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Abstract

We prove that the superconvergence of C%-QF finite element method at the Gauss—Lobatto
quadrature points still holds if variable coefficients in an elliptic problem are replaced by their
piecewise Q¥ Lagrange interpolants at the Gauss—Lobatto points in each rectangular cell. In
particular, a fourth order finite difference type scheme can be constructed using C°-Q? finite
element method with Q2 approximated coefficients.
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1 Introduction
1.1 Motivations

Consider solving a variable coefficient Poisson equation
— V-(@Vu)=f, ax,y)>0 (1.1)

with homogeneous Dirichlet boundary conditions on a rectangular domain 2. Assume that
the coefficient a(x, y) and the solution u(x, y) are sufficiently smooth. Let |lu||, p,o be the
norm of Sobolev space WX?(Q). For p = 2,let H*(Q) = W52(Q) and || - [lr.0 = || [lx.2.0-
The subindex €2 will be omitted when there is no confusion, e.g., ||u#||o denotes the L2(Q)-
norm and |«||; denotes the H'(£2)-norm. The variational form is to find u € HO1 RQ)={ve
H'(Q):v]yq = 0} satisfying

A(u,v) = (f,v), Yve Hj(Q), (1.2)
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(@) A ngy X ny finite difference grid (b) The corresponding (ng — 1)/2 X
(ny — 1)/2 mesh Qj, for Q2 element

Fig.1 An illustration of meshes

where A(u,v) = [[qaVu - Vvdxdy, (f,v) = [[o fvdxdy. Consider a rectangular mesh
with mesh size h. Let V(f’ c HO1 (£2) be the continuous finite element space consisting of
piecewise Q polynomials (i.e., tensor product of piecewise polynomials of degree k), then
the CO-Q* finite element solution of (1.2) is defined as u), € V(f’ satisfying

Aup, o) = (f,vn), Vup € V. (1.3)

For implementing finite element method (1.3), either some quadrature is used or the
coefficient a(x, y) is approximated by polynomials for computing f f o aupvy dxdy. In this
paper, we consider the implementation to approximate the smooth coefficient a(x, y) by its
QF Lagrangian interpolation polynomial in each cell. For instance, consider Q element
in two dimensions, tensor product of 3-point Lobatto quadrature form nine uniform points
on each cell, see Fig. 1. By point values of a(x, y) at these nine points, we can obtain
a Q2 Lagrange interpolation polynomial on each cell. Let a; (x, y) and f;(x, y) denote
the piecewise ok interpolation of a(x, y) and f(x, y) respectively. For a smooth functions
a > C > 0, the interpolation error on each cell e is maxye, |a;(x) — a(x)| = O(R* 1) thus
aj > 0if his small enough. So if assuming the mesh is fine enough so thata; (x, y) > C > 0,
we consider the following scheme using the approximated coefficients a; (x, y): find iz, € Voh
satisfying

Ap(ip, vp) = // arVii - Vvdxdy = (f, vp)n, Vup € V), (1.4)
Q

where ( f, vj,);, denotes using tensor product of (k + 1)-point Gauss—Lobatto quadrature for
the integral (f, vj,). One can also simplify the computation of the right hand side by using
f1(x,y), so we also consider the scheme to find #;, satisfying

Ap(iin, vn) = (fr.vn), Yo € Vg (15)
The schemes (1.4) and (1.5) correspond to the equation
=V (a;(x, y)Vi(x,y)) = f(x, y). (1.6)

At first glance, one might expect (k + 1)-th order accuracy for a numerical method applying
to (1.6) due to the interpolation error a(x, y) —ay(x,y) = O(K*1). But as we will show in
Sect. 4.1, the difference between exact solutions u and # to the two elliptic equations (1.1)
and (1.6) is O(h**2) in L%(2)-norm under suitable assumptions. The main focus of this
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paper is to show (1.4) and (1.5) are (k + 2)th order accurate finite difference type schemes
via the superconvergence of finite element method. Such a result is very interesting from the
perspective that a fourth order accurate scheme can be constructed even if the coefficients
in the equation are approximated by quadratic polynomials, which does not seem to be
considered before in the literature.

Since only grid point values of a(x, y) and f(x, y) are needed in scheme (1.4) or (1.5),
they can be regarded as finite difference type schemes. Consider a uniform n, x ny grid for
a rectangle 2 with grid points (x;, y;) and grid spacing h, where n, and n, are both odd
numbers as shown in Fig. la. Then there is a mesh Q2 of (ny — 1)/2 x (ny, — 1)/2 0?
elements so that Gauss—Lobatto points for all cells in €2, are exactly the finite difference grid
points. By using the scheme (1.4) or (1.5) on the finite element mesh €2;, shown in Fig. 1b,
we obtain a fourth order finite difference scheme in the sense that iz, is fourth order accurate
in the discrete 2-norm at all grid points.

In practice the most convenient implementation is to use tensor product of (k + 1)-point
Gauss—Lobatto quadrature for integrals in (1.2), since the standard L%(Q) and H'(Q) error
estimates still hold [8,10] and the Lagrangian Q basis are delta functions at these quadrature
points. Such a quadrature scheme can be denoted as finding uj, € Vél satisfying

An(up, vp) = (f, vndn, You € VI, (1.7)

where Ap, (uj, vy) and (f, vy ), denote using tensor product of (k + 1)-point Gauss—Lobatto
quadrature for integrals A(uy, vy) and (f, vy) respectively. Numerical tests suggest that
the approximated coefficient scheme (1.5) is more accurate and robust than the quadrature
scheme (1.7) in some cases.

1.2 Superconvergence of C°-Q* Finite Element Method

Standard error estimates of (1.3) are |u — upll; < Ch*|ullgyr and lu — upllo <
Ch¥t1 ll]lx+1 [8]. At certain quadrature or symmetry points the finite element solution or
its derivatives have higher order accuracy, which is called superconvergence. Douglas and
Dupont first proved that continuous finite element method using piecewise polynomial of
degree k has O (h?*) convergence at the knots in an one dimensional mesh [11,12]. In [12],
O (h*) was proven to be the best possible convergence rate. For k > 2, O(h**1y for the
derivatives at Gauss quadrature points and O (h**2) for functions values at Gauss—Lobatto
quadrature points were proven in [2,4,17].

For two dimensional cases, it was first showed in [13] that the (k + 2)th order supercon-
vergence for k > 2 at vertices of all rectangular cells in a two dimensional rectangular mesh.
Namely, the convergence rate at the knots is as least one order higher than the rate globally.
Later on, the 2kth order (for k > 2) convergence rate at the knots was proven for Qk elements
solving — Au = f, see [7,15].

For the multi-dimensional variable coefficient case, when discussing the superconver-
gence of derivatives, it can be reduced to the Laplacian case. Superconvergence of tensor
product elements for the Laplacian case can be established by extending one-dimensional
results [13,22]. See also [16] for the superconvergence of the gradient. The superconvergence
of function values in rectangular elements for the variable coefficient case were studied in [6]
by Chen with M-type projection polynomials and in [19] by Lin and Yan with the point-
line-plane interpolation polynomials. In particular, let Z denote the set of tensor product of
(k + 1)-point Gauss—Lobatto quadrature points for all rectangular cells, then the following
superconvergence of function values for QX elements was shown in [6]:
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1/2
R uy) —wG P < CR P ey, k=2, (1.8)

(x,y)€Zo

max |u(x,y) —up(x, )| < CEP2 [ nhlllulis2,000, k=2, (1.9)
(x,y)€Zo

In general superconvergence of (1.3) has been well studied in the literature. Many super-
convergence results are established for interior points away from the boundary for various
domains. Our major motivation to study superconvergence is to use it for constructing a finite
difference scheme, thus we only consider a rectangular domain for which all Lobatto points
can form a finite difference grid.

We are interested in superconvergence of function values for Q¥ element when the com-
putation of integrals is simplified. For one-dimensional problems, it was proven in [12] that
O (h*) at knots still holds if (k + 1)-point Gauss—Lobatto quadrature is used for P2 clement.
Superconvergence of the gradient for using quadrature was studied in [17]. For multidimen-
sional problems, even though it is possible to show (1.8) holds for (1.3) with accurate enough
quadrature, it is nontrivial to extend the superconvergence proof to (1.7) with only (k + 1)-
point Gauss—Lobatto quadrature. Superconvergence analysis of the scheme (1.7) is much
more complicated thus will be discussed in another paper [18].

