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Abstract

In this paper, we study a mixed discontinuous Galerkin (MDG) method to solve linear
elasticity problem with arbitrary order discontinuous finite element spaces in d-dimension
(d = 2, 3). This method uses polynomials of degree k + 1 for the stress and of degree k for
the displacement (k > 0). The mixed DG scheme is proved to be well-posed under proper
norms. Specifically, we prove that, for any k > 0, the H (div)-like error estimate for the stress
and L? error estimate for the displacement are optimal. We further establish the optimal L2
error estimate for the stress provided that the Pr12 — P +11 Stokes pair is stable and k > d. We
also provide numerical results of MDG showing that the orders of convergence are actually
sharp.
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1 Introduction

In this paper, we present a mixed discontinuous Galerkin (MDG) method for the following
linear elasticity problem:

Ao —e(u) =0 in ,
dive = f in 2, (1.1)
u=0 ondQ,

where u : Q — R? and o : Q — S, denote displacement and stress, respectively. Here, S
represents the space of real symmetric matrices of order d x d. The tensor A : S > S'is
assumed to be bounded and symmetric positive definite, and the linearized strain tensor is
denoted by (1) = (Vu + (Vu)")/2.

For the mixed methods for linear elasticity problem (1.1), it is very challenging to develop
the stable mixed finite element methods because the stress tensor needs to be symmetric
according to the principle of conservation of angular momentum (cf. [3,7]). One approach to
circumvent this difficulty is to introduce the antisymmetric part of Vu as a new variable, and
hence, to enforce stress symmetry weakly [2,6,11,23,27,30,39]. Another approach is to use
the composite element for the stress [5,37]. The first stable non-composite conforming mixed
finite element method for plane elasticity was proposed by Arnold and Winther in 2002 [7],
and analogs of the results in the 3D case were reported in [1,3]. In this class of elements, the
displacement is discretized by discontinuous piecewise P, Yh=1 polynomial, while the
stress is discretized by the conforming Py4> tensors whose divergence is Py vector on each
triangle. In recent years, Hu and Zhang [33,35] and Hu [34] proposed a family of conforming
mixed elements for RY that apply the P41 — Py pair for the stress and displacement when
k > d. These elements also admit a unified theory and a relatively easy implementation. The
lower order conforming approximations of stress were also considered in [36], and a simpler
stress element with jump stabilization term for the displacement [20].

Because of the lack of suitable conforming mixed elasticity elements, several authors have
resorted to the nonconforming elements [4,8,29], where the optimal convergence order for the
displacement can be proved under the full elliptic regularity assumption but the convergence
order of L? error for stress is still suboptimal. To improve the convergence order for stress,
an interior penalty mixed finite element method using Crouzeix—Raviart nonconforming
linear element to approximate each component of the symmetric stress was studied in [18].
In [44], Wu, Gong, and Xu proposed two classes of interior penalty mixed finite elements for
linear elasticity of arbitrary order in arbitrary dimension, where the stability is guaranteed
by introducing the nonconforming face-bubble spaces based on the local decomposition of
discrete symmetric tensors.

Discontinuous Galerkin (DG) methods have been applied to solve various differential
equations due to their flexibility in constructing feasible local shape function spaces and the
advantage to capture non-smooth or oscillatory solutions effectively. The DG methods are
attracting the interest of many applied mathematicians and engineers because they discretize
the equations in an element-by-element fashion, and glue each element through numerical
traces, which can give rise to locally conservative methods. In Arnold et al. [9] proposed a
unified framework for the devising and analysis of most DG methods for second-order elliptic
equations. The LDG method, which is introduced in [25], is one of several discontinuous
Galerkin methods which are being vigorously studied [9,19,22,24]. As proposed in [19, Equ.
(2.4)], the numerical traces for second-order elliptic equations have the general expressions as
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P =1{p} - Cuu] — Culpl,
u={u}+ Cr2- [u] — Calpl,

where u and p are the approximations of primal variable and flux, respectively. In most liter-
ature, the parameter Co; is taken as 0 or O(h) so that the resulting scheme is of the category
of primal DG method. When taking C»; as O (h~!), the penalty term on the jump of p leads
to a mixed DG scheme [32,38].

For linear elasticity problem, a primal LDG method was studied in [21], where the discon-
tinuous P~ - P +11 pairs were used to approximate the stress and displacement for k > 0. In
the weak formulation, two penalty terms for stress and displacement are adopted, however,
the error analysis was only given for the case when the penalty term of the stress vanishes,
i.e. C22 = 0. The hybridizable DG discretizations for linear elasticity problem were studied
in [40,43].

