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Abstract

We consider a coupling of finite element (FEM) and boundary element (BEM) methods for the
solution of the Poisson equation in unbounded domains. We propose a numerical method that
approximates the solution using computations only in an interior finite domain, bounded by
an artificial boundary B. Transmission conditions between the interior domain, discretized
by a FEM, and the exterior domain, which is reduced to the boundary 5 via a BEM, are
imposed weakly on 3 using a mortar approach. The main advantage of this approach is that
non matching grids can be used at the interface B of the interior and exterior domains. This
allows to exploit the higher accuracy of the BEM with respect to the FEM, which justifies the
choice of the discretization in space of the BEM coarser than the one inherited by the spatial
discretization of the finite computational domain. We present the analysis of the method and
numerical results which show the advantages with respect to the standard approach in terms
of computational cost and memory saving.

Keywords Boundary element method - Finite element method - Non reflecting boundary
conditions - Non matching grids - Numerical methods

Mathematics Subject Classification 65N30 - 65N38 - 65N55

1 Introduction

Many problems arising in different areas of science and engineering such as, for exam-
ple, acoustics, aerodynamics, geophysics, electromagnetism lead to the study of scattering
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problems and to the solution of partial differential equations on exterior domains, whose
unboundedness needs to be dealt within the numerical simulation.

Among the methods that directly deal with the unbounded domain we can count infinite
element methods and the inverted elements method. The former are based on a polar decom-
position of the solution with suitable shape functions which are integrable over elements
that are extended towards infinity (see for example [9,18]). In the latter, the infinite domain
is described via a polygonal inversion mapping (see [6,7]). Among the advantages of this
approach is the possibility of treating partial differential equations with non constant coeffi-
cients and non local sources. However, as observed by the authors in [7], while the method
yields optimal convergence rates, when the error is measured in the energy norm, it does not
allow to obtain increased convergence rates, when the error is measured in the weaker L?
norms.

Problems defined in unbounded domains, with constant coefficients (or approaching con-
stants at large distances) are usually solved by Boundary Element Methods (BEMs). The
mathematics of the BE approximation, especially in the Galerkin version, is well established
and the BEMs have been applied to a wide range of elliptic and time dependent problems.
It is however known that the main drawback of the BEM is its cost related to the numeri-
cal computation of the matrix entries of the associated discrete boundary operators, which
becomes expensive when large scale problems are considered. Moreover, once the solution
of the corresponding boundary integral equation is retrieved, the solution of the original
problem at any point of the exterior domain is obtained by computing boundary integrals.
This procedure may not be efficient, especially when the solution is required at many points
of the infinite domain.

Another approach to the solution of these problems is based on truncating the infinite
domain to a finite one and applying the so-called Absorbing Boundary Conditions (ABCs)
or Non reflecting Boundary Conditions (NRBCs) at a suitably chosen artificial boundary.
In the engineering literature, the most commonly used NRBCs are of local type. While
their cost is comparable to that required by the interior domain method associated to the
discretization of the bounded computational domain, they provide only rough approximations
of exact boundary conditions at the artificial boundary (for areview, see for example [19-21]).
Therefore, when a high accuracy is required, the bounded domain must be chosen quite large,
and consequently the total cost of the computation increases. In recent years the design of
suitable boundary conditions with high accuracy on a given artificial boundary has attracted
the attentions of many engineers and mathematicians. We refer to [1,23,24,30] for recent
works on NRBCs.

Alternatively, as proposed for some elliptic problems (see for instance [25,29]) NRBCs
can be defined by using Boundary Integral Equations (BIEs). Such conditions are of exact
type (therefore more accurate than the local ones), they allow the use of curves of arbitrary
shape and can be used also in situations of multiple scattering (see [23,24]). The very recent
one proposed in [11-14] for time dependent problems, allows the problem to have non trivial
data, whose supports need not be included in the finite computational domain. The NRBC
naturally includes the effects of far away data and is transparent for outgoing and incoming
waves. The NRBC condition is expressed in terms of the single and double layer operators,
associated to the BIE reformulation of PDE problem (see [15,16]) . However, its non locality in
space and time requires a high computational cost, in terms of CPU and memory occupation.
Moreover, such NRBC needs to be coupled with the internal domain method. This is usually
done by strongly imposing continuity of the solution and of its normal derivative along the
artificial boundary. Therefore conforming meshes are required, and this can be a drawback
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especially when high accuracy is required, which implies using a fine mesh for the interior
FEM, and, consequently, also for the mesh used in the discretization of the NRBC.

A possible remedy is to apply a mortar coupling strategy (see [3]), and relax the pointwise
continuity of the solution and of the flux to a weak one, by using suitable Lagrange multipliers.
Non conforming couplings between FEM and BEM have been proposed in several papers.
‘We mention here the applications to elastic problems [28], wave propagation problems [27],
acoustic-structure interaction [17] by using Lagrange multiplier approaches, or [22] where a
three field method is used in elastostatics. In the above mentioned papers the mathematical
analysis of the coupling strategies is not given. We have found a complete analysis and the
proof of optimal error estimates in the work of [31], where a 2D elliptic problem is considered
and a Dirichlet to Neumann map is proposed as NRBC on the artificial boundary, whose shape
is limited to a circumference.

The aim of this paper is to provide a thorough analysis of the effect of using this kind of
weak coupling between FEM and BEM. To fix the ideas we will focus on the 2D exterior
Poisson problems, which is solved by using computations only in an interior finite domain,
bounded by an artificial boundary B. The transmission conditions between the interior domain
and the exterior one, which is reduced to the boundary 5 via a BEM, are imposed weakly
using a mortar approach. For the numerical discretization, we present a Galerkin approach
based on a finite element approximation in the interior of the computational domain and on a
piecewise linear approximation of the NRBC. In a quite general framework we will present
the analysis of the new proposed approach, providing error estimates in the energy norm and
in the L2 norm of the computational domain.

We will show that the proposed approach allows to use numerical grids on B coarser
than the one inherited on it by the interior FEM, with a consequent strong reduction of
the computational cost and the memory saving for the computation of the matrix entries
associated to the boundary integral operators. Moreover, the possibility of choosing artificial
boundaries of arbitrary shape (convex or non convex curves) further allows to reduce the
computation due to the discretization of the physical domain. Finally, the approach proposed
allows to automatically determine the farfield behavior of the solution, via the interior FEM.

2 The Model Problem

Let O¢ = R*\O be the complement of a bounded rigid obstacle © C R?, having a smooth
boundary I". We consider the following exterior Dirichlet problem:

{ —Au(x) = f(x), xe€0°, o

u(x) = g(x), xel.

We assume that the support of f is bounded and that f € L*(O). It is known that Problem
(1) admits a unique solution in the space

W0 = {u: w®u(x) € L*(0%), Vu € [L2 (09},

-1
where o (x) = (\/1 + |x|? (1 +log+y/ 1+ |x|2)) (see [25]). Such a solution displays the

following asymptotic behaviour

ux)=a+ 0 <L> and Vu(x) =0 <%> for |x| — oo, ?2)
x| x|
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where « is a constant.

To solve (1) by means of a finite element method, we truncate the infinite external domain
by an artificial boundary B, defined by a smooth curve. This boundary divides O¢ into two
open sub-domains: a finite computational domain £2¢, which is bounded internally by I" and
externally by 53, and an unbounded domain £2¢ = R?\£2¢ U ©. We assume that the artificial
boundary B is chosen in such a way that the support of f is included in £2/ and that the
function f is null in a whole neighborhood of the boundary 5. Then, Problem (1) can be
split into two problems: a problem set on the interior domain

—Aul(x) = f(x), xe€ Q2
u' (x) = g(x), xerl,

and a problem set on the exterior one
—Auf(x) =0, xe R° 3)

Denotingby A/ = On; ul andA¢ = dn,u¢,n; and n, being the unit normal vectors on BB pointing
outward of £2' and £2°¢, respectively, the two problems are coupled by the conditions

W (x) = uf(x), ME+1x)=0, xebB. 4)
It is known that the solution ¢ of (3) in £2¢ can be represented by the Kirchhoff’s formula
u(x) = VA(x) — Ku®xX) +a x e 2°, 5)
where V: H=12(B) — H'/?(B),
v = [ G- yuwas,
and K : H'2(B) — H'2(B),
K00 = [ o0, Gx = oty
are the single and double layer integral operators. The function
1
G(x) = o log(|x[)
b4

is the fundamental solution of the Laplace equation —Au® = 0. We use the trace of (5) on B
as NRBC, that reads

