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Abstract

The objective of the present work is to introduce a computational approach employing
Chebyshev Tau method for approximating the solutions of constant coefficients systems
of multi-order fractional differential equations. For this purpose, a series representation for
the exact solutions in a neighborhood of the origin is obtained to monitor their smoothness
properties. We prove that some derivatives of the exact solutions of the underlying problem
often suffer from discontinuity at the origin. To fix this drawback and design a high order
approach a regularization procedure is developed. In addition to avoid high computational
costs, a suitable strategy is implemented such that approximate solutions are obtained by
solving some triangular algebraic systems. Complexity and convergence analysis of the pro-
posed scheme are provided. Various practical test problems are presented to exhibit capability
of the given approach.

Keywords Multi-order fractional differential equations - Chebyshev Tau method -
Convergence analysis

Mathematics Subject Classification 34A09 - 65L05 - 65L.20 - 65L60 - 65180

1 Introduction

For nearly three centuries, the theory of fractional calculus has been considered by mathe-
maticians as a branch of pure mathematics. However, many researchers have recently found
that non-integer derivatives and integrals are more useful than integer ones for modeling
the phenomena that have inherited and memory properties [3,17,31,43], and in this regard
various numerical methods have been introduced to approximate the solutions of the arising
fractional order functional equations [22-25,34-39]. There are many physical issues which
correlate a number of separated elements and thereby one may expect that their mathematical
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modeling leads to systems of differential equations. In this connection, systems of fractional
differential equations (FDEs) have recently been used to describe the various properties of
the phenomena in physics and engineering such as pollution levels in a lake [7,29], hepati-
tis B disease in medicine [9], fractional-order financial system [11], population dynamics
[14,15], fractional order Bloch system [26], electrical circuits [28], fractional-order love
triangle system [32], nuclear magnetic resonance (NMR) [33,50], fractional-order Volta’s
system [42], magnetic resonance imaging (MRI) [44], fractional-order Lorenz system [49]
and fractional-order Chua’s system [51].

Due to high usage of the systems of FDEs, the researchers have tried to find analytic and
numerical methods to solve them. Since it is very difficult or practically impossible to obtain
accurate solutions for most systems of FDE:s, it is important to provide suitable approxi-
mate methods for solving them. Specially due to wide applications for constant coefficients
systems of FDEs, researchers have recently adopted various numerical techniques to approx-
imate their solutions such as Homotopy perturbation method [1,4], Chebyshev Tau method
[2], fractional order Laguerre and Jacobi Tau methods [5,6], Legendre wavelets method [12],
Adomian decomposition method [13,40], differential transform method [19], spectral collo-
cation method [29,30], variational iteration method (VIM) [40,46] and Bernoulli wavelets
method [47].

However, in some of the aforementioned studies, the effect of the possible discontinuity
behavior in the derivatives of the solution has not paid attention, and basis functions are
selected from infinitely smooth functions. Most importantly, the available researches often
provide numerical methods for systems of single order FDEs and there are a few articles
related to a comprehensive numerical analysis of systems of multi-order FDEs. In this regard,
the main object of this paper is to fill this gap with providing a reliable and high order
numerical technique using Chebyshev Tau method for approximating the solutions of the
following constant coefficients system of multi-order FDEs

n
D y;(x) =Y ajiyi(x) + pj(x), j=12...n, 0

i=1
WO =y k=0.1.....T¢;1=1, x e A=10.1], a; € Q"

where [.] is the ceiling function, a;; are given constants, p;(x) are continuous functions on

A and y;(x) are unknowns. Here D(éj is the Caputo type fractional derivative of order a;
defined by [10,17,31,43]

D yj(x) = JF 1= plily, (o),
where J [*/1=%/ is the Riemann-Liouville fractional integral operator of order [« j1—o; and
is defined by
1
C(fa;] —aj)
and I'(.) denotes as the Gamma function. It can be seen that for o, 8 > 0 the following
relations hold

Jrel=eiy(x) = / (x ===ty @y,
0

fal=1 _x
_ D¥y(0)
JEDEy(x) = y(x) — g} o
JB = waﬁ )
Fla+p+1) ’

under validity of some requirements for the function y(x) [10,17,31,43].
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Although the classical implementation of spectral methods provides a useful tool to pro-
duce high order approximations for smooth solutions of functional equations, there are some
disadvantages including need for solving complex and ill-conditioned algebraic systems as
well as a significant reduction in the accuracy for problems with non-smooth solutions. In
this paper, in order to avoid these drawbacks, the numerical approach is designed such that
not only the expected higher accuracy is reconstructed regarding the non-smooth problems
by proceeding a regularization technique, but also approximate solutions are computed by
solving well-conditioned triangular systems.

The remainder of this paper is divided into six sections as follows. In the later section,
we first introduce a result on the existence and uniqueness of the solutions of (1). Then, the
smoothness theorem is given, which derives a series representation for the solutions of (1)
and concludes that some derivatives of the exact solutions often suffer from discontinuity
at the origin. To fix this difficulty, a regularization strategy is proceeded. In Sect. 3, to
survey the effect of this regularization process on providing high-order approximations, the
Chebyshev Tau approach is developed to approximate the solutions of (1) which satisfy the
assumptions of the existence, uniqueness and smoothness theorems. The uniquely solvability
and complexity analysis of the numerical solution are also justified by solving some triangular
algebraic systems. In Sect. 4, we provide a detailed convergence analysis for the proposed
scheme in uniform norm. In Sect. 5, efficiency and applicability of the proposed method
are examined by different illustrative examples. The final section contains our conclusive
remarks.