1.3 Contributions of the Paper

The objective and main motivation of this paper is to construct a fourth order accurate finite
difference type scheme based on the superconvergence of C%-Q? finite element method
using Q2 polynomial coefficients in elliptic equations and demonstrate the accuracy. The
main result can be easily generalized to higher order cases thus we keep the discussion
general to 0% (k > 2) and prove its (k + 2)th order superconvergence of function values
when using PDE coefficients are replaced by their Q¥ interpolants: (1.8) still holds for both
schemes (1.4) and (1.5). Moreover, (1.4) and (1.5) have all finite element method advantages
such as the symmetry of the stiffness matrix, which is desired in applications. The scheme
(1.4) or (1.5) is also an efficient implementation of C 0_0OF finite element method since only
OF coefficients are needed to retain the (k + 2)th order accuracy of function values at the
Lobatto points.

The paper is organized as follows. In Sect. 2, we introduce the notations and review
standard interpolation and quadrature estimates. In Sect. 3, we review the tools to establish
superconvergence of function values in C°-Q* finite element method (1.3) with a complete
proof. In Sect. 4, we prove the main result on the superconvergence of (1.4) and (1.5) in two
dimensions with extensions to a general elliptic equation. All discussion in this paper can be
easily extended to the three dimensional case. Numerical results are given in Sect. 5. Section
6 consists of concluding remarks.

2 Notations and Preliminaries
2.1 Notations

In addition to the notations mentioned in the introduction, the following notations will be
used in the rest of the paper:
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e 1 denotes the dimension of the problem. Even though we discuss everything explicitly
for n = 2, all key discussions can be easily extended to n = 3. The main purpose of
keeping n is for readers to see independence/cancellation of the dimension 7 in the proof
of some important estimates.

e We only consider a rectangular domain 2 with its boundary 9€2.

e 2 denotes a rectangular mesh with mesh size /. Only for convenience, we assume €2,
is an uniform mesh and e = [x, — h, x, + h] X [y, — h, y. + h] denotes any cell in €2,
with cell center (x,, y.). The assumption of an uniform mesh is not essential to the proof.

o Oke) = [p(x, y) = Zf:o 21;:0 pijxiyl, (x,y) € e} is the set of tensor product of
polynomials of degree k on a cell e.

o VI = {px,y) € co(): Ple € 0%(e), Ve € ) denotes the continuous piecewise
O* finite element space on 2.

o Vi ={vyeVhv, =0 on Q).

e The norm and seminorms for WXP () and 1 < p < +o0, with standard modification
for p = +o0:

1/p

e p = Zf 8 0dux, wiPdxdy |
itj<k? 7%

1/p

uepe=| X [[ 1lefucepirasay |
itj=k? Ve

1/p
[ulk,p.o = (// |a§u(x,y)|dedy+// |a§u(x,y)|1’dxdy> .
Q Q

Notice that [uliy1,p.oq =0ifuisa Qk polynomial.
o |ullk . |ulk.o and [u]x o denote norm and seminorms for HK(Q) = Wh2(Q).
e When there is no confusion, 2 may be dropped in the norm and seminorms.
e Foranyv, € V), 1 < p <+ooandk > 1,

P P
. P . P
lvalle.p.e = [Z ||vh||k,,,,e} . onlep.e = [Z |vh|,{,,,,g}
e e

e Let Zj . denote the set of (k + 1) x (k + 1) Gauss—Lobatto points on a cell e.

e Zo =, Zo, denotes all Gauss—Lobatto points in the mesh €2;,.

o Let |lu]l2,z, and ||u||0,7z, denote the discrete 2-norm and the maximum norm over Zg
respectively:

lullzzg = | B> D (G, | . lulloozy = max |uCx, y)l.
(xneZo (x,y)€Zo

o For a smooth function a(x, y), let a; (x, y) denote its piecewise QX Lagrange interpolant
at Zp,. oneachcelle,ie., ay € V! satisfies:

a(x,y)=ar(x,y), Y,y € Zp.

o PK(r) denotes the polynomial of degree k of variable 7.
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e (f,v) denotes the inner product in L2(Q):

(f,v) = // fvdxdy.
Q

e (f,v); denotes the approximation to (f, v) by using (k + 1) x (k + 1)-point Gauss—
Lobatto quadrature for integration over each cell e.

The following are commonly used tools and facts:

K = [—1,1] x [—1, 1] denotes a reference cell. .
e For v(x, y) defined on e, consider 0(s, t) = v(sh + x, th + y,) defined on K.
e For n-dimensional problems, the following scaling argument will be used:

WP ol pe = 181, o BP0l pe =101 g0 1< p<o0. (21

e Sobolev’s embedding in two and three dimensions: H 2(I% ) —C 0([3 ).
e The embedding implies

£l 00 < CNFlln - VF € HYK) k= 2,
£l o < ClFllgy 0 - VS € HFFUR) k= 2.

e Cauchy-Schwarz inequalities:

1 1
2 2
2 2 z
D lulikellvlice < (Z ||u||k,e> (Z ||v||k,e> Nuller.e = OBl 2.e-
e e e

e Poincaré inequality: let f be the average of f e H! (I% ) on K, then

\f = Flopi CIVfly g P=1.

e Fork > 2, the (k + 1) x (k + 1) Gauss—Lobatto quadrature is exact for integration of
polynomials of degree 2k — 1 > k + 1 on K.

e Any polynomial in Q¥ (1% ) can be uniquely represented by its point values at (k + 1) x
(k 4+ 1) Gauss—Lobatto points on K, and it is straightforward to verify that the discrete
2-norm || pll2, z, and L%(2)-norm || pllo.o are equivalent for a piecewise ok polynomial
pE vh.

e Define the projection operator M :ie Ll(ﬁ) — i e Ql(k) by

// (M) wdxdy = // dwdxdy,Yw € Q'(K). 2.2)
R K

Notice that ﬁl is a continuous linear mapping from LZ(IQ )to H ](12 ) (or H 2(12 )
since all degree of freedoms of IT;# can be represented as a linear combination of

[J¢ i(s,t)p(s, 1)dsdt for p(s,t) = 1,s,t, st and by Cauchy—Schwarz inequality
| [ @Gs, 0 p(s, dsdr] < llilly, gIPlg o ¢ < Clitllg 5 ¢-

2.2 The Bramble-Hilbert Lemma
By the abstract Bramble-Hilbert Lemma in [3], with the result [V, p.0 < C(lvlo,p,0 +

[V, p,@) for any v € W™-P(Q) [1,21], the Bramble-Hilbert Lemma for Qk polynomials
can be stated as (see Exercise 3.1.1 and Theorem 4.1.3 in [9]):
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Theorem 2.1 IfaAcontinuous linear mapping TI1: Hk“(le) — Hk“(le) satisfies TTv = v
forany v € QX(K), then

lu = Tullyy g < Clulgy, g VYu € HF(EK). (2.3)
Thus if L(-) is a continuous linear form on the space HEF] (I%) satisfying [(v) = 0,Vv €
QX (K), then

@) < ClI Vu € H**1(K),

i@ e k0

where ”l”;<+1 2 is the norm in the dual space of H*+! (1%).

2.3 Interpolation and Quadrature Errors

For Q% element (k > 2), consider (k 4+ 1) x (k + 1) Gauss—Lobatto quadrature, which is
exact for integration of Q%! polynomials.
It is straightforward to establish the interpolation error:

Theorem 2.2 For a smooth function a, |a — arlo,co.0 = (’)(hk“)lalkﬂ,oo,g.