%ue(x) =VA(x) — Ku’(x) + o, xe€B. (6)

Furthermore, we know (see [25]) that the asymptotic conditions (2) coupled with (5) imply
that (¢, 1) = 0, where (-, -) denotes the duality pairing between and H~Y2(B) and HY/2(B).
We then introduce the spaces

Véf = H;’F ={ueH (R2Y:u=gonTl},

Vi=H) p(2)={ueH (@) :u=00onT}, V'=H"B)

A =HT2B), A ={ue HV2B): (u,1) =0}, )
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and, for any w € H(£2"), we denote by v (y)) its trace on B, which belongs to HY2(B).
Then, introducing the bilinear form a : HY(2) x H(2) > R

a(v,w) = / Vu(x) - Vw(x)dx,
QI

and denoting by (v, w) i = frzf v(X)w(x)dx the L2(£27) scalar product, we write the weak
formulation of the coupled problem as follows:

find u’ € V;,ki € A, u® € V€, A% € A€ suchthat forall vi € Vi, v € Ve, ul € A and
ué e A
a@',v') — (A, ygvl) = (f, )i,
2(ue, VA) — (u’, u®) — 2(u, Ku®) =0, ®
(AL 4+ 22, 09) =0,
(W', ygu' —u) =0,

where the transmission conditions (4) are enforced in a weak form.

We remark that in Eq. (8) the solution in £2¢ enters only via its trace on 3. Therefore, for
the sake of notational simplicity, we denoted such a trace by the same symbol u°, as there
is no need of distinguishing between functions in H'(£2¢) and their traces on . Moreover
observe that, as we test Eq.(5) with u¢ € A€, satisfying by definition (u¢, 1) = 0, the
unknown constant & does not appear in the formulation (8). Nevertheless, the asymptotic
behavior o will be automatically determined tanks to the coupling with the interior FEM
method, since, contrary to A€, the multiplier space A’ contains the constant functions.

Asusual we can reduce the non homogeneous boundary condition on I” to an homogeneous
one by splitting u' as the sum of a suitable fixed function in Véf and of an unknown function

in V. We therefore from now on consider the case g = 0. Problem (8) is well posed, as
stated by the following Theorem.

Theorem 1 For g = 0, Problem (8) admits a unique solution (u®, u, \',1¢) € Vi x V¢ x
At x A¢ satisfying

Iy i + Nulhy2.8 + N 1128 + 12 -1/2.8 S 11 vy - ©
Proof In order to analyze the method, we let V = Vi x V¢ x A€, endowed with the norm
I, u®, 2w = llu' Iy @i + lullhy2,5 + 11125,
and weleta : V x V — R be defined as
a(u', u®, 2% v, v, n8) = aut, v') 4 2(uf, VAS) — (u, u€) — 2(u’, Ku) 4+ (16, v¢)
andb:V x A > Ras
b, u®, 2% 1’y = (u', ygu' — u®).

The problem can then be rewritten as: find (uh, u¢,2%) € V, Al € A’ such that for all
W v ) eV, e Al

a(u, u®, 2400, ve, ué) — b, ve, A = (f, v) i,

bu', u®, 1% u') =0.
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Following [8] (Theorem 1.1, Section II.1), in order to prove that such a problem is well
posed we need to prove an inf-sup condition for b and a second inf-sup condition for a on
the kernel of b. The former is stated in the following proposition, which is an immediate
consequence of the duality between yz V' and A’.

Proposition 1 It holds that
b(u; \!
inf sup # =1
rMeaiyey [UllvlIAt-1/2.8

Let us now consider the restriction of the bilinear form a to ker b. We start by observing
that

kerb = {u= (u',u®, A% € V:u = ygu'} >~ Vi x A°.
The two inf-sup conditions
a(u;v) > a(u;v)

and

inf  sup —— 2 inf sup ——— 2
uekerb yeerp [0llvIVily vekerb yegerp [0llvIVIly

reduce then to
. a(u', ygu', A ', ygot, 1)
inf sup - ~ ; 2
Wi A)eVixA® (i yeyeyin pe 1, 0, 2)[lvII(v", 0, u€)llv

and
. a(', ygu', 20", ypv', 1)
~inf sup - - 2
VRV A vt e 1001 0, KT, 0, 1)

These are not difficult to prove in view of Lemma 2 of [25]. The above mentioned theorem
of [8] gives us the thesis. ]

Corollary 1 For all g € HY/2(I"), Problem (8) admits a unique solution (u',u®, 1!, 1)
satisfying

lu'lly g + e lj2.8 + 1A =128 + 1A-12,8 S I f Iviy + lglhyar

Remark 1 We remark that, as the solution of (8) satisfies (A/, 1) = —(A¢, 1) = 0, we could
also think of strongly embedding the zero average condition in the definition of A’. However,
it is not difficult to check that for such a choice we would not get a well posed problem, as
Eq.(8) would only determine u’ up to a constant.

2.1 Galerkin Discretization

We present here a class of Galerkin type discretizations of Problem (8), which includes,
but is not limited to, finite element methods. In Sect.3 we will give an example of an order
one discretization that falls in the framework considered. Once again we focus on the case
of homogeneous boundary conditions on I". The results for the case of non homogeneous
boundary conditions can then be obtained by standard arguments, under suitable standard
assumptions on the discretization.

Let Vhi c Vi, Vi cve, Aj'1 c A! and A§ C A€ denote finite dimensional subspaces,
andleta, : Vi x Vi — Rand (-, ), : A" x V} — R denote two bounded bilinear forms,
respectively approximating a and (-, y,5(-)). We consider the following discrete problem:
find u!, € Vi, u§ € V¢, Al € AL, A8 € A¢ such that for all v}, € V/, vl € V¢, ul e A},
1, € 4j,
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ap (i, vi) — (AL, vl = (f. V) g

24l VAS) — (. u) — 2y, Kuy) =0, "
(M, + A8, vE) =0,

(Ul Yy — (ul, ul) =0,

or, in compgct form: find uy, = (“2» uz, A) eV, = V}f x V7 x Aj, )\2 € Az such that for
all vy, = (vy,, vy, uy) € Vi, uj, € Aj it holds

ap (up; vi) — b (vis M) = (f, v)) i,
by, (up; pj,) =0,
with
an (s Vi) = ap(uly, vh) + 2(uh, VAS) — (1, ul) — 2(usy, Kus) + (05, vf),

and
by (aps y,) = (g, wydn — (g, uj).
Remark that, for the sake of simplicity, we assumed that the couplings between V}/ and Aﬁl,
V¢ and Aj as well as the right hand side and the integral operators are computed exactly,
while the bilinear form a and the coupling between V}f and A;l are only approximated. As
we will see in Sect. 3, this is what happens when, for the interior problem, the geometry of
the domain is approximated by a polygonal mesh, while the boundary B is described exactly
via a parametrization. Of course one could choose to approximate also some of or all the
other bilinear forms. The resulting method could be analyzed by the same approach, yielding
similar results.
We assume that the discrete spaces and functionals satisfy the following assumptions.

A.1 The discretization is of order kK > 1, that is, the following direct inequalities hold for
allw e Vin H*Y(2Y), z € H*TY(B), n € H*(B)

inf Jw—v,lly o S A lwlig e (1)
v, €V

. k+1/2

inf Jlz—vili2s < het Pzl (12)
vy eVy

inf Iy — will=12,8 < B lInllk=1/2.8, (13)
uheAh

. k+1/2

inf {0 — péll-1/2.8 < T nls. (14)
AN

A2 Forall t < 3/2, V¢ C H'(B) and the following inverse inequality holds: for all
uj € V¢, and for all s with —1/2 <'s < t we have

lug e < By~ Hlug s, - 15)
A.3 The spaces V}f and Aﬁl verify the following assumptions:

A
inf  sup . Vi > 1, (16)

AN, v, eV 12nll=1/2.8lvall; o

an(Vn, v) 2 lonll} gie forallvg € Vi = (un, vy =0 Ypn € Aj. (17)
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A.4 For all uﬁl, vz € V;f, ,u;l € Aﬁl we have
la . v}) — an(uly, vi) | < AE Nl 1y oillvh Il i (18)
(s VR = o vl S B 12,8110l i (19)
Under such assumptions, the following theorem holds.

