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Abstract
This paper studies several decoupled penalty methods to overcome the saddle point system
of the steady state 2D/3D incompressible magnetohydronamics (MHD). These approaches
combine the Oseen iteration and two-level technique with strong uniqueness condition

0 <

√
2C2

0 max{1,√2Sc}‖F‖−1

(min{R−1
e ,ScC1R

−1
m })2 ≤ 1 −

( ‖F‖|−1
‖|F‖0

) 1
2

< 1 satisfied. For the convenience of imple-

mentation, we employ two different simple Lagrange finite element pairs P1b − P1 − P1b
and P1 − P0 − P1 for velocity field, pressure and magnetic field, respectively. Rigorous
analysis of the optimal error estimate and stability are provided. We present comprehensive
numerical experiments, which indicate the effectiveness of the proposed methods for both
two dimensional and three-dimensional problems.

Keywords Magnetohydrodynamics equations · Penalty finite element method · Two-level
method · Inf-sup condition · Error estimate

Mathematics Subject Classification 65N30 · 76M10

1 Introduction

The purpose of this work is to devise some decoupled penalty schemes for solving the
following 2D/3D stationary incompressible MHD equations:
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⎧⎪⎪⎨
⎪⎪⎩

−R−1
e �u + (u · ∇)u + ∇ p − SccurlB × B = f, in �,

divu = 0, in �,

ScR−1
m curl(curlB) − Sccurl(u × B) = g, in �,

divB = 0, in�.

(1)

Here � is a convex polygonal/polyhedral domain inRd , d =2 or 3, with boundary ∂�. u the
velocity of the fluid, p the pressure, B the magnetic field, f and g the external force terms,
Re the hydrodynamic Reynolds number, Rm the magnetic Reynolds number, Sc the coupling
number and n is the outer unit normal of ∂�. The system is supplemented with the boundary
conditions: {

u|∂� = 0, (no-slip condition),
B · n|∂� = 0, n × curlB|∂� = 0, (perfectly wall),

(2)

The incompressibleMHDmodel is a system of PDEs, which are prescribed by theNavier–
Stokes equations and coupled with the pre-Maxwell equations. Incompressible MHD has
many industrial applications such as metallurgical engineering, electromagnetic pumping,
stirring of liquid metals, and measuring flow quantities based on induction [1]. Therefore,
it is an important research topic to provide effective numerical methods for solving such
flow problem. We refer to [2,3] for more detailed information of physical background, Fur-
thermore, there are many research works which use finite element methods to simulate the
incompressibleMHDflows in recent years.We refer to [2,4–15] andmany references therein.

The coupled system (1) involves nonlinear terms and the incompressible constraint, which
requires much larger numbers of degrees of freedom to resolve numerically. Hence, the
Stokes, Newton and Oseen iterative methods are considered for the stationary 2D/3D MHD
equations to deal with the nonlinearity in [16–18]. And it can be concluded that Stokes
iteration and Newton iteration are suitable to small Reynolds number such that the strong

uniqueness conditions 0 < σ :
√
2C2

0 max{1,√2Sc}‖F‖−1

(min{R−1
e ,ScC1R

−1
m })2 ≤ 2

5 and 0 < σ ≤ 5
11 hold, respec-

tively. And the Oseen method is suitable for each Reynolds number such that 0 < σ < 1
holds.

The penalty method, the pressure stabilization method, the artificial compressibility
method and the projection method [19–26], etc. are usually used to handle the incompress-
ible constrain. Besides, we also proposed some decoupling method with Uzawa-type idea
for the incompressible MHD equations in [27–29]. In this study, we mainly consider the
penalty method to decouple the strong-coupled stationary incompressible MHD equations.
The penalty method applied to (1) is to approximate the solution (u, p,B) by (uε, pε,Bε)

satisfying the following equations:
⎧
⎪⎪⎨
⎪⎪⎩

−R−1
e �uε + (uε · ∇)uε − SccurlBε × Bε + ∇ pε = f, in �,

divuε + Reε pε = 0, in �,

ScR−1
m curl(curlBε) − Sccurl(uε × Bε) = g, in �,

divBε = 0, in �,

(3)

with the homogeneous boundary conditions:
{

uε |∂� = 0, (no-slip condition),
Bε · n|∂� = 0, n × curlBε |∂� = 0, (perfectly wall),

(4)

where 0 < ε < 1 is penalty parameter.
Although, the penalty method is to decouple (u,B) and p, the resulting system is still

large. Two-level scheme, which was put forward by Xu for the nonlinear elliptic boundary
value problem in [30,31] which is efficient to save a large amount of computing time and give
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reasonable results. Under the strong uniqueness condition σ ≤ 1−
( ‖F‖|−1

‖|F‖0
) 1

2
< 1, we focus

on the two-level Oseen penalty finite element methods for 2D/3D steady state incompressible
MHD equations in this article. And, we mainly explore the finite element space pair Xh ×
Mh × Wh which does not satisfy the discrete inf-sup condition (P1 − P0 − P1) and the one
satisfies the discrete inf-sup condition (P1b − P1 − P1b). In general, the rigorous analysis
shows that the proposed methods can get the optimal accuracy with appropriate relationship
between ε, H and h. Numerical results confirming theoretical findings are presented for
several 2D/3D examples. And we know that, the magnetic variables may have regularity
below H1 with the domain � is a non-convex polygon (polyhedron), and the continuous
nodal finite element spaces may fail to approximate the singular magnetic solution. Then the
magnetic field of our ongoing work is discretized by curl-conforming Nédélec elements to
deal with the situations of singular magnetic fields.

The paper is organized as follows. In Sect. 2, some basic results are given. Penalty mixed
finite element method is given in Sect. 3. Section 4 is devoted to uniform stability and con-
vergence of the two-level penalty iterative methods. Section 5 is reported to show numerical
performance and accuracy of our algorithms. Finally, the article is concluded in Sect. 6.

2 Functional Setting of the StationaryMHD Equations

To derive the variational form, we introduce the following spaces

X := H1
0 =

{
u ∈ H1(�)d : u|∂� = 0

}
,

W := H1
n =

{
v ∈ H1(�)d : v · n|∂� = 0

}
,

V := {u ∈ X : divu = 0 in �} ,

Vn := {v ∈ W : divv = 0 in �} ,

M := L2
0(�) =

{
q ∈ L2(�) :

∫

�

qdx = 0

}
.

Throughout this work, space W0n = X × W equipped with the graph norm ‖(v,B)‖1,
where ‖(v,B)‖i = (‖v‖2i +‖B‖2i )

1
2 for all v ∈ Hi (�)d ∩X,B ∈ Hi (�)d ∩W (i = 0, 1, 2).

And H−1(�)d is the dual of X with norm ‖f‖−1 = sup0 �=w∈X
〈f,w〉
‖w‖1 , where 〈·, ·〉 denotes

duality product. Besides, we set ‖F‖−1 = sup(0,0)�=(v,�)∈W0n
〈F,(v,�)〉
‖(v,�)‖1 and ‖F‖2∗ = ‖f‖2−1 +

‖g‖20.
Then,we arrive at an equivalent variational formulation for (1): find ((u,B), p) ∈ W0n×M

such that

A0((u,B), (v,�)) − d((v,�), p) + d((u,B), q) + A1((u,B), (u,B), (v,�))

= 〈F, (v,�)〉, (5)

for all ((v,�), q) ∈ W0n × M and the variational formulation of (3) reads: find
((uε,Bε), pε) ∈ W0n × M such that for all ((v,�), q) ∈ W0n × M,

A0 ((uε,Bε) , (v,�))−d ((v,�) , pε)+d ((uε,Bε) , q)+A1 ((uε,Bε) , (uε,Bε) , (v,�))

+ ε
νe

(pε, q) = 〈F, (v,�)〉,
(6)
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where νe is the reciprocal of Re and

A0 ((v,�) , (w,�)) = a0 (v,w) + b0 (�,�) ,

a0 (v,w) = R−1
e (∇v,∇w) , b0 (�,�)

= ScR
−1
m (curl�, curl�) + ScR

−1
m (div�, div�) ,

d ((v,�) , q) = (divv, q) , 〈F, (v,�)〉 = 〈f, v〉 + (g,�) ,

A1 ((u,B) , (v,�) , (w,�)) = a1 (u, v,w) + c (�,B, v) − c (�,B,w) ,

a1 (u, v,w) = 1

2
((u · ∇) v,w) − 1

2
((u · ∇)w, v) , c (�,B, v)

= Sc (curl� × B, v) .

