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Abstract

In this paper a priori error analysis for time-stepping discontinuous Galerkin finite element
approximation of optimal control problem governed by time fractional diffusion equation
is presented. A time-stepping discontinuous Galerkin finite element method and variational
discretization approach are used to approximate the state and control variables respectively.
Regularity of the optimal control problem is discussed. Since the time fractional derivative
is nonlocal, in order to reduce the computational cost a fast gradient projection algorithm
is designed for the control problem based on the block triangular Toeplitz structure of the
discretized state equation and adjoint state equation. Numerical examples are carried out to
illustrate the theoretical findings and fast algorithm.

Keywords Time-stepping discontinuous Galerkin method - Time fractional diffusion
equation - Optimal control problem - A priori error estimate - Fast algorithm
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1 Introduction

PDE-constrained optimal control problem plays an important role in many real world appli-
cations. There has been extensive research on numerical methods or algorithms of optimal
control problems in the literatures (see, [6,9,11,18]), most of which focused on control prob-
lems governed by integer order PDEs. In recent years, many researchers have started to
study numerical approximation of optimal control problems governed by fractional differ-
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ential equations, which are frequently met in applications, for example, anomalous process
([3,14,20]).

Based on an optimal control framework an initial value inverse problem for time fractional
diffusion equation was studied in [23] by spectral Galerkin method. Spectral Galerkin approx-
imation of state integral constrained time fractional optimal control problem was discussed
in [24]. In [17], Legendre pseudo-spectral method combining with L1 scheme was utilized
to discretize control constrained optimal control problem governed by a time-fractional dif-
fusion equation. In [25] finite element method combined with L1-scheme was applied to
discretize time fractional optimal control problem with Caputo derivative and a priori error
estimate for semidiscrete case was proved. Regularity of time fractional optimal control prob-
lem and a fully discrete error estimate for L1 and back Euler scheme were presented in [13].
A time adaptive algorithm was developed in [27] for time-stepping discontinuous Galerkin
approximation of time fractional optimal control problem. In [1,2], finite element approxima-
tion of optimal control problems governed by fractional Laplacian were investigated. Finite
element approximation of optimal control problem governed by one dimensional space frac-
tional diffusion equation was investigated in [26], where a priori error estimate was derived
and a fast primal-dual active set algorithm was developed. A fast gradient projection algo-
rithm for finite difference approximation of space fractional optimal control problem was
proposed in [7].

This paper is devoted to the error analysis and fast algorithm for time-stepping discontin-
uous Galerkin finite element approximation of control constrained optimal control problem
governed by time fractional diffusion equation. A piecewise linear finite element method
combined with a piecewise constant time-stepping discontinuous Galerkin method is applied
to discretize the state equation. For the discretization of control variable variational discretiza-
tion approach(see, [10]) is adopted. Regularity of the optimal control problem is discussed. A
priori error analysis for state variable, adjoint state variable and control variable is deduced.
Due to the nonlocal property of time fractional derivative the numerical schemes for time
fractional equation give rise to long tails in time, which leads to higher memory requirements
and increasing computational time comparing with integer differential equations. For optimal
control problem this problem becomes more serious, since we usually solve the discrete first
order optimality condition in an iterative manner, which consists of discrete state equation,
adjoint state equation and variational inequality. To reduce the computational cost, a fast gra-
dient projection algorithm is designed for the control problem based on the block triangular
Toeplitz structure of the coefficient matrix of the discretized system. The total computational
cost for solving the state and adjoint state equation is of O(M J log J) operations, where
M and J denote the number of freedom for space and time, respectively. Finally, numerical
examples are carried out to illustrate the theoretical findings and fast algorithm.

The paper is organized as follows. In Sect. 2, we recall some knowledge about fractional
calculus. Regularity of the optimality system is discussed in Sect. 3. In Sect. 4, time-stepping
discontinuous Galerkin approximation of optimal control problem is given and a priori error
estimate for state, adjoint state and control variable is derived in Sect. 5. A fast gradient
projection algorithm is developed in Sect. 6 based on the block triangular Toeplitz structure
of the coefficient matrix of the discretized state and adjoint state equation. Numerical results
are given in Sect. 7 to verify the theoretical findings and fast algorithm.
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2 Preliminary

In this section we begin with recalling some definitions and properties of fractional derivatives
as well as Sobolev spaces.

For 0 < 8 < 1, the left Caputo and Riemann-Lioville fractional derivative are defined as
follows( [21])

cp 1 Eoy(s)
V=TT B Sy Gosp ™

and
fopon L4 [
V=T g fy G—sp ™

Here I'(-) denotes the Gamma function. Similarly, the right Caputo and Riemann-Lioville
fractional derivative of order 8 are defined by

Cap 1 T v'(s)
OV =~ g4s
ra-pJi -1
and
1 d T ()
Foffu =

- ——ds.
ra-pgyde ), (s—nk
Following [21], the following relations hold

v(0)r P
(Ifa,ﬁv(t) = ga;sv + m
and
v(TYT —1)~#
Rabv() = Colv + B

We can observe that the Riemann-Liouville and Caputo fractional derivatives are equal for
the homogenous initial condition or terminal condition.

For a Lebesgue measurable subset w of R (1 < o < 4), the symbol (p, ¢),, means fw Pq.
According [8] the following properties hold.

Lemma 2.1 Assume € (0, 1)\ {0.5} and A = (a, b). Ifv € Hg(A), we have
Eofv, Foflv)a = cos(BT) vl -
Further, if0 < B < 1/2 and v, w € HP(A), we have
ol v, Faf wya < 10l sy 1wl e 4y,
2 2
EorPv,wya = Gol'v, fofwya = w, fo; v) 4.