Theorem 2 There exist hg > 0 and y > 0 such that if hi, h, < ho and h; /h, < y, then the
discrete problem (10) has a unique solution satisfying

Nl i + N 2.8 + 1A =128 + 1A 1=1/2.8 S I Fll iy -

Using [8] (Theorem 1.1, Section II.1) once again, in order to prove the well posedness of
our problem it is sufficient to prove

1. that an inf-sup condition of the form

by, (), 14
inf sup —nHY) (20)

wheAb wev, I llviiwg,ll-12.8 ~

holds;
2. that, setting

kerby, :={u, € V;, : by(uy; ,uﬁ,) =0 VMZ € A;l},
the problem of finding u;, € ker by, such that for all v;, € ker by,
aj,(up; Vi) = L(Vp) 21
is well posed for all L € V'.

The inf-sup bound (20) derives easily from (16). Let us then concentrate on the well
posedness of Problem (21). We start by characterizing ker by. Let £ : H'/?(B) — V/ be
a discrete harmonic lifting operator, defined as £que = uj, where (uj, A}) € V,i X A;l is
the solution of the following saddle point problem:

ap(uy,vi) — (A7, v ), =0, Vv eV,
hF h h) ( h h)h h h. (22)
(W, up)n = (g, u®), Y, € Aj.

It is easy to see that, thanks to Assumption A.4, Problem (22) is well posed and that for all
v € HY2(B) we have

LRl o + 1M 11728 S Ivlhy2.5. (23)
We have the following proposition.
Proposition 2 uy, = (u}, u§, 1) € kerby, if and only if
wh = ud + L1 us) (24)

with ”2 S V,? ={u, € V,f up,up)p =0, Yuy, € AZ}. Moreover, for all wy, € ker by, with
u;q = u2 + L) it holds that

~ 19 .
lupllv = luylly gi + llugll2,8 + 145 1-1/2,8.
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Proof Tt is not difficult to verify that any triple (u;l, uj, A;) with u;l and uj, satisfying (24) is
in ker by,. On the other hand, (”Z’ ujy, A;) € ker by implies
(s )0 = (il uf) = (s LG, Vil € Aj.
Then u2 = uz — Lz{ (uy) € V9, and, since it is not difficult to verify that
' H 0 0
Nyl @i < WL uplly i + luplly i S lluglly2s + lugll e

we get the thesis. O

Proposition 2 states that ker by, is isomorphic to V}? x V¢ x Aj uniformly in 4. The isomor-
phism takes the form

W) + £Fu, us, 28) € kerby, < (ud, u, 1) € V2 x VE x AS.
Proving the well posedness of (21) reduces then to proving an inf-sup condition on the bilinear
form a : (V,? x V7 x A}) x (V}? x Vi x A}) — R defined by
A, uf, My v i, i) = an(uy), vp) + 20uf. VAG) — (uh. uf) + (4. vf)
—=2{ujy, Kujy) + sn(ujy, vy)
with
su(us, ve) = ap (L], LTTf).
In order to take advantage of the characterization of ker b, provided by Proposition 2, in

the next lemma we study the approximation properties of the discrete harmonic extension
operator.

Lemma 1 Letting H : H'/>(B) — H'(2") denote the harmonic lifting, Eth approximates
Hv and we have the following error bounds, the first one holding if v € H'Y*1(B) with
t>1/2:

in{t,k
17t — Holly g S EM™ 9 ol o5, (25)
1LY — Holl gt iy S hEll1/2,8. (26)
I£rt — vllo—i5 S ol 5- 27)

Proof We observe that Hv satisfies

a(Hv, w) — (3, Hv, w) =0, Yw e Vi,
(u, ysHY) = (1, v), Ve Al

Let us then assume that v € H/2+(3). We can use [8, Proposition 11.2.16], and we have
that

1Mo — L7l o + 100, Hv — M ll-1/2.5
< inf [Hv —wplly i + inf ||0n, Hv — Anll-1/2,8
Al

thV;, r€EA]
ap(Hv, wy) — (O, Hv, w EoHY, — (uh, Ho
+ sup lan( h) — (On; mnl + sup [{1ey, ?h (g, >|. (28)
wpeV lwally i wheAl iy ll=1/2.8
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The first two terms on the right hand side can be bound thanks to Assumption A.1, while
we bound the third term by adding a(Hv, wy) — (0n, Hv, wy) which is null and using a
triangular inequality, yielding

lap (Hv, wp) — (3, Hv, wp)pl - lap (Hv, wy) — a(Hv, wy)]
lwnlly g B
|{On; Hv, wp) — (On;, Hv, wh)nl
lwilly i '

lwnlly, gi

Now, letting vh’ S V;f denote the H'! (Qi) projection of Hwv, using (18), we can bound
lan (Hv, wy) — a(Hv, wy)|
S llan(Ho — v wa)l + la(Ho — v wa)l + lan (). wa) — a(vf. wy)]
S I = vl llwilly @i + R llvRlly g lwnlly g

min{z,k} min{z,k}
< h,' ||HU||1+t,Qi ||wh||1,.Qf S h,’ ||U||1/2+z,B||wh ||1,9i-

Similarly, letting ,u,ﬁ € Az denote the H~'/2(B) projection of dp, Hv and using (19), we
can bound

(0, Hv, wh) — (O H, widnl S 113m HY — b ll—1/2, 81l wi ;g
1 I min{z,k
ik, wa) = el wi)nl S EM 1ol o llwally g
min{z,k}
Sh; vl jo4e, 2 lwr lly o,

where we used that for t > 1/2, v € H'/2*(B) implies VHv € H'(£2") which admits a
trace in H'~'/2(B). By the same arguments we also have

{n, Ho) — (wn, Ho)nl
S llall=12.81HY = vl @i + Hin. vh) — (i, vi)al
in{t,k
S H sl 25
Then, (25) easily follows.

We next need to bound

/ (L)) — Hu(x)) ¢ (x) dx

i

ILF v = Holl geor(giy = sup
deHE-1(20) P11, 0

Let v? be the solution to —Av? = o, v?» =00n 92" = I' UB, and let UZ € V}f, MZ € Ail
be the solution to

an (W, wp) — (Wh, wphn = [oi pwp,  Ywp € Vi,
, , (29)
(ns e =0, Vin € A}
Observe that, with the same arguments used to prove (25), it is not difficult to prove that
1 = vyl + 19n,0% = wl-1/2.8 S B 100 legr.o0 S AE 1Ny, -
Integrating by parts and using the definition of ,CZL{ and of vil and u’h it is not difficult to

check that we can write
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/ (L7P(x) — Hu(x))¢ (%) dx
Ql
= f V(L (x) — Hu(x) - Vol (x) dx
91
~ [ o0 — v v 0 a5,
B

<I+II+III+1V+V,

with

I =

/ V(LX) — Hux) - V(%) — v}, (x) dx
Ql

H j k .
S L = Holly gillv? — vl o S hE i8¢ 001 qi

1= V (L7 (x) = v(x)) (@, v (%) = 1), (%)) d By
B

SLp o = vll1y2,8l8n 08 %) — 1 ll-12.8 S BfIvl2.818 010
IIT = [(u, L7fo)n — (e, L3 S RE b 1,81 L v o S hEldllo.sllviL.s:
IV = la(Lhtv, v) — ap(L]t, v S BYICH I oillv) 1l i
SES I8l 1 o S hElvl2slélo.or:
and, since the definition of v;l and v? yields (A}, vfl)h = 0 and (9, Hv, v‘f’) =0,
V = lan(L]tv, vy) — a(Ho, v)| = [(4],, vihn — (0n, Ho, v, — 0?)]|
S lon Holl—1/2.80105 — vl o S hEvllhy2.slél_ -
Combining the five bounds we easily obtain (26). As far as (27) is concerned, we have
(LT — v, d)
1L —vllijpks = sup A TC
pert-12) NPlk-1/2.8
We can write, for ¢, € A;l arbitrary
(@, Lo —v) = (¢ — pn, L]'v —v) + (pn, L]0 —v)
= (¢ — n, L0 — v) + (dn, L)) — (¢, Lt
SNLly il — dull-1/2.8 + RENLT VN i dnll-1/2.8,

where we used the definition of E;’l{ and Assumption A.4. Choosing ¢, € AZ asthe H~1/2(B)
projection of ¢, thanks to Assumption A.1 we easily see that (27) holds. O

In order to prove the well posedness of the discrete problem, we start by proving the
following lemma, which compares s, to the bilinear form s : V¢ x V¢ — R associated to
the Steklov—Poincaré operator:

s(u®,v%) = a(Hu®, Hv°).