Besides, we need the following properties of A0(·, ·) and A1(·, ·, ·) in [2]: ∀ (u,B),
(v,�), (w,�) ∈ W0n , there holds

A0 ((v,�) , (w,�)) ≤ max{R−1
e , (2 + d)ScR

−1
m }‖ (v,�) ‖1‖ (w,�) ‖1, (7)

A0 ((v,�) , (v,�)) ≥ min{R−1
e , ScC1R

−1
m }‖ (v,�) ‖21, (8)

A1 ((u,B) , (v,�) , (w,�)) ≤ √
2C2

0 max{1,√2Sc}‖ (u,B) ‖1‖ (v,�) ‖1‖ (w,�) ‖1,
(9)

A1 ((u,B) , (v,�) , (v,�)) = 0, (10)

A1 ((u,B) , (v,�) , (w,�)) + A1 ((v,�) , (u,B) , (w,�)) + A1 ((v,�) , (w,�) , (u,B))

(11)

≤ C
√
2C2

0 max{1,√2Sc}‖ (u,B) ‖
1
2
1 ‖ (u,B) ‖

1
2
0 ‖ (w,�) ‖1‖ (v,�) ‖1. (12)

And we introduce the properties of trilinear form in [32]:

|A1 ((u,B) , (v,�) , (w,�)) | ≤ C
√
2C2

0 max{1,√2Sc}‖ (u,B) ‖0‖ (v,�) ‖2‖ (w,�) ‖1,
∀ (u,B) ∈ L2 (�)d × L2 (�)d , (w,�) ∈ H2 (�)d × H2 (�)d , (v,�) ∈ W0n (�) ,

|A1 ((u,B) , (v,�) , (w,�)) | ≤ C
√
2C2

0 max{1,√2Sc}‖ (u,B) ‖2‖ (v,�) ‖1‖ (w,�) ‖0,
∀ (u,B) ∈ H2 (�)d × H2 (�)d , (w,�) ∈ W0n (�) , (v,�) ∈ L2 (�)d × L2 (�)d .

(13)

For the sake of convenience, C or c (with or without a subscript) will denotes a generic
positive constant throughout the paper and denote

‖| (w,�) ‖|i = min{R−1
e , ScC1R

−1
m } (‖w‖2i + ‖�‖2i

) 1
2 ,

∀ w ∈ Hi (�)d ∩ X, � ∈ Hi (�)d ∩ W, i = 0, 1, 2.

Then, we set γ := min{R−1
e , ScC1R−1

m }, γ := max{R−1
e , (2 + d)ScR−1

m }, N :=√
2C2

0 max{1,√2Sc} in the following sections.
First, recall the following existence and uniqueness results in [16] for (5) and (6).

Theorem 2.1 Let f ∈ H−1(�)d , g ∈ L2(�)d and Re, Rm and Sc satisfy the uniqueness
condition

0 < σ < 1, (14)
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the problem (5) admits a unique solution ((u,B), p) ∈ W0n × M such that

‖|(u,B)‖|1 ≤ ‖F‖−1. (15)

Moreover, suppose that 0 < σ < 1 and f, g ∈ L2(�)d , then solution ((u,B), p) such
that

‖|(u,B)‖|2 + ‖p‖1 ≤ C‖F‖0. (16)

Theorem 2.2 If Re, Rm and Sc satisfy the uniqueness condition (14) and εc0 ≤ 1with c0 > 0,
then the problem (6) has a unique solution ((uε,Bε), pε) ∈ W0n × M which satisfies

‖|(uε,Bε)‖|1 ≤ ‖F‖−1. (17)

Then, suppose that f, g ∈ L2(�)d and εc0 ≤ 1, solution ((uε,Bε), pε) of the problem
(6) satisfies the following regularity

‖|(uε,Bε)‖|2 + ‖pε‖1 ≤ C‖F‖0. (18)

Theorem 2.3 Under the assumptions of Theorem 2.2, we have the following error bounds

‖|(u − uε,B − Bε)‖|1 + ‖p − pε‖0 ≤ Cε‖F‖0. (19)

Proof Refer to [16] for details. ��

3 Penalty Finite Element Galerkin Discretization

Let {τμ} be a family of triangulations or tetrahedrons of� into quasi-uniform finite elements
K with �̄ = ⋃

K∈τμ
K , mesh size μ = h or H . Consider finite element space Xμ ⊂ X,

Mμ ⊂ M, Wμ ⊂ W and (XH ,MH ,WH ) ⊂ (Xh,Mh,Wh). Pl(K ) denote the set of all
polynomials on K with order l ≥ 0 and Wμ

0n = Xμ × Wμ. Next, we introduce the discrete
analogue of space V as

Vμ = {v ∈ Xμ : d((v,�), q) = 0,∀q ∈ Mμ, � ∈ Wμ

}
.

The discrete Stokes operator A1μ = −Pμ�μ, and �μ defined as (see [33])

−(�μuμ, vμ) = (∇uμ,∇vμ), ∀uμ, vμ ∈ Xμ,

where Pμ : L2(�)d → Vμ defined by (Pμu, vμ) = (u, vμ) for all vμ ∈ Vμ and define
discrete operator A2μBμ = R0μ(∇μ × ∇ × Bμ + ∇μ∇ · Bμ) ∈ Wμ as follows (see [34])

(A2μBμ,�
) = (∇ × Bμ,∇ × �

)+ (∇ · Bμ,∇ · �
)
, ∀Bμ,� ∈ Wμ,

where R0μ : L2(�)d → Wμ defined by (R0μB,�μ) = (B,�μ) for all �μ ∈ Wμ.
The following two finite element pairs are mainly considered to explore the relation

between penalty parameter and the algorithms in this article:

(P1). The unstable finite element pair

Xμ = {u ∈ C0(�̄)d ∩ X : u|K ∈ P1(K )d , ∀K ∈ τμ

}
,

Mμ = {q ∈ M : q|K ∈ P0(K ), ∀K ∈ τμ

}
,

Wμ = {B ∈ C0(�̄)d ∩ W : B|K ∈ P1(K )d , ∀K ∈ τμ

}
.
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(P2) . The stable finite element pair

Xμ =
(
Pb
1,μ

)d ∩ X,

Mμ = {q ∈ C0
(
�̄
) ∩ M : q|K ∈ P1(K ), ∀K ∈ τμ},

Wμ =
(
Pb
1,μ

)d ∩ W,

where Pb
1,μ = {vμ ∈ C0(�̄) : vμ|K ∈ P1(K ) ⊕ span{b̂}, ∀K ∈ τμ}, b̂ is a bubble

function.

The following properties of P1 and P2 are stated in [9,22,32,34,35].

Lemma 3.1 The finite element pair P1 satisfies the key relation

divXμ = Mμ. (20)

Besides, there exists mappings πμ : H2(�)d ∩ X → Xμ and ρμ : M → Mμ satisfy

‖∇(v − πμv)‖0 ≤ Cμ‖v‖2, ‖q − ρμq‖0 ≤ Cμ‖q‖1, (21)

for all v ∈ H2(�)d ∩X, q ∈ H1(�)∩M, and a mapping Rμ : H2(�)d ∩Vn → Wμ satisfy
(∇ × Rμw,∇ × �

)+ (∇ · Rμw,∇ · �
) = (∇ × w,∇ × �) + (∇ · w,∇ · �)

= (∇ × w,∇ × �) , ∀� ∈ Wμ,

‖w − Rμw‖0 + μ‖w − Rμw‖1 ≤ Cμ2‖w‖2, ∀w ∈ H2(�)d ∩ Vn .

(22)

Lemma 3.2 The finite element pair P2 satisfies the discrete inf-sup condition

sup
(0,0)�=(vμ,Bμ)∈Wμ

0n

d((vμ,Bμ), qμ)

‖(vμ,Bμ)‖1 ≥ β0‖qμ‖0, ∀qμ ∈ Mμ. (23)

Besides, there exists mappings πμ : H2(�)d ∩ X → Xμ, ρμ : M → Mμ satisfy (21) and

(∇ · (v − πμv), q) = 0, ∀q ∈ Mμ. (24)

And mapping Rμ : H2(�)d ∩ Vn → Wμ satisfies (22).

Then, the penalty finite element discretization of (6) is: find ((uεμ,Bεμ), pεμ) ∈ Wμ
0n ×

Mμ such that

A0
((
uεμ,Bεμ

)
, (v,�)

)+ A1
((
uεμ,Bεμ

)
,
(
uεμ,Bεμ

)
, (v,�)

)− d
(
(v,�) , pεμ

)

+ d
((
uεμ,Bεμ

)
, q
)

+ ε
νe

(
pεμ, q

) =< F, (v,�) > .