2 Existence, Uniqueness and Smoothness Results

In this section we investigate existence, uniqueness and smoothness properties of the solutions
of (1). First, the existence and uniqueness theorem is given as follows.

Theorem 1 Assume that the functions {p; ()c)};":1 are continuous on A. Then the system of
Eq. (1) has a unique continuous solution on A.

Proof Clearly, it is a straightforward consequence of Theorem 8.11 of [17] and Theorem 2.3
of [16]. O

From the well-known existence and uniqueness theorems of FDEs, we expect some deriva-
tives of the exact solutions of (1) to have a discontinuity at the origin, even for smooth input
functions depending on the fractional derivative order [17]. Therefore, to develop high order
approximate approaches, recognizing the smoothness properties of the solutions of (1) under
certain assumptions on the given functions p; (x) is essential. In this regard, recently in [16]
Diethelm et al. investigated the degree of smoothness and asymptotic behavior of the solu-
tions of homogeneous constant coefficients multi-order FDEs when fractional derivatives lie
in the interval (0,1). In the following theorem we try to derive the same properties for the
constant coefficients systems of multi-order FDEs in the general form (1) by exploring a
series representation of the solutions in a neighborhood of the origin.

Theorem 2 Let{ca; = nj/yj};le, such that the integersn; > 1 andy; > 2 are co-prime and

the given continuous functions pj(x) can be written as p j(x) = p; (W xVve oo vy
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with analytic functions p j in the neighborhood of (0, 0, . .., 0). Then the series representation
' ———

n
of the solution y;(x) of the Eq. (1) in a neighborhood of the origin is given by

o0 o0
- +Zk 1.k
yix) =¢ix) + Y > V.2 xV 3
Vi=n; V1,...,U.,',l,v_,ur]...,vn:()
here ¢ (x) = 317! yf“ d3y k '

where ¢j(x) = ) i x'an Vjvi,va,...v, are known coefficients.
Proof Consider the functions

- b

YO = 3 e ¥R, =12, ©)

V1,V2,..., 0, =0
satisfying the initial condition of Eq. (1). On the other hand, since the functions p; are
analytic, the functions p; can be written as

o0

n o Vk
pj(x) — p—j(_xl/yl’xl/ﬂ’ e xl/Vn) — Z ﬁj’vl’vz’.mvn ka:l Vi, (4)

V1,V2,.0, 0y =0

where {pj vy v,,....v, 1 are known coefficients. In the sequel, we show that the coefficients
¥jvi,,...,v, are calculated in such a way that the representation (3) converges and solves the
Eq. (1). Trivially the Eq. (1) is equivalent to the following system of second kind Volterra
integral equations

yj(-x):¢j(x)+Zaji-]ajyi(x)+1ajpj(x)s j:1527'~'7n~ (5)
i=1

Therefore, assuming uniform convergence and substituting the relations (3) and (4) into
(5), the coefficients y; v, v,,...,v, satisfy in the following equality

2 : S P
yjquqU2,--~,U;1 X Tk
n o0 Z’l Ve
=¢jx)+) > aji Vi,viv,.v, I (x = Vk)

i=1 vi,v2,...,v,=0
[e.¢]

no Yk
+ Z Djviv2,evp JYi (x2k=1 Vk), j=12,....n

V1,2,V =0

Using (2) the above equality can be written as

o0

n Vi
5. Zk:l W
E Yjiwvivz, v, X G

V1,120,V =0

n o0
- kg
= ¢j(x) + sj Z Z Aji Yi,vy,va,evy X Zk : yk “

i=1 vi,v2,...,0,=0

o0

~ + .
0 B ) =12, ©)

V112,00,V =0
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F( ket 55 +D)
F(Ciot e+
side of (6), we obtain

where &; = . Substituting v; = v; — n; in the both series of the right-hand

n Vk

n o0
S (5 s 7R
i=1  vj=n;
vp=0,k#j
o0 zn V7k
> B, X ) i=12,....n, @)
Vj=nj
v =0,k# j
. .z O3/ *_0‘. +D)
inwhich &; = ﬁ Now, we try to obtain the unknown coefficients y; v, v,,...,
k=1 Yk

I T
by comparing the coefficients of x1 x»2..x on both sides of (7). The results of this

comparison depend on v;. Clearly for {v; < n;}" o1 we have

vi =0,y ..., ([oj1 = Dyj, w =0, k#]/,
else.

For {v; > nj};?zl and vy > 0, k # j, we obtain

n
yj,vwz ..... vp = Ej <Z (aji Viovg e, vj—nj,.uvn) + ﬁ_i,w ,,,,, vj—nj,...vn) ’ ®)

i=1

and thereby the coefficients y; y, v,,...v, With v1 +v2 +--- + v, = [, > n; can be
calculated from (8), such that this calculation requires the knowledge of ¥j vi,va,....v, With
Vi + v + --- 4+ v, <[ — 1. Therefore, we should first evaluate all the coefficients with
vy +vy + -+ v, =n;j, then with vi + v + -+ + v, = n; + 1, etc. This means that the
series representation (3) solves (1).

