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Abstract
This article proposes a time fractional dual-phase-lagging (DPL) heat conduction model
in a double-layered nanoscale thin film with the temperature-jump boundary condition and
a thermal lagging effect interfacial condition between layers. The model is proved to be
well-posed. A finite difference scheme with second-order spatial convergence accuracy in
maximum norm is then presented for solving the fractional DPL model. Unconditional sta-
bility and convergence of the scheme are proved by using the discrete energy method. A
numerical example without exact solution is given to verify the accuracy of the scheme.
Finally, we show the applicability of the time fractional DPL model by predicting the tem-
perature rise in a double-layered nanoscale thin film, where a gold layer is on a chromium
padding layer exposed to an ultrashort-pulsed laser heating.
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1 Introduction

When dealing with micro/nano scale heat conduction, such as thin film exposed to ultrashort-
pulsed laser heating or thermal analysis in nanoscalemetal-oxide-semiconductor field-effect-
transistor (MOSFET) in the semiconductor industry, the dual-phase-lagging (DPL) model,

ρcρ(Tt + τqTtt )(x, t) = κ(T + τT Tt )xx (x, t) + f (x, t), (1)

is one of excellent candidates for solving micro/nanoscale heat transfer problems [1–9]. The
DPL model was derived based on the non-Fourier’s law

q(x, t) + τqqt (x, t) = −κ(T + τT Tt )x (x, t), (2)

coupled with the energy equation

ρcρTt (x, t) = −qx (x, t) + S(x, t). (3)

Here, κ is the conductivity, τq , τT are the phase lags of the heat flux q and temperature
gradient ∇T , respectively, ρ and cρ denote the density and the specific heat of the material,
respectively, and f (x, t) = S(x, t) + τq St (x, t), where S(x, t) is a source term.

Fractional calculus has been successfully used to modulate several models in heat con-
duction and other media and has gained importance in heat conduction and thermoelastic
problems [10]. Sherief et al. [11] have proposed the fractional non-Fourier law as q +τq
C
0 D

α
t q = −κTx , 0 < α < 1, where C

0 D
α
t is the Caputo-type time-fractional derivative such

that C0 D
α
t u(t)= 1

Γ (1−α)

∫ t

0

u′(s)
(t − s)α

ds, 0< α< 1, Γ (·) is the gamma function [12]. Results

show a good agreement with experimental data when using fractional derivatives for descrip-
tion of viscoelastic materials [11]. Youssef [13] has assumed another form for the nonlocal
non-Fourier law as q + τqqt = −κ I α−1Tx , 0 < α ≤ 2, where I α is the Riemann-Louisville

fractional integral such that I αu(t) = 1
Γ (n−α)

dn
dtn

t∫
0

u(s)
(t−s)α−n+1 ds, n − 1 ≤ α < n, as given

in [14]. When α > 1, it indicates the strong conductivity [14]. Yu et al. [15] has applied
the fractional-order generalized DPL model for nanoscale heat transfer in electro-magneto-
thermoelastic media. It has been reported that there is larger heat conductivity for nanos-
tructured carbon materials [16,17]. Thus, the fractional-order generalized DPL model that
includes the concept of non-locality [18] can be an excellent candidate for such a nanoscale
heat transfer. Recently, we [19] have studied a time-fractional DPL heat conduction equation

ρcρ

(
Tt + (τq)

α

Γ (1 + α)

C
0 D

α+1
t T

)
(x, t) = κ

(
T + (τT )α

Γ (1 + α)
· C0 Dα

t T

)
xx

(x, t) + f (x, t).

(4)

Here, κ = ρcρ |v| � f
3 where � f is the phonon mean free path, |v| is the heat carrier group

velocity and |v| = � f
τq
, f (x, t) = S(x, t) + (τq )α

Γ (1+α)
C
0 D

α
t S(x, t) and the Caputo fractional

derivatives [20] are defined by

C
0 D

α
t T (x, t) = 1

Γ (1 − α)

∫ t

0

Ts(x, s)

(t − s)α
ds, t > 0, 0 < α < 1,

C
0 D

α+1
t T (x, t) = 1

Γ (1 − α)

∫ t

0

Tss(x, s)

(t − s)α
ds, t > 0, 0 < α < 1.
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We chose the Caputo fractional definition for two reasons. One is that the Caputo deriva-
tive allows the utilization of physically interpretable initial conditions [20]. The other is that
L1 approximation for the Caputo derivative is well-developed, which we will use for the
development of the numerical scheme in this study.

By introducing these non-dimensional parameters:

u = T − T0
T0

, t� = [Γ (1 + α)] 1
α
t

τq
, x� = x

Lc
, Kn = � f

Lc
, B = τT

τq
,

where Lc is the characteristic length, and Kn is the Knudsen number, we obtained a fractional
DPL model in dimensionless form as follows (without asterisk):

ut (x, t) + C
0 D

α+1
t u(x, t) = K 2

n

3[Γ (1 + α)]1/α
(
u + Bα · C0 Dα

t u

)
xx

(x, t) + F(x, t) (5)

with the temperature-jump boundary conditions

− γ Knux (0, t) + u(0, t) = φ1(t), γ Knux (L, t) + u(L, t) = φ2(t), (6)

and the initial condition

u(x, 0) = ϕ(x), ut (x, 0) = ψ(x). (7)

In [19], we further proposed an accurate and unconditionally stable finite difference scheme
for solving the above fractional DPL model. By changing Kn and fractional order α, we
applied the fractional DPL model to simulate a simple nanoscale semiconductor silicon
device. Results indicate that our model can be an excellent candidate for analyzing the
temperature instability appearing in electronic [21].

It is noted that layered structures have appeared in many engineering systems such
as biological tissues, micro-electronic devices, thin films, reactor walls, thermoelectric
power conversion, thermal coating, metal oxide semiconductors, and thermal processing of
DNA origami nanostructures [4,22–25]. In particular, the multi-layered metal thin-films, for
example, gold-coated metal mirrors, are often used in high-power infrared-laser systems to
avoid thermal damage at the front surface of a single layer film caused by the high-power
laser energy [26]. Furthermore, to achieve high thermoelectric efficiency, a low thermal con-
ductivity is required. Low thermal conductivity is often realized by nano-structuring with
the introduction of a high density of materials [24]. All semiconductor devices possess metal
contacts and hence the study of heat transport through metal-semiconductor interfaces is a
technologically relevant problem [27]. Thus, analyzing heat transfer in layered structures is
of crucial importance for the design and operation of nano-devices and the optimization of
thermal processing of nano-materials.

For this purpose, we extend our study to the multilayered structure case and propose a
time fractional DPL heat conduction model in a double-layered nanoscale thin film, as shown
in Fig. 1. We then develop a second-order finite difference scheme for solving the fractional
DPL model. The rest of the article is organized as follows: In Sect. 2, we propose a fractional
DPL heat conduction model for nanoscale heat conduction in a double-layered thin film with
the temperature-jump boundary condition and a thermal lagging effect interfacial condition
between layers. In Sect. 3, we obtain an energy estimate for ensuring the mathematical model
to be well-posed. Some useful notations and lemmas are presented in Sect. 4. After that,
we construct a finite difference scheme for solving the mathematical model. In Sect. 5, the
unconditional stability and convergence of the scheme are rigorously analyzed. In Sect. 6, we
provide a numerical example to support the theoretical analysis and then apply the numerical
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Fig. 1 Double-layered structure (above) and the mesh for numerical schemes (below)

scheme to the thermal analysis for a gold thin layer on a chromium padding layer irradiated
by an ultrashort-pulsed laser. Finally, we summarize the major results of this work in Sect. 7.

2 Time Fractional DPL Heat ConductionModel

Consider the time fractional DPL heat conduction equations in a double-layered nanoscale
thin film as follows:

ρ1c
1
ρ

(
Tt + (τq,1)

α

Γ (1 + α)

C
0 D

α+1
t T

)
(x, t) = κ1

(
T + (τT ,1)

β

Γ (1 + β)

C
0 D

β
t T

)
xx

(x, t)

+ f1(x, t), x ∈ (0, l ′x ), t ∈ (0, L ′
t ], (8)

ρ2c
2
ρ

(
Tt + (τq,2)

α

Γ (1 + α)

C
0 D

α+1
t T

)
(x, t) = κ2

(
T + (τT ,2)

β

Γ (1 + β)

C
0 D

β
t T

)
xx

(x, t)

+ f2(x, t), x ∈ (l ′x , L ′
x ), t ∈ (0, L ′

t ], (9)

where 0 < α, β < 1. Introducing several non-dimensional parameters:

u = T − T0
T0

, t� = t

τq,1 + τq,2
, x� = x

Lc
, Kn,i = � f ,i

Lc
, Bi = τT ,i

τq,1 + τq,2
, i = 1, 2

where � f ,i and Lc are the phonon free path length and the characteristic length in different
layer nanoscale thin films, respectively.
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Let η1 = τq,1
τq,1+τq,2

and η2 = τq,2
τq,1+τq,2

. We can express the governing equations (8) and
(9) in a dimensionless form by omitting the subscripts of the non-dimensional parameters x�

and t� as follows,

ut (x, t) + ηα
1

Γ (1 + α)

C
0 D

α+1
t u(x, t) = K 2

n,1

3η1

(
u + Bβ

1

Γ (1 + β)

C
0 D

β
t u

)
xx

(x, t)

+ F1(x, t), x ∈ (0, lx ), t ∈ (0, Lt ], (10)

ut (x, t) + ηα
2

Γ (1 + α)

C
0 D

α+1
t u(x, t) = K 2

n,2

3η2

(
u + Bβ

2

Γ (1 + β)

C
0 D

β
t u

)
xx

(x, t)

+ F2(x, t), x ∈ (lx , Lx ), t ∈ (0, Lt ], (11)

with the source terms

F1(x, t) = τq,1 + τq,2

ρ1c1T0
f1(x, t), x ∈ (0, lx ), t ∈ (0, Lt ],

F2(x, t) = τq,1 + τq,2

ρ2c2T0
f2(x, t), x ∈ (lx , Lx ), t ∈ (0, Lt ].