(25)

Recalling the following stability and optimal error estimate (see [16]).

Theorem 3.1 Under the assumptions of Theorem 2.2 and if Xμ × Mμ satisfies property Pk ,
k = 1, 2, then (25) admits a unique solution ((uεμ,Bεμ), pεμ) ∈ Wμ

0n × Mμ such that

‖|(uεμ,Bεμ)‖|1 ≤ ‖F‖−1, ‖|(A1μuεμ,A2μBεμ)‖|0 ≤ C‖F‖0,

‖pεμ‖0 ≤
(

νe

εγ

) 1
2

‖F‖−1, f or P1,

‖pεμ‖0 ≤ C‖F‖−1, f or P2,
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Theorem 3.2 Under the assumptions of Theorem 2.2 and if Xμ × Mμ satisfies property Pk ,

k = 1, 2 and assume that μ ≤
( ‖F‖−1

‖F‖0
) 1

2
(1−σ), then we have the following error estimate

(1 − σ) ε
1
2 ‖| (uε −uεμ,Bε −Bεμ

) ‖|0+μ
(
‖| (uε −uεμ,Bε −Bεμ

) ‖|1+ε
1
2 ‖pε − pεμ‖0

)

≤ Cε− 1
2 μ2‖F‖0,

(1 − σ) ‖| (uε − uεμ,Bε − Bεμ

) ‖|0 + μ
(‖| (uε − uεμ,Bε − Bεμ

) ‖|1 + ‖pε − pεμ‖0
)

≤ Cμ2‖F‖0,
for P1 and P2, respectively.

Remark 3.1 On account of the important relation (20), the discrete penalty finite element
form for P1 can be defined as follows

A0
((
uεμ,Bεμ

)
, (v,�)

)+ A1
((
uεμ,Bεμ

)
,
(
uεμ,Bεμ

)
, (v,�)

)+ νe

ε

(
divuεμ, divv

)

=< F, (v,�) >,

pεμ = −νe

ε
divuεμ.

But the finite element space Xh × Mh for P2 does not have property (20). Therefore, we
have to employ the projection ρμ to rewrite the penalty finite element discretization as

A0
((
uεμ,Bεμ

)
, (v,�)

)+ A1
((
uεμ,Bεμ

)
,
(
uεμ,Bεμ

)
, (v,�)

)+ νe

ε

(
ρμdivuεμ, ρμdivv

)

=< F, (v,�) >,

pεμ = −νe

ε
ρμdivuεμ.

Then, the dimension of the stiffness matrix reduces greatly and leads to a relatively small
definite positive stiffness matrix. However, it is very difficult to compute ρμdivv for the
functions in Mμ are globally discontinuous and ρμ is a local projection operator, which
acting separately element by element (refer to [33] for details).

4 Penalty Iterative Methods for the 2D/3D StationaryMHD Equations

The Oseen iterative methods in penalty idea which based on finite element pair P1 and P2

and several two-level schemes are introduced as follows.
Method 0 (Oseen iterative method). Find ((unεμ,Bn

εμ), pnεμ) ∈ Wμ
0n × Mμ such that for

all ((v,�), q) ∈ Wμ
0n × Mμ

A0
((
unεμ,Bn

εμ

)
, (v,�)

)− d
(
(v,�) , pnεμ

)+ d
((
unεμ,Bn

εμ

)
, q
)+ ε

νe

(
pnεμ, q

)
+ A1

((
un−1

εμ ,Bn−1
εμ

)
,
(
unεμ,Bn

εμ

)
, (v,�)

) =< F, (v,�) > .
(26)

Here, ((u0εμ,B0
εμ), p0εμ) is defined by the discrete penalty equation:

A0
((
u0εμ,B0

εμ

)
, (v,�)

)− d
(
(v,�) , p0εμ

)
+ d

((
u0εμ,B0

εμ

)
, q
)+ ε

νe

(
p0εμ, q

) =< F, (v,�) >,
(27)

for all ((v,�), q) ∈ Wμ
0n × Mμ.
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Based on our previous work [16,17], we have the following stability estimate of the
iterative method.

Theorem 4.1 Under the assumptions of Theorem 3.2 and uniqueness condition 0 < σ < 1
valid, suppose that P1 and P2 are valid, then (umεμ,Bm

εμ) and pmεμ defined by the Method 0
satisfy

‖|(umεμ,Bm
εμ)‖|1 ≤ ‖F‖−1, ‖|(A1μumεμ,A2μBm

εμ)‖|1 ≤ C‖F‖0,
‖pmεμ‖0 ≤

(
νe
εγ

) 1
2 |F‖−1, f or P1, ‖pmεμ‖0 ≤ β−1

0

(
γ
γ

+ 2
)

‖F‖−1, f or P2,

and satisfy the following error bounds: for P1

‖| (u − umεμ,B − Bm
εμ

) ‖|1 ≤ Cε + Cε− 1
2 μ + σm‖F‖−1,

‖p − pmεμ‖0 ≤ Cε + Cε−1μ +
(

νe

εγ

) 1
2

σm‖F‖−1,

and for P2

‖| (u − umεμ,B − Bm
εμ

) ‖|1 ≤ Cε + Cμ + σm‖F‖−1,

‖p − pmεμ‖0 ≤ Cε + Cμ + β−1
0

(
γ

γ
+ 2

)
σm‖F‖−1,

for all m ≥ 0.

4.1 Two-Level Oseen Penalty Iterative Methods

In this section, we consider the two-level Oseen penalty finite element methods under the

strong uniqueness condition σ ≤ 1−
( ‖F‖−1

‖F‖0
) 1

2
< 1. The methods includes two algorithms:

m iteration steps by Oseen technique on the coarse mesh H and once correction by the three
corresponding iteration on the fine mesh h.

Method 1.

Step I. Find a coarse grid penalty iterative solution ((umεH ,Bm
εH ), pmεH ) ∈ WH

0n × MH such
that

A0
((
unεH ,Bn

εH

)
, (v,�)

)− d
(
(v,�) , pnεH

)+ d
((
unεH ,Bn

εH

)
, q
)+ ε

νe

(
pnεH , q

)

+ A1

((
un−1

εH ,Bn−1
εH

)
,
(
unεH ,Bn

εH

)
, (v,�)

)
=< F, (v,�) > .

(28)

for n = 1, 2, . . . ,m, where ((u0εH ,B0
εH ), p0εH ) is determined by

A0
((
u0εH ,B0

εH

)
, (v,�)

)− d
(
(v,�) , p0εH

)+ d
((
u0εH ,B0

εH

)
, q
)

+ ε
νe

(
p0εH , q

) = 〈F, (v,�)〉, (29)

for all ((v,�), q) ∈ WH
0n × MH .
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Step II. Find a fine grid solution ((uεmh,Bεmh), pεmh) ∈ Wh
0n×Mh defined by the following

Stokes correction.

A0 ((uεmh,Bεmh) , (v,�)) − d ((v,�) , pεmh) + d ((uεmh,Bεmh) , q) + ε
νe

(pεmh, q)

= 〈F, (v,�)〉 − A1
((
umεH ,umεH

)
,
(
umεH ,umεH

)
, (v,�)

)
,

(30)

for all ((v,�), q) ∈ Wh
0n × Mh .

Theorem 4.2 Under the assumptions of Theorem 4.1 and σ ≤ 1 −
( ‖F‖−1

‖F‖0
) 1

2
< 1, then

((uεmh,Bεmh), pεmh) provided by Method 1 satisfies the following stability and error esti-
mates:

‖|(uεmh,Bεmh)‖|1 ≤ 2‖F‖−1,

‖pεmh‖0 ≤
(
4νe
εγ

) 1
2

‖F‖−1, for P1,

‖pεmh‖0 ≤ 2β−1
0

(
γ

γ
+ 1

)
‖F‖−1, for P2, (31)

and satisfy the following error bounds: for P1

‖| (u − uεmh,B − Bεmh) ‖|1 ≤ C

[
ε + ε− 1

2

(
h + ε− 1

2 H2
( ‖F‖0‖F‖−1

) 1
2
)]

‖F‖0
+C‖| (uεH − umεH ,BεH − Bm

εH

) ‖|1,

‖p − pεmh‖0 ≤ C

[
ε + ε−1

(
h + ε− 1

2 H2
( ‖F‖0‖F‖−1

) 1
2
)]

‖F‖0
+C‖| (uεH − umεH ,BεH − Bm

εH

) ‖|1,
ε and H can be taken as ε = O(h

1
2 ), H2 = O(ε

1
2 h) and the convergence rate is O(h

1
2 );

for P2, the optimal error estimates are

‖| (u − uεmh,B − Bεmh) ‖|1 + ‖p − pεmh‖0 ≤ C

(
ε + h + H2

( ‖F‖0‖F‖−1

) 1
2
)

‖F‖0
+C‖| (uεH − umεH ,BεH − Bm

εH

) ‖|1,
ε and H can be taken as ε = O(h), H2 = O(h) and the convergence rate is O(h);

Proof We can arrive at the stability estimate (31) by setting (v,�) = (uεmh,Bεmh) and
q = pεmh in (30) and combining (8)–(10) with (23).