According to [22], we introduce the space of H 5(£2). Let {)»k};?il and {qbk},‘:‘;l denote the
eigenvalues (ordered nondecreasingly with multiplicity counted) and the L (§2)-orthonormal
eigenfunctions of —A operator on the domain £2 with a zero Dirichlet boundary condition.
For s > 0, let H*(2) C L*(£2) defined by

o0 00 1
HY(2) := {v = ch¢k : (Zc,%ki)z < oo} .
k=0 k=0
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By Lemma 3.1(see, [22], Chap. 3, Page 38) we have H!(2) = H}(£2) and H*(2) =
H*(2) N H(£2).

3 Optimal Control Problem
Let £2 be a bounded domain of R?(1 < d < 3) with sufficiently smooth boundary 82, and

Q2r =02 x(0,T), I'r =982 x (0, T). We study the following distributed optimal control
problem governed by time fractional diffusion equation

;5ZJan::;muJ%—waJnﬁm%,%gmewbmﬂ 3.1
subject to
du — P Au=fx. ) +qx.0), (x.1) € 2r,
ot
u(x, 1) =0, (x.0) € Iy, 3.2)
u(x,0) =0, x € 2.

Here U, is the admissible set defined by
Usa ={q € L*(27): a <q(x,t) <b ae.in 27 with a,b €R and a < b}.

Since the functional 7 is strictly convex and the admissible set U, is bounded, closed and
convex, the control problem (3.1)—(3.2) admits a unique solution.

Assumption 3.1 In the following we suppose that y > 0, f € L?(0, T; L?(£2)) and ug €
L%(0, T; L%(£2)) are fixed data.

According [16] the state variable satisfies the following estimate.
Theorem 3.2 Suppose that u is the solution of state equation with right hand term f. Then
we have

)2y + P Vu, Voyg, = (f.v)0,. Yo € L2(0, T; H'(2)) (3.3)

and

lull o, 7222y + 1l pasprzo,r:mr2y + 14l gs o, 22y = CIfIIL20.1:22(2))-

For above optimal control problem we can derive the following first order optimality
conditions( [27]).

Theorem 3.3 Assume that g € U,q is the solution to optimal control problem (3.1)—(3.2)
and u is the corresponding state variable given by (3.2). Then there exists an adjoint state
such that (u, z, q) satisfies the following optimality conditions:

%—gazﬂﬂu=f+q, (x.1) € 27,

u(x, 1) =0, (x,t) eI, (3.4
u(x,0) =0, x € £,
—%—WMZWWmQMG%,

z(x, 1) =0, (x,t) e I'r, (3.5)
z2(x, T) =0, x e

@ Springer



Journal of Scientific Computing (2019) 80:993-1018 997

and

(vg+2)(v—¢q) =0, VveUy. (3.6)
2r

Let
Py,,(q(x,t)) = max{a, min(q(x, t), D)}

denote the pointwise projection onto the admissible set U,,4. Then (3.6) is equivalent to

I
)
N\ oy

Similar to state equation, the adjoint state variable admits the following estimate ([16]).

Theorem 3.4 Let 7 be the solution of adjoint state equation with right hand term g. Then we
have

— @ Vay + RV, Voyg, = (g, v)a,, Vv € L2, T; H'(2)) 3.7)
and
Izl gro,7; 2202y + 12l gasprno.r a2y T 12w, 5202y = ClglL20.7:0202))
For the optimality system (3.4)—(3.6) we have the following regularity result.

Theorem 3.5 Supposed that (u, z, q) is the solution of optimality system (3.4)—(3.6). Then
we have

u(x), z(x) € H'(0, T; L*(£2)) N HP (0, T; H*(£2)) n H'P20, T; H' (£2))
and
q(x) € H'(0, T; L*(£2)).

Proof Note that f € L%(0,T; L*(2)), ya € L*(0,T; L>(2)) and ¢ € U,y. Then by
Theorems 3.3 and 3.4 we have

u(x), z(x) € H'(0, T; L*(2)) n HP (0, T; H*(£2)) n HYTP20, 75 H' (2)).
For the projection operator Py,, the following property holds (see, [15])
| Pu,g ) lws.po.1: 2202y < Clvllwsro,7:02(2)), 0<s =<1, 1 <p=<o0.
This implies that
q(x) € H'(0, T5 L*(2)).

4 Time Stepping Discontinuous Galerkin Discrete Scheme

Let V}, be the finite element space consisting of continuous piecewise linear functions over
the triangulation 77,:

Vin=A{v, € HO1 (£2) N C(£2); vy, is alinear function over K, VK € Ty}.
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Let A, :0 =1 <t <--- <tj_1 <ty=Tbeatime grid with t = T/J. Set
Ij = (tj_1,tj) foreach 1 < j < J. Define the fully discrete finite element space

Vi ={¢p: 2 x[0,T] - R; ¢(x,-) € Vp, ¢>(-,t)|1j ebhy, j=1,2,...,J}.

This implies that ¢ is a piecewise constant with respect to time. For ¢ € Vi, t € I}, we
define

¢; = lim ().

t—>fj
and
o1 =¢] — ;. "N =g

Then the time-stepping discontinuous Galerkin approximation of the state equation can be
written as

J-1

Y UL whe + §F VU, Vw)g, = (f + ¢, w)g,, Yw € Vi

j=0

The time-stepping discontinuous Galerkin discrete scheme for the control problem (3.1)—
(3.2)is to find (U, Q) € Vi X Ugug, such that

min J(U, Q)
QEUud
subject to
J—1
S AW whe + G VU, Vg, = (f + Q. wig, Yw € Vi (&)
j=0

Here the control variable was implicitly discretized by variational discretization concept(see,

[10]).
In order to obtain the discrete first-order optimal control conditions for the optimal control
problem, we define the Lagrange functional

LW, Z,H=TJU, D+ (f+0.2)2
J—1
=S awin. zhe - Gfvu.V2)g, Z e Ve, (42)
Jj=0
Then the discrete first order optimality condition can be deduced by computing

LU, Z, LU, Z, LU, Z,
U 9Z a0
— Discrete adjoint state equation: Note that
LU, Z, Q)
T = (w
U

= lim 1(L(U«l»tw, Z,0)—LWU,Z,Q))
t—0t 1

)