Based on the assumption of the perfect thermal contact between double layers, we propose
the interfacial conditions at x = lx below

u(lx − 0, t) = u(lx + 0, t), t ∈ [0, Lt ], (12)

K 2
n,1

η1

(
u + Bβ

1

Γ (1 + β)

C
0 D

β
t u

)
x
(lx − 0, t)

= K 2
n,2

η2

(
u + Bβ

2

Γ (1 + β)

C
0 D

β
t u

)
x
(lx + 0, t), t ∈ [0, Lt ], (13)

which ensures that the normalized fractional DPL model is well-posed. In order to catch the
effects of boundary phonon scattering inside a nano-size geometry, the temperature-jump
boundary conditions [19,28] are introduced as follows,

−γ1Kn,1ux (0, t) + u(0, t) = φ1(t), t ∈ (0, Lt ], (14)

γ2Kn,2ux (Lx , t) + u(Lx , t) = φ2(t), t ∈ (0, Lt ], (15)

together with the initial conditions

u(x, 0) = ϕ(x), ut (x, 0) = ψ(x), x ∈ [0, Lx ]. (16)

It should be pointed out that from Eqs. (8) to (9), we can see that when α = β = 0, the
fractional DPL heat conduction equation reduces to the traditional heat conduction equation,
and on the other hand, when α = β = 1, it reduces to the DPL heat conduction equation
with integer order derivatives. To see how the temperature changes from the traditional heat
conduction equation to the DPL heat conduction equation with integer order derivatives, we
consider only the case when 0 ≤ α, β ≤ 1. This may be considered as some type of sub-DPL
heat conduction behavior.
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3 Well Posedness of the Fractional DPLModel

In our recent work [19], an energy estimation for the time fractional DPL in a single nanoscale
thin film with the fractional order α = β, i.e.,

ut (x, t) + ηα

Γ (1 + α)

C
0 D

α+1
t u(x, t) = K 2

n

3η

(
u + Bα

Γ (1 + α)

C
0 D

α
t u

)
xx

(x, t)

+ F(x, t), x ∈ (0, Lx ), t ∈ (0, Lt ], (17)

was deduced by introducing an intermediate variable

v(x, t) = u(x, t) + Bα

Γ (1 + α)
· C0 Dα

t u(x, t). (18)

This transform brings in an inevitable restriction on the initial condition ut (x, 0) = 0 when
exchanging the first-order differential operator Dt and the Caputo fractional operator C0 D

α
t .

The commutativity of the two operators is needed in the proof of Theorem 2.3 in [19]. To
detour this restrictive condition, in this section, we do not introduce an intermediate variable
like (18), but flexibly utilize the corresponding properties of the Caputo fractional derivative
C
0 D

α
t (0 < α < 1) to verify that the time fractional DPL system in a double-layered nanoscale

thin films (10)–(16) is well-posed. This will ensure that the presented energy function can
be effectively controlled by the initial values and the source terms.

We now present several useful lemmas with respect to the Caputo fractional derivative
operator C

0 D
α
t (0 < α < 1), which will be used for obtaining an energy estimation of

the governing model (10)–(16). We firstly introduce the Riemann-Liouville (RL) fractional
integral of order α [20],

RL
0 D

−α
t y(t) = 1

Γ (α)

∫ t

0

y(ξ)dξ

(t − ξ)1−α
, t > 0, α > 0, (19)

and the RL fractional derivative of order α ,

RL
0 D

α
t y(t) = 1

Γ (1 − α)

d

dt

∫ t

0

y(ξ)dξ

(t − ξ)α
, t > 0, 0 < α < 1. (20)

Lemma 1 For any function y(t) ∈ C1([0, T ]), if 0 < α < 1, it holds that

y′(t) · C0 Dα
t y(t) = 1

2

d

dt
RL
0 D

−α
t

(C
0 D

α
t y(t)

)2

+ 1 − α

2Γ (α)

∫ t

0

([∫ ξ

0

(
C
0 D

α
η y(η)

)′

(t − η)1−α
dη

]
1

(t − ξ)α
dξ

)2

, t ∈ (0, T ], 0 < α < 1. (21)

Proof For simplicity, denote

G[y](α, t) = α

2Γ (1 − α)

∫ t

0

dξ

(t − ξ)1−α

( ∫ ξ

0

yη(η)

(t − η)α
dη

)2

.

Alikhanov [29] proved that if 0 < α < 1,

y(t) · C0 Dα
t y(t) = 1

2
C
0 D

α
t y

2(t) + G[y](α, t). (22)

We further notice the fact C0 D
α
t y(t)|t=0 = 0 and use the relation (22). The detailed process

is shown as follows,
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y′(t) · C0 Dα
t y(t) = RL

0 D
1−α
t

(RL
0 D

α−1
t y′(t)

) · C0 Dα
t y(t)

= RL
0 D

1−α
t (C0 D

α
t y(t)) · C0 Dα

t y(t)

= C
0 D

1−α
t

(C
0 D

α
t y(t)

) · C0 Dα
t y(t)

= 1

2
C
0 D

1−α
t

((C
0 D

α
t y(t)

)2) + G
[C
0 D

α
t y

]
(1 − α, t)

= 1

2
RL
0 D

1−α
t

((C
0 D

α
t y(t)

)2) + G
[C
0 D

α
t y

]
(1 − α, t)

= 1

2

d

dt
RL
0 D

−α
t

((C
0 D

α
t y(t)

)2) + G
[C
0 D

α
t y

]
(1 − α, t).

Hence, the conclusion holds. ��
Lemma 2 Let the function y(t) ∈ C1([0, T ]). If 0 < α < 1, then it holds that

∫ t

0

C
0 D

α
τ y(τ )dτ = RL

0 D
α−1
t y(t) − t1−α

Γ (2 − α)
y(0).

Proof According to the property of the semigroup of the RL fractional integral, we obtain
∫ t

0

C
0 D

α
s y(s)ds = RL

0 D
−1
t

(RL
0 D

α−1
t y′(t)

) = RL
0 D

α−1
t

(RL
0 D

−1
t y′(t)

)

= RL
0 D

α−1
t y(t) − RL

0 D
α−1
t y(0)

= RL
0 D

α−1
t y(t) − t1−α

Γ (2 − α)
y(0). (23)

��
For the solution u(x, t) of the normalized fractional DPL equations in a double-layered

nanoscale thin film (10)–(16), we have an energy estimation as shown in the following
theorem. For simplicity, we first define an energy function

E1(t) = 1

γ1Kn,1

(
u2(0, t) + Bβ

1

Γ (1 + β)

RL
0 D

−β
t

(C
0 D

β
t u(0, t)

)2)

+
∫ lx

0

(
u2x (x, t) + Bβ

1

Γ (1 + β)

RL
0 D

−β
t

(C
0 D

β
t ux (x, t)

)2)
dx, 0 < t ≤ Lt .

E2(t) = 1

γ2Kn,2

(
u2(Lx , t) + Bβ

2

Γ (1 + β)

RL
0 D

−β
t

(C
0 D

β
t u(Lx , t)

)2)

+
∫ Lx

lx

(
u2x (x, t) + Bβ

2

Γ (1 + β)

RL
0 D

−β
t

(C
0 D

β
t ux (x, t)

)2)
dx, 0 < t ≤ Lt

E(t) = K 2
n,1

6η1
E1(t) + K 2

n,2

6η2
E2(t), 0 < t ≤ Lt .

Theorem 1 Let u(x, t) be the solution of the normalized time fractional DPL model (10)–
(16), subject to the homogeneous boundary conditions, i.e., φ1(t) ≡ 0 and φ2(t) ≡ 0. Then,
it holds that

E(t) ≤ E(0) + t1−α

2Γ (2 − α)
·
(

ηα
1

Γ (1 + α)

∫ lx

0
ψ2
2 (x)dx + ηα

2

Γ (1 + α)

∫ Lx

lx
ψ2
2 (x)dx

)
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+ 1

4

∫ t

0

( ∫ lx

0
F2
1 (x, s)dx +

∫ Lx

lx
F2
2 (x, s)dx

)
ds, 0 < t ≤ Lt . (24)

Proof Multiplying (10) by ut (x, t) and integrating the result with respect to the variable x
from 0 to lx , we have∫ lx

0
u2t (x, t)dx + ηα

1

Γ (1 + α)

∫ lx

0
ut (x, t) · C0 Dα+1

t u(x, t)dx

= K 2
n,1

3η1

∫ lx

0
ut (x, t)

(
u + Bβ

1

Γ (1 + β)

C
0 D

β
t u

)
xx

(x, t)dx

+
∫ lx

0
ut (x, t) · F1(x, t)dx, 0 < t ≤ Lt . (25)

By virtue of the relation (22), we obtain the inequality
∫ lx

0
ut (x, t) · C0 Dα+1

t u(x, t)dx ≥ 1

2
C
0 D

α
t

( ∫ lx

0
u2t (x, t)dx

)
. (26)

Applying the integration by parts, then noticing the boundary condition (14) and Lemma 1,
it holds that

∫ lx

0
ut (x, t) ·

(
u + Bβ

1

Γ (1 + β)

C
0 D

β
t u

)
xx

(x, t)dx

=
(
ut ·

(
u + Bβ

1

Γ (1 + β)

C
0 D

β
t u

)
x

)
(x, t)

∣∣∣∣
lx−0

x=0

−
∫ lx

0
uxt (x, t) ·

(
u + Bβ

1

Γ (1 + β)

C
0 D

β
t u

)
x
(x, t)dx

≤ ut (lx − 0, t) ·
(
u + Bβ

1

Γ (1 + β)