Lemma2 Forall t with 1/2 < t < 1, there exists a positive constant c¢; such that for all
uj, vy € Vi we have

2
s (uf,, v5) — sp (s, vi)| < ¢ (hi /he)™ luf, 12,8105 1112, 8-
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Proof We have
Is s, ve) — sp(us, vo)| = la(Hul, Hvt) — an(LFus, L1000
SWp, Vp) = Sp\lthy, Uy he 7tV h\p Ups ~p Up
< la(Huf, Hv — LI + la(Huf, — L]tug, LFvg)|
+la(Lrtus, L) — ap (L, LFv)]
t 4 t
S hillug 12,8105 11 240,8 + hillug 11 240,810; 12,8

k
+ i g 2,8l 12,8,

where we added and subtracted £Zl" UZ, and we used Lemma 1 and Assumption A.4. Finally,
as h;‘ < (hi/he)', by using Assumption A.2, we have

Is (s i) = sy, Vi)l S (hi fhe) Nlug, 2,8110) 12,5

Let now
sh(l’t}iv )‘27 vfp ,LLZ) = 2(“2» Vk]i) - (MZs M}i) + <}‘1617 Ufl> - 2(“;[7 K“Z) + Sh(l/tz, UZ)'
Lemma 4 of [25] yields the following Lemma.
Lemma3 Forall (uj, A}) € V;; x Af we have
sh(uj,, Ays v, 145,)

sup Z Nug 2.8 + 1A l-1/2,8.
@ eV xag 1vplhyzs + g ll-1/2.5

Proof Lets: (V¢ x A°) x (V¢ x A°) — R be defind as
S(ugs }‘fe; vgv Me) = 2(:““85 kai) - <:u“e5 M€> + ()"ev 'U€> - 2(1““85 Kug> + S(ues v€)~
As a corollary to Lemma 2 in [25], it is easy to show that there exist (v¢, u¢) € V¢ x A€
such that
s(®, A% v, u)
lullij2,8 + Incll-1/2,8

Z Ml + 1A 2,8- (30)

Proceeding then as in the proof of Lemma 4 of the same paper, it is not difficult to prove the
existence of (it§, A7) € Vi x Aj such that for some « > 0 independent of /,

sug, A a5, A5)

- : > a(llugllij2,8 + IAnl-1/2,8)-
a1 y2.8 + A7 l-1/2.8

Without loss of generality, i} and ifl can be chosen in such a way that [|lif]l1/2,5 +
1A l1=12.8 = lugll2.8 + 14 11-1/2.8-
Now we have:
sn (U, A3 0, A8) = s(ul, A5 g, A%) + sp(ug, i) — s(ug, if).

Using Lemma 2, we can then write

e, re

sh(us, 25; 06, 08) = alug e + 1A 1-1/2.8)°
— ¢ (hi/he)* (Ul 2.8 + 12511 =1/2.8)%
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Provided (h; /h.) < p, with p chosen in such a way that 8 = ¢, p* < a, we get
S (ufy, 25 iy A = (@ = BYluf 125 + 105 1-1/2,8)% (31
The thesis easily follows. O
Thanks to the coercivity of a; on V,? , we immediately have the following corollary.
Corollary 2 For all u;, € kerby, we have
ap(uy; v
viekerby, hll(V::lIVh) 2 luallv.

Theorem 2 easily follows.

2.2 Error Estimates in the Energy Norm

Under the assumptions of the previous section, the method satisfies an error estimate with
optimal order, as stated by the following theorem.

Theorem 3 Under assumptions A.1-4, if the solution of Problem (1) verifies u|gi €
H*1(21), then the following error bounds hold true:

k+1/2
lu€ = uf 12 + 126 = 2511728 S G +het ) ullyr o, (32)

i i i k+1/2
' = w12 + 1A = Ayl -1 /2.8 < (BE + he ™)l o (33)

Proof We start by observing that, in general, if the solution of Problem (1) verifies u|oi €
H1(21), we have that u® € H*'/2(B) and that A' = —1° = dpu € HV/2(B).
However, under our assumptions, namely that f is supported away from 8, u is harmonic in
a neighborhood of B and hence u¢ and A/ = —A¢ have a higher regularity. In particular we
have that u® € H**!(B) and A¢ € H*(B) with

lulirs S M@ 120es S lu g oi- (34)

Moreover we have that the right hand side f = — Au verifies f € H*1(2") (actually, with
the assumptions we made on the domain 2/, f € H*~1(£2") ifand only if u’ € H*T1(27)).

Let us introduce the compact notation u® = (1, A°) and uj = (uj, A7), and let w; =
(wj, n7,), where w; € V) and n; € Aj denote, respectively, the H 1/2(B) projection of u®
onto V;/ and the H~'2(B) projection of A¢ onto Aj. Setting v/ = Hv¢ and U;, = LthZ
in the first equation of, respectively, (8) and (10), it is not difficult to check that u® and uy,
satisfy, respectively

s, v¢) = £(v¢), W¢ = (v°, u®) € H*(B) x H™'/*(B), (35)

and
sp(uy, vi) =1f,(v}), Vv, = (vj, uy) € Vi) x A}, (36)

with

f(vé) = /m fX)H(x) dx, fr(vi) = /;21_ f(x)ﬁzliv,‘;(x)dx.

As in the proof of Lemma 3 [see (31)], there exists V7 = (05, ) € V x Ajf,, which we
can normalize in such a way that ||V} lv = [luj — wj ||y, such that

2 N N
lhaj, = Wil = llwj, = willvIIVillv < sn(u, — wi, V).
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Now, adding and subtracting s(u®, ¥{) and s(w; , ¥7), and using (35) and (36), we can write
sn(ug — wi, 95) = £,(¥) — £5)
+s® —wy, ¥7) +s(wj, Vi) — sp(wj, V7). (37)

Let us then separately bound the different components at the right hand side. We have:

Ifn (V) — E(V)I =

/9- FE(LIDE (x) — HOE (X)) dx
S kot 1CRED5 = HOj Il i1 iy
Using (26) we can then write

16,95 — DI S AN e, 185 2 S B Nl o 19 v (3%)

Next, using A.1 and (34), we have
N A k+1/2 N
s’ —wjp, Vi) S u® —wyllvlivillv S he / Neellis1,8195 v
k+1/2 N
S ullgy @i 191 (39)
Finally, we have
Is(ws, V5) — sp(wi, V)| = lan (Lt £]105) — a(Hwj, HDj)|
< lap(LFws, £]10) — a(Cltws, £L]100)]
+la(Cltws — u®), L3O + la(Clu® — Hu®, L1H0])]
+la(Hu®, L]10E — HOO)| + la(Hu® — ws), HOL)|
k A A
S AL wi o ICR O o + lu — willi2.8106 11 /2.8
e H . e nne e H e ~
+ I Hu® — L u Ny oillvg /2.8 + la(Hu®, L 0, — Hup)l,

where we used Assumption A.4. |Hu® — EZ{‘MEHLQ,- can be bound by using Lemma 1.
Moreover, Assumption A.1 and (34) yield

I —willios S he™ Pl s S B Nl
Now, integrating by part, we can write
la(Hu®, L]10f — HOE)| = ’/B On; Hu (L]0 — 0F)
S 180 Hut Nlk—1/2,8I1£7505 — 05111 /24,55
which, using Lemma 1 once again, finally yields

. . k+1/2 .
Wi 95) = su (Wi )| < (he T2+ B ullg gy o0 1951 (40)

Bounding the right hand side of (37) by combining (38), (39) and (40), we get (32). Bound
(33) is then not difficult to prove. In fact, observing that u’ and A’ are solution to

{a@', vl').— (A ygvt) = (f? v gis “n
(u', ygu') = (u', u’),
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using [8, Proposition I1.2.16] once again we can write