J—1

1 1

= lim — | = > (U+tw);1], zfr)g—({fafvwﬂw), V2o, + —/ (U + tw — ug)dxdt
t—0t t i J 2 Jor
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J—1

|
+ YU Zhe + o YU 29, - 5 /9 W - ud)zdxdz)
) r

J—1
1 1
= lim (— Z(:)([[(tw)j]], zj)_q - (ga[”vaw), V2o -5 /ﬂr QU + 1w — 2ud)twdxdt)
=
J—1
= = Y w;ll, zha - Fofvz, Vurg, + /Q U — ug)wdxdr.
j=0 T
Then we have
J-1
Y will ZDe + FofVZ, Vg, = (U — ua, wg, Yw € Vi, (43)
j=0

— Discrete variational inequality: Note that

L. Z. Q) o
g Wwm 0= lim (LU.Z.0 41w = 0) - LW, Z,0)
1
= lim_ - ((f + Q41— Q). Z)gp + Zf (Q +1(v — 0))dxdt
—0t+ 1 2 2r
: v 2
I+ 0. 20, ¥ fQT 0 dxdz)
= lim 1 ((t(v - 0). 2o, + Z/ Q2O +t(v—0ONt(v — Q)dxdt)
10+ 1 2 Jar
:/ (v— Q)Zdxdt + y[ Qv — Q)dxdt.
27 7
This gives

yO+Z,v— Q) >0. 4.4)

Then the first order optimal condition for the discrete optimal control problem can be written

as

J—1
> (WU whe + Gl VU Ve, = (f + Q. w)a, . Yw € Vi,
j=0
= Y (4.5)
Z([[wj]]v Zj+)9 + (0rVZ, Vw)o, = (U —uq, w)e., Yw € Vi,
j=0
yYO+Z,v—0Q)a =0,Yv € Uyq.

5 Error Analysis

In this section we are going to derive the error estimate of [|u — Ull2¢. 7.12¢2)) 12 —
Zlr20,1: 1202y and llg — Oll12(0,7:12(s2))- Note the the state variable and control variable
are coupled together. In the following we firstly sketch the overall proof strategy.
To decouple the estimate we firstly decompose u — U and z — Z as follows
u—U=u—-U(g)+U(g) —U,

1—Z=z—-Zw)+Z(u) - Z,
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where U(q) and Z(u) are auxiliary variables defined by
J-1
S U@ whe + G VU@). Vwig, = (f + g wig,. Ywe Vi (5.1)
j=0

and
J—1
> dlwill, Zw e + ROV Z(u), V), = (u — g, gy, Yw € Vig.  (5.2)
Jj=0

In Sects. 5.1 and 5.2 we will prove that the estimate of [[u — Ull 20, 7:12() and
lz—Zl12(0.7:12(s2)) are controlled by the estimate of [|g — Qll 120, 7,12 (s2))- In order to finish
the whole estimate we just need to derive the error estimate of [|g — Q|| .2 (0,7 12(s2))- By intro-
ducing another auxiliary variable Z(q), we obtain the error estimate of g — Qll 120, 7:22(2))
in Sect. 5.3. Then combining the results obtained in Sects. 5.1-5.3 yields the final error

estimate of ”M — U”LZ(O,T;LZ(Q))’ ”Z - Z”LZ(O,T;LZ(Q)) and ||q — Q ”LZ(O,T;LZ(Q))’ i.e., The-
orem 5.13.

To achieve the final results we need to introduce some interpolation and projection oper-
ators. Suppose that X is a Banach space. For v € C((0,T]; X) and v € C([0,T); X) we
respectively define

(Pev)ls, = v(t)), V1< j<lJ,
and
(G|, = v(@j—1), VI<j<J.

According [16] the following estimates hold.
Lemma5.1 Ifve H°(0,7),0 <a < 1/2 <o < 1, we have

(I = P)vlgeo,r) < Ct° “|vllgo©,1),

(I = Go)vlgeo.r) < Ct7 *|vllHe©.1)-

Let P, : L%(£2) — V}, denote the Lz(.Q)—onhogonal projection operator defined by
(Prg, x) = (@, X). VX € Vi,
which satisfies the following estimates ([12]): if v € H° (£2) witho =1, 2,
o= Puv 2y +i v = Puv ll gy = h 10l o g)-

The following lemmas can be found in [22], which will be used in the following error analysis.

Lemma 5.2 Assume that v € L2(0, T; L2(2)), and v' € L%(0, T; L?(£2)), then we have

J—1
W' Vg = (), Vi) = Y (VL (G Pow)Da.
j=0
j—1

', V)exwo.) = Z([[(Pz Py)ill, Vi — (0(0), Vi) e,
i=0

forallV e Vi, and 1 < j < J.
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Lemma 5.3 IfV € Vi, then the following estimate holds

i—1

1 B J

5 (V7 20y + 16 B2g)) < 2oL VD),
i=0

foralll < j <J.

5.1 Error Estimate for u-U

It is easy to see that U (g) is the finite element approximation of . Then according to [16],
we can get the following error estimate.

Theorem5.4 If f +q € L%, T; LZ(Q)), then we have

lu = U@ll20.7: 122y < CH* + OIS +qll20.7:12(2))-

Nextly we turn to estimate |U(q) — Ullp20,1:12(2))-

Theorem 5.5 Assume that U(q) and U are the solution of the Egs. (5.1) and (4.1), respec-
tively. Then we have

WU(q) — Ullzo,7:12(2y) < Cllg — Clir20.7:02(2))-
Proof Choosing w = U(g) — U in (4.1) and (5.1), we deduce

J—1

> (W) = V)1 W(g) - U)DHe + G VU@ — U). VWU @) - U,
j=0

=@—0,U(@ —U)g.
By Lemma 5.3, we deduce

J—1

1
U@ =]l < Y (W) — )11 U(g) — ) a.
j=0

By Lemma 2.1, we obtain

& VU9 - U), VU@ - U)) —COS(EJT)IU( ) - U

09 q s q Qr = 7 q HPB2(0,T;H ()"
Note that 0 < 8 < 1 and U(g) — U vanishes on 9£2. Then we obtain