Letsj,tjandw; (j =1, ---, k+ 1) be the Gauss—Lobatto quadrature points and weight
for the interval [—1, 1]. Notice f coincides with its O interpolant f; at the quadrature points
and the quadrature is exact for integration of f7, the quadrature can be expressed on K as

k+1 k+1

S5 ety = [ [ fitx, yyaxdy,

i=1 j=1
thus the quadrature error is related to interpolation error:

k+1 k+1

J[ Fewovazdy =323 Fesapwin, = [[ Foroasay = [[ fiasay.

i=1 j=1
We have the following estimates on the quadrature error:

Theorem 2.3 For n = 2 and a sufficiently smooth function a(x, y), if k > 2 and m is an
integer satisfying k < m < 2k, we have

//a(x, y)dxdy — // ar(x, y)dxdy = O+ 2)[aln.e = O™ ™) [alm.co.c-

Proof Let E(a) denote the quadrature error for function a(x, y) on e. Let E (a) denote the
quadrature error for the function a(s, t) = a(sh + x., th + y.) on the reference cell K. Then
for any f e H"(K) (m > k > 2), since quadrature are represented by point values, with the
Sobolev’s embedding we have

EHI < Clflyso i <CIFlla g

Thus E(~) is a continuous linear form on H’"(Ie) and E(f) =0if f € Q’"*l(le). With
(2.1), the Bramble—Hilbert lemma implies

|E@)| = " |E@)] < Ch"[a),, 5 g = OW" D) [aln e = OB ) [alyoo.c-

[m}
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Theorem 2.4 Ifk > 2, (f,vp) — (f, vn)n = OG*D)| fllksllvnlla, You € VI

Proof This result is a special case of Theorem 5 in [10]. For completeness, we include
a proof. Let E(-) denote the quadrature error term on the reference cell K. Consider the
projection (2.2). Let IT; denote the same projection on e. Since I1; leaves 0Y(K) invariant,

bytheBramble—Hilbertlemma\0n1211,weget[ﬁh—fllﬁh]l 2 < Ion— 1'[1vh||1 K C[vh]1 I

thus [lillf)h]l’k < [ﬁh]l,k + [0 — ﬁlﬁh]l,k < C[ﬁh]l,K' By setting w = I,y in (2.2),
we get |f11f)h|0 2= |Op, |O - For k > 2, repeat the proof of Theorem 2.3, we can get

001 = CLAM 0 ¢ = C (Il g1l s + L lpy 21T, 0 )

where the fact [Hlvh] Loo K = = 0 for / > 2 is used. The equivalence of norms over Q (K )
implies

01 = C (1 a1 Tl & + Ul 2Tl 2)
= C (Y il g + [ her 10, 2 ) -

Next con51der the linear form f e H k(K ) — E ( f (0 — Hlvh)) Due to the embedding
HF (K) — CO(K) it is continuous with operator norm < C||v;, — Hlvh ”0 £ since

[E(f B — TLo)| < CIF @ = )l oo g < C1F Dy o0 100 — Tidalg o0 2
< CIf Nl g 1w = Tidnlg -
For any f e Qk1 (12' ), E ( f Up) = 0. By the Bramble—Hilbert lemma, we get
|E(f @ — Thn)| < CLE g0 — il g < CLA g l0nl, ¢
So on acell e, with (2.1), we get
E(fun) = h"E(fin) = CH 2 ([ fleszelvnloe + [f Testelvnlie + [fTeelvnloe).
Summing over e and use Cauchy—Schwarz inequality, we get the desired result. O

Theorem 2.5 Fork > 2, (f,vn) — (f1, vn) = OG* )| fllks2llvnlla, Yop € V.

Proof Repeat the proof of Theorem 2.4 for the function f — f; on a cell e, with the fact
[fl]k+l,p,e = [fl]k+2,p,e =0, we get

EI(f — fovnl = CE*2 ([ flks2elvnloe + [f ks telvnlte + [f — frlkelvnlae)-

By (2.3) on the Lagrange interpolation operator and the fact [ f — filk.e < IIf — fillk+1.e,
we get [f — frlk.e < Chlflk+1,.. Notice that (f — fr, vy)n, = 0, with (2.1), we get

(fovn) — (frovn) = (f = fr, o) — (f = fro vndn = OGET) | Fllisallvonllz, Yo, € V.
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3 The M-Type Projection

To establish the superconvergence of C°-QF finite element method for multi-dimensional
variable coefficient equations, it is necessary to use a special polynomial projection of the
exact solution, which has two equivalent definitions. One is the M-type projection used
in [5,6]. The other one is the point-line-plane interpolation used in [19,20].

For the sake of completeness, we review the relevant results regarding M-type projection,
which is a more convenient tool. Most results in this section were considered and established
for more general rectangular elements in [6]. For simplicity, we use some simplified proof
and arguments for Q¥ element in this section. We only discuss the two dimensional case and
the extension to three dimensions is straightforward.

3.1 One Dimensional Case

The L2-orthogonal Legendre polynomials on the reference interval K =[—1,1] are given
as

k
L(t) = 2 =D = 1,40 =t, L) = %(3;2 -1,...

2kk! drk

Define their antiderivatives as M-type polynomials:

k-1

2kk! dk=1

which satisfy the following properties:
o Mi(£l) =0,Vk > 2.

o If j —i #0,%2,then M;(z) L M;(1),ie., f_ll M;(t)M;(t)dt = 0.
e Roots of My (t) are the k-point Gauss—Lobatto quadrature points for [—1, 1].

2 k [P L 3
M1 (1) = @ =1 IMo(t)=1,M1(t)=f,M2(t)=5(t —1),M3(l‘)=§(t =0, ...

Since Legendre polynomials form a complete orthogonal basis for L2([—1, 1]), for any
f@t)yeH 1 ([—1, 11), its derivative f'(r) can be expressed as Fourier-Legendre series

: . o1 [,
) :jgobﬂrllj(t)a bjy1 = <J+§> /_lf(t)lj(t)df-

Define the M-type projection

k
fe) = biM;(0),

j=0

where by = W is determined by b; = W to make fi(£1) = f(%1). Since
the Fourier—Legendre series converges in L2, by Cauchy—Schwarz inequality,

1
Jim i) = £ = jim_ [ [ = ] dx < lim V2 = Ol =0,

We get the M-type expansion of f(¢): f(¢) = limg_ o fr(t) = Z?O:o bjM(t). The remain-
der Ry (t) of M-type projection is

RIfI(®) = f() = fi) = D b;iM;(®).

j=k+1
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The following properties are straightforward to verify:

fe(£1) = f(£1) thus Ri(£1) = 0 fork > 1.

R[flk(®) L v(t) for any v(r) € Pk_za)on[—l,H,Le“jle[fhvdt=(l
RIf1,(t) L v(t) forany v(r) € P*~1(r) on [-1, 1].

For j = 2,bj = (j — DOl 1= [1, Ol G = D@t

For j <k, 1bj1 < Cill fllg oo -

IRL IO Nlg.00.2 = Crll fllg.o0. -

3.2 Two Dimensional Case

Consider a function f(s, t) € HZ(Ie) on the reference cell K = [—1,1] x [—1, 1], it has
the expansion

Fls.00=)"> b jMi(s)M; (1),

i=0 j=0

where

~ 1 - ~ A A
bo,o = J/EL=DH LD+ AA =D+ fAL D]

.. 2i—1 (1 R

boj by =21 /[ﬁ(l,z)iﬁ(—l,mz,-_l(r)dr, iz
—1

A 2i—1 (' . . ,

bio.bia =2 f[fs(s,1)ifs(s,—1)]lz—1(s)ds, i1,
-1

2 — 2j -1 R
bi; = (’)4#//1( Fuls, Dl ) ()dsdt, i, > 1.

Define the Q% M-type projection of f on K and its remainder as

k k

fea(s, ) =D b iMi()Mj(1), RIflex(s, 1) = f(s,0) = furls, 0).

i=0 j=0
For f(x,y) one =[x, — h, xe + h] % [ye — h, ye + k], let f(s, 1) = f(sh+ X, th + ye)
then the Q¥ M-type projection of f on e and its remainder are defined as

X —Xe Y — Ve
h ' h

Fiex(x, ) = fea( )y RUflek(x,¥) = f(x,9) — fir(x, y).

Theorem 3.1 The Q% M-type projection is equivalent to the QX point-line-plane projection
I1 defined as follows:

1. Tl = u at four corners ofle =[-1,1] x [—1,1].
2. Tla — i is orthogonal to polynomials of degree k — 2 on each edge of K.
3. i — f is orthogonal to any v € QF2(K) on K.

Proof We only need to show that M-type projection fk x (s, t) satisfies the same three prop-
erties. By M;(£1) = O for j > 2, we can derive that fk,k = f at (1, +1). For instance,
Sea (L, 1) =boo+b1o+bo1+bi1=f(1,1).
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The second property is implied by M (1) = 0 for j > 2 and M;(t) L P*=2(¢) for j >
k + 1. For instance, at s = 1, fox(1,1) = f(1,0) = Y32, (bo.j + b1 j)M; (1) L P*=2(1)
on[—1,1].

The third property is implied by M;(¢) L PK=2(t) for j > k + 1. O

Lemma 3.1 Assume f € H*MLY(K) withk > 2, then

L bijl < Cell fllg oo g ¥is i <k

2 1bijl < Cilfliy ok Yijz i+ j<k+1.

3 1bigitl < Cul flypyngr 0<i<k+1.