For the error estimate, subtracting (30) from (25) with μ = h and take (eh,bh) = (uεh −
uεmh,Bεh − Bεmh), ηh = pεh − pεmh , we have following error equation

A0 ((eh,bh) , (v,�)) − d ((v,�) , ηh) + d ((eh,bh) , q) + ε
νe

(ηh, q)

+ A1 ((uεh − uεH ,Bεh − BεH ) , (uεh,Bεh) , (v,�))

+ A1 ((uεH ,BεH ) , (uεh − uεH ,Bεh − BεH ) , (v,�))

+ A1
((
uεH − umεH ,BεH − umεH

)
, (uεH ,BεH ) , (v,�)

)

+ A1
((
umεH ,Bm

εH

)
,
(
uεH − umεH ,BεH − umεH

)
, (v,�)

) = 0.

(32)
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Substituting (v,�) = (eh,bh), q = ηh in (32) with (8), (9), (13) and Theorem 3.1, we
have

1
γ
‖| (eh,bh) ‖|21 + ε

νe
‖ηh‖20

≤ CN
γ 2 ‖| (uεh − uεH ,Bεh − BεH ) ‖|0

{
‖ (A1HuεH ,A2HBεH ) ‖0

+‖ (A1huεh,A2hBεh) ‖0
}
‖| (eh,bh) ‖|1

+ N
γ 3 ‖|

(
uεH − umεH ,BεH − Bm

εH

) ‖|1
{
‖| (uεH ,BεH ) ‖|1 + ‖| (umεH ,Bm

εH

) ‖|1
}
‖| (eh,bh) ‖|1,

(33)

which guarantees that

‖| (eh,bh) ‖|1 ≤ Cσ
‖F‖0‖F‖−1

‖| (uεh − uεH ,Bεh − BεH ) ‖|0
+2σ‖| (uεH − umεH ,BεH − Bm

εH

) ‖|1. (34)

For P1, using Theorems 3.1, 3.2, 4.1 and (34), we derive that

‖| (eh,bh) ‖|1 ≤ C

[
ε−1H2

( ‖F‖0‖F‖−1

) 1
2 ‖F‖0 + ‖| (uεH − umεH ,BεH − Bm

εH

) ‖|1
]

, (35)

then utilising (33) and Young’s inequality, we deduce

ε
νe

‖ηh‖20 ≤ C
[
ε−2H4 ‖F‖0‖F‖−1

‖F‖20 + ‖| (uεH − umεH ,BεH − Bm
εH

) ‖|21
]
,

which we can get the error estimate for P1.
Combining Theorems 3.2, 4.1 and (34), the bound for P2 is

‖| (eh,bh) ‖|1 ≤ C

[
H2
( ‖F‖0‖F‖−1

) 1
2 ‖F‖0 + ‖| (uεH − umεH ,BεH − Bm

εH

) ‖|1
]

, (36)

and with (23), (34), (7), (36), Theorems 3.2 and 4.1 , we conclude

‖ηh‖0 ≤ Cβ−1
0

[
H2
( ‖F‖0‖F‖−1

) 1
2 ‖F‖0 + ‖| (uεH − umεH ,BεH − Bm

εH

) ‖|1
]

. (37)

We can finish the proof by Theorems 2.3, 3.2 and triangle inequality and some simple
calculations. ��
Method 2.

Step I. Find a coarse grid penalty iterative solution ((umεH ,Bm
εH ), pmεH ) ∈ WH

0n × MH such
that

A0
((
unεH ,Bn

εH

)
, (v,�)

)− d
(
(v,�) , pnεH

)+ d
((
unεH ,Bn

εH

)
, q
)+ ε

νe

(
pnεH , q

)

+ A1

((
un−1

εH ,Bn−1
εH

)
,
(
unεH ,Bn

εH

)
, (v,�)

)
=< F, (v,�) > .

(38)

for n = 1, 2, . . . ,m, where ((u0εH ,B0
εH ), p0εH ) is determined by

A0
((
u0εH ,B0

εH

)
, (v,�)

)− d
(
(v,�) , p0εH

)+ d
((
u0εH ,B0

εH

)
, q
)+ ε

νe

(
p0εH , q

)
= 〈F, (v,�)〉, (39)

for all ((v,�), q) ∈ WH
0n × MH .
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Step II. Find a fine grid solution ((uεmh,Bεmh), pεmh) ∈ Wh
0n×Mh defined by the following

Newton correction.

A0 ((uεmh,Bεmh) , (v,�)) − d ((v,�) , pεmh) + d ((uεmh,Bεmh) , q) + ε

νe
(pεmh, q)

+ A1
(
(uεmh,Bεmh) ,

(
umεH ,Bm

εH

)
, (v,�)

)+ A1
((
umεH ,Bm

εH

)
, (uεmh,Bεmh) , (v,�)

)

=< F, (v,�) > +A1
((
umεH ,Bm

εH

)
,
(
umεH ,Bm

εH

)
, (v,�)

)
. (40)

for all ((v,�), q) ∈ Wh
0n × Mh .

Theorem 4.3 Under the assumptions of Theorem 4.2, then ((uεmh,Bεmh), pεmh) provided
by Method 2 with Newton Correction satisfies the following stability and error estimates:

‖| (uεmh,Bεmh) ‖|1 ≤ 2‖F‖−1 + σ

‖F‖−1
‖| (uεmh − umεH ,Bεmh − Bm

εH

) ‖|21,

‖pεmh‖0 ≤ C

(
νe

γ ε

) 1
2 [‖F‖−1 + ‖| (uεmh − umεH ,Bεmh − Bm

εH

) ‖|21
]
, for P1,

‖pεmh‖0 ≤ C
[‖F‖−1 + ‖| (uεmh − umεH ,Bεmh − Bm

εH

) ‖|21
]
, for P2, (41)

and ((uεmh,Bεmh), pεmh) satisfies the following error estimates, for P1

‖| (u − uεmh,B − Bεmh) ‖|1 ≤ C
[
ε + ε− 1

2

(
h + ε−1| ln h|H3 ‖F‖0‖F‖−1

)]
‖F‖0

+C‖| (uεH − umεH ,BεH − Bm
εH

) ‖|21,
‖p − pεmh‖0 ≤ C

[
ε + ε−1

(
h + ε−1| ln h|H3 ‖F‖0‖F‖−1

)]
‖F‖0

+C‖| (uεH − umεH ,BεH − Bm
εH

) ‖|21,
ε and H can be taken as ε = O(h

1
2 ), H3 = O(εh| ln h|−1) and the convergence rate is

O(h
1
2 ) in the 2D case; for P2, the optimal error estimates are

‖| (u − uεmh,B − Bεmh) ‖|1 + ‖p − pεmh‖0 ≤ C
[
ε + h + | ln h|H3 ‖F‖0‖F‖−1

]
‖F‖0

+C‖| (uεH − umεH ,BεH − Bm
εH

) ‖|21,
ε and H can be taken as ε = O(h), H3 = O(h| ln h|−1) and the convergence rate is O(h)

in the 2D case; and for P1

‖| (u − uεmh,B − Bεmh) ‖|1 ≤ C

[
ε + ε− 1

2

(
h + ε− 3

4 H
5
2

‖F‖0
‖F‖−1

)]
‖F‖0

+C‖| (uεH − umεH ,BεH − Bm
εH

) ‖|21,
‖p − pεmh‖0 ≤ C

[
ε + ε−1

(
h + ε− 3

4 H
5
2

‖F‖0
‖F‖−1

)]
‖F‖0

+C‖| (uεH − umεH ,BεH − Bm
εH

) ‖|21,
ε and H can be taken as ε = O(h

1
2 ), H

5
2 = O(ε

3
4 h) and the convergence rate is O(h

1
2 ) in

the 3D case; for P2, the optimal error estimates are

‖| (u − uεmh,B − Bεmh) ‖|1 + ‖p − pεmh‖0 ≤ C

[
ε + h + H

5
2

‖F‖0
‖F‖−1

]
‖F‖0

+C‖| (uεH − umεH ,BεH − Bm
εH

) ‖|21,
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ε and H can be taken as ε = O(h), H
5
2 = O(h) and the convergence rate is O(h) in the

3D case.

