—8 3.59e—7 3.37e—6 3.97e—5 3.24
0.6 7.80e—9 6.61e—8 5.79e—7 5.57e—6 1.19e—4 347
0.8 1.09¢—8 9.35¢—8 8.39e—7 8.64c—6 1.02e—4 3.29

Table 11 Time convergence orders for the uncorrected scheme (47)—(49) with a; = ap = by = by = 0in
Example Sat 7 =1

o k=20 k=279 k=2"% k=273 k=272 Order (average)
0.2 1.79e—5 421e—5 9.07e—5 1.89e—4 3.93e—4 111
0.4 3.04e—5 7.13e—5 1.53e—4 3.21le—4 6.70e—4 1.11
0.6 3.5le—5 8.23e—5 1.77e—4 3.72e—4 7.73e—4 111
0.8 2.79e—5 6.55¢—5 1.4le—4 2.99¢—4 5.72e—4 1.08

Example 5 In this example, we shall use the numerical method (47)—(49) to solve Example
2. We use the same parameters as in the numerical simulation in Example 1. In Table 10,
we also observe the convergence orders O (k3) of the corrected scheme (47)—(49) in the
inhomogeneous case.

In Table 11, the experimentally determined convergence order of the uncorrected scheme
(47)—-(49) with a; = a» = b1 = by = 0 has only convergence order O (k).

Remark 3 In Tables 8 and 10, we observe that the experimentally determined convergence
orders are slightly better than the theoretical orders. The possible reason may be that the
proposed numerical methods involve both fractional orders and the shifted numbers. These
combinations which are more related to the equation may be instrumental in helping us to
provide possibly more accurate computational results. But, we do not have a theory yet to
establish it. Therefore, in future, we shall continue to investigate this interesting observation.
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