4. If f € HH2(K), then |bi k1| < Chlflinrgr 1 S8 <k+1.

Proof First of all, similar to the one-dimensional case, through integration by parts, b; ; can
be represented as integrals of f thus |l;,~,j| < Ck”f”(),oo,k fori, j <k.

By the fact that the antiderivatives (and higher order ones) of Legendre polynomials vanish
at £ 1, after integration by parts for both variables, we have

Ibi,j| < Cx // 000 fldsdt < Culfl, 0 Visi=Li+j<k+1.
2 2,
For the third estimate, by integration by parts only for the variable , we get

Vi > 1, |bigs1| < Cr /f |0,0f fldsdt < Cil flisy s -
P ,

For Eoyk+1, from the first estimate, we have |l;0,k+1| < Cy ||f||O ok = Ck||f||k+l 5 g thus

[;O,k+1 can beregarded as a continuous linear form on H k1 (12 ) and it vanishes if f e 0k (1% ).
So by the Bramble-Hilbert Lemma, |bg x+1] < Ck[f]kJrl 2 R
Finally, by integration by parts only for the variable 7, we get

bi k1] < Ck /f 050! fldsdt < Cil flypnr pr 150 <k+1.
K

Lemma3.2 Fork > 2, we have

L AR Mkl oo 2 < Celf s g0 IRU Nkl & < Celf 1 4
2. 105 RS Tkl oo 2 = Crlf Ligy 20 10sRUf Tklg 2.2 = Cklf Ny g
3. [z 0sR[f Ik xdsdt =0

Proof Lemma 3.1 implies || fikllg oo g < Ckll fllg o & and 105 fr kllg o0 & < Cill Fllg 0 -
Thus

V(s.1) € KL IRIf k(s O < [fir(s. D1+ 1£ (.01 = Cell Fllg o0 ¢ < Cill Fllipy 2

Notice that here Cy does not depend on (s, #). So R[ f lk.k (s, t) is a continuous linear form
on H*t1(K) and its operator norm is bounded by a constant independent of (s, ¢). Since
it vanishes for any f € Qk(I%), by the Bramble-Hilbert Lemma, we get |R[f]k,k(s, )| <
Ck[f]k+1,1€ where Cy does not depend on (s, 7). So the L estimate holds and it implies the
L? estimate.
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The second estimate can be established similarly since we have
05 RLA Tk (5, D] < 105 frex (s, 01+ 10 £ (5,01 < Cell Flly oo ¢ < Cull Fllsy 5

The third equation is implied by the fact that M;(t) L 1 for j > 3 and M ; (r) L 1 for
Jj = 2. Another way to prove the third equation is to use integration by parts

1
J[ ki iedsar = [ (R0 = RF ke -10) dr,

which is zero the second property in Theorem 3.1. O

For the discussion in the next few subsections, it is useful to consider the lower order part
of the remainder of R[ f i x:

Lemma3.3 For f € H**2(K) with k > 2, define R[ f1is1.441 — RLf Ikx = R1 + Ry with

k
Iél = Zl;i,kHMi ($)Myy1 (1),
i=0

3.1
k+1 k+1
R, = Zkarl,ijJrl(S)Mj([) = Mi11(8)bpy1(t), biy1(t) = Zbk+1,ij(t)-
=0 =0

They have the following properties:

1. [[¢ d;Ridsdt = 0.

2. 105R Iy 00 & < Chlflisan o 105R1 g5 2 < Cil fligan i

3. b1 (O] < Chl iy o 1By O < Chl fliyn g ¥ € [=1, 10,

Proof The first equation is due to the fact that My (¢) L 1 since k > 2.
Notice that M(’) (s) = 0, by Lemma 3.1, we have

k
05 R (5. )] = | > bi s 1 M{($) My ()| < Cill f I 2

i=1
So we get the L™ estimate for Iavlé 1(s, )| thus the L? estimate.
Similar to the estimates in Lemma 3.1, we can show |by 41, ;| < Ck|f|k+] 7 forj <k+1,
7 . / _ k+1 7 By . :
thus |br4+1(2)] < Ck'f'kﬂ,l%' SlnceAka(t) = Zj:1 bk+1,]Mj (1), by the last estimate in
Lemma 3.1, we get b}, ()] < Cel fliya i O

3.3 The €°-Q¥ Projection

Now consider a function u(x, y) € H k+2(Q), let u p(x, y) denote its piecewise Qk M-type
projection on each element e in the mesh €2;,. The first two properties in Theorem 3.1 imply
that u, (x, y) on each edge is uniquely determined by u(x, y) along that edge. Thus u, (x, y)
is continuous on £2,. The approximation error u —u,, is one order higher at all Gauss—Lobatto
points Zy:

Theorem 3.2
lu —uplla,zg = OB ullksa, Yu € HT2(Q).
It —tuplloo,zg = OB ullk42,00, Y € WET2(Q).
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Proof Consider any e with cell center (x,, y.), define (s, 1) = u(x, + sh, y. + th). Since
the (k + 1) Gauss—Lobatto points are roots of My1(¢), Iék+1,k+1[ﬁ] — Iék,k[ﬁ] vanishes at
(k+1) x (k+ 1) Gauss—Lobatto points on K. By Lemma 3.2, we have |1§k+1,k+1 [al(s, 1)| <
Clily -

Mapping back to the cell e, with (2.1), at the (k + 1) x (k + 1) Gauss—Lobatto points on
e, |lu—upl < Chk+2=3 [t]k+2,.. Summing over all elements e, we get

lu—upllaze < C [h" > o praon [u]im] = O(W"* ) [uls2.0.
e

If further assuming u € Wk+2.20(Q), then at the (k + 1) x (k + 1) Gauss—Lobatto points
one,|u—up| < Ch¥+2—3 [ulkt2.e < Chk+2[u]k+2,oo,g, which implies the second estimate.
O

3.4 Superconvergence of Bilinear Forms

For convenience, in this subsection, we drop the subscript / in a test function v, € V"*. When
there is no confusion, we may also drop dxdy or dsdt in a double integral.

Lemma 3.4 Assume a(x, y) € W2°°(Q). For k > 2,
f / a(u — p) vy dxdy = O ullesa vl Yo € VA,
Q

Proof For each cell e, we consider [, a(u — up),vy dxdy. Let R[ulyx = u — u, denote
the M-type projection remainder on e. Then R[u]i x can be splitted into lower order part
Rlulk x — Rlulk+1 k+1 and high order part R[ulk+1 k+1-

//a(u - ”p)xvx dxdy = //a(R[u]k+1,k+l)xe + //a(R[u]k,k - R[”]k+1,k+l)x”x~

We first consider the high order part. Mapping everything to the reference cell K and let a0y
denote the average of ao; on K. By the last property in Lemma 3.2, we get

hZ—n

//a(R[M]k+1,k+1)xvx dde‘ = V/ 35 (R[ATks1.k4+1)d0sdsdt
e K

< |8S(R[ﬁ]k+l,k+l)|()’2’1%|&ﬁs - &i}s|0’2’]2-

= ’ / f 35 (R[]ks1,4+1) @Dy — ady)dsdt
K

By Poincaré inequality and Cauchy—Schwarz inequality, we have
|ai}v — av |O,2,I€ = C|v(aﬁs)|oyzy]€ = C|a|],oo,l€ |ﬁ|],2,l€ + C|&|0,ool€ |i)|2,2,l€ .