Proof By choosing (v,�) = (uεmh,Bεmh) and q = pεmh in (40), we derive that

γ ‖ (uεmh,Bεmh) ‖21 + ε

νe
‖pεmh‖20

≤ N‖ (umεH ,Bm
εH

) ‖1‖
(
uεmh − umεH ,Bεmh − Bm

εH

) ‖1‖ (uεmh,Bεmh) ‖1
+‖F‖−1‖ (uεmh,Bεmh) ‖1, (42)

which combining Young’s inequality guarantees that

‖| (uεmh,Bεmh) ‖|1 ≤ N

γ 2 ‖| (umεH ,Bm
εH

) ‖|1‖|
(
uεmh − umεH ,Bεmh − Bm

εH

) ‖|1 + ‖F‖−1

≤
(
1

4
σ + 1

)
‖F‖−1 + σ

‖F‖−1
‖| (uεmh − umεH ,Bεmh − Bm

εH

) ‖|21.
(43)

For P1, from (42), (43) and Young’s inequality, we have

ε

νe
‖pεmh‖20 ≤ N

γ 3 ‖| (umεH ,Bm
εH

) ‖|1‖|
(
uεmh − umεH ,Bεmh − Bm

εH

) ‖|1‖| (uεmh,Bεmh) ‖|1

+ 1

γ
‖F‖−1‖| (uεmh,Bεmh) ‖|1

≤ C
1

γ
‖| (uεmh − umεH ,Bεmh − Bm

εH

) ‖|41 + C
1

γ
‖F‖2−1, (44)

which is that

‖pεmh‖0 ≤ C

(
νe

εγ

) 1
2 [‖F‖−1 + ‖| (uεmh − umεH ,Bεmh − Bm

εH

) ‖|21
]
. (45)

Apply the similar technique used in Theorem 4.2, we have the following estimate for P2

‖pεmh‖0 ≤ γ

γ
‖| (uεmh,Bεmh) ‖|1 + N

γ 2 ‖| (umεH ,Bm
εH

) ‖|1‖| (uεmh,Bεmh) ‖|1

+ N

γ 2 ‖| (umεH ,Bm
εH

) ‖|1‖|
(
uεmh − umεH ,Bεmh − Bm

εH

) ‖|1 + ‖F‖−1

≤ C
[‖F‖−1 + ‖| (uεmh − umεH ,Bεmh − Bm

εH

) ‖|21
]
. (46)

Next, we will give the bounds of error estimate.
Subtracting (40) from (25) with μ = h, we have

A0 ((eh,bh) , (v,�)) − d ((v,�) , ηh) + d ((eh,bh) , q) + ε

νe
(ηh, q)

+ A1
((
umεH ,Bm

εH

)
, (eh,bh) , (v,�)

)+ A1
(
(eh,bh) ,

(
umεH ,Bm

εH

)
, (v,�)

)

+ A1
((
uεh − umεH ,Bεh − Bm

εH

)
,
(
uεh − umεH ,Bεh − Bm

εH

)
, (v,�)

) = 0. (47)

123



Journal of Scientific Computing (2020) 83 :11 Page 13 of 30 11

Take (v,�) = (eh,bh), q = ηh in (47), with (8), (9), (13) and Theorem 3.1, we have

(1 − σ) γ ‖ (eh,bh) ‖21 + ε

νe
‖ηh‖20

≤ CN‖ (uεh − uεH ,Bεh − BεH ) ‖
3
2
1 ‖ (uεh − uεH ,Bεh − BεH ) ‖

1
2
0 ‖ (eh,bh) ‖1

+CN‖ (uεh − uεH ,Bεh − BεH ) ‖
1
2
1 ‖ (uεh − uεH ,Bεh − BεH ) ‖

1
2
0

×‖ (uεh − uεH ,Bεh − BεH ) ‖1‖ (eh,bh) ‖1
+ N‖ (uεh − uεH ,Bεh − BεH ) ‖21‖ (eh,bh) ‖1, (48)

which is that

‖| (eh,bh) ‖|1 ≤ Cσ

‖F‖−1
‖| (uεh − uεH ,Bεh − BεH ) ‖|

3
2
1 ‖| (uεh − uεH ,Bεh − BεH ) ‖|

1
2
0

+ Cσ

‖F‖−1
‖| (uεh − uεH ,Bεh − BεH ) ‖|1‖| (uεh − uεH ,Bεh − BεH ) ‖|0

+ 5

4

σ

‖F‖−1
‖| (uεh − umεH ,Bεh − Bm

εH

) ‖|21. (49)

For P1, from (49), Theorems 3.2 and 4.1 , we have

‖| (eh,bh) ‖|1 ≤ C

[
ε− 5

4 H
5
2

‖F‖0
‖F‖−1

‖F‖0 + ‖| (uεH − umεH ,BεH − Bm
εH

) ‖|21
]

, (50)

and with (48) and (50), we have

ε
νe

‖ηh‖20 ≤ Cσ
‖F‖−1

‖| (uεh − uεH ,Bεh − BεH ) ‖|
3
2
1 ‖| (uεh − uεH ,Bεh − BεH ) ‖|

1
2
0 ‖| (eh,bh) ‖|1

+ Cσ
‖F‖−1

‖| (uεh − uεH ,Bεh − BεH ) ‖|1‖| (uεh − uεH ,Bεh − BεH ) ‖|0‖| (eh,bh) ‖|1
+ 5

4
σ

‖F‖−1
‖| (uεh − umεH ,Bεh − Bm

εH

) ‖|21‖| (eh,bh) ‖|1
≤ Cε− 5

2 H5
( ‖F‖0‖F‖−1

)2 ‖F‖20 + C‖| (uεH − umεH ,BεH − Bm
εH

) ‖|41,
(51)

with some simple calculations, we complete the proof of the estimate for P1.
And for P2, from (49), Theorems 3.2 and 4.1, we have

‖| (eh,bh) ‖|1 ≤ C
[
H

5
2

‖F‖0‖F‖−1
‖F‖0 + ‖| (uεH − umεH ,BεH − Bm

εH

) ‖|21
]
, (52)

and with (23), (34), (7), (36), Theorems 3.2 and 4.1, we deduce that

β0‖ηh‖0 ≤ γ
γ
‖| (eh,bh) ‖|1 + N

γ 2 ‖| (eh,bh) ‖|1‖|
(
umεh,B

m
εh

) ‖|1

+ CN
γ 2 ‖| (uεh − uεH ,Bεh − BεH ) ‖|

3
2
1 ‖| (uεh − uεH ,Bεh − BεH ) ‖|

1
2
0

+ CN
γ 2 ‖| (uεh − uεH ,Bεh − BεH ) ‖|1‖| (uεh − uεH ,Bεh − BεH ) ‖|0

+ 5
4

N
γ 2 ‖| (uεh − uεH ,Bεh − BεH ) ‖|21

≤ C
[
H

5
2

‖F‖0‖F‖−1
‖F‖0 + ‖| (uεH − umεH ,BεH − Bm

εH

) ‖|21
]
.

(53)
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On the other hand, in the 2D case, applying the inverse inequality

‖vμ‖L∞ ≤ C | lnμ| 12 ‖vμ‖1, ‖�μ‖L∞

≤ C | lnμ| 12 ‖�μ‖1, ∀vμ ∈ Xμ,�μ ∈ Wμ, μ = h, H , (54)

in the estimate of the trilinear term, from (53), Theorems 3.2 and 4.1, we derive that

(1 − σ) ‖| (eh,bh) ‖|1
≤ Cσ

‖F‖−1
| ln h| 12 ‖| (uεh − uεH ,Bεh − BεH ) ‖|1‖| (uεh − uεH ,Bεh − BεH ) ‖|0

+ Cσ
‖F‖−1

‖| (uεh − uεH ,Bεh − BεH ) ‖|1‖| (uεh − uεH ,Bεh − BεH ) ‖|0
+ 5

4
σ

‖F‖−1
‖| (uεH − umεH ,BεH − Bm

εH

) ‖|21.