C
0 D

β
t u

)
x
(lx − 0, t) − 1

2

d

dt
E1(t). (27)

Substituting (26)–(27) into (25) and using the Cauchy–Schwarz inequality with a suitable
parameter yield

ηα
1

2Γ (1 + α)

C
0 D

α
t

( ∫ lx

0
u2t (x, t)dx

)
+ K 2

n,1

6η1

d

dt
E1(t)

≤ K 2
n,1

3η1
ut (lx − 0, t) ·

(
u + Bβ

1

Γ (1 + β)

C
0 D

β
t u

)
x
(lx − 0, t)

+ 1

4

∫ lx

0
F2
1 (x, t)dx, 0 < t ≤ Lt . (28)

Similarly,multiplying (11) by ut (x, t) and integrating the resultwith respect to the variable
x from lx to Lx , we get∫ Lx

lx
u2t (x, t)dx + ηα

2

Γ (1 + α)

∫ Lx

lx
ut (x, t) · C0 Dα+1

t u(x, t)dx

= K 2
n,2

3η2

∫ Lx

lx
ut (x, t)

(
u + Bβ

2

Γ (1 + β)

C
0 D

β
t u

)
xx

(x, t)dx

+
∫ Lx

lx
ut (x, t) · F2(x, t)dx, 0 < t ≤ Lt . (29)
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Using the similar argument as (26) and (27) gives

ηα
2

2Γ (1 + α)

C
0 D

α
t

( ∫ Lx

lx
u2t (x, t)dx

)
+ K 2

n,2

6η2

d

dt
E2(t)

≤ −K 2
n,2

3η2
ut (lx + 0, t) ·

(
u + Bβ

2

Γ (1 + β)

C
0 D

β
t u

)
x
(lx + 0, t)

+ 1

4

∫ Lx

lx
F2
2 (x, t)dx, 0 < t ≤ Lt . (30)

Adding (28) and (30) and using the interfacial conditions (12) and (13) yield

C
0 D

α
t

( ηα
1

2Γ (1 + α)

∫ lx

0
u2t (x, t)dx + ηα

2

2Γ (1 + α)

∫ Lx

lx
u2t (x, t)dx

)

+ dE(t)

dt
≤ 1

4

[∫ lx

0
F2
1 (x, t)dx +

∫ Lx

lx
F2
2 (x, t)dx

]
. (31)

Replacing the variable t with s on both sides of (31), integrating the result with respect to
the variable s from 0 to t , and then using Lemma 2, we arrive at

RL
0 D

α−1
t

( ηα
1

2Γ (1 + α)

∫ lx

0
u2t (x, t)dx + ηα

2

2Γ (1 + α)

∫ Lx

lx
u2t (x, t)dx

)
+ E(t)

≤ t1−α

Γ (2 − α)

( ηα
1

2Γ (1 + α)

∫ lx

0
ψ2
2 (x)dx + ηα

2

2Γ (1 + α)

∫ Lx

lx
ψ2
2 (x)dx

)

+ E(0) + 1

4

∫ t

0

[ ∫ lx

0
F2
1 (x, s)dx +

∫ Lx

lx
F2
2 (x, s)dx

]
ds. (32)

Hence, the conclusion holds. ��

4 Numerical Method for the Fractional DPLModel

4.1 Discrete Approximations

Divide the interval [0, Lt ] into N -subintervals with τ = Lt
N and tk = kτ, 0 ≤ k ≤ N .

Suppose that u = (u0, u1, · · · , uN ) be a grid function defined on Ωτ ≡ {tk | 0 ≤ k ≤ N }.
For simplicity, we denote a difference quotient operator and an average operator in time,

δt u
k− 1

2 = 1

τ
(uk − uk−1), uk−

1
2 = 1

2
(uk + uk−1),

and some fractional numerical differentiation operators (called L1 formula [30]) for the
Caputo fractional derivatives as follows,

δβ
τ u

k = τ−β

Γ (2 − β)

[
a(β)
0 uk −

k−1∑
�=1

(a(β)
k−�−1 − a(β)

k−�)u
� − a(β)

k−1u
0
]
, (33)

δβ
τ u

k− 1
2 = τ−β

Γ (2 − β)

[
a(β)
0 uk−

1
2 −

k−1∑
�=1

(a(β)
k−�−1 − a(β)

k−�)u
�− 1

2 − a(β)
k−1u

0
]
, (34)
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Δα
τ (δt u

k− 1
2 , q) = τ−α

Γ (2 − α)

[
a(α)
0 δt u

k− 1
2 −

k−1∑
�=1

(a(α)
k−�−1 − a(α)

k−�)δt u
�− 1

2 − a(α)
k−1q

]
, (35)

where q is a given value, and the coefficients

a(ζ )
� = (� + 1)1−ζ − �1−ζ , � ≥ 0, 0 < ζ = α, β < 1. (36)

From the above definition, it is obvious that {a(ζ )
� }∞�=0 is a nonnegative and descending series,

i.e.,

a(ζ )
� ≥ 0 (� ≥ 0); a(ζ )

� − a(ζ )
�−1 ≤ 0 (� ≥ 1).

We then list the truncation errors of the L1 formulas in the following lemma.

Lemma 3 [30] Suppose f (t) ∈ C2[0, tn] and 0 < α, β < 1. We have

1

2

[
C
0 D

β
t f (tk) + C

0 D
β
t f (tk−1)

]
= δβ

τ f k−
1
2 + O(τ 2−β),

and

1

2

[
C
0 D

α+1
t f (tk) + C

0 D
α+1
t f (tk−1)

]
= Δα

τ (δt f
k− 1

2 , f ′(0)) + O(τ 2−α),

where f = ( f 0, f 1, f 2, · · · , f N ) and each component f k ≡ f (tk), 0 ≤ k ≤ N.

For the numerical approximation of the first order temporal derivative, a lemma is prepared
below.

Lemma 4 [31] Suppose f (t) ∈ C3[tk−1, tk] and denote tk− 1
2

= 1
2 (tk−1 + tk), then it holds

1

2

[
f ′(tk) + f ′(tk−1)

] = f (tk) − f (tk−1)

τ
+ τ 2

16

∫ 1

0

[
f ′′′(tk− 1

2
+ τ

2
θ
)

+ f ′′′(tk− 1
2

− τ

2
θ
)]

(1 − θ2)ds.

Next, we introduce some discrete notations in space. Take two positive integers m and
M (m < M). Let h1 = lx

m , ωl = {i | 0 ≤ i ≤ m}, Ωh,l = {xi | xi = ih1, i ∈ ωl} and
h2 = Lx−lx

M−m , ωr = {i | m ≤ i ≤ M}, Ωh,r = {xi | xi = xm + (i − m)h2, i ∈ ωr }, as
shown in Fig. 1. LetUh = {u | u = (u0, u1, · · · , uM )} be the grid function space defined on
Ωh = Ωh,l ∪ Ωh,r . For any u, v ∈ Uh , we have

δxui− 1
2

= 1

h1
(ui − ui−1), i ∈ ωl\{0}; δxui− 1

2
= 1

h2
(ui − ui−1), i ∈ ωr\{m};

(u, v)l = h1

(
1

2
u0v0 +

m−1∑
i=1

uivi + 1

2
umvm

)
, ‖u‖l = √

(u, u)l;

(u, v)r = h2

(
1

2
umvm +

M−1∑
i=m+1

uivi + 1

2
uMvM

)
, ‖u‖r = √

(u, u)r ;

(δxu, δxv)l = h1

m∑
i=1

(
δxui− 1

2

)
δxvi− 1

2
, ‖δxu‖l = √

(δxu, δxu)l ;
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(δxu, δxv)r = h2

M∑
i=m+1

(
δxui− 1

2

)
δxvi− 1

2
, ‖δxu‖r = √

(δxu, δxu)r ;

‖u‖l,∞ = max
0≤i≤m

|ui |, ‖u‖r ,∞ = max
m≤i≤M

|ui |.

For any u ∈ Uh , we denote

δ2xui =
{

2
h1

(δxu 1
2

− 1
γ1Kn,1

u0), i = 0,
1
h1

(δxui+ 1
2

− δxui− 1
2
), 1 ≤ i ≤ m − 1,

(37)

and

δ2xui =
{

1
h2

(δxui+ 1
2

− δxui− 1
2
), m + 1 ≤ i ≤ M − 1,

2
h2

(− 1
γ2Kn,2

uM − δxuM− 1
2
), i = M .

(38)

Lemma 5 Let c and h be two given constants and h > 0.

(I) Suppose g(x) ∈ C3[c, c + h], then it holds that

g′′(c) = 2

h

[
g(c + h) − g(c)

h
− g′(c)

]
− h

∫ 1

0
g′′′(c + θh)(1 − θ)2dθ;

(II) Suppose g(x) ∈ C3[c − h, c], then it holds that

g′′(c) = 2

h

[
g′(c) − g(c) − g(c − h)

h

]
+ h

∫ 1

0
g′′′(c − θh)(1 − θ)2dθ;

(III) Suppose g(x) ∈ C4[c − h, c + h], then it holds that

g′′(c) = 1

h2
[g(c + h) − 2g(c) + g(c − h)]

−h2

6

∫ 1

0
[g(4)(c − θh) + g(4)(c + θh)](1 − θ)3dθ.