Mapping back to the cell e, with (2.1), by Lemma 3.2, the higher order part is bounded by
Ch* 2 [ulis2.2.e(lal 1 00.elV]1.2.0 + 1@10,00.e[V]2,2.¢) thus

> [ [ e dxdy = 004 )lalh s Y luliszelvla
e € e

k+2
= O al,cc.allulli2,2lv]2,0-
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Now we only need to discuss the lower order part of the remainder. Let R[ulix —
Rlulk+1.4k+1 = R1 + Ry which is defined similarly as in (3.1). For Rj, by the first two
results in Lemma 3.3, we have

//;2(85R])&i}s = //;e(asRl)(&ﬁs —avy) < |aSRl|()’27[€'|&ﬁS - &ﬁs|0’2’1€
< C|ﬁ|k+2‘2.[€|&ﬁs - &ﬁs|0‘2y]€'

By similar discussions above, we get

> [[ atRisos dxdy = 064 alh waluliszalvlza
e e

For R, let AN (s) be the antiderivative of M 1(s) then N(&1) = 0. Let a be the aver-

age of a on K then |a —al, ¢ < Cla|, . g- Since Myi1(s) L P*=2(s), we have

[z bra1 (1) M1 (s)0gs = 0. After integration by parts, by Lemma 3.3 we have

/‘/I;(leéZ)&ﬁs = _//l; l;k+l(t)Mk+l(S)(&sﬁs +6A“}ss)
= / /K bi1(t)N (5)(dss D5 + G5 Ds5) — / /K bi1 ()Y Miyy1(5)(@ — @) b

< Clitlyyy gUaly oo 2101 2 8 Flaly o 210135 g)-

Thus we can get

3 / / (0, Ro)abedxdy = O ) ally o0 lullks 0 V],
e e

So we have [ a(u — up) vy dxdy = O 2)|lall2 00 llullk42llv]2, Yo € VI a]

Lemma 3.5 Assume c(x,y) € WH(Q). Fork > 2,

f f cu — up)vdxdy = O ) lulirrllvl, Yo e VE
Q
Proof Let ¢0 be the average of ¢ on K. Following similar arguments as in the proof

Lemma 3.4,
= ‘// RIk k(60 — ¢0)
K

'// Rl k&0
I3
< Cluliyy 5 g [00] 5 g = Cluliyy 5 g (Clg oo g 1011 5 8 T 11y oo 10102 2)-

So with (2.1) we have

< |R[ilkklg o g 160 = E0lg 5 ¢

/ / cRIuljvdxdy = h" / / (RIaT)E0dsdt = O ) el sogllisr vl e,
e K
which implies the estimate. O

Lemma 3.6 Assume b(x,y) € W>X(Q). Fork > 2,

J[ b= upvdxay = 0w Diutisalvl, voe v
Q

@ Springer



Journal of Scientific Computing (2020) 82:1 Page150f28 1

Proof Let % be the average of bd on K. Following similar arguments as in the proof
Lemma 3.4, we have

’f[ By (Rt 1,k41)bD
K

< s (RIak4 141Dl o g 16D = By 5 ¢ < Clitly s 5 g (Bl oo 1Pl g + 1Bl o 210115 2)-

= ‘ f /K Oy (Rlilk 1 1) (D — bid)

// (05 R)bD = // @R (D — D) < [0y Ry ¢ 16D — Dy, ¢
K K

= Clitl i g Pl oo 2 10lg 2 & + 1blg oo 21011 5 )-

Let N (s) be the antiderivative of My (s). After integration by parts, we have
/ f 0y R)bY = — / / b1 (1) M1 (5) (by D + biy)
R R

= //A l;k+l(t)N(S)(5ssﬁ + l;sﬁs + gﬁss)
K

= C|ﬁ|k+1,2,1€(|b|2,oo,1€|ﬁ|o,2,1€ + |b|1,oo,1€|ﬁ|1,2,1€ + |b|o,oo,1€|f’|2,2,1€)'

After combining all the estimates, with (2.1), we have

/ / bl — ) = H'! / / BRIAY)5D = OW D) Ib 200l lkszellvle.
e K

O
Lemma 3.7 Assume a(x, y) € W2°°(Q). For k > 2,
k+2—1 h
f/ alu — up)evy drdy = OB Hulealvle, Yoe Vi, (32)
Q
_ k+2 h
J[ = v, dxay = 0 Dutisalvla. o e vy (33)
Q

Proof Similar to the proof of Lemma 3.4, we have

' / / a(R[ulks1.k41)xVy dxdy‘ =h"? f / 35 (R[ATk41 k+1)a0,dsdt
e K

— hnfl

/ / 35 (RIilk41,k41) (@0, — ad,)dsdt
K

) Al A A oAn

=< h" |as(R[u]k+l,k+l)|0y2,1€|avt - avt|0,2,]€
k+2

< Ch'"llall,c0.ellu ks 2. V]]2.c-

and

f/ (35 R)ad, = // 0y R1)(@d, — ad;) < 105R1lg , glad — adly, ¢
K K -

Following the proof of Lemma 3.4, with (2.1), we get

> [ a®irv, dxay = 00D lals gl alolas.
e e
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Let N (s) be the antiderivative of My (s). After integration by parts, we have

J[ @it == [[ benomino@ +aio
=//;€ gk-‘rl(t)N(S)(&ssﬁt+2&sﬁst)+//;€ 5k+1(Z)N(S)&ﬁsst-

After integration by parts on the ¢-variable,

t=1

1
—//K b1 ()N (5)avsss =//;{ O [br+1(1)N (s)alvgs — /lbk+1(t)N(S)5lﬁssds :

r=—1
/ /K 0y lbist (ON(s)aldss = f /K B (N () + b (DN ()a Toss.

By Lemma 3.3, we have the estimate for the two double integral terms

‘ / fk bi41(t)N (5)(dss Dy + 245 Ds7)

S Clitlyyy 0 galy o 2101 5 g F1aly oo g10155 2

‘ / | By (ON G+ bt (ON 5)alis

= C(|’2|k+2,2,12|&|0,oo,1%|'3|2,2,1€ + |ﬁ|k+1,2,1€|&|1,oo,1€|'7|2,2,1€)7

which gives the estimate Ch*+2|a 12,00, ll#llk+2.e IVl k+2,¢ after mapping back to e.
So we only need to discuss the line integral term now. After mapping back to e, we have

Xe+h X — Xe
=h / b1 (Y) M1 (T) avyydx
Xe—h

=1 y=Ye+h

1
/bk+1(t)Mk+1(S)&ﬁssds
—1

t=—1 y=Ye—h

Notice that we have
k+1

byt (e +h) = b1 (1) = brgr jMj (1) = breyr0 + b
j=0

1 ! A 1 Xeth X — Xe
=|k+ = su(s, Dk (s)ds = (k+ = oxu(x, ye + h)ly dx,
2) ) 2) Jx,—n h

and similarly we get b1 (ve —h) = b1 (—1) = (k+ %) fi"jhh Bt (x, ye — M (*57¢)dx.

Thus the term bg41(y) My41 (x;lxe )avyy is continuous across the top/bottom edge of cells.
Therefore, if summing over all elements e, the line integral on the inner edges are cancelled
out. Let L1 and L3 denote the top and bottom boundary of 2. Then the line integral after
summing over e consists of two line integrals along L1 and L3. We only need to discuss one
of them.

Let /1 and /5 denote the top and bottom edge of e. First, after integration by parts k times,
we get

. 1 1 ) ‘ 1 1 3k+l N 1 ) ‘
bry1(1) = (k + 5) /;1 dsut(s, Dig(s)ds = (—=1) <k + 5) /_1 Wu(‘v, I)W s©—1)%ds,

thus by Cauchy—Schwarz inequality we get

R L gk+l 2 il
b1 (D] = C / |:7ask+1u(s’ 1)] ds < Cth" 2 ulgs1,2., -
-1
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Second, since v2, is a polynomial of degree 2k w.rt. y variable, by using (k + 2)-point

Gauss—Lobatto quadrature for integration w.r.t. y-variable in [/ . vfxdxd y, we get

Xe+h
/ v (X, ye + h)dx < Ch™! // v2 (x, y)dxdy.
Xe—h e

So by Cauchy—Schwarz inequality, we have

e

Xe+h Xe+h
/ e (x. ye + W) ldx < V2R / 02, (5, ye + )dx < Clofaze.
Xe—h Xe—h

Thus the line integral along L can be estimated by considering each e adjacent to L in
the reference cell:

2

1
f b1 (D) Myet1 (s)acs, 1 igs (s, Dds

eNL1#0
1
< > C|a|0,oo,,g|bk+1<1)|/ |55 (s, 1lds
eNL1#Y -1
a3 Xet+h
=0 Y ulernan [ e+ bldx
h

eNL#Y Xe—

k432
=Oh*2) Y fulianvhae
eNL1#Y

k43 k43
= O D) ullis1,2, Ivl2,0 = O T ) lullks2,2llv]2,0.

where the trace inequality ||u|lx+1,00 < Cllullr+2, is used.
Combine all the estimates above, we get (3.2). Since the % order loss is only due to the
line integral along L and L3, on which vy, = 0if v € Vg’, we get (3.3). O

4 The Main Result

4.1 Superconvergence of Bilinear Forms with Approximated Coefficients

Even though standard interpolation error is @ — a; = O(h**1), as shown in the following
discussion, the error in the bilinear forms is related to f f . (a —ay) dxdy on each cell e, which
is the quadrature error thus the order is higher. We have the following estimate on the bilinear

forms with approximated coefficients:

Lemma4.1 Assume a(x,y) € WsH2(Q) and u(x, y) € H*(RQ), then Yv € V" or Vv €
H*(Q),

f / aityvy dxdy — / / ariyvy dxdy = O allisz.con il o]z,
Q Q

/ / auyvy dxdy — f / aruxvy dxdy = O ) |lallk42,00,2llul2 1V ]2,
Q Q
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// auyvdxdy — // ajuxvdxdy = O ) ||allis2.00.0llul2 V01,
Q Q

f/ auvdxdy—// aruv dxdy = O lallisz.colul o)1
Q Q

Proof For every cell e in the mesh 2y, let vy be the cell average of u,v,. By Theorems 2.2
and 2.3, we have

//(ll] _a)uxvx
= //(az —a)er/f(az —a)(Uyvy — UyVy)
= #//e(m —a)f/euxvﬂr//e(az —a)(Uxvy — Uyy)

k42 k41 —_—
— O allessogllelve + OG Y als 1000 // vy — .
e

By Poincaré inequality and Cauchy—Schwarz inequality, we have

// luxvy — uxvx| = OV (uxve)llo,e = O lullzellvllz,e
e

thus [[ (a; — @)uxvy = O ?)|lallk+2,00.2lll2.ellv]12,c. Summing over all elements e,
we have [[q(a; — a)uyvy = O ) |lallk+2.00.llull2]v]l2. Similarly we can establish the
other three estimates. ]

Lemma 4.1 implies that the difference in the solutions to (1.6) and (1.1) is O(R**+2) in the
L2(2)-norm:

Theorem 4.1 Assume a(x,y) € WKt2°(Q) and aj(x,y) > C > 0. Let u, ii € HO1 (Q) be
the solutions to

Au,v) = //aVu -Vvdxdy = (f,v), Yve H(Q)
and

Ap(i,v) == //a,va -Vudxdy = (f,v), Vv e H}(Q)
respectively, where f € L*(). Then |lu — it|lo = O(h*T?)||a|lx+2.00.2ll f llo-

Proof By Lemma 4.1, for any v € H>(2) we have

A —u,v) =Ar(u,v) — Ar(a, v) = [Ar(u, v) — Au, V)] + [A(u, v) — A1 (i, V)]

= As(u,v) — Au, v) = O ) lallk42,00.2llull2 V]2
Letw e HOl (£2) be the solution to the dual problem
Ar(v, w) = (u —ii,v) Yv e Hj(Q).

Sincea; > C > Oand|a;(x, y)| < Cla(x, y)|, the coercivity and boundedness of the bilinear
form Aj hold [8]. Moreover, a; is Lipschitz continuous because a(x, y) € WA+2.20(Q2). Thus
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the solution w exists and the elliptic regularity ||w|[» < C|lu —it]|o holds on a convex domain,
e.g., a rectangular domain €2, see [14]. Thus,

lu —ill§ = —i,u—i)=Ar(u —ii, w) = O ) |alks2.002llull2wl.
With elliptic regularity Jwll» < Cllu — iillo and |lu]l2 < C|| fllo, we get
lu — illo = O ) lallks2,00.21l £ llo-
O

Remark 1 For even number k > 4, (k + 1)-point Newton-Cotes quadrature rule has the same
error order as the (k + 1)-point Gauss—Lobatto quadrature rule. Thus Theorem 4.1 still holds
if we redefine aj(x, y) as the Qk interpolant of a(x, y) at the uniform (k + 1) x (k + 1)
Newton-Cotes points in each cell if k > 4 is even.

4.2 The Variable Coefficient Poisson Equation
Letu(x,y) € H(} (€2) be the exact solution to
Au, v) := //QaVu -Vvdxdy = (f,v), Yve Hj(Q).
Let iy € Vé’(Q) be the solution to
Ar(up, vp) = //Q arViy - Vo dxdy = (f, vp)n, Yo, € V(]h(Q).

Theorem 4.2 For k > 2, let u, be the piecewise 0% M-type projection of u(x, y) on each
cell e in the mesh Q. Assume a € W¥t2°(Q) and u, f € H**(Q), then

Ay — up, vp) = O (llallksa.c0 sz + I ks lvnll2, Yop € V.
Proof For any vy, € vt we have

Ap(ip, vp) — Ar(up, vp)
=(f,vp) = Ar(up, vp) +(f,vp)n — (f, vn)
= A(u,vp) — Ar(up, vp) +(f,on)n — (f, vp)
= [A(u, vp) — Ap(u, vp)] + [A1(u —up, vp) — Al — up, vp)]
+ AW —up, vp) + (f, vn)n — (f, o).

Lemma 4.1 implies A(u, vy) — Ar(u, vp) = O(hk“‘z)||a||k+2,oo||u||2||vh||2. Theorem
2.4 gives (f,vi)n — (f,vn) = O )| flles2llvnll2. By Lemma 3.4, A(u — up, v) =
O ) lallz.collullir2llvall2.

For the second term Ay (u — up, vy) — A(u — up, vp) = [[o(a —ar)V(u —up)Vuy, by
Theorem 2.2 and Lemma 3.2, we have

‘/ (@—ar)(u —up)y0xvy
Q

<la—arloco0 Z// | — 1) v
e e

<la—arloco y 1 —up)loselvnlize

e
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2k+1
= 0™ lallks1c00 Y lullktrellvallie

e
2k+1
= O™ Hlallks1,00,2llulli+1 1ol

m}

Theorem 4.3 Assume a(x,y) € WKT2°(Q) is positive and u(x, y), f(x,y) € H*2(Q).
Assume the mesh is fine enough so that the piecewise QF interpolant satisfies ay(x, y) >
C > 0. Then uy, is a (k + 2)th order accurate approximation to u in the discrete 2-norm over
all the (k + 1) x (k + 1) Gauss—Lobatto points:

liin — ulla, zy = O (llallks2,00 lullkt2 + I £llk+2)-

Proof Let 6, = ii;, — u). By the definition of u, and Theorem 3.1, it is straightforward to
show 0; = 0 on 9L2. By the Aubin—Nitsche duality method, let w € HO1 (£2) be the solution
to the dual problem

Ar(v, w) = (O, v) Vv € H} ().

By the same discussion as in the proof of Theorem 4.1, the solution w exists and the regularity
lwll2 < Cll6nllo holds.
Let wy, be the finite element projection of w, i.e., wy € Voh satisfies

Ar(vp, wy) = 6, vy) Yy, € Vé’.
Since wy, € V(f', by Theorem 4.2, we have

164115 = 61, 6n) = A6, wi) = O (lallera,collellera + I f ks Iwplla.  (4.1)

Let w; = I1jw be the piecewise Q! projection of w on £, as defined in (2.2). By the
Bramble-Hilbert Lemma, we get [w — wy|l2,, < Clwl2,. < Cllwll2, thus

lw—wrll2 = Cllwlla.
By the inverse estimate on the piecewise polynomial wy — wy, we have
lwallz < llww — wrll2 + lwr — iz + lwll2 < Ch~ wp —wrlli + Cllwlz. (4.2)
With coercivity, Galerkin orthogonality and Cauchy—Schwarz inequality, we get
Cllwn = willf < Ap(wy — wy wy —wyp) = Apwy — wp, w —wy) < Cllw = wylllwy = wll,
which implies
lwp —wrlli = Cllw —wrlli = Chllw|2. (4.3)
With (4.2), (4.3) and the elliptic regularity ||w|2 < C||0, 0, we get
lwall2 = Cllwll2 = CliBhllo- 4.4
By (4.1) and (4.4) we have

160113 < O ) (lallks2,00lullk+2 + I f lk+2) 16k ll0,

lin —upllo = 16nllo = OR ) (llallesa collullira + 1 1x+2)-
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Finally, by the equivalency between the discrete 2-norm on Zg and the L?(2) norm in the
space Vv with Theorem 3.2, we obtain

liin — ull2,zy = O ) Nlallk42,00lulks2 + Il fllk+2)-

[m}

Remark 2 To extend Theorem 4.3 to homogeneous Neumann boundary conditions or mixed
homogeneous Dirichlet and Neumann boundary conditions, dual problems with the same
homogeneous boundary conditions as in primal problems should be used. Then all the esti-
mates such as Theorem 4.2 hold not only for v € Vg‘ but also for any v in V.

Remark 3 With Theorem 2.5, all the results hold for the scheme (1.5).