' — i+ I3 = Ryl 128 S inf = vl g+ inf 1A — -1

v, €V, np €Ay,
ap(ul, wh) — (AL, wip — (f, wh) g
+ su h - h 22
wi eV lwp 1,
(& ulyn — (&), u®) (&), u®) — (& uf)
+ sup % - h + sup %
gleAl 16, 01-1/2.8 gl 16,11 -1/2.8

We bound the first two terms using Assumption A.1, which gives us

inf lu' — vyl @i + inf A" —upll-12.8 S AU iy @i
v, €V ny €A

Using (41) and Assumption A.4, we have
lan (', wj) — (A win — (Fo wi)gil S hElwplly il gy, i
Since u¢ = yBui , and in view of the definition of CZL", we can write
(& ulyn — (&), u®) = (&), Hu® — L] u®)p]
SEL 12,81 HUE — L} uClly i S hENuClh 2k BIEL-1/2.8,

and, using (32),

(&, u) — (& uidl S W& 112,810 — w128

k+1/2 i
S B+ mTIE sl o

Then, (33) easily follows. O

Remark 2 The higher regularity of the solution in a neighborhood of the boundary B allows
us to obtain an error estimate where the meshsize 4, for the spaces used in the discretization
of the integral operator appears with a higher exponent (namely k + 1/2 rather than k). As
continuity is only imposed weakly, this allows to use a coarser mesh for discretizing V¢ and
A¢, with consequent savings both in CPU and storage requirements.

Remark 3 The assumption, made at the beginning of Sect.2, that I is smooth, is essentially
needed only for the duality arguments ¢ la Aubin—Nitsche used in deriving the error estimates.
In particular, the smoothness of I” is needed to derive the bound on ||£z{ 0 — HOp || e (Qiy-
However, such an assumption is not needed to prove the well posedness of both the continuous
problem (8) and the discrete problem (10), results that hold, with unchanged proof, also in
the more general case of a Lipschtiz boundary. Remark that, if I" is piecewise smooth, rather
than globally smooth, the error estimate can still be proven, provided the discretization spaces
are chosen in way well suited to deal with the pointwise lack of smoothness of I".

2.3 L2 Error Estimate

We want now to give an estimate on the error eél =u — uj'q in the weaker L2(£2') norm. In
order to do so, always assuming that A.1-4 hold, we make the following stronger assumption:
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A.5 Forv, w € Wh(21), u € L?(B) it holds that
la(, w) — an(, w)| S K Vg oo 01 I VWl 0, 21 (42)
as well as
(s whn — (, w)| < AEH! llello.BIV W, 00,00 - (43)

Moreover, we assume that V}f and Az satisfy the following additional direct and inverse
inequalities.

A.6 The spaces AZ and V,i respectively satisfy Aﬁl C L*(B) and V/i c whe (2%, and
the following inverse bounds hold: for all u; € Af,, v, € V,f, and for all s, ¢ with
0<s<t<l1

—1,2
liallo.s S by luall-1/2.5. (44)
_ —1)2
10nll 0000 S B Monlly.00.0is VUl .00.00 S BT 0Rl1 i (45)
A7 Forallu € H"(22"),2 <m < k + 1 there exists wy, € V}f such that
—1
lu —wally g + llu — willo.oo.i +hill Vt —wi)llg.cooi S el o

We start by proving some bounds on the discrete solutions in the stronger norms appearing
in Assumption A.6. More precisely, we have the following Lemma.

Lemma4d Letu', !, u¢, ¢ and "‘27 )\2, ujy, Aj, be the solutions of (8) and (10). Then, under
the additional Assumptions A.6-7, if he < hl1 3 e have

IVt llo co.2i S B Clully i, foralle >0 (46)

125005 S 147 ll0.5, (47)

the implicit constants in the first inequality depending on €.

Proof Let w;, denote the approximation of u given by Assumption A.7 for m = 2. Adding
and subtracting wy, using A.6 for wy and subsequently adding and subtracting # we can
write

IVuhllo.co.2i S IV @)y = widllo,co.0i + 1 “Nlwn — ulli ¢ 00,0 + 1 el ¢ 00,

We bound the first term using, once again, A.6, then adding and subtracting u, and using
A.7 as well as Theorem 3:

IV @)y = widllp o0 S Byl = willy g
< (=l g+ = il )
S b P A+ 0l g S Nl g
We next bound the second term by using A.7, which, by space interpolation yields
R llwn = ully—p 00, 0i S hillully, i
Thanks to the injection of H2(£2') in W!=5°°(£27) we also have
Rl e 00,0 < hy iy, gi,

finally yielding (46).
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Letting now /L}Il be the L?(B) projection of A onto Az, and proceeding in a similar way
as before, we can write

AL llo.8 < AL, = mhllo.s + ik llo.s
P 4 .
S AP = A oas + IN = whll—12.8) + 1K 10, 5-

The bound (47) then follows from combining Theorem 3 with Assumption A.1, and using a
standard Aubin—Nitsche’s duality argument to bound || — ,ui’l l-1/2,8- m]

Observe thata bound similar to (46) can be proven forz € H*(22") and zj, € V}l its H'(2)
projection. Then, letting now u’, A, u¢, A° and u}, A}, u$, A¢ be the solutions respectively
of (8) and (10), under Assumptions A.5-7 we have the following corollaries, the implicit
constant in both inequalities depending on €.

Corollary 3 Forz € HX(2)), z; € Az denoting its H'(£2') projection, we have
lau, zn) — an @y, z)| S W Uy gillzlla g foralle >0
[N 20) = W zidnl S BT 2 1A o812, i
Corollary 4 For ¢ € L*(B) it holds that
(¢ ) = (€ uf)nl S R 0N llo.B lully, i

We now introduce z € Vi, ¢ € A€ such that for all w € Vi & € AC it holds that

a(w,z) — (£, yyw) — 2(¢, K&) = /9,- ehw,
2(¢,VE) 4+ (€,2) = 0.

We have the following smoothness result (see [25, Lemma 3]): z € H Q(Qi Y, e H 1/ 2(13')
and it holds that

lzlla, @i + g lhy2.8 S leyllo,qi- (43)

We set: 7/ = z, z° = ypz, ¢! = —¢ — 2K*¢, where we denote by K* Hfl/z(B) —
Hf”z (B) the adjoint of K. It is not difficult to check that we have, forall w' € V', w® € V*,
§e A5 e A

a(', z) + (¢, yyw') = [ai €jw,
_ sl i i e =0

(€ ) + (&, 2) : o)
2(¢¢, V&) + (£°,2°) =0,

— (£, we) = 2(¢°, Kw) — (¢*, w®) =0,
which, using the compact notation introduced in Sect. 2, can be rewritten as
a(w;2) —b(z: &) + b(w; £) = (¢}, w)gi.
Letnoww = e = (e;l, e;, 8;) and gl = 8;;, with e;l =u — ”2’ e, =u—uj, 6;1 = - A;l
and §; = A¢ — A°,. Adding and subtracting z, = (2,25, ¢;) and ¢;, where zj, € V,

28 € Vf, ¢l € Al and ¢f € A¢ are suitable interpolants to z', z¢, ¢’ and ¢¢, which, thanks
to Assumption A.1, we can choose in such a way that

lz—zpllv + 18 = Snll-1/2.8 < (hi + ho)llzllz oi (50)
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we can write

lejllg i = a(e; 2 — 24) — b(z — 23 8},) + b(e; ¢ — )

+a(e; zy) — b(z: 8)) + b(e; 7).
Now it is easy to check that

la(e; ;) — b(zy; 8%) + b(e; ¢})|
S lauly, 2} — an @y, Z) 1+ 1My Zjdn — My Zi) |+ (G ) — (gh ul)l
SEE (ully i + 13 1lo.8) 1zl g1+

where we used Corollaries 3 and 4. Combining with (50) we can then write

lej 15 i S (hi +he)(llellv + 184 11-1/2,8)12 15, @i + B =0l Il i 12112, i
_ k+1/2 i
S 7+ h) B+ h )l @il N o

Dividing both sides by ||e§1 llo, i » as (48) holds, we finally get the quasi optimal estimate

. o B a1
lehllo.ar = lu' — bl i S (h78 + ho) (WS + HET ) ullsy o (51)

3 The Discrete Scheme

We assume that £2° is approximated by a polygonal domain .QZ = Uke7;,. K, union of the
elements of a quasi uniform, shape regular triangular mesh 7j,, of mesh' size h;, defined
in such a way that all the nodes on 892 lie on 3527, The boundary 892 will be naturally
splitas 982, = 'y U B, where I'4 and B4 respectively denote the piecewise linear curves
interpolating I" and B at the boundary nodes of the triangulation. Observe that in general,
we will neither have .Q’A c Q! nor ' c .1t will then be convenient to define the
approximation spaces V&ﬁ’ , and V; as subspaces of H l(iu £24). In order to do so, we will
extend to H' (2! U QiA) the standard P1 finite element approximation defined on £2,, by
using the natural linear extension: the linear function defined on a triangle K with an edge e
on 3, is prolongated linearly to the region a){f delineated by e and by the corresponding arc
of B. More precisely we introduce the finite dimensional spaces

Vi = v e CO2'U2Y) vjlg € P K € Ty vlr, = b,
Vi =1, ec®@ue)) vz eP, K €Ty, vilr, =0},

where P! denotes the space of polynomials of degree less than or equal to 1, and g, € V}i Iry
denotes the piecewise linear function interpolating g at the triangulation nodes on I, and

F KUw}’f if K has an edge on B4,
Tk otherwise.