Now, it should be proved that this series is uniformly and absolutely convergent in a
neighborhood of the origin. For this purpose, we apply a suitable modification of the well-
known Lindelof’s theorem [17,27]. Consider the following system of the second kind Volterra
integral equations

n
Yi(x) =)+ Y lajilJyi(x) + I p;j(0)], j=1,2,....n
i=1
where ¢ j(x) = ,[a’(} ' k, |y(k)| Evidently the right-hand side of the above equation is a
majorant of the right-hand s1de of the main Eqg. (5) and the formal solution {Y (x)}.';=1 can
be calculated exactly as the previous step such that all of its coefficients are positive. Now
we show that the series expansion of Y (x) is absolutely convergent for each x € [0, «;],
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with some «; > 0 which is defined in the sequel. To this end, it is sufficient to show that the
finite partial sum of Y; (x) is uniformly bounded over [0, «]. Let

K+1 K+1 +Z
Sik+1(x) =¢;(x) + Z Z Yjoorvsn 77 TRk Vk
Vi Ve Vi1Vl V=0
is the finite partial sum of ¥;(x) for j = 1,2, ..., n. The following inequality evidently
holds

n
Sjk41(x) < ¢j(x) + Z|aji|JajSi,K(x) +J%pi), j=12,....n
i=1

in view of the recursive calculation of the coefficients. More precisely, if we expand the
right-hand side of the above inequality, all coefficients Y; ,, .y, with Y ;= 1y, ‘” < (K +

1) <Z7= 1 %) are eliminated from both sides while there will some additional posmve terms

.....

remain in the right-hand side with higher order. Considering

[aj1-1 |
k=0 ’
n
. i—1 lajilzi +pj(x)]
Déj) = max [ZF] rﬂ 'l lpj ],
(6.21..2n)€[0,11x[0.2D{"]x..x[0,2D{"] (oj + 1)
j=12,...,n,

we define
DY &
ki =min] 1, | —— , j=12,...,n.
J D;])

Now we intend to show that |S; & (x)| < 2D\’ for 1 < j < nand x € [0, ;]. This issue

is done through induction over K. For K = 0, from definition of DY ) we have
0 oo
Sio) =yl =D j=12.n

For the induction step from K to K + 1, we can write

n
1S, 01 (01 = Sj k41(0) <G () + Y lajil J Sk (x) + T p; (x)]
i=1
ferj1-1 L

K"
=< Z k*j!|y |+ max |:Z|aﬂ|SlK(t)+|pj(t)|:|F(]+1)

o

T(aj+1)

n

)

< D, +t1€1%ax |:21: |aji|Si,K(t)+|Pj(t)|]
im

<D +«DY <2D. j=1.2...n

which concludes the uniform boundedness of S; x1(x) over [0, k;]. Due to positivity of
all its coefficients it is also monotone. Therefore the series expansion of Y; is absolutely
convergent over [0, « ;] and uniformly convergent on the compact subsets of [0, « ;) due to the
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power series structure of Y; (x). Finally, Lindelof’s theorem indicates that series expansion
of y;j(x) are absolutely and uniformly convergent on the compact subsets of [0, k) too.
Therefore, the interchange of integration and series was done correctly. O

From Theorem 2, we can conclude that the [« ;]th derivative of y; (x) often has a discon-
tinuity at the origin. This difficulty affects accuracy when the classical spectral methods are
implemented to approximate the exact solutions. To overcome this weakness, we apply the
coordinate transformation

1 1
x=v", t=wY, v=xv, w=tr, 9)

where y is the least common multiple of y;, and convert the Eq. (5) into the following system
of equations

n
Fi) =Y a5+ J%pi) + i), j=1.2,....n, (10)
i=1

where ¢ (v) = ¢;(v7), p;(v) = p;(v¥) and

14

J 9 (v) = [ W — ) w5 w)dw, (11)
F(Oéj) 5

Here j; (v) is the infinitely smooth exact solution of (10) and given by

Pi)=y;")

o0 o0
In - bivi+>7_ by,
=¢;j(v) + Z Z Vit X7 Ltk b
Vi=Nj Ve Vjo1,Vjp ] ey Vg =0
y g - . . .
for v = bj € N, j =1,2,...,n. Consequently, variable transformation (9) regularizes

the solutions and provides the possibility of obtaining the familiar exponential accuracy by
implementing the classical spectral methods. To monitor the effect of this regularization
process on producing high-order approximations for (1), we assume that the assumptions of
Theorem 2 hold in the sequel.

3 Numerical Approach

In this section, we introduce an efficient formulation of Chebyshev Tau approach for approx-
imating the solutions of the transformed Eq. (10). For this purpose, we consider Chebyshev
Tau solutions of (10) as follows

o0
SN =D ciTiw)=c;T=¢;TV, ¢;=Icjo,¢ji,...,cin,0,...1,  (12)
i=0

for j = 1,2,...,n, where T = [To(v), T1(v), ..., Ty (v), ...]1T is the vector of shifted
Chebyshev polynomial basis with degree (7;(v)) < i fori > 0 on A. Furthermore, 7 is a
lower triangular invertible matrix and V = [1, v, v, N, J7. Substituting (12) into
(10) and assuming

<13j(v) = Z‘i’jivi ZQJ.Z, Qj = [éjo,éjl,.--,flgﬂv,(),---],
i=0
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oo
HOESINOE gﬁjm(w =p,L=p7TV.

p;= [Pjo, Pj1s---s DjN, O, .. ],

for j =1,2,...,n, we can write
n
¢ TV. =Y ajc T4V +p Ti%V 4.V, j=12....n (13)
i=1

Therefore, it suffices to compute {f “fZ}’/?:l. For this purpose using the relation (2) we
have

v
JYUy = [J“/v’],->0:[ Y / 4 —wV)“f*lwW*ldw]
- C(a;) Jo

i>0
yaj+i  pl .
_ [U J / (1 _ Z)aj—lzl/)/dz]
C(aj) Jo i>0
I +1) :
— [Viivwﬁt] =B;V, j=12,...,n, (14)
INCTRE y T 1) i>0
with
—— 1
0...0 XCTESH) 0 .
0 M 0
. 1
r(2+1)
0 —I——= 0
r(aj+2+1)

Inserting (14) into (13) yields

n
¢TI —aBpV = Y ajc;TBV+p TBV+¢V, j=12...n

i=1,i#j
which can be rewritten as
n
YAl T=(p BT+ T )T, j=12...n (15)
i=1

where AT = TA;; 77!, B] = 78,7 and
_a.ABA’ l7+—‘],
Aij =1, 0" T 16
N {1—%‘3/’» i=J (1o

where [ is an identity matrix.