Remark 4 1t is straightforward to verify that all results hold in three dimensions. Notice that
the in three dimensions the discrete 2-norm is

Il zg = [ B ) luoP?

xXeZy

Remark 5 For discussing superconvergence of the scheme (1.7), we have to consider the dual
problem of the bilinear form A instead and the exact Galerkin orthogonality in (1.7) no longer
holds. In order for the proof above holds, we need to show the Galerkin orthogonality in (1.7)
holds up to ORh**+2)||vy |12 for a test function vy, € V,, which s very difficult to establish. This
is the main difficulty to extend the proof of Theorem 4.3 to the Gauss—Lobatto quadrature
scheme (1.7), which will be analyzed in [18] by different techniques.

4.3 General Elliptic Problems

In this section, we discuss extensions to more general elliptic problems. Consider an elliptic
variational problem of finding u € HO1 (£2) to satisfy

Au,v) == // (VvTavVu + bVuv + cuv) dxdy = (f,v),Vv € HOI(Q),
Q

a a2
where a(x, y) = (6121 4
a, b and ¢ are smooth, and A(u, v) satisfies coercivity A(v, v) > C||v||; and boundedness
|AQ, v)] < Cllull1]lv]l1 forany u, v € Hj ().
By the estimates in Sect. 3.4, we first have the following estimate on the QF M-type
projection u p:

) is positive definite and b = [b; by]. Assume the coefficients

Lemma4.2 Assume a;j(x, y), bi(x,y) € W»*®(Q) and b;(x, y) € W>>(Q), then

OW ) ullsallvnlla,  VYou € V',

AW = tpr ) = {(’)(hk+1'5)||M||1<+2||Uh||27 Vup € VI

Ifa;p = ax; =0, then

A — up, vp) = O ullesallvnlla, You € V1
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Table 1 The errors of CO—Q2 for
a Poisson equation with Dirichlet

FEM with approximated coefficients (1.4)

boundary conditions at Lobatto Mesh 12 error Order [ error Order
points

2 x4 2.22E—1 - 3.96E—1 -
4x8 4.83E-2 2.20 1.51E—1 1.39
8 x 16 2.54E-3 4.25 1.16E—2 3.71
16 x 32 1.49E—4 4.09 7.52E—4 3.95
32 x 64 9.22E—6 4.01 5.14E-5 3.87

FEM using Gauss—Lobatto quadrature (1.7)
2 x4 2.24E—1 - 4.30E—1 -
4x8 443E-2 2.34 1.37E—1 1.65
8 x 16 2.27E-3 4.29 8.61E-3 4.00
16 x 32 1.32E—4 4.11 4.87E—4 4.14
32 x 64 8.13E—6 4.02 3.09E-5 3.97

FEM with approximated coefficients (1.5)
2 x4 2.78E—1 - 6.31E—1 -
4x8 2.76E—2 3.33 8.69E—2 2.86
8 x 16 1.28E—-3 443 3.77E-3 4.53
16 x 32 8.96E—5 3.83 3.36E—4 3.49
32 x 64 5.79E—6 3.95 241E-5 3.80

Full FEM Scheme

2 x4 1.48E—2 - 3.79E-2 -
4x8 1.05E—2 0.50 3.76E—-2 0.01
8 x 16 7.32E—4 3.84 4.04E-3 3.22
16 x 32 4.54E-5 4.01 2.83E—4 3.83
32 x 64 2.85E—6 3.99 1.75E—5 4.02

Letay, by and ¢; denote the corresponding piecewise Q Lagrange interpolation at Gauss—

Lobatto points. We are interested in the solution iy, € Voh to

Ap(iy, vp) = // (Vol'a;Viy, + by Vi, + criipon) dxdy = (f, vp)n, Yo, € V.
Q

We need to assume that Aj still satisfies coercivity Aj(v, v) > C|lv||; and boundedness
|A7(u,v)] < Cllulli|v]ly for any u,v € H}(S), so that the solution u € H} () of the

following problem exists and is unique:

Ar(u,v) = (f,v), Yve Hj(Q).

We also need the elliptic regularity to hold for the dual problem:

Ar(v,w) = (f,v), Yve Hj(Q).

For instance, if b = 0, it suffices to require that eigenvalues of a; + ¢y ((1) (l)) has

a uniform positive lower bound on €2, which is achievable on fine enough meshes if a +
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Table 2 The errors of CO—Q2 for

FEM with imated coefficients (1.4
a Poisson equation with with approximated coefficients (1.4)

Neumann boundary conditions at ~ Mesh 12 error Order [ error Order
Lobatto points
2x4 3.44E0 - 5.39E0 -
4x8 1.83E—1 423 3.51E—-1 3.93
8 x 16 1.38E—2 3.73 3.43E-2 3.36
16 x 32 8.37E—4 4.04 221E-3 3.96
32 x 64 5.13E-5 4.03 1.41E—-4 3.96

FEM using Gauss—Lobatto quadrature (1.7)

2x4 3.43E0 - 4.95E0 -

4x8 1.81E—1 4.25 3.11E—-1 3.99
8 x 16 1.37E-2 3.72 2.81E-2 3.47
16 x 32 8.33E—4 4.04 1.76E—3 4.00
32 x 64 5.11E-5 4.03 1.12E—4 3.97

FEM with approximated coefficients (1.5)

2 x4 3.64E0 - 5.06E0 -

4x8 1.60E—1 4.51 2.54E—1 4.32
8 x 16 1.26E—-2 3.67 2.39E-2 3.41
16 x 32 7.67TE—4 4.03 1.67E-3 3.84
32 x 64 4.71E-5 4.03 1.09E—4 3.94

Full FEM scheme

2 x4 8.45E-2 - 2.13E—1 -

4x8 1.56E—-2 2.43 5.66E—-2 1.91
8 x 16 9.12E—4 4.10 5.14E-3 3.46
16 x 32 5.47E-5 4.06 3.24E—-4 3.99
32 x 64 3.37E—6 4.02 2.22E-5 3.87

c <(1) (1)) are positive definite. This implies the coercivity of A;. The boundedness of A;

follows from the smoothness of coefficients. Since a; and c¢; are Lipschitz continuous, the
elliptic regularity for A; holds on a convex domain [14].

By Lemmas 4.1 and 4.2, it is straightforward to extend Theorem 4.2 to the general elliptic
case:

Theorem 4.4 For k > 2, assume a;j, b;, c € W2°(Q) and u, f € H***(Q), then

OW ) (lullesa + 1 £ k) lonlla, Vup € VY,

Ap(ip —up, vp) = '
1 (it = ttp, vp) {O(hk+1'5)(llullk+2+||f||k+2)||th|2, Yo, € VI,

And if a1y = ap1 =0, then
Ap(n —up, vp) = OW ) iz + | Fles) lvnlla,  Yop € VI

With suitable assumptions, it is straightforward to extend the proof of Theorem 4.3 to the
general case:
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Table 3 An elliptic equation with

mixed second order derivatives FEM with approximated coefficients (1.4)

and Neumann boundary Mesh 12 error Order 1°° error Order
conditions
2 x4 1.92E0 - 3.47E0 -
4x8 2.16E—1 3.15 6.05E—1 2.52

8 x 16 1.45E-2 3.90 6.12E—2 3.30
16 x 32 9.08E—4 4.00 4.05E-3 3.92
32 x 64 5.66E—5 4.00 2.76E—4 3.88

FEM using Gauss—Lobatto quadrature (1.7)

2x4 1.38E0 - 2.27E0 -

4x8 1.46E—1 3.24 2.52E—1 3.17
8 x 16 7.49E-3 4.28 1.64E—2 3.94
16 x 32 431E—4 4.12 1.02E-3 4.01
32 x 64 2.61E-5 4.04 7.47E-5 3.78

FEM with approximated coefficients (1.5)

2 x4 1.89E0 - 2.84E0 -

4x8 1.04E—1 4.18 1.45E—-1 4.30
8 x 16 5.62E-3 421 1.86E—2 2.96
16 x 32 3.24E—4 4.12 1.67E-3 3.48
32 x 64 1.95E-5 4.05 1.32E—4 3.66

Full FEM scheme

2 x4 1.46E—1 - 4.31E—-1 -

4x8 1.64E—2 3.16 6.55E—-2 2.71
8 x 16 7.08E—4 4.53 3.42E-3 4.26
16 x 32 4.44E-5 4.06 4.84E—4 2.82
32 x 64 2.95E—6 3.85 7.96E—5 2.60