Proof The conclusions (I)–(III) are easy to achieve by applying the Taylor expansion with
the integral remainder term for the smooth function g(x). ��

4.2 Finite Difference Scheme

From now on, we will construct a discretization scheme for the problem (10)–(16). The
derivation of the scheme adopts the tactic that the semi-discretization of the spatial derivative
is prior to the approximation of the temporal derivative. Let u(x, t) be the solution of (10)–
(16). Denote the discrete functions by

Ui (t) = u(xi , t), i ∈ ωl ∪ ωr ; (F1)i (t) = F1(xi , t), i ∈ ωl; (F2)i (t)

= F2(xi , t), i ∈ ωr ; 0 ≤ t ≤ Lt ;
Uk
i = u(xi , tk), i ∈ ωl ∪ ωr ; (F1)

k
i = F1(xi , tk), i ∈ ωl; (F2)

k
i

= F2(xi , tk), i ∈ ωr ; 0 ≤ k ≤ N ;
and ϕi = ϕ(xi ), ψi = ψ(xi ), i ∈ ωl ∪ ωr .
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For the sake of brevity in writing the scheme, we firstly introduce several functions with
respect to the variable t , i.e.,

(G1)i (t) =

⎧⎪⎨
⎪⎩

2Kn,1
3γ1η1h1

(
φ1(t) + Bβ

1
Γ (1+β)

C
0 D

β
t φ1(t)

)
+ (F1)0(t), i = 0,

(F1)i (t), 1 ≤ i ≤ m − 1,
h1

h1+h2
(F1)m(t), i = m;

(39)

(G2)i (t) =

⎧⎪⎨
⎪⎩

h2
h1+h2

(F2)m(t), i = m,

(F2)(t), m + 1 ≤ i ≤ M − 1,
2Kn,2

3γ2η2h2

(
φ2(t) + Bβ

2
Γ (1+β)

C
0 D

β
t φ2(t)

)
+ (F2)M (t), i = M;

(40)

ri (t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

− K 2
n,1

3η1

∫ 1

0

(
u + Bβ

1
Γ (1+β)

C
0 D

β
t u

)
xxx

(x0 + θh1, t)(1 − θ)2dθ, i = 0,

− 1
6
K 2
n,1

3η1

∫ 1

0

[(
u + Bβ

1
Γ (1+β)

C
0 D

β
t u

)
xxxx

(xi − θh1, t)

+
(
u + Bβ

1
Γ (1+β)

C
0 D

β
t u

)
xxxx

(xi + θh1, t)
]
(1 − θ)3dθ, 1 ≤ i ≤ m − 1,

K 2
n,1

3η1

∫ 1

0

(
u + Bβ

1
Γ (1+β)

C
0 D

β
t u

)
xxx

(xm − θh1, t)(1 − θ)2dθ, i = m;

(41)

and

si (t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

− K 2
n,2

3η2

∫ 1

0

(
u + Bβ

2
Γ (1+β)

C
0 D

β
t u

)
xxx

(xm + θh2, t)(1 − θ)2dθ, i = m,

− 1
6
K 2
n,2

3η2

∫ 1

0

[(
u + Bβ

2
Γ (1+β)

C
0 D

β
t u

)
xxxx

(xi − θh2, t)

+
(
u + Bβ

2
Γ (1+β)

C
0 D

β
t u

)
xxxx

(xi + θh2, t)
]
(1 − θ)3dθ, m + 1 ≤ i ≤ M − 1,

K 2
n,2

3η2

∫ 1

0

(
u + Bβ

2
Γ (1+β)

C
0 D

β
t u

)
xxx

(xM − θh2, t)(1 − θ)2dθ, i = M .

(42)

Let us begin by considering (10) at (xi , t) ∈ {Ωh,l\xm} × (0, Lt ]. According to Lemma
5 and the left boundary condition (14), a semi-discretization scheme reads

d

dt
U0(t) + ηα

1

Γ (1 + α)

C
0 D

α+1
t U0(t) = K 2

n,1

3η1
δ2x

(
U0(t) + Bβ

1

Γ (1 + β)
· C0 Dβ

t U0(t)
)

+ (G1)0(t) + h1 · r0(t), i = 0, (43)

d

dt
Ui (t) + ηα

1

Γ (1 + α)

C
0 D

α+1
t Ui (t) = K 2

n,1

3η1
δ2x

(
Ui (t) + Bβ

1

Γ (1 + β)
· C0 Dβ

t Ui (t)
)

+ (G1)i (t) + h21 · ri (t), 1 ≤ i ≤ m − 1. (44)

We then move on to consider (11) at (xi , t) ∈ {Ωh,r\xm}× (0, Lt ]. A similar technique with
(43) and (44) yields the following semi-discretization scheme:

d

dt
Ui (t) + ηα

2

Γ (1 + α)

C
0 D

α+1
t Ui (t)

= K 2
n,2

3η2
δ2x

(
Ui (t) + Bβ

2

Γ (1 + β)
· C0 Dβ

t Ui (t)
)

+ (G2)i (t)

+ h22 · si (t), m + 1 ≤ i ≤ M − 1, (45)
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d

dt
UM (t) + ηα

2

Γ (1 + α)

C
0 D

α+1
t UM (t)

= K 2
n,2

3η2
δ2x

(
UM (t) + Bβ

2

Γ (1 + β)
· C0 Dβ

t UM (t)
)

+ (G2)M (t) + h2 · sM (t), i = M .

(46)

Next, a semi-discretization scheme on the interface is considered. Using Lemma 5 for (10)
at (xm − 0, t) and for (11) at (xm + 0, t), respectively, and noticing the interfacial condition
(12), we can obtain

d

dt
Um(t) + ηα

1

Γ (1 + α)

C
0 D

α+1
t Um(t) = K 2

n,1

3η1

2

h1

[(
u + Bβ

1

Γ (1 + β)

C
0 D

β
t u

)
x
(xm − 0, t)

− δx

(
Um− 1

2
(t) + Bβ

1

Γ (1 + β)

C
0 D

β
t Um− 1

2
(t)

)]
+ (F1)m(t) + h1 · rm(t), (47)

d

dt
Um(t) + ηα

2

Γ (1 + α)

C
0 D

α+1
t Um(t) = K 2

n,2

3η2

2

h2

[
−

(
u + Bβ

2

Γ (1 + β)

C
0 D

β
t u

)
x
(xm + 0, t)

+ δx

(
Um+ 1

2
(t) + Bβ

2

Γ (1 + β)

C
0 D

β
t Um+ 1

2
(t)

)]
+ (F2)m(t) + h2 · sm(t). (48)

Multiplying (47) by h1
h1+h2

and (48) by h2
h1+h2

, respectively, and then adding the results and
noticing the interfacial condition (13), we deduce

h1
h1 + h2

[ d

dt
Um(t) + ηα

1

Γ (1 + α)

C
0 D

α+1
t Um(t)

]

+ h2
h1 + h2

[ d

dt
Um(t) + ηα

2

Γ (1 + α)

C
0 D

α+1
t Um(t)

]

= 2

3(h1 + h2)

[
K 2
n,2

η2
δx

(
Um+ 1

2
(t) + Bβ

2

Γ (1 + β)

C
0 D

β
t Um+ 1

2
(t)

)

− K 2
n,1

η1
δx

(
Um− 1

2
(t) + Bβ

1

Γ (1 + β)
· C0 Dβ

t Um− 1
2
(t)

)]

+ (G1)m(t) + (G2)m(t) + h1
h1 + h2

h1 · rm(t) + h2
h1 + h2

h2 · sm(t). (49)

Further, considering (43)–(46) and (49) at t = tk−1 and t = tk , respectively, averaging
the results and then using Lemmas 3 and 4, we have

δtU
k− 1

2
i + ηα

1

Γ (1 + α)
Δα

τ

(
δtU

k− 1
2

i , ψi
) = K 2

n,1

3η1
δ2x

(
U

k− 1
2

i + Bβ
1

Γ (1 + β)
δβ
τ U

k− 1
2

i

)
+ (G1)

k− 1
2

i

+ (Rt )
k− 1

2
i + (Rx )

k− 1
2

i , i ∈ ωl\{m}, 1 ≤ k ≤ N , (50)

h1
h1 + h2

(
δtU

k− 1
2

m + ηα
1

Γ (1 + α)
Δα

τ

(
δtU

k− 1
2

m , ψm
))

+ h2
h1 + h2

(
δtU

k− 1
2

m + ηα
2

Γ (1 + α)
Δα

τ

(
δtU

k− 1
2

m , ψm
))

= 2

3(h1 + h2)

[
K 2
n,2

η2
δx

(
U

k− 1
2

m+ 1
2

+ Bβ
2

Γ (1 + β)
δβ
τ U

k− 1
2

m+ 1
2

)
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− K 2
n,1

η1
δx

(
U

k− 1
2

m− 1
2

+ Bβ
1

Γ (1 + β)
δβ
τ U

k− 1
2

m− 1
2

)]

+ (G1)
k− 1

2
m + (G2)

k− 1
2

m + h1
h1 + h2

[(Rt )
k− 1

2
m + (Rx )

k− 1
2

m ]

+ h2
h1 + h2

[(St )k−
1
2

m + (Sx )
k− 1

2
m ], 1 ≤ k ≤ N , (51)

δtU
k− 1

2
i + ηα

2

Γ (1 + α)
Δα

τ

(
δtU

k− 1
2

i , ψi
)

= K 2
n,2

3η2
δ2x

(
U

k− 1
2

i + Bβ
2

Γ (1 + β)
δβ
τ U

k− 1
2

i

)
+ (G2)

k− 1
2

i

+ (St )
k− 1

2
i + (Sx )

k− 1
2

i , i ∈ ωr\{m}, 1 ≤ k ≤ N . (52)

Here the truncation errors satisfy, for 1 ≤ k ≤ N ,

∣∣(Rt )
k− 1

2
i

∣∣ ≤ c0τ
min{2−α,2−β}, i ∈ ωl;

∣∣(St )k− 1
2

i

∣∣ ≤ c0τ
min{2−α,2−β}, i ∈ ωr ; (53)

∣∣(Rx )
k− 1

2
i

∣∣ = h21

∣∣∣ri (tk) + ri (tk−1)

2

∣∣∣ ≤ c0h
2
1, i ∈ ωl\{0,m}; (54)

∣∣(Rx )
k− 1

2
i

∣∣ = h1
∣∣∣ri (tk) + ri (tk−1)