Projecting (15) on the space of (7p(v), 71(v), ..., Ty (v)) and using the orthogonality
of {7; (v)}f\'= o» the unknown coefficients satisfy in the following block algebraic system of
order n
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igf\’(Ag)N =Bj.\’(6;[)N +oM (1) =12, (17)

i=

where the corresponding index N on the top of the matrices and vectors represents the prin-
ciple sub-matrices and sub-vectors of order N + 1 respectively and glN = [¢j0, Ci1y -+ -» CiN]
is the unknown vector which can be accessed by solving n(N + 1) x n(N + 1) system of
algebraic Eq. (17).

3.1 Numerical Solvability and Complexity Analysis

In this subsection the numerical solvability as well as the complexity analysis of the resulting
system (17) are studied. In this respect, multiplying both sides of (17) by 7V and assuming

N NN o / .
¢ =¢ T" =l[cp,Cip--->Cnl, 1=1,2,...,n, (18)

the following algebraic system of order n(N + 1)

CoP=F, (19)
with
N N N
C=lc) chicy o @=(AN)] )
and

E=[pNTVBY + 97, p)TVBY + ¢, ... pNTVBY +¢V].

can be obtained. Applying block LU-decomposition for the matrix ® we derive

1 UinUp ... U Uy

Ly, 1 Uyo Uyz ... Up
d=LU=|L31 L3zz2 I Uss -.. Usa| (20

Ln,l Ln,2 te Ln,n—l I Un,n

with the following block matrices of order N + 1
Liy=ANAY)™Y, i=2,3,....n,
Uj =AY, j=12....n,
i—1

Upj=AN = Li,Upj. i=23.....n, j=ii+1....n

r=1

i—1
Ljt1i = (Aj.VH,. —ZL,H,,U,J) Ui i=2...,n—1, j=i,...,n—1.

r=1

2D

From (16), it is obvious that .Af\]]» is an invertible bi-diagonal upper triangular matrix with
the diagonal entries one for i = j and is a single diagonal upper triangular matrix with
diagonal entries zero for i # j. Therefore, from (21) it can be concluded that the following
matrices
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Lij, i=23,...,n, j=12...,n—-1,
Uij, i,j=12,....n, i #],

are upper triangular matrices with diagonal entries zero and the matrices {U; ;}7_,, are upper
triangular matrices with diagonal entries one. This property is used in the following remark
for justifying the uniquely solvability of the resulting system (19).

Remark 3 From (20) we obtain

n
det(®) = det(L) x det(U) = [ [ det(U; ;) =1,
i=1
which concludes the invertibility of the coefficient matrix ® and thereby the linear algebraic
system (19) is uniquely solvable.

Although the above remark indicates that the system (19) has a unique solution, a direct
solution of this system can lead to less accurate approximations, due to high computational
costs for large scale systems or high degree of approximations. In order to avoid this difficulty,
instead of solving (19) directly, we solve the triangular block systems WU = FandCL = W
separately with W = [w;, w,, ..., w,]. Due to the structure of block matrix U as well as
non-singularity of the upper triangular matrix U ;, the unknowns {w ; };‘.:1 are obtained from

J
solving the following n systems of upper triangular algebraic equations of order N + 1

Jj—1
w;Upj = (pYTVBY + V) = > w,Unj j=1.2,0m,
r=1

. . . N
and consequently, regarding the structure of block matrix L, the main unknowns {g; }i_, are
computed by the following recurrence relation:

/N
¢, =W,
n
N /N .
Cpej =W, — Z ¢ Lrp—j, j=1,...,n—1

r=(n—j)+1

In fact, the main advantage of this approach is to avoid solving the (n(N +1)) x (n(N +1))
system (19) directly, and calculating the unknowns by solving n non-singular upper triangular
systems of order N + 1 and a recursive relation. Finally, obtaining {glN }i_,» from solving the
lower triangular system (18), the Chebyshev Tau solutions (12) for the transformed system of
Eq. (10) can be calculated. Since the solutions of the main problem (1) and the transformed
problem (10) are equivalent by the relation {§;(v) = y; (v}’)}’}zl, then the approximate
solutions y; n(x) of the main problem (1) are given by

yin@) =38, =12, 0.

4 Convergence Analysis

The purpose of this section is to analyze convergence properties of the proposed method
and provide suitable error bounds for the approximate solutions in uniform norm. For this
purpose, some of the required preliminaries are given and then the convergence theorem is
proved.
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Definition 4 [8,45]

e Thespace C™(A) form > 0is the set of all m-times continuously differentiable functions
on A. For m = 0, the space (C(A), ||.]loo) is the set of all continuous functions on A
with the uniform norm || f ||cc = maxyea | f(v)].

e The Chebyshev-weighted L?-space with respect to the shifted Chebyshev weight function

E(v) = m is defined by

LE(A) ={f: A > R, || fll < oo},

equipped with the norm

IFIZ = (f, fe = fA FAW)E)dv,

where (., .)¢ is the Chebyshev-weighted inner product formula.
e The Chebyshev-weighted Sobolev space of order m > 0 is defined by

HI'(A) = {f 1 A > R, [ fllen < o0},
equipped with the following norm and semi-norm
m
LR =Y IFRUE 1 flem = 1F e
k=0

e The Lg-orthogonal Chebyshev projection my : Lg(A) — Py for the function f €
Lg (A) is defined by

(f —nnf.9)e =0, Vg ePy,
where Py is the space of all algebraic polynomials with degree at most N.
In the following lemma we present the truncation error 7w f — f in the uniform norm.