In this paper, we study the mixed LDG method for solving linear elasticity by discontinuous
P _: 11— Pe ! finite element pairs for the stress and displacement with £ > 0 for any spatial
dimension in a unified fashion. We note that the stress is discretized in the DG space with
strongly imposed symmetry. Our contributions are twofold. First, by introducing a mesh-
dependent norm for the stress, we give a prior error analysis, which shows that optimal
L?-error estimate for displacement and optimal Hj,(div) error estimate for stress. Second,
when the Py —P, +11 Stokes pair is stable and k > d, we prove the optimal L? error estimate
for the stress by the BDM projection [15] and a symmetrization technique.

The rest of the paper is organized as follows. In Sect. 2, we derive the mixed DG scheme to
solve the linear elasticity problem. Then based on Brezzi theory, we prove the well-posedness
of the scheme in Sect. 3, and the optimal rates of convergence are obtained for both stress and
displacement variables in Sect. 4. In addition, the optimal L? error estimate for the stress is
shownin Sect. 5. In Sect. 6, numerical tests are given for solving the linear elasticity problems
by the mixed LDG methods, and the numerical results verify the theoretical error analysis.
Finally, we give several concluding remarks in the last section.

2 Mixed DG Method for Linear Elasticity Problem

In this section, we study a mixed discontinuous Galerkin method for the linear elasticity
problem (1.1), whose weak formulation reads: Find (o, u) € ¥ x V such that

(Ao, t)g + (u,divt)g =0 VT e X, o1
(dive,v)g = (f,v)g YveV. '
Here, V = LQ(Q; ]Rd) denotes the space of vector-valued functions which are square-

integrable with the L% norm, and ¥ = H (div, ©2; S) consists of square-integrable symmetric
matrix fields with square-integrable divergence, and the corresponding norm is defined by

ITlldy. = ITl5q + Idivtl g VT € H(div, 2 S).

For the symmetric tensor space S, we define the inner products by o : T = Zf j=10ijTij for
any o, T € S. Further, we define the symmetric tensor product © as

1
u@v::i(u®v+v®u)eS Yu,v e R?, 2.2)

where u ® v is a tensor with u; v; as its (i, j)-th entry.
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2.1 DG Notation

We introduce some notation before presenting the mixed DG scheme. Given a bounded
domain D C R? and a positive integer m, H™ (D) is the Sobolev space with the corresponding
usual norm and semi-norm, which are denoted respectively by || - ||,,,p and | - |, p (cf. [13,
Chapter 1]). We abbreviate them by || - ||, and | - |,,, respectively, when D is chosen as 2. The
L2-inner product on D and d D are denoted by (-, -)p and (-, -)5p, respectively. || - ||p and
Il - llap are the norms of Lebesgue spaces L?(D) and L2(3D), respectively. We assume €2 is
a polygonal domain and denote by {7},}; a family of triangulations of €2, with the minimal
angle condition satisfied. Let hx = diam(K) and h = max{hx : K € 73}. Denote by
&p the union of the boundaries of the elements K of 7, 8}’; is the set of interior edges and
E =g, \5;; is the set of boundary edges. Let e be the common edge of two elements K+
and K—, and n’ = n|ygi be the unit outward normal vector on 9K! withi = +, —. For any
vector-valued function v and tensor-valued function 7, let v¥ = v|ygx+, T = 7|yg+. Then,
we define the average {-}, jump [-] and tensor jump [-] as follows:

1 1 ;
(v} = 5(v++u—), {t} = 5(r++r—) one €&,
[tl=tTnT +17n", [vJ=vFonT+v-On~ one 68,’;,
{t} =1, [V]=von onee&,

where 7 is the outward unit normal vector on 9€2. Let us give the following identities which
are used often in this section. For any vector-valued function v and tensor-valued function
7, all being continuously differentiable over K, we have the following integration by parts
formula:

/ divr~vdx=—/ t:s(v)dx—i—/ (tng) - vds, 2.3)
K K 0K
and the following identity (cf. [21]):
Z (tng) -vds = / {z}: [v]ds + /_[T] -{v}ds. 2.4)
KeT, oK En &,

Throughout this paper, we shall use letter C to denote a generic positive constant inde-
pendent of & which may stand for different values at its different occurrences. The notation
x < y means x < Cy. For piecewise smooth vector-valued function v and tensor-valued
function t, let V, and div;, be defined by the relation

Vivlg = Vvlg, divyt|g =divr|g,

on any element K € 7;, respectively.