(55)

For P1, with (55), Theorems 3.2 and 4.1, we have

‖| (eh,bh) ‖|1 ≤ C

[
ε− 3

2 | ln h|H3 ‖F‖0
‖F‖−1

‖F‖0 + ‖| (uεH − umεH ,BεH − Bm
εH

) ‖|21
]

,

(56)

and with (56), we have

ε
νe

‖ηh‖20 ≤ Cσ
‖F‖−1

| ln h| 12 ‖| (uεh − uεH ,Bεh − BεH ) ‖|1
‖| (uεh − uεH ,Bεh − BεH ) ‖|0‖ (eh,bh) ‖1

+‖| (uεh − uεH ,Bεh − BεH ) ‖|1‖| (uεh − uεH ,Bεh − BεH ) ‖|0‖ (eh,bh) ‖1
+ 5

4
σ

‖F‖−1
| ln h| 12 ‖| (uεH − umεH ,BεH − Bm

εH

) ‖|21‖ (eh,bh) ‖1
≤ C

‖F‖20
‖F‖2−1

‖F‖20| ln h|ε−3H6 + C‖| (uεH − umεH ,BεH − Bm
εH

) ‖|41,

which is that

‖ηh‖0 ≤ C
[
| ln h|ε−2H3 ‖F‖0‖F‖−1

‖F‖0 + ‖| (uεH − umεH ,BεH − Bm
εH

) ‖|21
]
.

And for P2, from Theorems 3.2, 4.1 and (55), we have

‖| (eh,bh) ‖|1 ≤ C
[
H3| ln h| ‖F‖0‖F‖−1

‖F‖0 + ‖| (uεH − umεH ,BεH − Bm
εH

) ‖|21
]
, (57)

and with (23), (7), (57), Theorems 3.2 and 4.1, we deduce that

β0‖ηh‖0 ≤ max{R−1
e , (2 + d)ScR−1

m }‖ (eh,bh) ‖1
+ Cσ

‖F‖−1
| ln h| 12 ‖| (uεh − uεH ,Bεh − BεH ) ‖|1‖| (uεh − uεH ,Bεh − BεH ) ‖|0

+ Cσ
‖F‖−1

| ln h| 12 ‖| (uεh − uεH ,Bεh − BεH ) ‖|1‖| (uεh − uεH ,Bεh − BεH ) ‖|0
+ 5

4
σ

‖F‖−1
| ln h| 12 ‖| (uεH − umεH ,BεH − Bm

εH

) ‖|21
≤ C

[
H3| ln h| ‖F‖0‖F‖−1

‖F‖0 + ‖| (uεH − umεH ,BεH − Bm
εH

) ‖|21
]
.

Then, we complete the proof. ��
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Method 3.

Step I. Find a coarse grid penalty iterative solution ((umεH ,Bm
εH ), pmεH ) ∈ WH

0n × MH such
that

A0
((
unεH ,Bn

εH

)
, (v,�)

)− d
(
(v,�) , pnεH

)+ d
((
unεH ,Bn

εH

)
, q
)+ ε

νe

(
pnεH , q

)

+ A1

((
un−1

εH ,Bn−1
εH

)
,
(
unεH ,Bn

εH

)
, (v,�)

)
=< F, (v,�) >.

(58)

for n = 1, 2, . . . ,m, where ((u0εH ,B0
εH ), p0εH ) is determined by

A0
((
u0εH ,B0

εH

)
, (v,�)

)− d
(
(v,�) , p0εH

)+ d
((
u0εH ,B0

εH

)
, q
)+ ε

νe

(
p0εH , q

)
= 〈F, (v,�)〉, (59)

for all ((v,�), q) ∈ WH
0n × MH .

Step II. Find a fine grid solution ((uεmh,Bεmh), pεmh) ∈ Wh
0n×Mh defined by the following

Oseen correction.

A0 ((uεmh,Bεmh) , (v,�)) − d ((v,�) , pεmh) + d ((uεmh,Bεmh) , q) + ε
νe

(pεmh, q)

+ A1
((
umεH ,umεH

)
, (uεmh,uεmh) , (v,�)

) = 〈F, (v,�)〉, (60)

for all ((v,�), q) ∈ Wh
0n × Mh .

Theorem 4.4 Under the assumptions of Theorem 4.2, then ((uεmh,Bεmh), pεmh) provided
by Method 3 satisfies the following stability and error estimates:

‖| (uεmh,Bεmh) ‖|1 ≤ ‖F‖−1,

‖pεmh‖0 ≤
(

νe

εγ

) 1
2

‖F‖−1, f or P1,

‖pεmh‖0 ≤ β−1
0

(
γ

γ
+ 2

)
‖F‖−1, f or P2, (61)

and satisfy the following bounds:

‖| (u − uεmh,B − Bεmh) ‖|1 ≤ C

[
ε + ε− 1

2

(
h + ε− 1

2 H2
( ‖F‖0

‖F‖−1

) 1
2
)]

‖F‖0

+ C‖| (uεH − umεH ,BεH − Bm
εH

) ‖|1,

‖p − pεmh‖0 ≤ C

[
ε + ε−1

(
h + ε− 1

2 H2
( ‖F‖0

‖F‖−1

) 1
2
)]

‖F‖0

+ C‖| (uεH − umεH ,BεH − Bm
εH

) ‖|1,
ε and H can be taken as ε = O(h

1
2 ), H2 = O(ε

1
2 h) and the convergence rate is O(h

1
2 );

for P2, the optimal error estimates are

‖| (u − uεmh,B − Bεmh) ‖|1 + ‖p − pεmh‖0 ≤ C

(
ε + h + H2

( ‖F‖0‖F‖−1

) 1
2
)

‖F‖0
+C‖| (uεH − umεH ,BεH − Bm

εH

) ‖|1,
ε and H can be taken as ε = O(h), H2 = O(h) and the convergence rate is O(h);
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Proof We can finish the proof by the similar technique used in Theorem 4.2. ��
Besides, from Theorems 4.2, 4.3 and 4.4, the comparison of the proposed schemes can be

concluded by:

Remark 4.1 From finite element space discretization point of view, the theoretical results
always about the penalty parameter for the methods which based on P1 discretization, while
the choice of coarse mesh for the methods which based on P2 discretization have no rela-
tionship with the penalty parameter. The inf-sup condition is the main reason.

Remark 4.2 In terms of convergence rate, Method 1 and Method 3 have linear convergence
rate with respect to ‖|(uεH −umεH ,BεH −Bm

εH )‖|1. ButMethod 2 has the second convergence
rate. Besides, the classical iterative solver can be applied toMethod 1 for it’s invariant stiffness
matrix. However, GMERES is a better choice for Method 2 and 3 for their variable stiffness
matrix.

5 Numerical Results

In this section, we present several numerical examples to verify the numerical performance

of the above presented methods. The penalty parameter ε is selected as ε = O(h
1
2 ) for P1

and ε = O(h) for P2 based on Theorems 4.2–4.4 in all the following numerical tests. The
iterative tolerance is set as 10−10 for numerical implementations.

5.1 Problems with Smooth Solutions

A smooth solution benchmark problem is presented to verify the convergence performance
in the square domain � = [0, 1]d , d = 2, 3 in this case. The exact solutions are given by

⎧⎪⎨
⎪⎩

u1 = αx2(x − 1)2y(y − 1)(2y − 1), u2 = αy2(y − 1)2x(x − 1)(2x − 1),

B1 = α sin(πx) cos(π y), B2 = −α sin(π y) cos(πx),

p = α(2x − 1)(2y − 1),

for d = 2 and⎧
⎪⎨
⎪⎩

u1 = α(y4 + z), u2 = α(x + z3), u3 = α(x2 + y2),

B1 = α sin(yz), B2 = −α sin(x + z), B3 = −αy sin(x2),
p = α(2x − 1)(2y − 1)(2z − 1),

for d = 3. Here, α is chosen such that 0 < σ < 1. The body forces f, g are determined
accordingly for any Re, Rm and Sc.

Tables 1 and 2 present the value of σ with different α. And we use the gradually increasing
α tomodify the value of σ in this part. From the detail of numerical analysis of Theorems 4.2–
4.4, it is known that σm or σ 2m come from the estimates given in Theorem 4.1. And it is
difficult to obtain the relations between the error estimates and σ for the fast decaying of σm

or σ 2m . In Fig. 1, 2, we can see that there exists a linear relation between log(‖|(em,bm)‖|)
and iterative step m, which is consistent with the theoretical analysis.