Lemma5 [48] Forany f € Héu(A) with u > 1, we have

3_
lexy flloo < CN3TH| flg pu,

where ex, [ = f — my f is the truncation errors and C is a positive constant independent
of N.

In our analysis we will refer to the following Gronwall’s inequality:

Lemma 6 [18] (Gronwall’s inequality) Suppose that f is a non-negative and locally inte-
grable function satisfying in the following inequality
v
f) = b(v)—l—d/(v —w) I f(wydw, veA, 0<g<1, d=>0,
0

where b(v) > 0. Then, there exists a constant ¢ dependent on q such that

f() <bw) + C/ (v —w) " 9b(w)dw, veA.
0
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Now we are ready to present the fundamental result of this section, which provides suitable
error bounds of the approximate solutions in the uniform norm.

Theorem 7 Assume that {y; n(v)}_,, given by (12) are the Chebyshev Tau solutions of the

j=r
transformed Eq. (10). If J% ; € CFitY(A), J%p; € CPitY(A) and p; € H;’ (A) for
Wji, pj.€j > landi, j=1,2,..., n, then for sufficiently large values of N we have
" 3 3 3
el s CoNiTogy| N Je | N e ) D)
fernleze (3 . |, + M

for j =1,2,...,n, where e; y(v) = §;(v) — 3; n(v) are the error functions and C is a
generic positive constant independent of N.

Proof Implementing the presented approach in the previous section for (10) leads to the
following operator equation

n
Siv@) =i m (J5in @)+ (J9 50 ) + 7w @00 @23
izl
for j =1,2,...,n. Subtracting (10) from (23) yields
n
einw) =) aj <J°‘j§i(v) — 7N (Jajﬁi,zv(v)))

i=1

+Jpi ) =y (J ), J =12, (24)

in view of considering ey, (q@ j(v)) = 0 for sufficiently large values of N. By some simple
calculations, the Eq. (24) can be rewritten as follows

n
eiw@ =Y ai (Fen®) + T, j=1.2.n,
i=1
and equivalently we have

n v
é,-,mv):Z(f k,-i(v,w)éi,N<w>dw>+n,-, j=12...n, (25)
0

i=1
where kj; (v, w) = Mwy—l(vy —w”)%~! and
[ (ej)
n
My =Y ajieny (J95iv®) + ey (9515 0)) + F¥eny (5;@) . 6)
i=1
Defining the vectors

Ew = [ nv@.ean@), ... eanv@]’,  O=[MM,.... 0],

the Eq. (25) is converted to the following matrix formulation

~ v min {a;}—1 ~
E() = / (v — w)!=l=n K, w)E(w)dw + I1, 27
0
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where

n

i,j=1

oj—1
ajiy 1 a;— min {a/} 4 1 ! n
=|—=——w'""(v—w) == E v T ,
I(aj) j

r=1 i,j=1

1— min {oq}
K@, w) = [(v —w) == kv, w)]

is a continuous function on {(v, w) : 0 < w < v < 1}. From (27) we can write
—~ v min {a;}—1 ~
E=v [ o= Ewide + i, (28)
0

where ¥ = maxo<y<y<1 |[K (v, w)| < co. Applying Gronwall’s inequality (i.e., Lemma 6)
in (28) indicates

IEle < C |0, .
and thereby the relation (26) concludes

1.8 )lloo = CIIT oo
n
<c (Z ajillleny (775iv ) llo
i=1
+llemy (F 550 W) oo + 1% ey (5 0) ll ) -
Jj=12,...,n (29)

Using the inequality || Jei flloo < C|l flleo (see [31]), the inequality (29) can be rewritten
as

n
lej.n @)oo < € (Z ajillleny (775iv @) llo

i=1
+lleny (9 5N @) lloo + llemy (75®) ll)
j=12,...,n. (30)

Applying Lemma 5, we deduce

faj s F-wji| fej g,
Jexy (F275in )| = CNFTI 5y )l (3D

Under the assumption J% $; € CHitl(A) and using the first order Taylor formula, the
inequality (31) implies

e (500)] o ([ (7o)

‘ §

N A A (pji+1)
+ 1N @l | (F275i )
§
3y e R
= ONFT (151 le g + 118 @) 1o ),
iji=12....n (32)
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Also, from Lemma 5, we can conclude

R 3 ¢ ;
lexy (PjWDllc < CN3T9pj(Wg,e;s j=1,2,...n, (33)

and again by proceeding the same way as (31)—(32), we derive

S A 3_ 4. %a; ~ ~
emy (J95in )| = ONFT (1% 5 0)le gy + llem (B D))
=i (179 b i€ilp, 4
= NI (10 i)y + N3T915 s, )s (34)

in view of (33), and the assumption Jei pj € critl(p) for j = 1,2, ..., n. Inserting the
inequalities (32)—(34) into (30) yields

5 SN 5 ,
18N loo = C Y NF M |ajil|é N Wllow < CGj, j=1,2,...,n, (35
i=1

in which

n
3
Gj =) NiTW
i=1

Evidently, the inequality (35) can be written in the following vector-matrix form

Me < CG, (36)

J%i§; L NI

i 3_¢ia
FOpi| ANyl
Elji §.pj ’

where

A A A A T
e =[ller,nllcos e, nlloos -+ - llen.Nlloo]”

T
G =1[G1,G2,...,G,l",

and M is a matrix of order n with the following entries
EN. .
O
LT —ONE Ryl i # .