2.2 Mixed LDG Scheme

Now, let us introduce the mixed LDG formulation for (1.1). We denote the piecewise vector
and symmetric matrix valued discrete spaces by Vj, and X, respectively. We multiply (1.1)

by arbitrary test functions 7, € Xj and v, € Vj, respectively, and integration by parts over
the element K € 7), to obtain
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D (Ao, Tk + Y (w diven)x — Y (u, Tank )k =0 V) € Ty,
KeTy, KeT, KeT,
— Y (. enw)k + Y (onk. ok = Y (f.vn)k  Vun € Vi,
KeTy, KeTy, KeTy,
(2.5)

Let V, and £, be the piecewise vector and symmetric matrix valued discrete spaces on &,
respectively. The approximate solution (o, uy) is then defined by using the weak formulation
(2.5), namely

D Aon, Tk + Y (wp,diven)k — Y (@, Tang)ox =0 YTu € T,
KeTy, KeT), KeT),
=Y on ek + Y @k vidok = Y (frok Vo € Vi,
KeT), KeT), KeT,
(2.6)

where the numerical traces u;, € \7;, and o), € f;, need to be suitably defined to ensure the
stability of the method and to enhance its accuracy. By the identity (2.4) and integration by
parts (2.3), we get from (2.6) that

/ Aoy 1) dx+/ uy - divy Ty dx —/ [@n] : {zn}ds —/v{ﬁh} [tplds =0 VT, € Xp,
Q Q & &l

/ div,op - vy dx+/ {on —on}: [va]ds +/,[3h —on]-{vptds :/ fropdx Vo, € V.
Q En & Q
2.7

Similar to the discussion for Poisson problem in [32], we choose mixed LDG numerical
traces as follow:

{ﬁh = {up} —nlop]l on&, G, =0 oné&, 28

o ={on} on &y.
We note that the above mixed LDG numerical traces are designated to approximate the mixed
formulation (2.1), where the normal continuity of o is required. In such choice, it is easy
to see that the numerical traces are single valued. Further, we can see that if u;, and o, are

replaced by the exact solution u and o, then uj, = ulg, and 6, = olg, on &,. That is, the
numerical traces are consistent. Moreover, we have

ﬂﬁh]] = 07 [3]1] = 0, and {(/)'\h — G'h} = 0.

Then, we obtain the mixed LDG formulation for (1.1): Find (0, u;) € X5 x Vj such that

an(on, Th) +bp(th, up) =0 VT € Xp, (2.9)
bp(op,vp) = (f.v)e Yo, € V. '
Here, we choose n = nehe’l, n. = O(1), and define
ap(o, 1) :/ Ao - Tdx +/_ nehy o] - [t]ds Vo, 7€ X,UX, (2.10a)
Q &l
by(t,v) = / divyt - vdx — /.[r] -{v}ds VieX,UX, ve V,UV. (2.10b)
Q &
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Moreover, we define the following star norm
Izl g = / (|7)? + |divyT|%) dx +/_ nehM[rl?ds Y e Z,UX.  (2.11)
Q &
In the following subsections, we prove the boundedness, stability and consistency of the
mixed LDG formulation (2.9) when choosing
Vi = Vi ={op € L*( R : vylx € Pr(K:RY) VK € T;,), 01
Ty =25 = (1), € L2(:S) : Thlk € Pry1 (K5 S) VK € Ty}, '

for k > 0, which lead to the optimal order of convergence. Note here that the strongly
symmetry is imposed in the DG space for the stress.

3 Well-Posedness of the Mixed LDG Method

The well-posedness of the mixed LDG methods (2.9) comes from the boundedness and the
stability.
Boundedness 1t is easy to check by Cauchy-Schwarz inequality that aj, (-, -) satisfies

ap(o,7) Slolsaltlve Vo, 7€ X, UX. (3.1

The remaining task is the boundedness of by (-, -). To this end, let us recall the /ifting operator
Fe : (L%(e))? — Vj, defined by