2 2
|U(‘1) - U|Hﬁ/2(0,T;H1(.{2)) N” U(‘I) -U ”Hﬁ/z(O,T;HI(.Q)) .
This implies that

U@ —Ull2or:022)< ClU@Q) — Ulgsro,r 0 @)

Collecting above inequalities and using Young inequality leads to

_ p
IU @) = U); g + cos (En U@ = Ul

2
= C”q - Q||L2(0,T;L2(Q))'

Theorem result follows above estimate. O
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By Theorems 5.4 and 5.5, we obtain the estimate of lu — Ul 20.7:12(2))-

Theorem 5.6 Assume that u and U are the solution of the Egs. (3.4) and (4.1), respectively.
Then the following estimate

lu—Ullp2o,1:02002)) = C(h2 +OIf +allir20.r:222) + Cllg — Cllr2.7:22(2))
holds.

5.2 Error Estimates for z-Z

Note that Z(u) is the finite element approximation of z. Then in the following we are going
to prove the estimate of |z — Z(u)l 2¢0.7:12(2)) by dual argument. To this end we firstly
prove some auxiliary results.

Lemma 5.7 Assume that z and Z(u) are solutions of (3.5) and (5.2). Then we have

1(Z(w)—G~ PhZ)7||L2(9)+|Z(M)_Gr thlHﬁ/z(O,tj;I-.Il(Q)) <C|(I-G, Ph)lef‘/z(O,T;I-'Il(Q))'
Proof Let® = Z(u) — G, Ppz. Choosing v = 0(0.1))> (3.7) reduce to

—(, D exor) + (58§Vz, V) oxo,:) = W — g, 0)2x0.1))-
Setting w = 0, ©.17) in (5.2) we obtain
i1

Z([[Gi]], ZwHa + (,Ra?VZ(M), VO)2x©,) = W — g, 0)2x©,))-
i=0

Subtracting above two formulas leads to

j—1
~(@ O axy) + CoFV @ — Zw), VO axo) — Y611, Zw))e = 0.
i=0

By Lemma 5.2 and z(7') = 0 we have

j—1
—(@, 0 ax0.) = (611, (G P
i=0
A simple calculation then yields
j—1
(FopV (2 — Zw)). VO) x4 — Y (116116 )2 = 0.
i=0
Note that z — Z(u) = z — G; Pz + G Pz — Z(u). Then we obtain

j—1
FoPV (@ = G Pu2). VO ax. = F0)V0. VO ox0.) + D (1611, 6, e
i=0
According Lemma 5.3, we have
1 i
5 167 1520 + 165 1720 < D (1611, 6.
i=0
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This implies

1
-2 +12 2
5 (16712 0+ 165 1200 ) + 1600300200 2
<Clz -G, PhZ|Hl3/2((),T;H1(_Q))|9|Hﬁ/2(07[j;[-']1(_{2))'

By the Young inequality, we can deduce the theorem result. O

Lemma 5.8 Assume that 7 and Z(u) are solutions of (3.5) and (5.2). Then we derive

max |lz(z;) — Z(M);'_”LZ(Q) +lz — Z(”)|Hﬁ/2(o,r;ﬁ11(9))
0<j=<J-1 (5.3)

< Cth+t)|lu—uy lz200,7:22(52))-
Proof By the estimate of L? projection and the definition of G, we have

lz(zj) — (G+ PhZ);rHLZ(.Q) = = Pzl 22)
S hlz@) g ey < hlizllgaspro.r.my ey
< hllu —ualz20,7:122)) (5.4
Letz — G Pyz =z — Ppz+ Ppz — G Ppz. Using Lemma 5.1 gives
|z = G Puzlusr .11 (2)
<lz— PhZ|Hﬂ/2((),T;1-'11(Q)) + (I - GT)PhZ|[-1ﬁ/2(0,T;[-'[1(Q))
< hlzlgsro a2y T 10— GOzlpsrora2)
< hlzlgsro.r.g202) + 71/2|Z|H<l+ﬁ)/2(o,r;ﬂl(9))
< Ch+ 1) —uall 2071202 (5.5)
Combining (5.4) and (5.5) as well as Lemma 5.7 leads to
l2t)) — Z@) Nl 2 + 12 = ZGD | gerg 71 2y
< llzt)) = (G Pi)] 12y + 1(Ge Pad) | — Z) N2
+lz— G- PhZ|Hﬁ/2(0,T;H1(_Q)) +1G Ppz — Z(“)|Hﬂ/2(0,T;H1(Q))
< lz(;) — (GrPhZ);||L2(Q) +lz— GrPhZ|Hﬂ/2(0,T;H1(_Q))

<Ch+t")|u— udllz20,7:02(2))- o

Theorem 5.9 Let z and Z (u) be the solution of (3.5) and (5.2), respectively. Then the following
estimate holds

llz — Z(M)HLZ(O,T;LZ(.Q)) =< C(h2 +Ou—uq ”LZ(O,T;LZ(.Q))'

Proof To drive the estimate of ||z — Z (u) || 12(0.7:12(s2))» We introduce the following auxiliary
problem:

O wig, + vy, Ve, = (2 — Zw). w)g,. w € L0, T; H'(2)),
y(,0) =0.