2

∣∣∣ ≤ c0h1, i ∈ {0,m}; (55)

∣∣(Sx )k− 1
2

i

∣∣ = h22

∣∣∣ si (tk) + si (tk−1)

2

∣∣∣ ≤ c0h
2
2, i ∈ ωr\{m, M}; (56)

∣∣(Sx )k− 1
2

i

∣∣ = h2
∣∣∣ si (tk) + si (tk−1)

2

∣∣∣ ≤ c0h2, i ∈ {m, M}; (57)

and, for 1 ≤ k ≤ N − 1,

∣∣∣ (R
x )

k+ 1
2

i − (Rx )
k− 1

2
i

τ

∣∣∣
= h1

2

∣∣∣ri (tk+1) − ri (tk)

τ
+ ri (tk) − ri (tk−1)

τ

∣∣∣ ≤ c0h1, i ∈ {0,m}; (58)

∣∣∣ (S
x )

k+ 1
2

i − (Sx )
k− 1

2
i

τ

∣∣∣
= h2

2

∣∣∣ si (tk+1) − si (tk)

τ
+ si (tk) − si (tk−1)

τ

∣∣∣ ≤ c0h2, i ∈ {m, M}, (59)

where c0 is a positive constant number independent of τ, h1 and h2.
Noticing the initial condition,

U 0
i = ϕ(xi ), i ∈ ωl ∪ ωr , (60)

and dropping small terms in (50)–(52), respectively, we obtain a finite difference scheme for
the problem (10)–(16) as follows

δt u
k− 1

2
i + ηα

1

Γ (1 + α)
Δα

τ

(
δt u

k− 1
2

i , ψi
) = K 2

n,1

3η1
δ2x

(
u
k− 1

2
i + Bβ

1

Γ (1 + β)
δβ
τ u

k− 1
2

i

)
+ (G1)

k− 1
2

i ,

i ∈ ωl\{m}, 1 ≤ k ≤ N , (61)

h1
h1 + h2

(
δt u

k− 1
2

m + ηα
1

Γ (1 + α)
Δα

τ

(
δt u

k− 1
2

m , ψm
))
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+ h2
h1 + h2

(
δt u

k− 1
2

m + ηα
2

Γ (1 + α)
Δα

τ

(
δt u

k− 1
2

m , ψm
))

= 2

3(h1 + h2)

[
K 2
n,2

η2
δx

(
u
k− 1

2

m+ 1
2

+ Bβ
2

Γ (1 + β)
δβ
τ u

k− 1
2

m+ 1
2

)

− K 2
n,1

η1
δx

(
u
k− 1

2

m− 1
2

+ Bβ
1

Γ (1 + β)
δβ
τ u

k− 1
2

m− 1
2

)]

+ (G1)
k− 1

2
m + (G2)

k− 1
2

m , 1 ≤ k ≤ N , (62)

δt u
k− 1

2
i + ηα

2

Γ (1 + α)
Δα

τ

(
δt u

k− 1
2

i , ψi
) = K 2

n,2

3η2
δ2x

(
u
k− 1

2
i + Bβ

2

Γ (1 + β)
δβ
τ u

k− 1
2

i

)
+ (G2)

k− 1
2

i ,

i ∈ ωr\{m}, 1 ≤ k ≤ N , (63)

u0i = ϕi , i ∈ ωl ∪ ωr . (64)

Let un = (un0, u
n
1, · · · , unm, · · · , unM−1, u

n
M )T , vn = (vn0 , v

n
1 , · · · , vnm, · · · , vnM−1, v

n
M )T ,

n = 0, 1, · · · , N . The scheme (61)–(64) can be written in the following matrix form:

{
Avn = ∑n−1

j=1 An− j+1v
j + Bun−1 + bn,

un = un−1 + τvn,
n = 1, 2, · · · , N . (65)

The coefficient matrix A is strictly diagonally dominant. Hence, the presented scheme (61)–
(64) has a unique solution and can be easily solved using the Thomas algorithm.

5 Stability and Convergence of the Scheme

In this section, we will analyze the stability and convergence of the presented scheme (61)–
(64) for the normalized time fractional DPL equations in a double-layered nanoscale thin film
(10)–(16). Prior to this, some useful lemmas will be listed in preparation for the theoretical
analysis.

Lemma 6 Let Δα
τ (δt yk−

1
2 , q) be defined in (35). Then we have

(
Δα

τ (δt y
k− 1

2 , q)
) · δt y

k− 1
2

≥ 1

τ

[
τ 1−α

2Γ (2 − α)

k∑
�=1

a(α)
k−�(δt y

�− 1
2 )2 − τ 1−α

2Γ (2 − α)

k−1∑
�=1

a(α)
k−1−�(δt y

�− 1
2 )2

]

+
(1
2

− ε
) τ−α

Γ (2 − α)
a(α)
k−1(δt y

k− 1
2 )2 − 1

4ε

τ−α

Γ (2 − α)
a(α)
k−1q

2,

where 0 < ε ≤ 1
2 .

Proof An immediate application of the Cauchy–Schwarz inequality for the fractional numer-

ical differentiation operator Δα
τ (δt yk−

1
2 , q) leads to the following estimate

123



1782 Journal of Scientific Computing (2019) 81:1767–1800

(
Δα

τ (δt y
k− 1

2 , q)
) · δt y

k− 1
2

= τ−α

Γ (2 − α)

[
a(α)
0 δt y

k− 1
2 −

k−1∑
�=1

(
a(α)
k−�−1 − a(α)

k−�

)
δt y

�− 1
2 − a(α)

k−1q

]
· δt y

k− 1
2

≥ τ−α

Γ (2 − α)

[
a(α)
0 (δt y

k− 1
2 )2 −

k−1∑
�=1

(a(α)
k−�−1 − a(α)

k−�)
(δt yk−

1
2 )2 + (δt y�− 1

2 )2

2

− a(α)
k−1

(
ε(δt y

k− 1
2 )2 + 1

4ε
q2

)]

= 1

τ

[
τ 1−α

2Γ (2 − α)

k∑
�=1

a(α)
k−�(δt y

�− 1
2 )2 − τ 1−α

2Γ (2 − α)

k−1∑
�=1

a(α)
k−1−�(δt y

�− 1
2 )2

]

+
(1
2

− ε
) τ−α

Γ (2 − α)
a(α)
k−1(δt y

k− 1
2 )2 − 1

4ε

τ−α

Γ (2 − α)
a(α)
k−1q

2,

where ε is a positive constant and ε ≤ 1
2 . Hence, the conclusion holds. ��

Lemma 7 Let δβ
τ yk−

1
2 be defined in (34). Then we have

N∑
k=1

(δβ
τ y

k− 1
2 ) · δt y

k− 1
2 ≥ 0.

Proof According to the definition of the fractional numerical differentiation operator δβ
τ yk−

1
2 ,

we point out [19]

δβ
τ y

k− 1
2 = δ

β
τ yk + δ

β
τ yk−1

2
= 1

2

[
τ 1−β

Γ (2 − β)

k∑
�=1

a(β)
k−�δt y

�− 1
2

+ τ 1−β

Γ (2 − β)

k−1∑
�=1

a(β)
k−1−�δt y

�− 1
2

]
.

Then, from [32], it holds that

N∑
k=1

(δβ
τ y

k− 1
2 ) · δt y

k− 1
2 = 1

2

τ 1−β

Γ (2 − β)

[ N∑
k=1

k∑
�=1

a(β)
k−�δt y

�− 1
2 · δt y

k− 1
2

+
N∑

k=1

k−1∑
�=1

a(β)
k−1−�δt y

�− 1
2 · δt y

k− 1
2

]
≥ 0.

Hence, the conclusion holds. ��
Lemma 8 Suppose that u ∈ Uh, then for any ε > 0, it holds that

‖u‖2l,∞ ≤ (1 + ε)u20 + (
1 + 1

ε

)
lx‖δxu‖2l ,

‖u‖2r ,∞ ≤ (1 + ε)u2M + (
1 + 1

ε

)
(Lx − lx )‖δxu‖2r ,

where ε is an any positive constant.

123



Journal of Scientific Computing (2019) 81:1767–1800 1783

Proof Notice

ui = u0 +
i∑

j=1

(u j − u j−1) = u0 + h1

i∑
j=1

δxu j− 1
2
, 0 ≤ i ≤ m, (66)

ui = uM −
M∑

j=i+1

(u j − u j−1) = uM − h2

M∑
j=i+1

δxu j− 1
2
, m ≤ i ≤ M . (67)

Squaring both sides of (66) and using the Cauchy–Schwarz inequality, we have

u2i =
(
u0 + h1

i∑
j=1

δxu j− 1
2

)2

≤ (1 + ε)u20 +
(
1 + 1

ε

)(
h1

i∑
j=1

δxu j− 1
2

)2

≤ (1 + ε)u20 +
(
1 + 1

ε

)
lx‖δxu‖2l , 0 ≤ i ≤ m. (68)

Similarly, it follows from (67) that

u2i ≤ (1 + ε)u2M +
(
1 + 1

ε

)
(Lx − lx )‖δxu‖2r , m ≤ i ≤ M . (69)

Hence, the conclusion holds. ��

As sufficient preparatory works, the above lemmas assist us proving the following discrete
energy estimation of the difference scheme (61)–(64). Assume {uki | 0 ≤ i ≤ M, 0 ≤ k ≤ N }
is the solution of the scheme (61)–(64). For simplicity, we firstly define a discrete energy
function, i.e.,

Ek = τ 1−α

2Γ (2 − α)

k∑
�=1

a(α)
k−�

[
ηα
1

Γ (1 + α)
‖δt u�− 1

2 ‖2l + ηα
2

Γ (1 + α)
‖δt u�− 1

2 ‖2r
]

+ K 2
n,1

6η1

[
‖δxuk‖2l + 1

γ1Kn,1
(uk0)

2
]

+ K 2
n,2

6η2

[
‖δxuk‖2r + 1

γ2Kn,2
(ukM )2

]
, 1 ≤ k ≤ N .