Tables 1, 2, 3, 4, 5 and 6 present the numerical results of relative error and CPU time for
uniform refinement. The comparisons indicate that the relative error are almost the same with
the same finite element pair for different methods. And the relative errors of P1b− P1 − P1b
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Fig. 1 2D ‖|(em , bm )‖|1 versus iterative number m by linear-log plots
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Fig. 2 3D ‖|(em , bm )‖|1 versus iterative number m by linear-log plots

Table 1 Parameters of the investigations (2D)

Group α σ C2
0 ‖f‖−1 ‖g‖∗

( ‖F‖−1‖F‖0
) 1
2

1 0.1 2.00e−1 ∈ (0, 2/5] 3.18e−1 1.80e−2 3.14e−1 4.73e−1

2 0.22 4.41e−1 ∈ (2/5, 5/11] 3.18e−1 4.13e−2 6.91e−1 4.73e−1

3 0.28 5.61e−1 ∈ (5/11, 1 − (
‖F‖−1‖F‖0 )

1
2 ] 3.18e−1 5.42e−2 8.79e−1 4.73e−1

4 0.48 9.62e−1 ∈ (1 − (
‖F‖−1‖F‖0 )

1
2 , 1] 3.18e−1 1.06e−1 1.51e0 4.73e−1

5 2 4.07e0 3.18e−1 1.14e0 6.28e0 4.68e−1

element is smaller than P1 − P0 − P1 one with decrease of mesh size h. The convergence
rate investigations are in good agreement with the theoretical analysis in Theorems 4.1–4.4.
Specifically, the convergence rate of B for P1 − P0 − P1 element pair can reach O(h), it is
even higher than the theoretical result O(h1/2). Furthermore, all the given schemes remain
much the same property (i.e. divu = 0, divB = 0) as the original equations.

Then, it can be seen clearly that the computational speed of method M1 with P1− P0− P1
element is fastest and method M2 with P1b − P1 − P1b element leads to the slowest one.
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Table 2 Parameters of the investigations (3D)

Group α σ C2
0 ‖f‖−1 ‖g‖∗

( ‖|F‖|−1‖|F‖|0
) 1
2

1 0.1 2.12e−1 ∈ (0, 2/5] 8.57e−1 9.21e−2 8.23e−2 4.03e−1

2 0.2 4.16e−1 ∈ (2/5, 5/11] 8.57e−1 1.77e−1 1.65e−1 4.06e−1

3 0.25 5.15e−1 ∈ (5/11, 1 − (
‖|F‖|−1‖|F‖|0 )

1
2 ] 8.57e−1 2.18e−1 2.07e−1 4.08e−1

4 0. 5 9.68e−1 ∈ (1 − (
‖|F‖|−1‖|F‖|0 )

1
2 , 1] 8.57e−1 3.79e−1 4.19e−1 4.13e−1

5 2 3.42e0 8.57e−1 7.74e−1 1.84e0 4.37e−1

Table 3 Mi with ε = O(h1/2) and α = 0.1 for P1 − P0 − P1 element (2D)

Method 1/H 1/h ‖∇(u−uh )‖0‖∇u‖0 Rate ‖p−ph‖0‖p‖0 Rate ‖∇(B−Bh )‖0‖∇B‖0 Rate CPU(s)

M0 – 108 2.13351e−1 – 1.35482e−1 – 1.45435e−2 – 4.52e1

M0 – 122 2.00770e−1 0.5 1.27387e−1 0.5 1.28747e−2 1.0 6.32e1

M1 12 108 2.13388e−1 – 1.35528e−1 – 1.45435e−2 – 1.52e1

M1 13 122 2.00809e−1 0.5 1.27411e−1 0.5 1.28747e−2 1.0 1.94e1

M2 12 108 2.13351e−1 – 1.35482e−1 – 1.45435e−2 – 2.50e1

M2 13 122 2.00770e−1 0.5 1.27387e−1 0.5 1.28747e−2 1.0 3.21e1

M3 12 108 2.13523e−1 – 1.35290e−1 – 1.45435e−2 – 1.97e1

M3 13 122 2.00910e−1 0.5 1.27220e−1 0.5 1.28747e−2 1.0 2.54e1

Table 4 Mi with ε = O(h) and α = 0.1 for P1b − P1 − P1b element (2D)

Method 1/H 1/h ‖∇(u−uh )‖0‖∇u‖0 Rate ‖p−ph‖0‖p‖0 Rate ‖∇(B−Bh )‖0‖∇B‖0 Rate CPU(s)

M0 – 100 3.46876e−2 – 3.92158e−3 – 1.49007e−2 – 6.09e1

M0 – 121 2.86598e−2 1.0 3.23365e−3 1.0 1.23149e−2 1.0 7.81e1

M1 10 100 3.56849e−2 – 5.48128e−3 – 1.50512e−2 – 2.05e1

M1 11 121 2.94549e−2 1.0 4.54701e−3 1.0 1.24175e−2 1.0 3.01e1

M2 10 100 3.50390e−2 – 3.96169e−3 – 1.50512e−2 – 3.57e1

M2 11 121 2.88992e−2 1.0 3.26110e−3 1.0 1.24175e−2 1.0 5.32e1

M3 10 100 3.51137e−2 – 3.41077e−3 – 1.50512e−2 – 2.79e1

M3 11 121 2.89587e−2 1.0 2.80065e−3 1.0 1.24175e−2 1.0 4.15e1

Since, the complexity of the discretization of the nonlinear terms and the order of the finite
element pair are the main causes.

The final issue is to validate the effectiveness of the proposedmethods for different param-
eterα. A comparison of Figs. 3, 4, 5 and 6with gradually increasingα reveal that the precision
of M2 with P1b− P1 − P1b element is best and M1 with P1 − P0 − P1 element is the worst.
That is to say, method M2 with P1b − P1 − P1b element has good adaptation for relatively
large σ .
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Table 5 Mi with ε = O(h1/2) and α = 0.1 for P1 − P0 − P1 element (3D)

Method 1/H 1/h ‖∇(u−uh )‖0‖∇u‖0 Rate ‖p−ph‖0‖p‖0 Rate ‖∇(B−Bh )‖0‖∇B‖0 Rate CPU(s)

M0 – 14 4.46099e−2 – 0.502855e−1 – 4.91066e−2 – 9.09e1

M0 – 18 3.49619e−2 1.0 0.444265e−1 0.5 3.81983e−2 1.0 4.15e2

M1 5 14 4.46088e−2 – 5.03246e−1 – 4.91089e−2 – 1.83e1

M1 6 18 3.49609e−2 1.0 4.44626e−1 0.5 3.81997e−2 1.0 4.59e1

M2 5 14 4.46099e−2 – 5.02854e−1 – 4.91066e−2 – 2.53e1

M2 6 18 3.49619e−2 1.0 4.44264e−1 0.5 3.81983e−2 1.0 5.91e1

M3 5 14 4.46087e−2 – 5.03180e−1 – 4.91069e−2 – 1.96e1

M3 6 18 3.49611e−2 1.0 4.44508e−1 0.5 3.81986e−2 1.0 4.86e1

Table 6 Mi with ε = O(h) and α = 0.1 for P1b − P1 − P1b element (3D)

Method 1/H 1/h ‖∇(u−uh )‖0‖∇u‖0 Rate ‖p−ph‖0‖p‖0 Rate ‖∇(B−Bh )‖0‖∇B‖0 Rate CPU(s)

M0 – 16 3.75451e−2 – 8.87038e−2 – 4.27532e−2 – 4.73e2

M0 – 20 3.00394e−2 1.0 6.32870e−2 1.5 3.42053e−2 1.0 8.08e2

M1 4 16 3.75461e−2 – 9.09759e−2 – 4.27608e−2 – 1.83e1

M1 5 20 3.00399e−2 1.0 6.48166e−2 1.5 3.42093e−2 1.0 4.59e1

M2 4 16 3.75451e−2 – 8.87178e−2 – 4.27533e−2 – 2.53e1

M2 5 20 3.00394e−2 1.0 6.32902e−2 1.5 3.42054e−2 1.0 5.91e1

M3 4 16 3.75450e−2 – 9.07360e−2 – 4.27548e−2 – 1.96e1

M3 5 20 3.00394e−2 1.0 6.45071e−2 1.5 3.42062e−2 1.0 4.86e1

5.2 Hartman Flow

Here we explore both 2D and 3D Hartmann flow with Ha = √
ReRmSc. For 2D, we treat

a steady undirectional flow in the channel � = [0, 10] × [−1, 1] under the influence of the
transverse magnetic field B0 = (0, 1). The analytical solutions are:

{
u(x, y) = (u(y), 0), B(x, y) = (B(y), 1),

p(x, y) = −Gx − ScB2(y)/2 + p0,

with

u(y) = ReG
Ha·tanh(Ha)

(
1 − cosh(yHa)

cosh(Ha)

)
, B(y) = G

Sc

(
sinh(yHa)
sinh(Ha)

− y
)

.