It is easy to see that y satisfies the stability estimate presented in Theorem 3.2.
Choosing w = z — Z(u) yields

Iz = Z 220 71202y = O 2 = Z@)ay + (0 Yy, Ve = Z@))) g, -
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Using integration by parts we obtain

”Z - Z(”)”%‘Z(O’T;LQ(Q» = _(Z/! )’)QT - (y/’ Z(”))QT + (tRaﬁv(Z - Z(”))’ Vy).QT
Choosing w =Y = P, Py, (5.2) reduce to

J-1

WYL Z@ Do + FOFVZ@), VY, = @ —ug. V).
j=0

By Theorem 3.4 and v = Y, we have
~@ Vgr + V2, VYop = @ —ua, Vg,
Subtracting above two equations leads to

J—1
(FoPV (= ZW), V¥, = @ Vg, + Y (Y11 Z6) D).
j=0

Note that
RV (z — Zw)), Vy)a,
= RV (z = Zw). V(y = Vg + BV — Zw). VY)g,

J—1
= (FfV (= Zw), V(y = a, + (. Vay + Y (YL Zw) De.
Jj=0
By Lemma 5.2 and y(-, 0), we have
J—1
DY ZwhHa, =, Zw) e,
j=0

Therefore we further have

Iz = Z 1220 7200y = GV = Z@), Yy = Yoy — (2, y = Vg,

Slz=ZWlysror.mr@nly = Ygeror.mv ey (5.6)
+ 12 20,7202 1y = Yl r200.7:1202))-
Using similar proof of Lemma 5.8, we have
vy = Ylgsrora ey < Ch+ 1)z = Zwl 20,7.12(0)) (5.7)
and according [5], we have
ly — Y||L2(0,T;L2(Q)) = C(h2 +Dllz — Z(“)”LZ(Q,T;LZ(_Q))- (5.8)
Inserting (5.3), (5.7) and (5.8) into (5.6) yields the theorem result. ]

Now it remains to estimate || Z(u) — Z || .2¢0,7:12(2))-

Theorem 5.10 Assume that Z (1) and Z be the solution of (5.2) and (4.3). Then the following
estimate holds

I Z) = Z lI200,7; 202 =< Cllu = Ullz200,7;12(2)-
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Proof By (4.3) and (5.2), we obtain
J—1
Y w1 (Zw) — 2)De + FEV(Zw) = Z), Vg, = (u = U, w)g,.
j=0

Setting w = Z(u) — Z and using Lemma 5.3, we have
| J—1
SN2 = 2§12, = D UZW) = 21 (Zw) = 2)]a. (5.9
j=0

By Lemma 2.1, we have

([Ragv(z(u) - Z)a V(Z(M) - Z)).QT = COS <§ﬂ> |Z(u) - Z|§~]/5/2(07T;Hl(9))~
Note that

|| Z(M) -7 ”LZ(O,T;LZ(Q))S C|Z(l/{) - Z|Hﬂ/2(0,T;H1(Q))' (5]0)

In analogous to the proof of Theorem 5.5, using (5.9) and (5.10) as well as Young inequality
results in

B
”(Z(M) - Z)a_”iZ(Q) + cos (ET[ IZ(M) - Zﬁ-]ﬂ/z((),]‘;Hl(Q))
<Cllu=Ul20,1:22)-
Again by (5.10) we obtain
IZ@W) = 2§ 1720+ 1 Z@) = Z 1320721202y = Clt = Ullga 0. 71202
O

Combining Theorems 5.9 and 5.10 yields the error estimate of the adjoint state variable
Iz = ZllL20,1:2(2))-
Theorem 5.11 Assume that z and Z be the solution of the Egs. (3.7) and (4.3). Then we have

lz = Zll20,7:12002)) = Ch* +1)u — udllp20,7:22) T Cllu = Ull200,7:2(02))-

5.3 Error Estimates for g-Q

Note that the estimates of ¥ — U and z — Z depend on ¢ — Q. In the following analysis we
will derive the estimate of ¢ — Q to finish the whole error analysis.

Theorem 5.12 Let g and Q is the solution to the problem (3.6) and (4.4). Then the following
estimate holds

lg — Oll2.r: 122y < Ch* + 7).
Proof It follows from (3.6) and (4.4)

vla = Qa0 71202y =/ valqg — Q) — / y Qg — Q)
27 27

5/ z(Q—q)+/ 24— 0)
Qr Qr

= (z—Z(CI))(Q—Q)+/Q (Z(q) = D)(Q = q).
T

27
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Here Z(g) is an auxiliary variable defined by

J—1
Y (will. Z@) e + oV Z(q). Vw)g, = U(g) — ta. gy, Yw € Vir. (5.11)
Jj=0

By (4.1) and (5.1), we have

J—1
(Q—q.w)g; = Y (WU = U@),ll. whe + G VU - U@)). Vwg,.
=0

Choosing w = Z(g) — Z, and using integration by parts yields

/ (Q-q9)(Z(q) - 2Z)
2r

J—1

=Y W~ U@)N. (Z@) ~ 2)De + G VU - U@). V(Z@) ~ 2)e,
j=0
J—1

=Y W~ U@)1. (Z@) — 2))e + RV (Z(q) — 2). VU — U(g)e, .
j=0

By (4.3) and (5.11), we obtain

J—1
> (MwiN. (Z(@) — 2 He + CopV(Z(g) — 2). Vw)g, = (U(g) — U, w)g,.
j=0

Setting w = U — U(q) gives
/ (Q-q9)(Z(q) - 2) = —/ (U(g) - U)* <0.
27 27
Then we deduce
T

<llz=ZW@@lr20,1: 220 ld — Cllz20,7:22(2))-

Further we have

lg — Qlir2,7:1202)) =< Cllz = Z(@ 20,1, 12(2))-

Now it remains to estimate ||z — Z(q)l12¢0,1.12(2))- Note that z — Z(q) = z — Z(u) +
Z(u) —Z(q), thus we only need to estimate || Z (1) — Z(q) | .2¢0,7:12(s2))- By (5.2) and (5.11),
we have

J—1
> (w11 (Zw) — Z@) D + FfV(Zw) — Z(@). Vw)g, =~ Ulg). e,
j=0

Setting w = Z(u) — Z(q) and according to Lemma 5.3, we have

1 J—1
2w = Z@) 20y = Y AUZW) = Z@) 1. (Zw) = Z@) e 1 < j <.
Jj=0
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By Lemma 2.1, we have