/;zre(w)-vh dx:—/w-{vh}ds Yv, € V. 3.2)
e
Then, we have the following lemma (see also [9,17]).
Lemma 3.1 For any edge e € 0K, it holds
Ire)llo.g S he ' llwllo.e. (3.3)
Proof By taking v, = r.(w) in (3.2) and applying the inverse inequality, we obtain
lrew) 13 o < %nwno,e(nre(w)*no,e Fllre) " llo.e) S ke P lwllo.ellre ) lo.o,

which gives rise to (3.3). m]
Lemma 3.2 It holds that

bu(z,vn) S Tl ellvallo,e VT e X, UX, Vo, e Vi, (34)

br(z.v) S Ilelvllog +hlvlen) YT e T U, Yoe VNH (@RY). (3.5

Proof In light of Lemma 3.1, we have for any vy € V},

bh(t,vh):/ divyt + Zre([r]) vy dx
Q

eeé';',
1/2
h;1|[r]|2ds>

i

h

: 2
S lrllo.e (IIlehTIIO,Q +/
=< llvrllo,eliTlq-
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Furthermore, for any v € V N H'(Q; RY),

1/2

: - 2
ba(z,v) < |divitlloalvlloe + ) ke Itz lllo.che 1 {w}llo.e

ee£,’;
SlitlhseUlvlio,e + Alvle,n).

Here, we use the trace inequality in the last step. O

Stability According to the theory of mixed method, the stability of the saddle point problem
(2.9) is the corollary of the following two conditions [14,16]:

1. K-ellipticity: There exists a constant C > 0, independent of the grid size such that
an(Tn. Th) = CllTaliq  Vou € Z, (3.6)

where Z, = {t), € Xj, | bp(th, vp) = 0 Vv, € Vi)
2. The discrete inf-sup condition: There exists a constant C > 0, independent of the grid
size such that

b ,
inf sup — 2T o 3.7)

eV ,ex, 1Thllsellvrllo,e

First, we prove the inf-sup condition (3.7) in the following lemma.

Lemma 3.3 (Inf-sup condition) When choosing X, x Vj, = Z',‘Z‘H X V}i‘ fork > 0, the discrete
inf-sup condition (3.7) holds true for mixed LDG method (2.9) of linear elasticity problem.

Proof In [44], Wu, Gong, and Xu introduced a class of nonconforming finite element spaces
for k > O that

Zl(clll,h ={t |tk € Pr+-1(K;S) VK € T, and the moments of tn

up to degree k are continuous across the interior edges}.

Thanks to the Lemma 3.3 and Lemma 4.1 in [44], we know that for any v, € V},, there exists
aty € E,((l_izl,h such that

divt, =v, and |[Tallse S lvnllo.e- (3.8)

Note that E,(CIJ:]’ n C E’;l+1 and the property of ):,(clily ;, implies that
/_[ih]-{vh}ds:O Yo, € Vj.
&

Here, we use the fact that {v;} is of degree k on the edge. Therefore, for any v;, € V}i‘

by(Tn, vw) _ bn(Th, vn) _ Jo divEy - vy dx
aesirt Talleg ™ Tl I1Thll+

Z llvallo.-

Then, we finish the proof. O

Theorem 3.4 The mixed LDG scheme (2.9) is well-posed for (ZIZH, Il ll+.) and (Vf, Il -
llo,@)-
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Proof In light of the boundedness and Lemma 3.3, we only need to prove the K-ellipticity
(3.6). By the definition of lifting operator (3.2), we have

b (Th, vn) :/ divity + Y re(lza]) | - vndx Yoy € Vp,
Q

ee& ,’,
which implies that

Zy = {tn € T [divizy + Y re(lzal) = 0}

ecsl
With the help of the Lemma 3.1, we see that

. —1/2
Idivizaloo =1l Y rezabloe $ Y he llTalloe VYT € Zn.

el ecE!

Let no = inf . gi Ne be a positive constant that independent of the grid size. Then,

an(Tn, ) = lTulgo+mo Y b MTnllls, 2 ITnlia  YTn€Zy  (3.9)

EGEL
Then, we finish the proof. O

Remark 3.5 From Lemma 3.1, we can see that the penalty term /51'; nehgl [er]-[Th]ds canbe
replaced by ) cctl fQ Nere([on]) - re([Th]) dx, and the well-posedness of the corresponding

scheme can be proved similarly with a modified norm ||r||§.Q = fQ(|r|2 + |divyT|? +

Zees;; Ire([T])]?) dx.

4 A Priori Error Estimates in Energy Norms

Lemma 4.1 Assume the solution (o, u) € ¥ x H'(S2; R?), we have

{ah(G —0p, Th) +bp(Tp,u—up) =0 VT, € Xy, @1

by(o —op,vp) =0 Vv, € V.