By abuse of notation, we will also denote by V; , and V,i the restriction of such spaces to

both £2/ and .QZ. Observe that for all function vz in V; p orin V;f , we have that

@ Springer



Journal of Scientific Computing (2019) 81:1019-1049 1037

||UZ||1,_QL‘ = ”U;l”lgtA = ”U;,”L_QiU_QiA’ (52)
1V lo.00.20 = 190l 001 = 1V g oo it - (53)

This is easy to prove, by taking advantage of the fact that v;l is linear on K.
The space AZ C L?*(B) is defined as the space of continuous functions which are piecewise

linear in the curvilinear abscissa, on the decomposition 5 = U,’c‘”:' leC induced on B by the
nodes of the mesh 7, :

Ajy = (W, € C°B) : 15 € BB, B € By C A",

For approximating V¢ and A¢, we consider a second, independent quasi uniform decom-
.. e .
position 5 = U,?”ZlBZ, of mesh size &, and we define V,{ and Aj as

= {vj € C°(B) : vj |5 € P' (B} C V°,
= (Ve C'B) : iils; € PU(BY. (¥, 1) = 0) C A°.

It is not difficult to check that the spaces thus defined satisfy assumptions A.1-2 as well as
A.6-7 for k = 1. More in detail (13), (14) (12), and (44) can be obtained by duality from well
known approximation and inverse mequahty in a fairly standard way ([2], see also [4]). By
smoothly extending w € H*+1(£2%) to a function w € H+! (.Q’ ), where .Q is a polygonal
domain obtained extending all boundary triangles of 7, " by a small strip of thlckness < hj,in
such a way that 2! U Q;l - Qi\, and applying the standard estimates for the finite element

space defined on the resulting extended mesh, it is also easy to prove (11).
We now define the bilinear forms aj, and (-, -);,. We set:

e = [ Vuevo. Gun = ) (54)

where, for u € C%(2¢ U .QZ), ysu € H'/2(B) is defined as the piecewise linear (in the
curvilinear abscissa) function interpolating u at the boundary nodes of 7;,. We need to prove
that, with such a choice, Assumptions A.3-5 are satisfied. We have the following Lemma.

Proposition 3 The spaces A;l and V,f, and the bilinear form (-, -); defined by (54) satisfy
Assumption A.3.

Proof Letting @ : [0, |B|]] — B denote the arc length parametrization of the curve B, we
let ¥ : 2°, — 2 be defined as follows: for all triangles K € 7,/ with an edge e C 382,
letting Xo = @ (x0), X1 = @ (x1) denote the two vertices of e and y denote the third vertex of
K, we define ¥ by the relation

A2Xg + A3Xpt]
YAy + AoXg + A3Xg41) = Ay + (1 — AP <7+) ,

A2+ A3

where, using barycentric coordinates, we express X € K as X = A1y + AxXg + A3Xk41, with
0 < X1, 22,23 <1,x1 + X2+ X3 = 1. For triangles K which do not have any edge on E)Qi
(this includes interior triangles as well as triangles that have a single node on 0£2%,) we let
Y be the identity. We now observe that

Vi=t{ul oy, ul,eVi)cH (2
satisfies
;, = V/i|B,
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and that, for all kﬁl IS Aﬁl and u;l IS V,i we have
Mys updn = (Ajy, up o).
Moreover, is not difficult to verify that ||u2||1392 ~ ||u2 o Y|y i Letting ng c L2(B) —

Vé B = Aﬁl denote the L? projection operator, we can write

A )
IAnll—1/28 =  sup M =  su M
per2@) 191128 geprri) 101128
A0 A, Ul o
- SR _ogp M HioY)

™ peH\2(B) I7pll1/2,8 i eV lluj, o 1/f||1,_qu
(s ) n
< sup 17}‘
ayevi luplly qi
The thesis follows thanks to (52). ]

Proposition 4 The bilinear forms ay and (-, -);, satisfy both Assumptions A.4 and A.5.

Proof Tt is not difficult to prove that (42) holds. In fact, setting w;, = (21U QiA)\(.Q" N .QZ),
it is easy to see that

la(v, w) — ap(v, w)] < / Vo Vu.

Wh

Recalling that the area of wy, is of the order of h2 (gee [25]), (42) follows easily. Let us now
prove (43). For u € L>(B) and v € W1 (27 U 2)) we have

S lullo,sllysv = ysvllo,s- (55)

(s vhn — (e, v)nl = VBM(VBv — 7BV)
Now, we can write, for x € 13 and & a point of the segment [x, X]

( _ T -3, (56)

yBuR(X) — ypun(x) =
whence we easily obtain

lysu — Vsullo,s < hillVully oo i (57)

Then, (43) immediately follows. As already observed, the validity of Assumptions A.5 and
A.6 together with A.2 finally entails the validity of A.4. O

The spaces V}f, A;l, Vf S A;"l and the bilinear forms a; and (-, -); satisfy then Assumptions
A.1-7, and then we obtain an error bound both in the energy norms (as given by Theorem
3), and in the L?(£2%) norm, as given by (51).

4 Numerical Results

In this section we present some numerical examples to illustrate the application of the pro-
posed method to some test problems. For a comparison with existing results, some of these
are taken from [7,26].
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In the results we will show, we will compare our approach, in which the NRBC is imposed
weakly, with that in which the NRBC is imposed strongly (see [25] for details on the cor-
responding formulation). These approaches, and whatever refers to them, will be labeled by
the letters W and S, respectively. ‘ .

We will test the accuracy of the approximate solutions u;l’W and u}l’s obtained by the two
approaches in the interior finite computational domain .QiA. To this aim, we will compute the
relative H' and L? errors defined by

e — | i e — ™20
i h THY(2Y) i h TL2(24)
Iy, = ——F—"— _—=

Lz

)

||u||H1(QZ) ||”||L2(QiA)

for x = {W, S}. We will also compare the efficiency of the two approaches in terms of CPU
and memory storage required by the discretization of the NRBC. With respect to this, we
recall that the memory required to store the matrices V and K involved in the discretization
of the NRBC is O((M¢)?) and O((M")?) in the approaches W and S, respectively. In the
latter case M’ denotes the number of boundary points of B inherited by the triangulation of
the interior domain £2°. In particular, we will report the quantities

(M®)?
(M)2

cpu"”
mem(%) :=100( 1 — —

. CPU%):=100(1—
) (%) ( CPUS

that correspond to the memory and time saving to construct all the entries of the matrices V
and K for the new approach with respect to the standard one.

Remark 4 When the boundary B is a circle and the mesh points chosen on it for the approx-
imation of the NRBC in the approach W are equidistant, the matrices V and K have the
particular Toeplitz structure. This means that only the first row of each matrix needs to be
computed and stored, a property that allows to save significantly the CPU time and the mem-
ory storage requirement. We remark that the Toeplitz structure can not be obtained when
the strong imposition of the NRBC is considered since the mesh grid inherited on B by the
triangularization of 21 is,in general, non uniform.

Example 1 In this first test, we perform a numerical study to investigate the accuracy of the
solution i), W with respect to the choice of the discretization parameter /.. In particular, we
aim at determining which choice of 4, guarantees that, for a fixed triangulation of the finite
computatlonal domain (hence for a fixed ;) the new proposed method allows to compute the
solution u); Y with the same accuracy of the solution u)’ 5 in terms of the H! and L? errors.