RV (Zw) - Z(9)), V(Zw) — Z@))gy = cos(gnnzw ~ Z@ 0.0 0

Collecting above equations leads to

%n(Z(u) — Z@)§ Py + cos<§n)|2(u) ~ Z@ s o)
=Clu =U@lr2o,r; 1262 1Z2m) — ZD 20,7 12(02)) -
Since
1Z(u) — Z(Q)”LZ(O,T;[}(_Q)) <ClZ(u) — Z(C])|Hﬁ/2(o,r;yl(g)),
by Young inequality we obtain

IZ@) = Z@)g 1720y + 1ZW) = Z@ 20 71200y < Cllt = U@I320 7120y
(5.12)

By Theorems 5.4, 5.9 and (5.12), we can get the error estimate of the control variable

lg — CllL2o,7:12(2)) < Cllz — Z(@ 200, 7:12(52))
<Clz—=ZWl20,7:12(2)) T 1Z2) = Z( @Dl 20, 7;12(2)))
<Ch* +1)|u— udll20,1:202)) T Cllu = U@ 120.7:12(2))
< C(h* +1).

5.4 Main Result

Combining Theorems 5.6, 5.11 and 5.12, we obtain the following main result.

Theorem 5.13 Let (u, z, q) and (U, Z, Q) respectively are the solution of the Egs. (3.4-3.6)
and (4.5). Then the following error estimate is established

lu—=Ul2or 2@y ¥ 12— Z 20,7220 114 — Q 20,1 12(2) = Ch* +1).
Proof By Theorems 5.6 and 5.12, we obtain

lu = Ul 102002y < Ch*+ )l f + qllzzo, 122y + Clla = Cliz20,7:12(2))
<Ch*+1).

Hence Theorem 5.11 implies

Iz = Zll20,1:02002)) = C(h2 + Ol —uallp20,1,0202)) + Cllu = Ullp20,7:12(2))
< C(h* +1). o

6 Fast Algorithm

In this section, a fast gradient projection algorithm is designed to solve the optimal control
problem. In the following F; and F denote the Fourier matrix and the inverse Fourier
matrix. The symbol ® denotes the Kronecker tensor product.
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6.1 Gradient Projection Algorithm

The following gradient projection algorithm is used to solve the discrete optimal control
problem.

Algorithm 1: gradient projection algorithm

Require:
Given the time step 7, space step & and tolerance 7.

Ensure:

1: Given the initial value Q, and setting error = 1.

2: while error > n do

3:  Solving the state equation (4.1) in the discrete optimal system to get state variable U ;

4:  Solving the adjoint state equation (4.3) in the discrete optimal system to get adjoint state
variable Z ;

5. Using the pointwise projection Py, onto the admissible U4 to compute the control
variable:

1
Qnew = PU,ld (==12).
14
6: Calculate the error

error = norm(Q — Quew, inf)/norm(Q, inf).

7. Update the control variable Q = Qyew,
8: end while

In above algorithm the discrete control system is solved in an iterative manner. The main
computational cost comes from solving the discrete state and adjoint equation. The discrete
state equation and adjoint state equation can be solved in a time-marching fashion.When
the time division and space division are relatively large, due to nonlocal property of the
time fractional derivative, the computation amount is very large. Therefore, fast algorithm is
necessary.

6.2 The Coefficient Matrix of the Optimal Control Problem

In this part we are going to investigate the structure of the coefficient matrix of discrete
state and adjoint state equation. Let V), be the finite element space consisting of continuous
piecewise linear functions

Vi = span{e1, @2, ..., oM}

According to [27], by choosing w to vanish outside /; the discrete first order optimality
system is reduced to
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J
W =07 w) + ) Ca(VUS V) = t(f/ + Q7 wy), j=1.2.....J,
k=1
J
2/ =2 w) + ) Cr (V2 V) = U =iy wn), =00 =1,
k=j
Q' +2Z7 v — Q) =0, Yo €U, j=12,....J,
UOZO,ZJ:O.

| o1
Here f/ = f/- fdt, IZZI = f/ uqdt and C; ; are defined as follows
T I T Jr; ’

rl_ﬁ

— (G=k+D"P 2 - P (j=k=D"P) k=1,2,....j 1,
L Fa g (kD =26 = 0!k F) j
Jjk= Tlfﬁ

S k=j.

re-p

We can observe that the time-stepping discontinuous Galerkin discrete scheme can be viewed
as a modified backward Euler scheme, since the discrete state and adjoint state are piecewise
constant in time.

We denote the mass matrix and stiff matrix by M and S, respectively, whose entries are
calculated by M = (¢;, ¢;) and S = (V¢;, Vo;),i, j =1,2,..., M. Note that
C(VU', Vu) + (U, wy) = (f' + Q' wa),
Con (VU V) = (U, wy) + Coa(VU?, V) + (U, wy) = T(f2 + 0%, wn),
C31 (VU Vup)+C(VU?, Vu)—(U?, wy) + C33(VU?, Vwp) + (U wp) = 7(f + 0%, wp),

Cr(VU', V) + Cpp(VU?, V) + -+ Cp 1 (VU™ V) — (U771 wp)
+Cry (VU V) + U7 wy) = T (f Q7 wp).
Then the discrete state equation can be rewritten as follows
AU =Db. 6.1)
Here
U=, u)7,
b= b ... b7,

withb/ = (¢ (f/ + @/, oiDmx1.j=1,....J,i =1,2,...,M and U/ € RM. Since the
time subdivision is uniform, by the definition of C j; we have

Ci=Cn=--=Cyy,
Cu=Cn=--=Cy -1,
Gy =Cyp=---=Cy -2,

Cj21=Cyj120=0Cy3,
Cjo11=0Cyp.
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For convenience, we define C; = Cy1,Cy = Ca1,...,C; = Cyi. Then the coefficient
matrix A takes the following form

M+ CiS
O S—MM+CiS

38§ G S-—MM+CiS
A= . . .