Therefore, for large values of N, the matrix M tends to the identity matrix and consequently

the inequality (36) gives
lejnlloo <CGj, j=1,2,...,n,

which is the desired result. ]

5 lllustrative Examples

In this section, some test problems are solved using the proposed method to confirm its effi-
ciency and applicability. All of the calculations were performed using Mathematica software
v11.2, running in an Intel (R) Core (TM) i5-4210U CPU@2.40 GHz. If we access the exact
solution, the errors are calculated by

llejnlloo = max|yj(x) —y;n()|, j=1,2,...,n,
xeA
and if we do not have the exact solution, the errors are estimated by

lejnlloo = max yjon(x) —yin@)l, j=1,2,...,n,
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6

where y; on(x) and y; y(x) are approximations of the exact solution y;(x), and N is the
degree of approximation.

Example 1 Consider the following problem

D2 y1(x) = yi(x) +332(x) — y3(x0) + ya(x) + p1(x),
DY y2(x) = 2y1(x) — y2(x) + 3y3(0) + 3ya(x) + pa(x),

2
D ys(x) =

—y1(x) + 3y2(x) + y3(x) + 4ys(x) + p3(x),

DY ya(x) = y1(x) + 22 (x) — y3(x) — ya(x) + pa(x),

with zero initial conditions and the following forcing functions

1
pr(x) = —sinx% —x2ﬁ<3—x +x2 4+ 6x3 —4x* + §x5>

3T

#27n ([ge) {;il}‘)ﬂ

45\F3F 711.ﬂ§2._x3
64 66 1337 4)

15T (3) 2310 (2
PQ(X)Z (2) + (2)x3—25inx%
8 8
5 5
+x2f< - fx — 2x2 +2x3 —6x* — 8x5> ,
105r (1) 3003r (%
p3(x) = 16(2) g (2) X3 + sinx?
4
—x2ﬁ<3+x+4x2+6x3+4x4+ §x5>,
945" (1) 150151 (2
pa(x) = 32(2) + ) (2)x3 — smx%

1
+x2/x (—2+x+x2 — 4 4 axt 4+ §x5>,

where o F; ({a1, ... ag}; (b
The exact solutions are given by

To e

, b} z) is the generalized hypergeometric function.

yi(x) = smx%, v (x) = xzﬁ(l —|—2x3),

() = x° f(l + 4x ), ya(x) = x4ﬁ(1 + %x3),

with the following asymptotic behaviors near the origin

yi(x) =

o,

y(x) =

which are coincident with the results obtained in Theorem 2.

0%, y30)=0G"%, yx) =0x"?),
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Table 1 Obtained errors for Example 1 with different values of N

N lern oo le2.v oo lesv oo lean oo CPU-time
10 2.04 x 1073 577 x 107} - 8.33 x 1072 0.25
20 4.17 x 1073 6.41 x 10716 9.84 x 10710 277 x 10716 0.48
30 427 x 1079 6.41 x 10710 9.84 x 10716 277 x 10716 0.71
40 1.12 x 10713 6.41 x 10710 9.84 x 10710 2.77 x 10716 1.17
50 4.49 x 10710 6.41 x 10716 9.84 x 10710 277 x 10710 1.70

Applying the variable transformation (9) for this problem with y = 2, the transformed
Eq. (10) becomes as follows

P1() = 251 (0) 4+ 37325, (v) — J3253(0) + f*/zwv) + J32p1(v),
3 R
F2(v) = 203251 (v) — J3?52(v) + le/zy%(v) + 215/2y4(v> + J32pa(v),

$3(v) = —J7251(0) +3J725:(0) + J7253(v) +4J7254(0) + T2 p3(v),
Fa(v) = JO251(0) + 20255 (v) — J253(v) — T34 (v) + T2 pa(v),

(37)

with the following infinitely smooth exact solutions
F1(v) = sinv?, Hr(v) = v (1 +20%),
1
Fa) = V(1 +405), Fa() =27 (1 T 51)6) .

The transformed Eq. (37) is numerically solved via the proposed scheme and the obtained
results are given in Table 1. Obtained numerical errors as well as the CPU-time (s) are
reported in Table 1 for different values of N. Indeed, the reported results confirm that the
proposed smoothing process removes the existence discontinuity in the derivatives of the
exact solutions and produces the reliable approximate solutions, especially for large values
of N in a very short CPU time.