Proof Tt can be seen that [6] = 0 and [u#] = O on 5}’; as (o, u) € ¥ x H'(Q; R?). Therefore,

ap(o, ty) + bp(Ty, u) :/ Ao : rhdx—i-/ u -divhrhdx—/_{u}-[th]ds
Q Q &l

=/Aa:rhdx—/e(u):thdx+/ [u] : {zn}ds
Q Q En
2/(Aa—e(u)):rhdx:0.

Q

Hence, we prove the first equality in (4.1). On the other hand,

bh(a,vh):/diva-vhdx—/_[a]-{vh}ds:/diva-vhdx:/ f - vpdx,
Q i Q Q

&

which implies the second equality in the lemma. O
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By combining Lemma 4.1 and the well-posedness of mixed LDG formulation (2.9), we
have the following a priori error estimates.

Theorem 4.2 Let (o), up)e EIZH X V;f‘ be the solution of the mixed LDG problem (2.9), and
(0.u) € T x H'(Q; R?) be the solution of (1.1). Then,

lo —onllse+llu—uplloe < inf llo—7ille
ThEZI;I-H

+ infk(llu —vpllo,@ +hlu —vpliQn).  (4.2)

V€ Vh
Proof Define

Ly (Th, vp; 0p, wy) = ap(ty, 01) + bp(0n, vi) + bp(Th, wy),

which satisfies discrete inf-sup condition based on the well-posedness of (2.9). In the light of
Lemma4.1 and the boundedness (3.1), (3.4) and (3.5), we have for any (7, v,) € El,‘lH X V}f,

lzh —onlls,@ + llvi — unllo,@
Lp(tp —op, vp —up; 0p, wp)

< sup
O wp)eEhH vk 1051152 + llwnllo,e
ap(tp —0,0,) +bp(On, vy — u) + bp(zy — 0, wy)
= sup 9
@) Tk vk 105 1«,2 + lwnllo,e
br(Op, vy — u)
Sltn—ollsa+ sup —0——
ezttt 0nllsg

St = ol + llve —ullo,@ + Alvy — uli,.5-

By triangle inequality, we finish the proof. O

For (o, u) € H*2(Q; S) x HF1(Q; RY), it is well-known that the Scott-Zhang inter-
polation [42] I} satisfies:

lo —olso Sh o0 O0<s<r+l1<k+2,
u—Lulso ST Sl 0<s<r+1<k+1.

Hence, we have the following theorem.

Theorem 4.3 Assume that the solution of (1.1) satisfies (o, u) € H*t2($2; S)x H*T1(2; RY).
Then, the solution of the mixed LDG problem (2.9) satisfies

k1
lo = anllso+ lu —unllo, S A (olkr2,0 + lulkt1,9)- (4.3)

5 L2 Error Estimate of Stress

In this section, we prove the optimal L2 error estimate of ¢ provided that the Stokes pair
Prs2 — Piyy is stable and k > d.

First, we recall the definition of classical BDM projection HEDM [15]. Given a function
g € H(div, ; R?), the restriction of HEDM to K is defined as the element of Py (K; R%)
such that
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/(HEDMCI —q) nprt1ds =0 Vpry1 € Pryi(e),

e

/ (MFPMg —q) - Vprdx =0 Vi € Pe(K), (5.1)
K

/ (MBPMy — ) - pri1dx =0 Vpryg € Oppi(K),
K
where

®pr1(K) = {v € P (K; RY) : divo = 0, v - n[px = 0.

Let M be the space of real matrices of order d x d. In light of the BDM projection (5.1), on
each K € 7j,, we first define a matrix-valued function @, as the only element of Py (K ; M)
through the numerical solution ¢, and @, in (2.8):

/(Eh —oun - Prk+1ds =0 Vpi+1 € Pryi(e; ]Rd),

e

/ (Gn—0op): Vprdx =0  Vpr € Pi(K; RY), (5.2)
K

/ @h—0n): pr1dx =0 Vpiy € &1 (K),
K

where
D1 1(K)={1t € Pry1(K; M) : divt =0, tn|yx = 0}.

Here, the V is regarded as the row-wise operator, i.e.,

(Vp)!

Vp= : . p=L L pa)

(Vpa)'

Define the following space
BDM{ Y := {tr € H(div, 2 M) : 7| € Prs1(K; M) VK € T}

Then, we have the following lemma.