(70)

Theorem 2 The solution {uki | 0 ≤ i ≤ M, 0 ≤ k ≤ N } of the scheme (61)–(64) satisfies

Ek ≤ E0 + 1

2

t1−α
k

Γ (2 − α)

[ ηα
1

Γ (1 + α)
‖ψ‖2l + ηα

2

Γ (1 + α)
‖ψ‖2r

]

+ τ

4

k∑
s=1

(‖(G)
s− 1

2
1 ‖2l + ‖(G)

s− 1
2

2 ‖2r ), 1 ≤ k ≤ N . (71)

Proof Multiplying (61) by h1
2 δt u

k− 1
2

0 for i = 0 and h1δt u
k− 1

2
i for 1 ≤ i ≤ m − 1, (62)

by h1+h2
2 δt u

k− 1
2

m , (63) by h2δt u
k− 1

2
i for m + 1 ≤ i ≤ M − 1 and h2

2 δt u
k− 1

2
M for i = M ,

respectively, and then summing up the results, we obtain
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(
δt u

k− 1
2 + ηα

1

Γ (1 + α)
Δα

τ (δt u
k− 1

2 , ψ), δt u
k− 1

2

)
l

+
(

δt u
k− 1

2 + ηα
2

Γ (1 + α)
Δα

τ (δt u
k− 1

2 , ψ), δt u
k− 1

2

)
r

= K 2
n,1

3η1

[
h1
2

δ2x

(
u
k− 1

2
0 + Bβ

1

Γ (1 + β)
δβ
τ u

k− 1
2

0

)
· δt u

k− 1
2

0

+ h1

m−1∑
i=1

δ2x

(
u
k− 1

2
i + Bβ

1

Γ (1 + β)
δβ
τ u

k− 1
2

i

)
· δt u

k− 1
2

i

− δx

(
u
k− 1

2

m− 1
2

+ Bβ
1

Γ (1 + β)
δβ
τ u

k− 1
2

m− 1
2

)
· δt u

k− 1
2

m

]

+ K 2
n,2

3η2

[
δx

(
u
k− 1

2

m+ 1
2

+ Bβ
2

Γ (1 + β)
δβ
τ u

k− 1
2

m+ 1
2

)
· δt u

k− 1
2

m

+ h2

M−1∑
i=m+1

δ2x

(
u
k− 1

2
i + Bβ

2

Γ (1 + β)
δβ
τ u

k− 1
2

i

)
· δt u

k− 1
2

i

+ h2
2

δ2x

(
u
k− 1

2
M + Bβ

2

Γ (1 + β)
δβ
τ u

k− 1
2

M

)
· δt u

k− 1
2

M

]

+ ((G1)
k− 1

2 , δt u
k− 1

2 )l + ((G2)
k− 1

2 , δt u
k− 1

2 )r , 1 ≤ k ≤ N . (72)

For the first term on the right hand side of (72), by virtue of the definition (37), the
summation by parts and the Cauchy–Schwarz inequality, we have

K 2
n,1

3η1

[
h1
2

δ2x

(
u
k− 1

2
0 + Bβ

1

Γ (1 + β)
δβ
τ u

k− 1
2

0

)
· δt u

k− 1
2

0

+ h1

m−1∑
i=1

δ2x

(
u
k− 1

2
i + Bβ

1

Γ (1 + β)
δβ
τ u

k− 1
2

i

)
· δt u

k− 1
2

i

− δx

(
u
k− 1

2

m− 1
2

+ Bβ
1

Γ (1 + β)
δβ
τ u

k− 1
2

m− 1
2

)
· δt u

k− 1
2

m

]

= −K 2
n,1

3η1

[(
δx

(
uk−

1
2 + Bβ

1

Γ (1 + β)
δβ
τ u

k− 1
2

)
, δx (δt u

k− 1
2 )

)
l

+ 1

γ1Kn,1

(
u
k− 1

2
0 + Bβ

1

Γ (1 + β)
δβ
τ u

k− 1
2

0

)
· δt u

k− 1
2

0

]

≤ − 1

τ

[
K 2
n,1

6η1

(
‖δxuk‖2l + 1

γ1Kn,1
(uk0)

2
)

− K 2
n,1

6η1

(
‖δxuk−1‖2l + 1

γ1Kn,1
(uk−1

0 )2
)]

− K 2
n,1

3η1

Bβ
1

Γ (1 + β)

[(
δβ
τ (δxu

k− 1
2 ), δt (δxu

k− 1
2 )

)
l + 1

γ1Kn,1
(δβ

τ u
k− 1

2
0 ) · δt u

k− 1
2

0

]
. (73)

Similarly, for the second term on the right hand side of (72), we get
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K 2
n,2

3η2

[
δx

(
u
k− 1

2

m+ 1
2

+ Bβ
2

Γ (1 + β)
δβ
τ u

k− 1
2

m+ 1
2

)
· δt u

k− 1
2

m

+ h2

M−1∑
i=m+1

δ2x

(
u
k− 1

2
i + Bβ

2

Γ (1 + β)
δβ
τ u

k− 1
2

i

)
· δt u

k− 1
2

i

+ h2
2

δ2x

(
u
k− 1

2
M + Bβ

2

Γ (1 + β)
δβ
τ u

k− 1
2

M

)
· δt u

k− 1
2

M

]

≤ − 1

τ

[
K 2
n,2

6η2

(
‖δxuk‖2r + 1

γ2Kn,2
(ukM )2

)
− K 2

n,2

6η2

(
‖δxuk−1‖2r + 1

γ2Kn,2
(uk−1

M )2
)]

− K 2
n,2

3η2

Bβ
2

Γ (1 + β)

[(
δβ
τ (δxu

k− 1
2 ), δt (δxu

k− 1
2 )

)
r + 1

γ2Kn,2
(δβ

τ u
k− 1

2
M ) · δt u

k− 1
2

M

]
. (74)

Using the Cauchy–Schwarz inequality again for the last two terms on the right hand side of
(72), we have

((G1)
k− 1

2 , δt u
k− 1

2 )l + ((G2)
k− 1

2 , δt u
k− 1

2 )r ≤ ‖δt uk− 1
2 ‖2l + ‖δt uk− 1

2 ‖2r
+ 1

4
(‖(G)

k− 1
2

1 ‖2l + ‖(G)
k− 1

2
2 ‖2r ). (75)

Inserting (73)–(75) into (72), replacing the superscript k with s and summing up s from
1 to k on both sides of the result, then using Lemma 6 with ε = 1

2 and Lemma 7, we get the
conclusion. ��

From Lemma 8, we have an estimate

K 2
n,1

6η1

[
‖δxuk‖2l + 1

γ1Kn,1
(uk0)

2
]

+ K 2
n,2

6η2

[
‖δxuk‖2r + 1

γ2Kn,2
(ukM )2

]

= c1

[
(1 + lx

γ1Kn,1
)(uk0)

2 + (1 + γ1Kn,1

lx
)lx‖δxuk‖2l

]

+ c2

[
(1 + Lx − lx

γ2Kn,2
)(ukM )2 + (1 + γ2Kn,2

Lx − lx
)(Lx − lx )‖δxuk‖2r

]

≥ c1‖uk‖2l,∞ + c2‖uk‖2r ,∞, (76)

where c1 = K 2
n,1

6η1(γ1Kn,1+lx )
and c2 = K 2

n,2
6η2(γ2Kn,2+Lx−lx )

.
Theorem 2 and the estimate (76) indicate the following stability conclusion.

Corollary 1 (Stability) The scheme (61)–(64) is unconditionally stable with respect to the
initial values and the source terms, i.e.,

c1‖uk‖2l,∞ + c2‖uk‖2r ,∞ ≤ K 2
n,1

6η1

[
‖δxu0‖2l + 1

γ1Kn,1
(u00)

2
]

+ K 2
n,2

6η2

[
‖δxu0‖2r + 1

γ2Kn,2
(u0M )2

]

+ 1

2

t1−α
k

Γ (2 − α)

[ ηα
1

Γ (1 + α)
‖ψ‖2l + ηα

2

Γ (1 + α)
‖ψ‖2r

]

+ τ

4

k∑
s=1

(‖(G)
s− 1

2
1 ‖2l + ‖(G)

s− 1
2

2 ‖2r ), 1 ≤ k ≤ N .
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Assume u(x, t) is the solution of (10)–(16) and {uki | 0 ≤ i ≤ M, 0 ≤ k ≤ N } is the
solution of the scheme (61)–(64). We denote the errors

eni = u(xi , tn) − uni , 0 ≤ i ≤ M, 0 ≤ k ≤ N . (77)

Subtracting (61)–(64) from (50)– (52) and (60), respectively, we can easily get the following
error equations

δt e
k− 1

2
i + ηα

1

Γ (1 + α)
Δα

τ

(
δt e

k− 1
2

i , 0
) = K 2

n,1

3η1
δ2x

(
e
k− 1

2
i + Bβ

1

Γ (1 + β)
δβ
τ e

k− 1
2

i

)

+ (Rt )
k− 1

2
i + (Rx )

k− 1
2

i ,

i ∈ ωl\{m}, 1 ≤ k ≤ N , (78)

h1
h1 + h2

(
δt e

k− 1
2

m + ηα
1

Γ (1 + α)
Δα

τ

(
δt e

k− 1
2

m , 0
))

+ h2
h1 + h2

(
δt e

k− 1
2

m + ηα
2

Γ (1 + α)
Δα

τ

(
δt e

k− 1
2

m , 0
))

= 2

3(h1 + h2)

[
K 2
n,2

η2
δx

(
e
k− 1

2

m+ 1
2

+ Bβ
2

Γ (1 + β)
δβ
τ e

k− 1
2

m+ 1
2

)

− K 2
n,1

η1
δx

(
e
k− 1

2

m− 1
2

+ Bβ
1

Γ (1 + β)
δβ
τ e

k− 1
2

m− 1
2

)]

+ h1
h1 + h2

(
(Rt )

k− 1
2

m + (Rx )
k− 1

2
m

)

+ h2
h1 + h2

(
(St )

k− 1
2

m + (Sx )
k− 1

2
m

)
, 1 ≤ k ≤ N , (79)

δt e
k− 1

2
i + ηα

2

Γ (1 + α)
Δα

τ

(
δt e

k− 1
2

i , 0
) = K 2

n,2

3η2
δ2x

(
e
k− 1

2
i + Bβ

2

Γ (1 + β)
δβ
τ e

k− 1
2

i

)

+ (St )
k− 1

2
i + (Sx )

k− 1
2

i ,

i ∈ ωr\{m}, 1 ≤ k ≤ N , (80)

e0i = 0, i ∈ ωl ∪ ωr . (81)

An immediate application of Theorem 2 deduces that the convergence order in space
of the scheme (61)–(64) is O(h3/21 + h3/22 ). In fact, the spatial convergence accuracy of the
scheme in this paper is higher than the order of 3/2, which can be confirmed in the subse-
quent simulations. In the next theorem, we will give the theoretical analysis of convergence
accuracies. We omit some processes which are similar to those in Theorem 2.