Example 2 [41] Consider the following problem

D7 yi(x) = y1(x) + y2(x) + y3(2),
D7 ya(x) = 2y100) + 12 (x) — y3 (%),
D% y3(x) = =y (x) + y3(x),

MO =1, y»0) =2, y0) =3,

where the exact solutions are given by

(38)

4 7
yi(x) = —§E%(—«/J?) + §E%(2\/§),
1 2 7
y2(x) = ;E%(—«/f) + §E%(2\/5) + gﬁE’% (2V/x),
8 19 7
y3(x) = §E%(—\/§) + gE%(Z«/;) - gﬁEl(Zﬁ),
2

where Es(x) is the one parameter Mittag-Leffler function [31]. Clearly, the exact solutions

are non-smooth at the origin with the asymptotic behavior O (y/x). This problem is solved
by using the proposed approach, and the obtained results are reported in Table 2 and Fig. 1.
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Table 2 Obtained errors for R
Example 2 with different values letv oo le2v | les.vllog CPU-time
of N 30 3.29x107% 5.29 x 1073 4.96 x 1073 0.20
40 124x1077 26x107° 248 x 107 025
50 1.5x 10711 3.89 x 10710 374 x 10710 034
60 4.6x 10714 1.82x 10713 1.65x 10713 042
70 473x 10714 196x 10713 133x 10713 048
0 O
N |,
-2l Tm -2 .
-4 l\\ -4 \l\
3, " 3, “m,
= . = \\
) " & ‘m,
=z -8 < -8
=) L% =) RS
3 o \‘\ 3 o “\
w
L
-12 . -12 S
B N
1
-14 -14
20 30 40 50 60 20 30 40 50 60
N N
O
.
-2 \\l
" “m
3, =,
z
& b1
S ¢
(o) .
3 -10 “\
.
-12 N
1
-14
20 30 40 50 60
N

Fig. 1 Semi-log representation of the numerical errors of Example 2 versus N

To compute the numerical errors, 100-terms of the Mittag-Leffler functions are considered.
The presented numerical results indicate the well performance of the proposed scheme in
approximating the solutions of (38), especially for large values of N in a very short CPU time.
Furthermore, from Fig. 1, the predicted exponential like rate of convergence in Theorem 7
can be confirmed due to the linear variations of semi-log representation of errors versus N.
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Table 3 Obtained errors of the hybrid scheme in [20] for Example 3 with degree of approximation N = 4
and m subintervals

o=1/4 a=1/2 oa=2/3

m Maximum error m Maximum error m Maximum error
15 2.11 x 107° 26 1.94 x 1077 32 5.53 x 1078
34 1.45 x 1077 59 127 x 1078 71 3.58 x 1072
75 9.43 x 1079 128 8.13 x 10710 155 2.28 x 10710
166 6.00 x 10710 278 5.14 x 1071 331 1.44 x 10~ 1

Example 3 [20] Consider the following system of FDEs
Déyi(x) = ya(x),
o l—a .
DEgy2(x) = —y1(x) = y2(x) + x4 TG ¢ Tredlr),
y1(0) =0, ¥2(0) =0,

where the exact solutions are

4w _ ma(a+ Desc(na)
yi@) =x"% yx) = Tl —o

We have solved this problem via the proposed scheme for values « = % , % , % and obtained

the exact solutions for degree of approximation N > 5. On the other hand, this problem was
evaluated in Ref. [20] by applying a hybrid numerical method. In this method, after dividing
the integration domain A into m subintervals, the approximate solutions were considered as a
linear combination of non-polynomials in a neighborhood of the origin, and by polynomials
in the rest of domain. The presented results in Ref. [20] for various values « and m are listed
in Table 3. The listed results in Table 3 approve that our method provides more accurate
approximations in comparison with the scheme mentioned in [20].

5.1 Application

The following three examples are intended to illustrate the applicability of the proposed
scheme in approximating the solutions of some real life and practical problems.

First we consider well-known multi-term Bagley-Torvik equation which has wide appli-
cations in engineering. This equation appears in modelling of the movement of a thin, rigid
plate in a viscous Newtonian fluid, and the plate is attached to a fixed point via a spring with
certain spring constant [3]. Another application of this equation can be seen in studying the
performance of a Micro-Mechanical system (MEMS) instrument that is used in measuring
the viscosity of fluids that are encountered during oil well exploration [21].

Example 4 Consider the following Bagley-Torvik equation
AY"(x) + BDY?y(x) + Cy(x) = g(x),
y(0) =dy, y'(0)=di,

in which the constants A, B, C and the function g(x) are known.

Here weset A = C = 1, B = B/, g(x) = 0, y(0) = 1 and y’(0) = 0 which is
considered in [21] to study the performance of the MEMS system. In this case, the exact

(39)
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Table 4 Obtained errors for

) — CPU-ti
Example 4 with different values Iy~ ¥ loo me
1
of Nand f = 5 10 4.13 x 104 1.18
20 1.93 x 1078 121
30 9.23 x 10714 1.73
40 1.87 x 10716 1.98
0 T T T T T T
m._
|
AY
i
.
_5t . i
— m,
8
?2‘ ~\.~
2 \\\
=
> -101 m 1
(o] AN
| \\\
\-\
-15¢ A
L
5 10 15 20 25 30 35
N

Fig.2 Semi-log representation of the numerical errors of Example 4 versus N with = %

solution is given by

oo o0

—1)J (- P 1242+
yw=1->3 (=D (=BT (i + jH)xFTH+3

i=0j=0i!j!(2+2j+%)F(2+2j+%>

From [17], it can be seen that the main problem (39) is equivalent with the following
constant coefficients system of multi-order FDEs

DYy (x) = ya(x),
Dy (x) = —y1(x) — By/Ty2(x),
y1(0) =1, y(0) =0, y,(0)=0,

(40)

with y1(x) = y(x). We solve (40) using the presented method and consider yy (x) = y1 n (x)
as the approximate solution of the Bagley-Torvik equation (39). The obtained results are given
in Table 4 and Fig. 2 which demonstrates the effectiveness and applicability of the proposed
scheme.