Lemma 5.1 The 0, in (5.2) is well-defined, and

&y € BDM{XY, (5.3a)
~ 1/2,, ,~
1§ — onll 2y S hE NG — omnll2k)- (5.3b)

Proof Since (5.2) can be viewed as the row-wise BDM projection, then the well-posedness
and (5.3a) follows directly by the definition of HEDM, and by the fact that the normal com-
ponent of the numerical trace for the flux is single-valued. Let § = 6, — o', then

/511 “Pk+1ds = /(3/1 —on - per1ds  Vpigr € Pryi(es RY,
e e

/S:Vpkdx=0 Vpi € Pu(K; RY),
K
/ §:ppdx=0 Vpii1 € Piy1(K).
K
Then, (5.3b) follows easily by the standard scaling argument; see [12]. O
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Next, we symmetrize &', by the stable Stokes pair Pry2 — Py Jll (see Remark 5.4 below).
A similar technique can be found in [26,28,30].

Lemma 5.2 Suppose that the Stokes pair Prio — 73',;11 is stable on the grid Tj,. Having

6y, defined in (5.2), there exists a matrix-valued function T, € BDM‘,:]_T_?

o, +7Tp € H(div, Q;S), and

such that 0, :=

divi, =0 and |Tullo,.e S llon — Ganllo.o- (5.4)

Proof We construct a divergence-free term Tj, = curlpy, where pj, satisfies

1. Ford = 2: p, € H'(2; R?) is a vector-valued function and pp|g € Pr42(K; R2);
2. Ford = 3: p, € H'(2; M) is a matrix-valued function and py|x € Prs2(K; M).

For the 2D case, the curl operator is a rotation of the operator V (i.e., curl = (—dy, dx)) and
applies on each entry of the vector p,. For the 3D case, the curl operator applies on each
row of the matrix p;. By direct calculation, the symmetry of &, + T, is equivalent to the
following equation,

skw(curlpy,) = —skwoj,, (5.5)

where skwt := (r — t7)/2. For a scalar function v or a vector-valued function v =
(v1, v2, v3)T, we further define

0 v 0 vy —up
Skw; (v) := |:—v O] and Skwi(v):=|—-v3 0
vy —v; O

Then, the proof can be divided into the following two cases:

1. Forn = 2: from [10], we have skw(curlpy,) = lSsz (divpy,). Thus, (5.5) can be written
as:

divop = G201 — G 12 (5.6)
The stability of Stokes pair Pri2 — Py Jrl | then implies that there exists a p, € {v €

HY (2 R?) : v|x € Praa(K; R?)} satistying (5.6) and

lonlli.e S 18h21 — Gn12llo.@ < 180,21 — on21llo,2 + 160,12 — on 1210,
<llon —arllo.q-

-

2. For n = 3: from [10], we have skw(curlp;) = —%SkW3(div Epon), where E is an
algebraic operator defined as Ep;, = phT — tr(pp)I. Denoting n, = Epy, it is obvious
that p, = g1 ny = n; — %tr(n;,)l. Thus, (5.5) can be written as:

divny = (65,23 — Gh,32, On31 — Oh,13: O 12 — Oh,21) - (5.7
Again, there exists any, € {t € HY (M) : 1|k € Prga(K; M)} satisfying (5.7) and
lonle < lnaline S 1Gn23 — G432, Fn31 — 04,13, Fn12 — 021)” llo.
Slor —anllo.q-

To summarize, we obtain the desired T, = curlp;, that satisfies (5.4). This completes the
proof. O

We are now in the position to prove the optimal L? error estimate.
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Theorem 5.3 Assume that the Stokes pair Pty — P,;ll is stable on T, and k > d. Assume
further that the solution of (1.1) satisfies (o, u) € H*T2(Q:;'S) x H*(Q: RY). Then, the
solution of the mixed LDG problem (2.9) satisfies

2
lo —onllae S (0lk2.0 + lulit1,), (5.8)

where o1 ¢ = (Ao, o).

Proof By (2.6), (5.2) and Lemma 5.1, we have that for any v, € Vj,

(f,vn)g = —(on, en(vp))a + (@nn, va)oz, = —(0n, Vavi)e + (Gnn, vp)aT;,
= —(0h, Vavn)a + (Gnn, vp)a7, = (dive, vi)e.