Theorem 3 (Convergence) The finite difference scheme (61)–(64) for the fractional DPL
model (10)–(16) admits

‖ek‖∞ ≤ c3(τ
min{2−α,2−β} + h21 + h22), 0 ≤ k ≤ N , (82)

where c3 is a positive constant independent of τ , h1 and h2.

Proof Multiplying (78) by h1
2 δt e

k− 1
2

0 for i = 0 and h1δt e
k− 1

2
i for 1 ≤ i ≤ m − 1, (79)

by h1+h2
2 δt e

k− 1
2

m , (80) by h2δt e
k− 1

2
i for m + 1 ≤ i ≤ M − 1 and h2

2 δt e
k− 1

2
M for i = M ,

respectively, and then summing up the results, we obtain
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(
δt e

k− 1
2 + ηα

1

Γ (1 + α)
Δα

τ (δt e
k− 1

2 , 0), δt e
k− 1

2

)
l

+
(

δt e
k− 1

2 + ηα
2

Γ (1 + α)
Δα

τ (δt e
k− 1

2 , 0), δt e
k− 1

2

)
r

= K 2
n,1

3η1

[
h1
2

δ2x

(
e
k− 1

2
0 + Bβ

1

Γ (1 + β)
δβ
τ e

k− 1
2

0

)
· δt e

k− 1
2

0

+ h1

m−1∑
i=1

δ2x

(
e
k− 1

2
i + Bβ

1

Γ (1 + β)
δβ
τ e

k− 1
2

i

)
· δt e

k− 1
2

i

− δx

(
e
k− 1

2

m− 1
2

+ Bβ
1

Γ (1 + β)
δβ
τ e

k− 1
2

m− 1
2

)
· δt e

k− 1
2

m

]

+ K 2
n,2

3η2

[
δx

(
e
k− 1

2

m+ 1
2

+ Bβ
2

Γ (1 + β)
δβ
τ e

k− 1
2

m+ 1
2

)
· δt e

k− 1
2

m

+ h2

M−1∑
i=m+1

δ2x

(
e
k− 1

2
i + Bβ

2

Γ (1 + β)
δβ
τ e

k− 1
2

i

)
· δt e

k− 1
2

i

+ h2
2

δ2x

(
e
k− 1

2
M + Bβ

2

Γ (1 + β)
δβ
τ e

k− 1
2

M

)
· δt e

k− 1
2

M

]

+ ((Rt )k−
1
2 + (Rx )k−

1
2 , δt e

k− 1
2 )l + ((St )k−

1
2 + (Sx )k−

1
2 , δt e

k− 1
2 )r , 1 ≤ k ≤ N .

(83)

According to (73) and (74), for the first two terms on the right hand side of (83), we have

K 2
n,1

3η1

[
h1
2

δ2x

(
e
k− 1

2
0 + Bβ

1

Γ (1 + β)
δβ
τ e

k− 1
2

0

)
δt e

k− 1
2

0

+ h1

m−1∑
i=1

δ2x

(
e
k− 1

2
i + Bβ

1

Γ (1 + β)
δβ
τ e

k− 1
2

i

)
· δt e

k− 1
2

i

− δx

(
e
k− 1

2

m− 1
2

+ Bβ
1

Γ (1 + β)
δβ
τ e

k− 1
2

m− 1
2

)
· δt e

k− 1
2

m

]

≤ − 1

τ

[
K 2
n,1

6η1

(
‖δx ek‖2l + 1

γ1Kn,1
(ek0)

2
)

− K 2
n,1

6η1

(
‖δx ek−1‖2l + 1

γ1Kn,1
(ek−1

0 )2
)]

− K 2
n,1

3η1

Bβ
1

Γ (1 + β)

[(
δβ
τ (δx e

k− 1
2 ), δt (δx e

k− 1
2 )

)
l + 1

γ1Kn,1
(δβ

τ e
k− 1

2
0 ) · δt e

k− 1
2

0

]
, (84)

and

K 2
n,2

3η2

[
δx

(
e
k− 1

2

m+ 1
2

+ Bβ
2

Γ (1 + β)
δβ
τ e

k− 1
2

m+ 1
2

)
· δt e

k− 1
2

m

+ h2

M−1∑
i=m+1

δ2x

(
e
k− 1

2
i + Bβ

2

Γ (1 + β)
δβ
τ e

k− 1
2

i

)
δt e

k− 1
2

i
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Table 1 Maximum errors and spatial convergence orders for Example 1 (τ = 1
500 )

(α, β) h Kn,1 = Kn,2 = 0.1 Kn,1 = Kn,2 = 1 Kn,1 = Kn,2 = 10

Errorτ (h) Orderτ (h) Errorτ (h) Orderτ (h) Errorτ (h) Orderτ (h)

(0.9,0.1) 1/80 2.995e−04 6.920e−06 4.886e−07

1/160 7.438e−05 2.0 1.729e−06 2.0 1.222e−07 2.0

1/320 1.858e−05 2.0 4.323e−07 2.0 3.054e−08 2.0

(0.5,0.5) 1/80 2.679e−04 6.987e−06 3.790e−07

1/160 6.710e−05 2.0 1.747e−06 2.0 9.474e−08 2.0

1/320 1.678e−05 2.0 4.367e−07 2.0 2.368e−08 2.0

(0.1,0.9) 1/80 2.757e−04 7.217e−06 3.895e−07

1/160 6.940e−05 2.0 1.804e−06 2.0 9.737e−08 2.0

1/320 1.738e−05 2.0 4.511e−07 2.0 2.434e−08 2.0

Table 2 Maximum errors and temporal convergence orders for Example 1 (h = 1
100 )

(α, β) τ Kn,1 = Kn,2 = 0.1 Kn,1 = Kn,2 = 1 Kn,1 = Kn,2 = 10

Errorh (τ ) Orderh (τ ) Errorh (τ ) Orderh (τ ) Errorh (τ ) Orderh (τ )

(0.9,0.1) 1/200 1.828e−04 8.653e−05 7.874e−05

1/400 8.542e−05 1.1 4.062e−05 1.1 3.751e−05 1.1

1/800 3.989e−05 1.1 1.900e−05 1.1 1.771e−05 1.1

(0.5,0.5) 1/200 6.492e−06 1.605e−06 5.333e−07

1/400 2.312e−06 1.5 5.728e−07 1.5 1.951e−07 1.5

1/800 8.214e−07 1.5 2.039e−07 1.5 7.071e−08 1.5

(0.1,0.3) 1/200 1.516e−07 3.444e−07 1.616e−07

1/400 4.697e−08 1.7 1.088e−07 1.7 4.535e−08 1.7

1/800 1.458e−08 1.7 3.430e−08 1.7 1.329e−08 1.7

Table 3 Properties of gold and
chromium

Property Gold Chromium

τq (ps) 8.5 0.136

τT (ps) 90 7.86

κ (W/mK) 315 94

cρ (J/kgK) 129 449

ρ (kg/m3) 19,300 7160

Table 4 Maximum errors and spatial convergence orders for Example 2 (τ = 1
500 )

(α, β) h G = 0.1 G = 1 G = 10

Errorτ (h) Orderτ (h) Errorτ (h) Orderτ (h) Errorτ (h) Orderτ (h)

(0.7,0.3) Lx/20 2.452e−04 2.448e−04 2.448e−04

Lx/40 6.129e−05 2.0 6.121e−05 2.0 6.120e−05 2.0

Lx/80 1.532e−05 2.0 1.530e−05 2.0 1.530e−05 2.0
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Table 5 Maximum errors and temporal convergence orders for Example 2 (h = Lx
200 )

(α, β) τ G = 0.1 G = 1 G = 10

Errorh (τ ) Orderh (τ ) Errorh (τ ) Orderh (τ ) Errorh (τ ) Orderh (τ )

(0.7,0.3) 1/500 2.909e−06 1.987e−06 1.894e−06

1/1000 1.173e−06 1.3 7.935e−07 1.3 7.533e−07 1.3

1/2000 4.693e−07 1.3 3.175e−07 1.3 3.049e−07 1.3

1/4000 1.916e−07 1.3 1.285e−07 1.3 1.224e−07 1.3
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Fig. 2 Temperature profiles at t = 0.2 (ps), 0.25 (ps), 0.5 (ps), 2 (ps) for (α, β) = (0.1, 0.1)
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Denote

123



1790 Journal of Scientific Computing (2019) 81:1767–1800
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Fig. 3 Temperature profiles at t = 0.2 (ps), 0.25 (ps), 0.5 (ps), 2 (ps) for (α, β) = (0.5, 0.1)

Fk = τ 1−α

2Γ (2 − α)

k∑
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k−�

[
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1
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(86)

Inserting (84) and (85) into (83), replacing the superscript k with s and summing up s
from 1 to k on both sides of the result, then using Lemma 6 with ε = 1

2 and Lemma 7, we
get

Fk + τ
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Fig. 4 Temperature profiles at t = 0.2 (ps), 0.25 (ps), 0.5 (ps), 2 (ps) for (α, β) = (0.9, 0.1)
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For the first two terms on the right hand side of (87), by using the Cauchy–Schwarz inequality,
we have

τ
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. (88)

Similarly, applying the Cauchy–Schwarz inequality for the fourth term and fifth term on the
right hand side of (87) leads to
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Fig. 5 Temperature profiles at t = 0.2 (ps), 0.25 (ps), 0.5 (ps), 2 (ps) for (α, β) = (0.1, 0.5)
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Toprovide convergence order in space,we adopt a strategy different from (88), specifically,
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Fig. 6 Temperature profiles at t = 0.2 (ps), 0.25 (ps), 0.5 (ps), 2 (ps) for (α, β) = (0.5, 0.5)
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where c1 and c2 are defined in (76). Here, we have used the fact e0i = 0, i ∈ ωl ∪ ωr .