C]._IS C]._2S C]._?,S M+ CIS
c;S Cj-1S Cja8 -GS —MMH+CiS
In an analogous way, we can rewrite the discrete adjoint state equation as follows
AZ =c, (6.2)
among

7 =27, 7’72, ... 17,

a:=(c1,c2,...,cJ)T

o =@ —w T o msa, =1, i =1, M.

It is easy to see that the coefficient matrix for state equation and adjoint state equation are
both block lower triangular Toeplitz-like with tri-diagonal block matrix(BL3TB).

6.3 Fast Algorithm

Note that the computational effort to solve the optimal control problem mainly focuses on
how to solve the state equation and the adjoint state equation. Then the remaining problem
is how to solve the following linear system in a fast manner

AX =. (6.3)

According [19], the main idea is to replace the exact A with an approximate A., where
A¢ satisfies the following form

Ao GA],1 EAZ 6A1
Al Ay €Aj_1 -+ €A
Ao = AL A :
Ay - €Ay
Aj—1 Aj—2 -+ A1 Ao

Therefore the solution of the Eq. (6.3) can be represented as
X = A_ly ~ A;ly = X.

Note that A, is a Block e-criculant matrix(see [4]). This allows us to use fast Fourier transform
to reduce the computational cost.

Theorem 6.1 (see [4], Theorem 2.10) Let A is the Block € — criculant matrix with the first
column [Ag, Ay, ..., Aj_11F. Then we have

AT = (D' FD) ® Inldiag(Ay", AT, ... AT DIF Ds ® Tn)], (6.4)
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1011

Table 1 Analysis of computation

Step

Operation

1) compute § and D
2) compute A ;
3) Compute y,
4) Compute y,
5) Compute Xe

o)
O(J + NloglJ)
OMJ + MJloglJ)
OMJ+ MJloglJ)
OMJ +MJloglJ)

Fig. 1 discrete state U, adjoint state Z and control Q

in which, Ds = diag(1,6,...,8'™Y),8 = /e is a diagonal matrix. The matrix Ay, k =
0,1,...,J — 1, are M x M dimensionality and satisfy

Ao Ao
Ay A
= [(WJF;Ds) ® In]

Aj_y Ay

According to [19], the Eq. (6.4) can be implemented by the following algorithm, which is
called approximate inversion method (AIM) .

Algorithm 2: AIM for solving the BL3T B system

1. Input €, y and tri-diagonal matrices Ao, Ay, ..., Aj_1,
2. Calculate § = /e and D5 = diag(1,8,...,87 1),

3. Calculate tri-diagonal matrices A;, j =0,1,...,J — 1,
4. Calculate y, = [(F;Ds) ® Inly,

5. Calculate §, = diag(Ay", AT, ..., A7 Dye,

6. Calculate X, = [(D; 'F}) ® Iy¥..

Applying Algorithm 2 to Algorithm 1 yields a fast projection gradient method for the
optimal control problem. The Table 1 displays the computational cost required for each step,
which implies that the total computational cost is O (M J log J).

7 Numerical Examples

In this section numerical experiments will be carried out to illustrate the error analysis and
algorithm presented in Sects. 5 and 6.
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Table 2 Errors of state, adjoint state and control in L2(O, T, L2(.Q)) for different B and fixed time partition
J=M?

M=10 M=20 M=30 M=40 M=50 M=60 M=70 Order

B=04 llu=Ull 20 7.12(c2)) 5-94e—3 146e—3 6.46e—4 3.63e—4 2.33e—4 1.62e—4 1.19%e—4
lz=Zll 20,7 12(2)) 32863 831e—4 3.7le—4 2.10e—4 1.34c—4 9.36c—5 6.89c—5
lg—Qll 20, 7:12(52y) 345e—3 8.54e—4 3.78e—4 2.12e—4 1.35e—4 9.40e—5 6.89e—5

B=08 llu=Ull 20 7:12()) 5-41e=3 135e=3 6.0de—4 3.43e—4 221e—4 1.54e—4 1.14e—4
lz=Zll 20,7122y 2443 6.73e—4 3.13e—4 1.8le—4 1.19¢—4 8.36c—5 6.22¢—5
lg=Qll20.7:12(52y) 40563 9.63e—4 4.18e—4 2.3le—4 1.46e—4 1.0le—4 7.33e—5

2.00
1.98
2.01
1.97
1.89
2.05

10°
—&=—u-U
~~_ —%—z=Z
P
S \\\ —+— slope O(h?)
~ \\EL\
10_3 L ~ - \\\\ p
. -
—
£ ~s
[0}
~_
10+ ]
10° 1
10
Number of space

Fig.2 Space convergence rates of state, adjoint state and control for 8 = 0.4

-2

10
—=—u-U
~ —%—z-Z
~__ 4-Q
N ™~ — —+— slope O(h?)
~_ ~a.
10 s i \\\\\ ~__ . 4
~ -
5 ~
o =
~_ —
~ s
4 N
10 | ]
10°

1

10

Number of space

Fig.3 Space convergence rates of state, adjoint state and control for 8 = 0.8
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Table 3 Errors of state, adjoint state and control for different 8 and M=J

J=400 J=500 J=600 J=700 J=800 J=900 J=1000 Order

B=04 |u=Ull 200 1:12(c) 97264 7.79%—4 6.50e—4 5.58c—4 488c—4 4.3de—4 39le—4 0.99
lz=Zll 20 7:12(2)) 878e—4 T.04e—4 587e—4 5.04e—4 44le—4 3.93e—4 3.54e—4 098
lg—Qll 20, 7:12(52)) 7-76e—4 6.20e—4 5.160—4 4.42e—4 3.86e—4 3.43c—4 3.09¢—4 1.00

B=08 |u=Ul 200 .12y 731e—4 594e—4 5.0le—4 4.34e—4 382c—4 343e—4 3.10e—4 0.94
lz=Zll 20, 7:12(2)) 674e—4 5.48e—4 4.62e—4 4.00e—4 3.52e—4 3.16e—4 2.85e—4 0.94
lg—Qll 20, 7:12(52)) 90%—4 7.22¢—4 5.98¢—4 5.10c—4 4.4de—4 3.93c—4 3.53c—4 1.03

x 10

error

400 500 600 700 800 900 1000
Number of time

Fig.4 Time convergence rates of state, adjoint state and control for g = 0.4

7.1 Example 1

We consider the control problem with 2 = [0,1], y =1, T =1, n = 1.0 x 1073 and
€ = 0.5 x 1078, The exact solutions are given by
u=r1> sin(2rx),

z=(1- 1)2 sin(rx),

q = max(—0.5, min(—z, —0.1)).