By Lemma 5.2, the symmetrized variable 6} = &, +7) is piecewise P41 (K; S) and belongs
to H(div, ; S). Further, the divergence-free of T), implies that

(dive,, vi)e = (f, vna. (5.9

In [33,35], Hu and Zhang constructed the conforming Pr+1 — P, ! mixed methods for linear
elasticity on simplicial grids when k > d. Hu also show that (cf. [34, Remark 3.1]), when
k > d, there exists a projection I such that,

(div(t — TS 7), vp)g =0 vr e HY(Q:S), (5.10a)
It — Sl < A2 |Tine VT e HFP2(Q;9). (5.10b)
By (5.9) and (5.10a), we have
(div(oy, —Tj0),v,) =0  Vu, € V.

Taking 7, = o7}, — I1j0 in the error Eq. (4.1), we immediately have the .4-orthogonality
condition:

(A(c —op), 0} —ITj0) =0. (5.11)

Hence, by the energy estimate (4.3), (5.3b) and (5.10b),
lo —onllae <llo—Mollaa+ o}, —onlae

S o —Myolloq + IThlloe + 16, —onllo.

Sllo =Moo+ k'@ —onnlar,

Sllo —Molog +h"llonllg

Slle —Mjollo.e +hlle —onlle

S (o kg, + lulkrn,0)-
This completes the proof. O
Remark 5.4 1n the 2D case, the Scott—Vogelius elements Py — P +11 are stable when k > 2

and the grid does not contain singular vertices (cf. [31,41]). Hence, in the 2D case, we have
the optimal L? estimate when k > 2 with some mild constrain pertaining to the grids.
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Table 1 Linear elasticity: the convergence order for 2D example

1/h lu —uplo,@ h" lo —onlo,e h" div, (o —ap)lo,e h"

(a) Linear elasticity: 771_1 — 730_l , 2D uniform grids

4 0.135877 - 0.445892 - 3.839803 -

8 0.067302 1.01 0.177473 1.33 1.936584 0.99

16 0.033543 1.00 0.080752 1.14 0.970346 1.00

32 0.016757 1.00 0.039257 1.04 0.485431 1.00
(b) Linear elasticity: Py I P !, 2D uniform grids

4 0.0198206 - 0.0425699 - 0.5850957 -

8 0.0050264 1.98 0.0079777 242 0.1483264 1.98

16 0.0012616 1.99 0.0017692 2.17 0.0372321 1.99

32 0.0003158 2.00 0.0004284 2.05 0.0093191 2.00
(¢) Linear elasticity: P3~ I Py ! , 2D uniform grids

4 0.00217252 - 0.00341919 - 0.06370927 -

8 0.00027548 2.98 0.00024533 3.80 0.00805005 2.98

16 0.00003456 2.99 0.00001627 3.91 0.00100892 3.00

32 0.00000432 3.00 0.00000104 3.96 0.00012620 3.00

6 Numerical Examples

In this section, we present some numerical results of the mixed LDG method for linear
elasticity problem. The compliance tensor is given by

1

A
Ao = — (6 — —2
d 2u/(” 20+ dn

tr(a)1d> , ©.1)

where 14 is the d x d identity matrix. In the computation, the parameter in (2.10a) is chosen
asn, =lonalle € &;.

6.1 2D Convergence Order Example

The 2D problem is computed on the unit square Q = (0, 1)> with a homogeneous boundary
condition that # = 0 on d2. The Lamé constants are set to be © = 1/2 and A = 1. Let the
exact solution be

e Vxy(l —x)(1 —y)
“:< sin(rx) sin(xr y) )

The exact stress function o and the load function f can be analytically derived from (1.1)
and for a given u. Uniform grids with different grid sizes are adopted in the computation.

We list the errors and the rates of convergence of the computed solution in Table 1.
The (k 4 1)-th order convergence is observed for both the L, error of u and the Hj(div)
error of o, which is in agreement with Theorem 4.3. Further, we see from Table Ic that
lo —onllo.e = O(h*) when k = 2. This rate of convergence coincides with the statements
in Theorem 5.3, which is also shown sharp from the L? errors of stress in Table 1a-1b.
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Table 2 Linear elasticity: 2D locking-free example

1/h Ju—upllo,e H" lo —onlloo A" [divy (e —ap)llo,e A"