To this aim, we consider Problem (1) where O¢ is the unbounded region of R2, exterior to
the unit disk, centered at the origin of the cartesian axis. We choose the artificial boundary

B={(x,y) e R?:x = Rcos(¥),y = Rsin(9), v € [0, 2m)},

circumference centered at the origin and having radius R = 2. The finite computational
domain £2' is bounded internally by I", the circumference of radius 1, and externally by B.
We denote by u(x) = u(x,y) = ,rZXTyZ the solution of (1), with g = u;r and f = 0. We
denote by n7 the number of triangles of the decomposition of £27. We choose the parameter
he by decomposing the boundary B into M€ sub-arcs of equal length, which corresponds
to a uniform decomposition of the parametrization interval [0, 27) into M¢ subintervals.
In Figs. 1 and 2 we show the behavior, in logarithmic scale, of the errors ErrlH*1 and Err’L;‘
for x = {W, S}, with respect to decreasing values of /., for the choices n7 = 3106 and
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10" . .
— h; Err®S ErcsS
i a1 L2
- -Em? [62E —02 [ 5.72E — 02 | 6.09E — 04 |
he Err’;’l‘{v Err’ig" CPU(%) | mem(%)

T.6E + 00 | 7.09E —02 | 7.50E — 03 98 99.9
f 7.9E—01 | 5.91E —02 | 1.62E — 03 99 99.9
v 3.9E — 01 | 5.74E — 02 | 7.64E — 04 99 99.8
62E:02 98E02  20E01  39E01  79E01  1gEe0 | 2-0F — 01 - 6.38E — 04 99 99.6
h 9.8E — 02 6.10E — 04 99 99.2

e

Fig.1 Example 1. Behavior of the H 1and L2 errors with respect to the artificial boundary refinement parameter
he. R =2,n7 = 3106

4 . )
10 i,S i,S
hy Err’ Brrly

H1
{ . A .,_-A/A

[B1E —02 | 2.77E — 02 | 1.60E — 04 |

he Err;}‘iv Errzgv CPU(%) mem (%)
1.6E + 00 4.98E — 02 7.41E — 03 99 99.9
7.9E — 01 3.12E — 02 1.45E — 03 99 99.9
3.9E — 01 2.82E — 02 4.64E — 04 99 99.9
104 2.0E — 01 2.77TE — 02 2.52E — 04 99 99.9
BAE0249E02 O8E-02 20E01 39E-01 79BN 16EH00 | 9. 8E — 02 1 84F — 04 09 20.8
h, 4.9E — 02 — 1.60E — 04 99 99.6

Fig.2 Example 1. Behavior of the H Vand L2 errors with respect to the artificial boundary refinement parameter
he.R=2,ny = 12,874

nt = 12,874, respectively, and we report the corresponding values in the associated tables.
In the last two columns of the tables we report the CPU and memory saving. As we can see,
the same order of accuracy for the H! error is achieved when the parameter /, is about ten
times greater than &;, while for the L? error when it is approximately four times greater than
h;. We highlight the very high memory and CPU saving, which is due, in this case, to the
particular choice of the artificial boundary and of its refinement (see Remark 4).

In Tables 1, 2, 3 and 4 we report the study of the H'! and L? errors behavior with respect
to the refinement of the triangular mesh, and the associated expected orders of convergence
(EOC), for the choices R = 2 and R = 4, respectively. Starting from an initial triangular
mesh, the mesh refinement is obtained by halving the mesh size i; (which implies that the
number of triangles nr is approximately multiplied by a factor 4 at each refinement). We
point out that, based on the previous test, &, has been chosen in such a way that the accuracy
of the solution is preserved. In the last two columns of Tables 2 and 4 we report the percentage
of the CPU and of the memory saving of the new approach with respect to the standard one.

From the results we have obtained, it is evident that the use of the weak FEM-BEM
coupling strategy allows to reduce significantly the computational cost of the NRBC with
respect to the approach where the strong coupling is considered, while preserving the accuracy
of the approximate solution as well as the expected order of convergence, independently of
the location of the artificial boundary 5.
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Table 1 Example 1. Relative H' i.S s iS s
and L2 errors for the FEM-BEM i nr Err EOC,, Erm); EOCY/,
method with strongly imposed
NRBCs, and corresponding EOC ~ 5-2E—01 44 4.52E-01 5.47E—02
(R=2) 0.9 2.1
2.6E—-01 174 2.43E—01 1.27E—-02
1.1 2.3
1.3E—01 710 1.14E—01 2.57E—03
0.9 2.1
6.4E—02 2874  5.77E-02 6.05E—04
0.9 1.9
3.2E-02 11,804 2.92E-02 1.55E—04

Table 2 Example 1. Relative H Iand L2 errors errors for the FEM—BEM method with weakly imposed
NRBCs, and corresponding EOC (R = 2)

h; he B’V eocl,  En’)Y EOCY,  CPU(%)  mem(%)
5.2E—01 3.14E+00  4.73E-01 7.15E—02 65 98.4
0.9 23
2.6E-01 1.57E+00 2.47E-01 1.49E-02 93 99.3
1.1 23
1.3E-01 7.85E—-01 1.15E-01 3.08E—-03 99 99.6
1 2.0
64E—02  3.92E-01 5.79E—-02 7.48E—04 929 99.8
0.9 2.0
32E-02  1.26E—01  2.92E—02 1.85E—04 99 99.8
Table 3 Example 1. Relative H'! i\ s iS s
and L? errors for the FEM-BEM i nro B EOCy, B3 EOC,
method with strongly imposed
NRBCs, and corresponding EOC 6.2E-01 156 4.58E-01 447E-02
(R=4) 1.1 24
2.8E-01 790  2.20E-01 8.31E—-03
1.0 2.1
1.3E-01 3636  1.07E—01 1.95E—03
1.0 2.0
6.4E—02 14,502 5.30E-02 4.88E—-04
1.0 1.9
3.2E-02 60,064  2.64E—02 1.24E—-04

Example 2 We consider here the example proposed in [26], for which O¢ is the exterior of
the unit disk, centered at the origin of the cartesian axis, f = 0 and g on I" is defined as

x4

glx,y) = 0

x>0,

x < 0.
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Table 4 Example 1. Relative H' and L? errors for the FEM—BEM method with weakly imposed NRBCs,
and corresponding EOC (R = 4)

hy he En’;l‘jv EOCY, ErriL’ZV EOCY,  CPU(%)  mem(%)
62E—01  3.14E4+00  4.58E—01 4.45E—02 79 99.2
1.1 24
2.8E—01  1.57E+00  2.20E—0l 8.43E—03 98 99.5
1.0 2.1
1.3E—01  7.85E—01  1.07E—01 2.04E—03 99 99.8
1.0 1.9
64E—02  2.51E-01  5.29E—02 5.16E—04 99 99.8
1.0 19
32E—02  838E—02  2.64E—02 1.31E—04 99 99.9

The artificial boundary
B={(x,y) e R?:x = Rcos(¥),y = Rsin(¥), v € [0, 2m)},

is the circumference of radius R centered at the origin. In Fig. 3 we show the behavior of the
approximate solution u;l‘W obtained by applying the new proposed approach in the bounded
region £2' delimited by the boundary I" and by 13 for the choices R =2, R =4, R = 8 and
R = 50.

It is known that (see [26]) the asymptotic behavior of the solution u for x| — o0 is
o = 3/16 ~ 1.87E—01. As remarked in the presentation of our method, and differently
from the numerical approach proposed in [26], the value of the constant « is determined by
the interior FEM. In Fig.4 we show the behavior of u;l’s(x, 0) and u), ¥ (x, 0) for the values
of x € [-50, —1] (left plot) and for x € [1, 50] (r‘li/ght plot), obtained by choosing R = 50.
In this case, the approximate solutions u;l’s and "‘;{ have been obtained by decomposing the
interior domain into ny = 27,168 triangles and by choosing M¢ = 32 for the approach W,
which is definitely much smaller than the value M’ = 320 inherited by the FEM triangulation
of the domain £27. Nevertheless, the two solutions perfectly match and tend to the asymptotic
value o which is represented by the dashed line. Moreover, the new approach allows to retrieve
the solution with a CPU saving of about 98% and with a memory saving mem = 99%.