As the second practical example, we consider the following system of multi-order FDEs
which arises from modelling of a linear electrical circuit shown in Fig. 3. This circuit consists
of resistors, inductors, capacitors, voltage sources with known capacitances C, inductances
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R, R,

AY N

A /1

C, c,
L, R, L,

*ll +ll i, — LY
o -
E, E,

Fig.3 Electrical circuit

Table 5 Obtained errors for Example 5 with different values of N

N 1218l oo le2.v @) oo l23. v oo l2an CPU-time
10 1.52 x 1072 1.87 x 1073 3.76 x 1072 3.23 x 1072 0.04
20 3.58 x 1074 49 x 1074 127 x 1073 2.63 x 1074 0.07
30 3.55x 1079 3.64 x 107° 127 x 1073 1.49 x 107 0.11
40 2.62x 1078 2.02 x 1078 735 x 1078 1.62 x 1078 0.18
50 9.23 x 1071 8.18 x 10711 274 x 10710 7.03 x 10716 0.28
60 2.6 x 10713 212 x 10713 711 x 10713 211 x 10713 0.48
70 5.35x 10710 4.05 x 10710 135 x 10715 4.86 x 10710 0.68

L, voltages on the capacitances V¢ ;» sources voltages Vg j» currents ijfor j = 1,2 and
resistances R; for/ =1, 2, 3.

Example 5 [28] Consider the following problem

D¢ Ve, (0) = grin(x),

D Ve, (x) = gia (),

Delii(x) = _LVCI( ) — Mil(x) + f?iz(x) + VE' ,
D¢tin(x) = — Lz ch(x)—l— zl(x) (R2+R3)l S (x )+

Ve, (0) =di, Ve, (0) — i 0O =ds, 02(0) _d4,

with o; = % for 1 < j < 4. Here we set the parameters C; =3, Cy, =2,L1 =5,L, =17,
Ri=R3=5/3,R, =11/6, Vg, =3, Vg, =6andd; =dy =d3 =ds =0.

This problem is evaluated by the proposed approach, and the results are reported in Table 5
and Fig. 4.

The numerical results show that the estimated errors are decreased as the degree of approx-
imation N is increased. Moreover, decay of the errors for large values of N in a very short CPU
time reveals the well-posedness of the proposed approach in approximating the solutions of
this problem.

The next practical example is a fractional model of the Bloch equation which is used to
study the spin dynamics and magnetization relaxation, in the simple case of a single spin
particle at resonance in a static magnetic field.
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Fig.4 Semi-log representation of the numerical errors of Example 5 versus N

Example 6 [33] Consider the following time fractional Bloch equations (TFBE)

where 1/T] = ¢/ ™*/Ty, 1/T} =

DEM (1) = oMy (1) —
DAMy(1) = —awyM (1) —
My — M, (t
D‘Z«Mz(l‘) _ 0 . z( )
Tl
M;(0) =c1, My(0) =cy,

My (1)
T,
M,y (1)

)

T/

MZ(O) = (3,

l—a /
7, /T2 and wy =

O<ac<l,

wo/ rf‘_l are parameters with the

unit of (sec)™. Here M, (¢), M,(t) and M,(t) represent the system magnetization (x, y,
and z components), 77 is the spin-lattice relaxation time, 73 is the spin-spin relaxation time,
M) is the equilibrium magnetization, c1, ¢z and c3 are given constants, wq is the resonant
frequency given by the Larmor relationship wg = o By, where By is the static magnetic field
(z-component) and o /27 is the gyromagnetic ratio (42.57 MHz/Tesla for water protons).

We set the parameters o = 1/6,T{ = 1, T, =3/2, Mo =2,¢1 =0,c0 =2,c3 =0
and wg = 4m/15, and solve the problem via the proposed approach. The numerical results
are presented in Table 6 and Fig. 5, which justify efficiency and reliability of the proposed
scheme. Indeed, Fig. 5 indicates that the familiar spectral accuracy is achieved because the
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Table 6 Obtained errors for Example 6 with different values of N

N le1 8] oo 1225 | oo 1238 | oo CPU-time
30 1.38 x 1072 1.31 x 1072 2.13 x 1073 0.04
40 141 x 1073 488 x 1074 8.46 x 1079 0.09
50 8.15 x 107 8.08 x 1070 234 x 107° 0.12
60 2.88 x 107 1.69 x 107© 4.82 x 1078 0.20
70 6.04 x 1078 8.70 x 1078 7.73 x 10710 0.25
80 4.66 x 10710 2.66 x 1072 9.97 x 1012 0.39
90 1.46 x 10711 5.50 x 10~ 1.06 x 10713 0.45
100 6.46 x 10~13 7.74 x 10713 9.63 x 10716 0.53
0 0
X .
_2 \‘"‘I\\ _2 \”l\
.
.
-4 “\ -4 \\
3 3 B
= -6 .‘\ =z -6 RN
.%‘: \‘\ .i>=“" \.\
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Fig.5 Semi-log representation of the numerical errors of Example 6 versus N

logarithmic representation of the errors has almost linear behavior versus N. Furthermore,
the reported errors as well as the CPU time used, especially for large values of N approve
that our implementation process prevents the growth of the rounding errors and its effect on
destroying the error of the method.
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6 Conclusion

In this paper an efficient formulation of the Chebyshev Tau method for approximating the
solutions of constant coefficients system of multi-order FDEs was developed and analyzed.
To monitor the smoothness properties of the exact solutions, series representations of the
solutions near the origin were obtained which indicate that some derivatives of the exact
solutions may suffer from a discontinuity at the origin depending on the fractional derivative
orders. To fix this weakness and make the Chebyshev Tau method applicable for obtaining
high-order approximation, a regularization strategy proceeded. Convergence analysis of the
presented scheme was also investigated, and effectiveness and reliability of the proposed
approach were confirmed using some illustrative examples.
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