Theorem 4.5 Fork > 2, assume a;j, b;, c € WK+2.0(Q) and u, f € H*2(), Assume the
approximated bilinear form A satisfies coercivity and boundedness and the elliptic regularity
still holds for the dual problem of Aj. Then uy, is a (k 4+ 2)th order accurate approximation
to u in the discrete 2-norm over all the (k + 1) x (k + 1) Gauss—Lobatto points:

liin — ulla, zy = OB Nullkra + Il fllk+2)-

Remark 6 With Neumann type boundary conditions, due to Lemma 3.7, we can only prove
(k 4 1.5)th order accuracy

liin — ull2, zg = OGS (lullesa + I f let2)s

unless there are no mixed second order derivatives in the elliptic equation, i.e.,aj2 = az; = 0.
We emphasize that even for the full finite element scheme (1.3), only (k + 1.5)-th order
accuracy at all Lobatto points can be proven for a general elliptic equation with Neumann
type boundary conditions.
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Table 4 An elliptic equation with

mixed second order derivatives FEM with approximated coefficients (1.4)

and Dirichlet boundary Mesh 12 error Order 1°° error Order
conditions
2x4 2.64E—-2 - 7.01E-2 -
4x8 4.68E-3 2.50 1.92E-2 1.87
8 x 16 4.78E—4 3.29 2.70E-3 2.83
16 x 32 3.69E—5 3.69 2.43E—-4 3.47
32 x 64 2.53E—6 3.87 1.82E-5 3.74

64 x 128 1.65E-7 3.94 1.25E—6 3.87

FEM using Gauss—Lobatto quadrature (1.7)

2x4 3.94E-2 - 7.15E-2 -

4x8 1.23E-2 1.67 3.28E-2 1.12
8 x 16 1.46E—-3 3.08 5.42E-3 2.60
16 x 32 1.14E—4 3.68 3.96E—4 3.78
32 x 64 7.75E—6 3.88 2.62E-5 3.92

FEM with approximated coefficients (1.5)

2x4 4.08E-2 - 7.67TE-2 -

4x8 1.01E-2 2.02 3.39E-2 1.18
8 x 16 5.22E—4 4.27 1.72E-3 4.30
16 x 32 3.14E-5 4.05 9.57E—-5 4.17
32 x 64 1.99E—6 3.98 5.71E—6 4.07

Full FEM scheme

2x4 7.35E-2 - 1.99E—1 -

4x8 5.94E-3 3.63 2.43E-2 3.03
8 x 16 431E—4 3.79 2.01E-3 3.60
16 x 32 2.83E-5 3.93 1.76E—4 3.93
32 x 64 1.68E—6 4.07 8.41E—6 4.07

5 Numerical Results

In this section we show some numerical tests of C°- Q2 finite element method on an uniform
rectangular mesh and verify the order of accuracy at Zo, i.e., all Gauss—Lobatto points. The
following four schemes will be considered:

1. Full Q2 finite element scheme (1.3) where integrals in the bilinear form are approximated
by 5x 5 Gauss quadrature rule, which is exact for Q2 polynomials thus exact for A (i, vj,)
if the variable coefficient is a Q° polynomial.

2. The Gauss—Lobatto quadrature scheme (1.7): all integrals are approximated by 3 x 3
Gauss—Lobatto quadrature.

3. The schemes (1.4) and (1.5).

The last three schemes are finite difference type since only grid point values of the coeffi-
cients are needed. In (1.4) and (1.5), A;(up, vy) can be exactly computed by 4 x 4 Gauss
quadrature rule since coefficients are Q2 polynomials. An alternative finite difference type
implementation of (1.4) and (1.5) is to precompute integrals of Lagrange basis functions and
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Table 5 A Poisson equation with

FEM with imated fficients (1.4
coefficient (min)a (x. y) ~ 0.001 with approximated coefficients (1.4)
X,y

Mesh 12 error Order [ error Order
2 x4 2.78E—1 4.52E—1 -
4x8 6.22E—2 2.16 2.08E—1 1.12
8 x 16 1.09E—2 2.51 8.44E—-2 1.30

16 x 32 1.31E-3 3.05 1.81E-2 222
32 x 64 1.08E—4 3.60 1.75E-3 3.38
64 x 128 7.24E—6 3.90 1.52E—4 3.53

FEM using Gauss—Lobatto quadrature (1.7)

2x4 2.81E—1 - 4.59E—1 -
4x8 4.69E—2 2.58 1.37E—1 1.74
8 x 16 5.06E-3 3.21 3.75E-2 1.87

16 x 32 7.04E—4 2.85 7.86E—3 2.25
32 x 64 6.74E—5 3.39 1.21E-3 2.70
64 x 128 4.94E—6 3.77 1.17E—4 3.37

FEM with approximated coefficients (1.5)

2x4 2.68E—1 - 5.48E—1 -
4x8 291E—1 3.21 1.59E—1 1.78
8 x 16 3.51E-3 3.05 4.02E-2 1.98

16 x 32 2.86E—4 3.62 3.60E-3 3.48
32 x 64 1.86E—5 3.94 2.31E—4 3.96
64 x 128 1.17E—6 4.00 1.53E-5 391

their derivatives to form a sparse tensor, then multiply the tensor to the vector consisting
of point values of the coefficient to form the stiffness matrix. With either implementation,
computational cost to assemble stiffness matrices in schemes (1.4) and (1.5) is higher than
the stiffness matrix assembling in the simpler scheme (1.7) since the Lagrangian OF basis
are delta functions at Gauss—Lobatto points.

5.1 Accuracy

We consider the following example with either purely Dirichlet or purely Neumann boundary
conditions:

V.- (aVu) = f onl0, 1] x [0, 2]

where a(x, y) = 1 4+0.1x3y3 + cos(x3y> 4+ 1) and u(x, y) = 0.1(sin(wx) + x3) (sin(w y) +
y3) + cos(x* + y3). The nonhomogeneous boundary condition should be computed in a way
consistent with the computation of integrals in the bilinear form. The errors at Z( are shown
in Tables 1 and 2. We can see that the four schemes are all fourth order in the discrete 2-norm
on Zy. Even though we did not discuss the max norm error on Zy in this paper, we should
expect a | In /2] factor in the order of [°° error over Zg due to (1.9), which was proven upon
the discrete Green’s function.

@ Springer



Journal of Scientific Computing (2020) 82:1 Page270f28 1

Next we consider an elliptic equation with purely Dirichlet or purely Neumann boundary
conditions:

V-(@Vu)+cu=f onl0,1] x[0,2]

where a = (Z; Z;z), ajp = 10+ 30y5 +xcosy+y,aip = ax; =2+ 0.5(sin(zwx) +

x3)(sin(71y) +y3) +cos(x* +y3), an = 10+x>,c =1 +x4y3 andu(x,y) = 0.1(sin(x) +
x3)(sin(ny) + y3) + cos(x* + y3). The errors at Z are listed in Tables 3 and 4. Recall that
only O(h33) can be proven due to the mixed second order derivatives for the Neumann
boundary conditions as discussed in Remark 6, we observe around fourth order accuracy for
(1.4) and (1.5) for Neumann boundary conditions in this particular example.

5.2 Robustness

In Tables 1 and 2, the errors of approximated coefficient schemes (1.4), (1.5) and the Gauss—
Lobatto quadrature scheme (1.7) are close to one another. We observe that the scheme (1.5)
tends to be more accurate than (1.4) and (1.7) when the coefficient a(x, y) is closer to zero
in the Poisson equation. See Table 5 for errors of solving V - (aVu) = f on [0, 1] x [0, 2]
with Dirichlet boundary conditions, a(x, y) = 1 + ex3yd +cos(x3y2 + 1) and u(x, y) =
0.1(sin(rx) + x3)(sin(7ry) + y3) +cos(x* + y3) where ¢ = 0.001. Here the smallest value
of a(x, y) is around ¢ = 0.001. We remark that the difference among three schemes is much
smaller for larger € such as ¢ = 0.1 as in Table 1.

6 Concluding Remarks

We have shown that the classical superconvergence of functions values at Gauss—Lobatto
points in C%-QF finite element method for an elliptic problem still holds if replacing the
coefficients by their piecewise QF Lagrange interpolants at the Gauss—Lobatto points. Such
asuperconvergence result can be used for constructing a fourth order accurate finite difference
type scheme by using Q2 approximated variable coefficients. Numerical tests suggest that this
is an efficient and robust implementation of C°-Q? finite element method without affecting
the superconvergence of function values.

Acknowledgements Research is supported by the NSF Grant DMS-1522593. The authors are grateful to Prof.
Johnny Guzman for discussions on Theorem 4.1.
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