Inserting the above estimations (88)–(91) into (87), and noticing the truncation errors
(53)–(59) and Fk ≥ c1‖ek‖2l,∞ + c2‖ek‖2r ,∞, we have

c1‖ek‖2l,∞ + c2‖ek‖2r ,∞ ≤ τ
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s=1

[
c1‖es‖2l,∞ + c2‖es‖2r ,∞
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+ c4(τ
min{2−α,2−β} + h21 + h22)

2, 1 ≤ k ≤ N ,
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Fig. 7 Temperature profiles at t = 0.2 (ps), 0.25 (ps), 0.5 (ps), 2 (ps) for (α, β) = (0.9, 0.5)

where c4 is a positive constant independent of τ , h1 and h2.
From the Gronwall inequality, the conclusion holds. ��

6 Numerical Experiments

In this section, we carry out some numerical experiments to study the performance and the
convergence accuracy of the present numerical scheme. Then, we illustrate the applicability
of the model (10)–(16) by predicting the temperature in a double-layered nanoscale thin
film, where a gold layer is on a chromium padding layer exposed to an ultrashort-pulsed
laser heating. All numerical computations were carried out by using MATLAB. And we
exploit the Thomas algorithm to obtain the numerical results.

For simplicity, we set the space step sizes h1 = h2 = h. Since the analytical solution is
not available for the general case, we use

Errorh(τ ) = max
0≤i≤M

∣∣∣uN
i (h, τ ) − u2Ni

(
h,

τ

2

)∣∣∣ ,
Errorτ (h) = max

0≤i≤M

∣∣∣∣uN
i (h, τ ) − uN

2i

(
h

2
, τ

)∣∣∣∣
to measure the numerical errors in time and in space, respectively, where uN

i (h, τ ) denotes
the numerical solution at grids (xi , tN ). The corresponding temporal and spatial convergence
orders are defined by
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Fig. 8 Temperature profiles at t = 0.2 (ps), 0.25 (ps), 0.5 (ps), 2 (ps) for (α, β) = (0.1, 0.9)

Orderh(τ ) = log2
Errorh(2τ)

Errorh(τ )
, Orderτ (h) = log2

Errorτ (2h)

Errorτ (h)
.

Example 1 Consider (10)–(16) with ψ1(x) = 0, ψ2(x) = 0, φ1(t) = 0, φ2(t) = 0, and the
source term {

f1(x, t) = sin x, 0 ≤ x ≤ 0.5,

f2(x, t) = cos x, 0.5 ≤ x ≤ 1.

In this numerical experiment, the parameters are chosen as follows: Lt = 1, lx = 0.5,
Lx = 1, B1 = 1, B2 = 1, η1 = 1, η2 = 1, γ1 = 1, γ2 = 1.

We use the scheme (61)–(64) to obtain the numerical solution. Fixing τ = 1
500 , Table

1 shows the numerical errors and the spatial convergence accuracy of the scheme for the
Knudsen numbers Kn,1 = Kn,2 = 0.1, 1, 10, respectively. It should be pointed out that when
themean free path is constant, the larger the Knudsen number is, the smaller the characteristic
length is. From Table 1, we see that the scheme achieves second-order convergence accuracy
in space. Let h = 1

100 . Table 2 presents the corresponding numerical results in the temporal
direction. As expected, our scheme gives the convergence accuracy of ordermin{2−α, 2−β}
in time.

Example 2 We considered the 1D time fractional DPL heat conduction equation in a double-
layered nanoscale thin film where a gold layer is on a chromium padding layer exposed
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Fig. 9 Temperature profiles at t = 0.2 (ps), 0.25 (ps), 0.5 (ps), 2 (ps) for (α, β) = (0.5, 0.9)

to an ultrashort-pulsed laser heating. Each thickness of the gold layer and the chromium
layer is 1(nm), implying that Lx = 2(nm), lx = 1(nm). The thermal properties of gold and
chromium used in the analysis are listed in Table 3.

The heat source for both layers was given as

S(x, t) = 0.94J
1 − R

tpδ
exp

⎡
⎣− x

δ
− 2.77

(
t − 2tp

t2p

)2
⎤
⎦

where J = 13.7(J/m2), δ = 15.3(nm), tp = 0.1(ps) and R = 0.93. The initial temperature

was chosen to be T0 = 300(K). In this case,we chose f1(x, t) = S(x, t)+ (τq,1)
α

Γ (1+α)
C
0 D

α
t S(x, t)

and f2(x, t) = S(x, t) + (τq,2)
α

Γ (1+α)
C
0 D

α
t S(x, t) as given in (4). For simplicity, we fixed the

following boundary conditions and initial conditions

−GTx (0, t) + T (0, t) = T0, GTx (Lx , t) + T (Lx , t) = T0, 0 < t < Lt ,

T (x, 0) = T0, Tt (x, 0) = 0, 0 ≤ x ≤ Lx .

We used the scheme (61)–(64) to compute the numerical solution of this example. And
here, we only considered the parameters (α, β) = (0.7, 0.3) and the computational accuracy
at time Lt = 1 to check the convergence orders.Wefixed the number of subintervals N = 500
and varied the space step size h to test the convergence order in space. On the other hand, in
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Fig. 10 Temperature profiles at t = 0.2 (ps), 0.25 (ps), 0.5 (ps), 2 (ps) for (α, β) = (0.9, 0.9)

order to verify the convergence order in time, we used an adequately small space step size
h = 1

200 with different time step sizes. The numerical results in Table 4 and Table 5 indicate
that the scheme (61)–(64) guarantees second-order accuracy in space and min{2− α, 2− β}
order accuracy in time which coincide with the theoretical results in Theorem 3.

Figures 2, 3, 4, 5, 6, 7, 8, 9 and 10 show the temperature profiles along the spatial direction
for G = 0.1, 1, 10, at t = 0.2 (ps), 0.25 (ps), 0.5 (ps), 2(ps), respectively, with various pair
(α, β). Numerical results were computed by using the time increment 0.025 (ps) and 40
grid points in space. From those figures, one can distinguish the temperature difference at
the interface between these two layers at the beginning since thermal properties of gold and
chromium are different. At t = 2(ps), the temperature reaches the steady-state due to the
nanoscale thickness. Furthermore, we see that the temperature level for G = 10 is highest,
the temperature level for G = 1.0 is next, and the lowest one is for G = 0.1. This is because
when G is larger, the boundary condition tends to be insulated, on the other hand, when G
is smaller, the boundary condition tends to be the Dirichlet boundary condition. Fixing the
fractional order β = 0.1 and varying α = 0.1, 0.5, 0.9, we see that the temperature level
heightens slightly as α increases. Similar results can be seen for β = 0.5, 0.9 cases.
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Fig. 11 Temperature profiles at x = 0 (nm) for different parameters (α, β) and G

Based on the same mesh girds of the above figures, Fig. 11 shows the temperature pro-
files along the temporal direction for all (α, β) = (0, 0), (0.1, 0.1), (0.5, 0.5), (0.9, 0.9),
(0.1, 0.9), (0.9, 0.1), (0.99, 0.99), (1, 1) and G = 0.1, 1, 10 at x = 0(nm). From this figure,
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we see that the temperature changes from the traditional heat conduction equation to the DPL
heat conduction equation with integer order derivatives. This vividly explains that the new
model (10)–(16) may be used for modeling some type of sub-DPL heat conduction behavior.
In addition, from Fig. 11, one may see that the temperature rises and reaches quickly the
steady-state within 0 ≤ t ≤ 0.3(ps), because of the very thin film. The maximum tempera-
ture is round about 324(K) when α = β = 0.99 and G = 10, which are close to the integer
order derivatives and the insulated boundary condition. The maximum temperature is almost
identical to that obtained in [2], where the DPL equation has not fractional order derivatives.

7 Conclusion

We have developed a well-posed time fractional dual-phase-lagging (DPL) heat conduc-
tion equation in a double-layered nanoscale thin film with the temperature-jump boundary
condition. An accurate finite difference scheme has been presented for solving this model.
Unconditional stability and convergence of the scheme are proved in the maximum norm.
Numerical results support the theoretical analysis and show the applicability to the nanoscale
heat transfer in a double-layered thin film. Further research will focus on the development
of high order accurate numerical schemes for the fractional DPL model in a double layered
thin film, where the challenge lies in the interface. As such, one may obtain a reasonably
accurate solution using a relatively coarse mesh. This is particularly interesting for thermal
analysis in nanoscale heat conduction.
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