Example 3 For some geometries of the physical domain boundary I, or of the domain of
interest £27, the choice of a circular artificial boundary 5 can be wasteful both from the
computational and space memory point of view. To show the feasibility in the choice of the
geometry of the artificial boundary, we apply the proposed scheme to the problem presented
in [26] where ©¢ is the unbounded region having the elliptic boundary I" = {(x, y) € R? :
x2/R? + y? = 1} and the Dirichlet datum on I" is g(x, y) = x/R. A natural choice for 5 in
this case can be, for example, the ellipse

B={(x,y) e R?:x = Ricos(¥),y = Rysin(9), 9 € [0, 27)},

with Ry and R; properly chosen. It has been shown in [26] that the expression of the solution
to this problem along the positive real axis is

(x—\/xz—Rz—}—l), x>R. (58)

u(x,0) =

1
R—-1
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Fig.3 Example 2. Behavior of the solution u;;‘W in 2 for the choices R = 2 (top-left plot), R = 4 (top-right
plot), R = 8 (bottom-left plot) and R = 50 (bottom-right plot)

solution u
solution u

0 10 20 30 40 50
X axis

Fig. 4 Example 2. Behavior of the solutions u;,’s(x, 0) and u;l’w(x, 0) for x € [—50, —1] (left plot) and for
x € [1,50] (right plot)

We consider the domain £2¢ obtained by choosing the parameters R = 2, Ry = 4 and
R, = 2 and two refinements of it: the first, labelled by ref, is obtained by a decomposition
into n = 4010 triangles, which induces M’ = 158 points on the artificial boundary B; the
second one, labelled by ref>, obtained with ny = 16,210 and M! =312.In Fig. 5, top-left
and top-right plots, we show the behavior of the solution u;l’w in £2'. In the bottom-right
plot, we compare u;l’W with the exact solution (58) for x € [R, R;] for the two choices of
the refinements and we show, in the bottom-right plot, the corresponding absolute errors.
In both cases, the weak NRBC has been computed by choosing M¢ = 40. For the chosen
discretization parameters, despite the fact that the matrices V and K do not have the special
Toeplitz structure, because of the choice of the artificial boundary B, the CPU and memory
saving are CPU &~ 91% and mem ~ 94% for ref; and CPU ~ 97% and mem ~ 98%
for ref;. We remark that the maximum absolute error computed in the interval [R, R{] is
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Fig.5 Example 3. The approximate solution u;l’ Win 212D view (top-left plot) and 3D view (top-right plot).
Comparison with the exact solution (bottom-left plot) and absolute error (bottom-right plot)

approximately 3.0E—03 for refy, and it does not improve for larger values of M*¢. For the
refinement ref,, by maintaining M¢ = 40, the maximum error decreases to 6.8E—04.

Example 4 We consider here an example of multiple obstacles. Let O¢ be the region exterior
to five circles of radius 1 centred at C; = (0, 0), C, = (—6,0), C3 = (6,0), C4 = (0, —6),
Cs = (0,6). Aiming at determining the solution in a region close to the obstacles, we
surround the circles by the curve

By ={(x,y) e R2:x2+ 12 = p(®), p(®) = 6(1 + 0.8 cos(d1)), & € [0, 27)}

which determines the non convex finite computational domain £/, represented in Fig. 6 (top-
left plot) with a triangular decomposition. We prescribe the datum g(x,y) = x* on the
boundary I, which is the union of the boundary of the five circles. In Fig. 6, top-right and
bottom plots, we show the 2D and 3D view of the solution u;l Y obtained by decomposing £2°
intony = 11,498 triangles and by choosing M¢ = 256. Being the number of nodes inherited
by the triangularization M’ = 535, it results that the memory saving is mem ~ 77%. In
order to estimate the asymptotic value « of the solution for |x| — oo, we enlarge the finite
computational domain by choosing

By ={(x,y) e R? : x2 +y> = p(®), p(®¥) = 200(1 + 0.8 cos(41)), ¥ € [0, 27)}.

In the top-left and top-right plots of Fig. 7 we show the 2D and 3D view of the solution u’h W,
obtained by decomposing the resulting computational domain into ny = 570,681 triangles
(M = 3075) and by choosing M¢ = 512. In the bottom plot we show the behaviour of
the solution uh (x 0) for x € [7, 360] (solid line) and of uh (0 y) for y € [7,360]

(dashed line). The computed values u (360 0) ~ 775 and u (0, 360) =~ 774.5 provide
an approximation of the limit value «.
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Fig. 6 Example 4. The finite computational domain QiA (top-left plot) for the choice B;. The 2D (top-right
i,W

plot) and 3D (bottom plot) view of the solution u;{

Example 5 In this example we apply our method to a Poisson problem proposed in [7] with
non null source f. We consider Eq. (1) with g = 0 on the elliptic boundary I" = {(x, y) €
R?: b2x2 +4%y? = 42b?}, witha = 1.5and b = 1. The source term f = fj is chosen such
that the exact solution is
p2x? + a’y? — a2b?

(e +y2 +1)?
In Fig.8, we show the graphic comparison between the exact solution (top-left plot) and the
approximate one u'h’W (top-right plot) in the computational domain £ bounded externally
by B circle of radius R = 20. The approximate solution has been obtained by decomposing
Q7 into ny = 276,480 triangles (M’ = 1032) and choosing M¢ = 32. In the bottom plot we
show the point-wise distribution of the absolute error in [—5, 512 (see [7] for a comparison).
We remark that the source f; does not have a local support, and thus contradicts one of our
assumption. Indeed f; assumes approximately values of the order 1.0E—05 at the points
belonging to the artificial boundary B. This justifies the good agreement of the approximate
solution with the exact one around the obstacle and the behavior of the error, that increases
as the point moves away from I.

up(x,y) =

By modifying the source term, that is choosing f = f; such that the exact solution is

b2x? +a’y? — asze—O.l(x2+)’2)
(2 +y2+1)2 ’

us(x,y) =

it results that f decays exponentially fast to zero for |[x| — oo, in such a way that from the
computational point of view it can be regarded as supported in a disk of radius R (indeed f>
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Fig.7 Example 4. The 2D (top-left plot) and 3D (top-right plot) view of the solution uZ‘W for the choice ;.
The asymptotic behavior of ulh’ w (bottom plot)

assumes approximately values of the order 1.0E—19 at the points belonging to the artificial
boundary B). With this choice, the approximate and the exact solution perfectly match in the
whole domain £2' and the pointwise error is bigger around the obstacle (see Fig.9).

5 Conclusions

We proposed a weak FEM-BEM coupling method for the solution of elliptic problems on
unbounded exterior domains, allowing to use two non-matching grids for the discretization
of the non reflecting integral boundary condition and for the interior finite element solver.
This allows to use a much coarser grid for the former, as compared to the grid induced
on the artificial boundary by the finite element mesh, with a consequent reduction of the
computational cost related to the numerical evaluation of the integral operators and with
substantial saving in memory occupation. A theoretical analysis in an abstract framework is
provided demonstrating the optimality of the method, under assumption that can, in principle,
accommodate a variety of discretization spaces for both the boundary integral equation and
the interior PDE. Numerical tests, confirming the validity of the theoretical estimates, are
presented for a linear finite element discretization.

In allowing the discretization for the boundary integral operators to be chosen indepen-
dently of the one for the interior PDE—only a mild compatibility condition between the two
is required by the analysis—the proposed approach allows for a large flexibility in the choice
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Fig. 8 Example 5. Exact solution (top-left plot) and approximate solution u;l"W (top-right plot) in the domain
2. Pointwise absolute error in [—5, 5]% (bottom plot). f = f1
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Fig.9 Example 5. Exact solution (top-left plot) and approximate solution ”;{ w (top-right plot) in the domain
Q1. Pointwise absolute error in [—5, 5] (bottom plot). f = f»
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of the approximation spaces, which in principle, do not need to be of finite element type.
This can be exploited for designing efficient methods for the solution not only of elliptic
problems but for a much wider class, including, for instance, wave propagation problems.
This approach allows for instance the use of a wavelet discretization for the boundary integral
operators, which we expect to yield a sparsification of the matrices relative to the integral
operators, with a consequent further reduction of the storage requirement and computational
cost of the overall procedure. In this case, special coupling strategies of the two methods will
be required (see for instance [5,10]).
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