The right hand term f and the desired state 4 can be calculated by the exact solutions and
governing equation.

The space-time surfaces of discrete state variable, adjoint state variable and the control
variable are displayed in Fig. 1 .

In order to achieve the convergence rate of space we fix time step as J = M?2. The
errors of state, adjoint state and control variable are presented in Table 2. The corresponding
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x10™
9r —E—u-U J
—H—z-Z
8r a-Q 1
—+— slope O(7)

error

400 500 600 700 800 900 1000
Number of time

Fig.5 Time convergence rates of state, adjoint state and control for § = 0.8

Table4 Comparison of computational time

J=27 J=28 J=2° J =210 J =2l J =212 Order
AIM 0.978 1.935 3.664 7.122 14.007 29.375 0.98
BSFM 9.058 33.7 144.9 679.3 2856.4 15796.1 2.15

convergence rate for space is shownin Figs. 2 and 3, which is in agreement with the theoretical
result.

Similarly, in order to test the convergence rate of time we set M = J. The errors of state,
adjoint state and control variable are list in Table 3 and the corresponding convergence rate
is given in Figs. 4 and 5 . It is easy to see that the convergence rate is consistent with the
theoretical prediction.

The comparison of computational time for fast algorithm (AIM) and the traditional method
with the block forward substitution (BESM) is given in Table 4 with M = 27. We can observe
that fast algorithm can effectively reduce the computational time. From Figs. 6 and 7 we
can find that the computational time for fast algorithm (AIM) increases linearly, which is in
contrast to the traditional method with the block forward substitution (BFSM).

7.2 Example 2

We consider the control problem with 2 =[0,1], y =1, T =1,and n = 1.0 x 1075, f
and uy are given by

f =10,
ug = —20x(1 — x)e'.
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2

10 .
—#— time of AIM
——0() *
10" ;
[0
£
= B
10 g ]
107" :
10° 10’ 10°
J
Fig.6 Computational time of fast algorithm (AIM)
10° ,
—#— time of BSFM
10t L ow?) ]
10° } ;
(O]
£
10° } ;
10"} ;
10° ‘
10° 10’ 10°
J

Fig.7 Computational time of BFSM

In this example, no exact solutions can be achieved. The control variable is chosen as
g = max(—0.5, min(—z, —0.1)). We use the numerical solutions on a much finer grid as the
reference solutions. In order to achieve the convergence rate of space, we fix J = 2!9 and
M = 2'0 The errors of state, adjoint state and control variable are given in Table 5. The
corresponding convergence rate for space is shown in Figs. 8 and 9 for different 8, which is
in agreement with the theoretical result.

Similarly, we set J = 2'! and M = 2! to verify the convergence rate of time. The
errors of state, adjoint state and control variable are listed in Table 6 and the corresponding
convergence rate is given in Figs. 10 and 11 for different 8. It is easy to observe that the
convergence rate is consistent with the theoretical prediction.
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Table 5 Errors of state, adjoint state and control for M = 210

J =210 M=22 M=2 M=2* M=25 M=2° Order

B=04 lu—Ulpgr 2, 00389 000971 000243  606e—4  1.52—4 2.0
Iz = Zl20.7: 122y 00306 000770 000193 48le—4 122e—4 199
lg = Qll 2012y 00130 000305 7.06e—4 1.7%—4  452—5 204
B=08 llu=Ulgr2g, 00311 000777 000195 49le—4  128e—4  1.98
Iz = Zl20 1122y 00245 000617 000155  3.94e—4  1.07e—4 196
lg = Qll20. 2y 00127 000319  7.76e—4 196e—4  507e—5 199

107" ,
—&=—u-U
—H—z-Z
g-Q
102§ —o(?)] 1
5
E103F 3
(0]
104 E E
10 :
10° 10" 102

M

Fig.8 Space convergence rates of state, adjoint state and control for 8 = 0.4

107" ;

error
3
w

10°® -
10° 10" 102
M

Fig.9 Space convergence rates of state, adjoint state and control for § = 0.8
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Table 6 Errors of state, adjoint state and control for J = 211

M =211 J=23 J=2% j=25 =20 =27 J=27 Order

=04 |u-— UHLZ(O,T;L2(.Q)) 0.0436  0.0235 0.0124  0.00638 0.00322 0.00159 0.95
lz=Zll20,7:02(2y) 0:0449 0.0253 0.0137  0.00711 0.00360 0.00177  0.93
lg = Cll20,7:12(02) 0.0392  0.0208 0.00997 0.00462 0.00239 0.00116 1.01
p=08 |u-— UHLZ(O,T;L2(.Q)) 0.0431  0.0209 0.0101  0.00487 0.00236 0.00114 1.04
lz=Zll20,7:02(2) 0:0371 0.0182  0.00892 0.00432 0.00210 0.00103  1.03

”‘17Q”L2(0,T;L2(Q)) 0.0286 0.0131 0.00650 0.00310 0.00149 7.14e—4 1.06

107" " "

—H—u-U

102 £

error

10 .
10° 10" 102 10°
J

Fig. 10 Time convergence rates of state, adjoint state and control for g = 0.4

107" : :
—=—u-U
—H—2z-Z
q-Q
—+—0(7)
102 1
S
@
103 F 1
10 5 :
10° 10" 102 103

J

Fig. 11 Time convergence rates of state, adjoint state and control for for § = 0.8
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