(a) Linear elasticity: 771_1 — 730_l , 2D uniform grids

v=0.49 16 0.0004196 - 0.0016485 - 0.0226073 -
32 0.0002106 0.99  0.0007906 1.06  0.0113175 1.00

v = 0.4999 16 0.0004196 - 0.0016402 - 0.0224581 -
32 0.0002106 0.99  0.0007864 1.06  0.0112438 1.00

v =0.499999 16 0.0004196 - 0.0016401 - 0.0224576 -
32 0.0002106 0.99  0.0007863 1.06  0.0112421 1.00

(b) Linear elasticity: P, I P ! , 2D uniform grids

v=0.49 16 0.00002940 - 0.00006685 - 0.00121273 -
32 0.00000738 1.99  0.00001434 2.22  0.00030490 1.99

v = 0.4999 16 0.00002940 - 0.00006652 - 0.00120483 -
32 0.00000738 1.99  0.00001427 2.22  0.00030291 1.99

v =0.499999 16 0.00002940 - 0.00006652 - 0.00120475 -
32 0.00000738 1.99  0.00001427 222 0.00030289 1.99

(c) Linear elasticity: P, 1 77;1, 2D uniform grids

v=0.49 16 0.000001282 - 0.000001674 - 0.000061781 -
32 0.000000161  2.99  0.000000111 391  0.000007747 3.00

v = 0.4999 16 0.000001282 - 0.000001665 - 0.000061377 -
32 0.000000161  2.99  0.000000111 391  0.000007696 3.00

v =0.499999 16 0.000001282 - 0.000001665 - 0.000061373 -
32 0.000000161  2.99  0.000000111 3.91  0.000007696 3.00

6.2 2D Locking-Free Example

In this example, we set the Lamé constants to be
Ev
=—— and A= — s
2(14+v) (14 v)(1—2v)
where the Young’s Modulus is taken as E = 3, and v represents the Poisson’s ratio that goes

to 0.5 when the material becomes increasingly incompressible. We consider the example in
[40,43] by setting f to satisfy the exact solution:

(P =Dy —-D@y -1
“xx—D@x - Dy2(y-1D* -

n

The errors with different Poisson’s ratios are displayed in Table 2. Given a polynomial
order k, we observe the same convergence order with increasing v, which is optimal in both
stress and displacement. Further, it is clear to see that the proposed MDG method is locking-
free, or stable in the incompressible limit case. We refer to the subsequent work [38] for the
detailed proof.
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Table 3 Linear elasticity: the convergence order for 3D example

1/h lu —uplo,@ n" llo —apllo,e h" lldiv, (e —ap)llo, e h"

(a) Linear elasticity: 771_1 — 730_l , 3D uniform grids

2 0.235741 - 1.221265 — 7.534218 -

4 0.127481 0.89 0.536012 1.19 4.420875 0.77

8 0.063704 1.00 0.210303 1.35 2.294909 0.95
(b) Linear elasticity: P{l — 77;1 , 3D uniform grids

2 0.0831048 - 0.3641751 - 2.8564400 -

4 0.0227446 1.87 0.0664638 2.45 0.7833919 1.87

8 0.0058207 1.97 0.0123827 2.42 0.2007023 1.96

6.3 3D Convergence Order Example

In this 3D example, the Lamé constants are set to be © = 1/2 and A = 1. Let the exact
solution on the unit cube be

24
u=|2>]x(1 —x)y(l —yz(l —2),
26

which is also considered in [35]. Again, the true stress function ¢, which is a 3D symmetric
tensor without further special structure, and the load function f are defined by the relations
in (1.1) for the given solution u. In Table 3, the errors and the convergence order in various
norms are listed when k = 0, 1. The optimal orders of convergence are achieved respectively
under the Hj,(div) norm for the stress and L? norm for the displacement, which confirms
Theorem 4.3.

7 Concluding Remarks

In this paper, we present a priori error analysis of mixed DG method for solving the linear
elasticity problem with strongly imposed symmetry. We provide numerical evidence indi-
cating the sharpness of our estimates, namely, the convergence order of k + 1 both stress in
Hj, (div)-norm and displacement in L2-norm with the elements pair (o, up) € E’,‘l+1 X V}f .
The estimate holds for any k > 0 in arbitrary dimension, making the MDG more meaningful
for the linear elasticity as the lower order conforming Py — P, ! elasticity element does not
exist on general simplicial grids [44]. Since there is a close connection between the elasticity
elements and the Stokes elements (cf. [26, Section 4.1], [28,30]), we also prove the optimal
L? error estimate for the stress provided that the Py 5 — P Jrll Stokes pair is stable and k > d.
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