We impose the following boundary conditions:
⎧
⎪⎨
⎪⎩

u = 0, on y = ±1,(
pI − R−1

e ∇u
)
n = pdn, on x = 0 and x = 10,

n × B = n × Bd , on ∂�,

where pd(x, y) = p(x, y), p0 is a constant and I is identity matrix. Whilst, 3D Hartmann
flow in a rectangular duct � = [0, L] × [−y0, y0] × [−z0, z0] with L = 10, y0 = 2, z0 = 1
under the influence of a magnetic field Bd = (0, 1, 0) has the following form
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Fig. 3 2D relative error for P1 − P0 − P1

{
u(x, y, z) = (u(y, z), 0, 0), B(x, y, z) = (B(y, z), 1, 0),

p(x, y, z) = −Gx − ScB2(y, z)/2 + p0,

with

u (y, z) = − 1
2GRe

(
z2 − z20

)+
+∞∑
i=0

ui (y) cos (λi z) , B (y, z) =
+∞∑
i=0

bi (y) cos (λi z) ,

where

ui (y) = Ai cosh (p1y) + Bi cosh (p2y) ,

bi (y) = 1
ReSc

(
Ai

λ2i −p21
p1

sinh (p1y) + Bi
λ2i −p22

p1
sinh (p2y)

)
,

λi = (2i+1)π
2z0

, ui (y0) = −2GRe
λ3i z0

sin (λi z0) ,

p21,2 = λ2i + Ha2/2 ± Ha
√

λ2i + Ha2/4,

γi = p2
(
λ2i − p21

)
sinh (p1y0) cosh (p2y0) − p1

(
λ2i − p22

)
sinh (p2y0) cosh (p1y0) ,

Ai = −p1
(
λ2i −p22

)
γi

ui (y0) sinh (p2y0) , Bi = −p2
(
λ2i −p21

)
γi

ui (y0) sinh (p1y0) ,
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Fig. 4 2D relative error for P1b − P1 − P1b

the boundary conditions are imposed by
⎧
⎪⎨
⎪⎩

u = 0, on y = ±y0 and z = ±z0(
pI − R−1

e ∇u
)
n = pdn, on x = 0 and x = L,

n × B = n × Bd , on ∂�.

In this part, we only consider the P1b − P1 − P1b element for its high precision and
take G = 0.1. The first observation is in the scope of the Hartmann number Ha with the
presented methods. From the structure of algorithm M1-M3, we observe that the first step of
these methods dominate the adaptivity of Hartmann number. Then, we make a comparison
with the penalty Newton iteration, Stokes iteration and M0, which described in our previous
work [16]. And we choose the following three cases to simulate 2D problem:

(a) Ha = 1 : Re = 1, Rm = 0.1, Sc = 10;
(b) Ha = 10 : Re = 10, Rm = 1, Sc = 10;
(c) Ha = 100 : Re = 100, Rm = 1, Sc = 10.

and choose the following three cases to simulate 3D problem:

(a) Ha = 1 : Re = 1, Rm = 0.1, Sc = 10;
(b) Ha = 10 : Re = 10, Rm = 1, Sc = 10;
(c) Ha = 5

√
14 : Re = 35, Rm = 1, Sc = 10.
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Fig. 5 3D relative error for P1 − P0 − P1

As can be seen from Figs. 7 and 8, method M0 can deal with relatively large Hartmann
number and Stokes iteration is only suitable for small Hartmann number. The primary cause
is the limitation of uniqueness condition.

One final observation is in accuracy. Figure 9 depict the analytical solutions of the first
component u(y) and B(y) alongwith numerical ones u(yk) and B(yk) (yk = −1+0.1k, k =
0, . . . , 20) obtained by scheme M1 − M3 with Ha = 10 (Re = 5, Rm = 5, Sc = 4) and
Ha = 100 (Re = 100, Rm = 10, Sc = 10) for the 2D problem. And the analytical solutions
of the first component u(y, z) and B(y, z) along with numerical ones u(yk, 0) and B(yk, 0)
(yk = −2 + 0.1k, k = 0, . . . , 40) with Ha = 1 (Re = 1, Rm = 0.1, Sc = 10) and
Ha = 10 (Re = 10, Rm = 1, Sc = 10) for the 3D problem are shown in Fig. 10. It shows
that themethods presented in this paper can achieve the desired results for different Hartmann
numbers.

5.3 Driven Cavity Flow

In this example, we consider a 2D/3D driven cavity flow which used in fluid dynamics with
the implementation domain� = (−1, 1)d , d = 2 and� = (0, 1)3, d = 3, and set the source
terms to be zero. The boundary conditions are prescribed as follows:

⎧⎪⎨
⎪⎩

u = 0, on x = ±1 and y = −1,

u = (1, 0), on y = 1,

n × B = n × BD, on ∂�,
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Fig. 6 3D relative error for P1b − P1 − P1b

where BD = (1, 0) for d = 2;
⎧
⎪⎨
⎪⎩

u = 0, on x = 0, x = 1, y = 0, y = 1 and z = 0,

u = (1, 0, 0), on z = 1,

n × B = n × BD, on ∂�,

where BD = (1, 0, 0) for d = 3.
In this subsection, we mainly take a further investigation on the effectiveness for the

classical benchmark problem with different parameters. We set Re ∈ {1, 5 · 102, 6 · 103},
Rm ∈ {10−2, 1, 10}, Sc ∈ {1, 103, 106} and Re ∈ {1, 102, 3 · 102}, Rm ∈ {10−2, 1, 20},
Sc ∈ {1, 102, 5 · 102} for 2D and 3D case, respectively. And we only consider M2 with
P1b − P1 − P1b element in this part.

The numerical results of horizontal velocity, pressure andmagnetic field distribution at the
mid-width for various Re, Rm and Sc are shown in Figs. 11, 12 13, 17, 18 and 19. It shows
that the numerical results have an excellent agreement with the standard two-level Oseen
iterative method. Figures 14, 15, 16, 20, 21 and 22 describe the numerical streamline of the
cavity flow for different hydrodynamic Reynolds numbers, magnetic Reynolds numbers and
coupling coefficients. It is observed that the velocity main vortex turns into several small
ones and become more complex with the increase of Re. And it shows that more resolved
vortexes may captured with the increase of Sc. Besides, the velocity vortex remain almost
unchanged for different Rm .
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Fig. 7 Iteration convergence error in 2D Hartmann flow for P1b − P1 − P1b
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Fig. 9 (2D) Slices along x = 5,−1 < y < 1: computed (points) and theoretical (lines)
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Fig. 10 (3D) Slices along x = 5,−2 < y < 2, z = 0: computed (points) and theoretical (lines)
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Fig. 11 (2D) Comparison results versus Re
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Fig. 12 (2D) Comparison results versus Rm
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Fig. 13 (2D) Comparison results versus Sc

Fig. 14 (2D) Numerical streamlines versus Re

6 Conclusions

In this paper, we have proposed some two-level Oseen penalty finite element methods with

strong uniqueness condition σ ≤ 1 −
( ‖F‖|−1

‖|F‖0
) 1

2
< 1 for solving the 2D/3D steady incom-

pressible MHD equations. The main advantage of the presented methods is that they can
overcome the incompressible constrain and save large amount of computational time. And
we give the rigorous analysis of the stability and optimal error estimate for different finite ele-
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Fig. 15 ((2D) Numerical streamlines versus Rm

Fig. 16 (2D) Numerical streamlines versus Sc
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Fig. 17 (3D) Comparison results versus Re

ment pairP1 andP2 under the penalty parameter ε. Both 2D/3D numerical results illustrated
that Method 3 with P1b − P1 − P1b exhibits good performance in terms of adaptability for
large σ and high precision. A further study about the 2D/3D non stationary incompressible
MHD equations in this direction is in progress.
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Fig. 18 (3D) Comparison results versus Rm
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Fig. 19 (3D) Comparison results versus Sc

Fig. 20 (3D) Velocity contour line and vector versus Re along slice y=0.5
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Fig. 21 (3D) Velocity contour line and vector versus Rm along slice y=0.5

Fig. 22 (3D) Velocity contour line and vector versus Sc along slice y=0.5
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