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Abstract

We consider a pressure-stabilized Lagrange—Galerkin scheme for the transient Oseen problem
with small viscosity. In the scheme we use the equal-order approximation of order k for both
the velocity and pressure, and add a symmetric pressure stabilization term. We show an error
estimate for the velocity with a constant independent of the viscosity if the exact solution is
sufficiently smooth. We also show an error estimate of a discrete primitive of the pressure.
Numerical examples show high accuracy of the scheme for problems with small viscosity.
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Equal-order elements - Symmetric pressure stabilization - Dependence on viscosity
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1 Introduction

We consider a finite element scheme for the transient Oseen problem, known as linearization
of the Navier—Stokes problem, with small viscosity. In this paper we construct a pressure-
stabilized Lagrange—Galerkin (LG) scheme with higher-order elements, and show an error
estimate independent of the viscosity.

When the viscosity is small, the finite element method suffers from two kinds of insta-
bilities. We begin with the issue of the material derivative. In such case the convection is
dominated and it is important to put weight on information in the upwind direction to make
schemes stable. We here focus on the LG method, e.g. [31,32,34,37,39], which is a combi-
nation of the characteristics method and the finite element method. One of the advantages
of it is that the resultant matrix is symmetric, which allows us to use efficient linear solvers
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[3]. Recently a LG method with a locally linearized velocity [40] has been developed [39]
and convergence has been shown. The locally linearized velocity overcomes the difficulty
in computing composite function term that appears in LG schemes. In [39] inf-sup stable
elements [6] were used.

Besides the inf-sup stable elements, P| /P;-element with a pressure stabilization term has
been also used in LG methods, where Py /P; shows that we use the conforming triangular or
tetrahedral element of order k for the velocity and order / for the pressure. Notsu and Tabata
have been proposed a LG scheme using the stabilization term of Brezzi and Pitkéranta [8]
for the Navier—Stokes problem [29,30], and analyzed the scheme for the Oseen problem and
Navier—Stokes problem [31,32]. Jia et al. [24] have been proposed and analyzed a LG scheme
using the stabilization term of Bochev et al. [5].

Here we extend the Py /P pressure-stabilized LG scheme to higher-order elements. Simple
symmetric stabilization terms for higher-order elements have been presented and applied to
stationary problems in, e.g., [2,7,9,16,36] and to the transient Stokes problem in [11]. On the
other hand, classical stabilization terms based on the residual of the momentum equations
also have been studied for stationary problems in, e.g., [18,19,23] and for the transient Stokes
problem in [27]. These terms are, however, rather complicated to implement compared to the
symmetric stabilization especially for transient problems.

Apart from the issue of the material derivative in the Oseen or Navier—Stokes problems,
dependence on the viscosity appears even in the Stokes problems. Numerical solutions of
the velocities contain approximation errors of the pressures multiplied by the inverse of the
viscosity in standard finite element methods (e.g. [26]). The grad-div stabilization [20] is
a choice to improve stability. Error analyses independent of the viscosity were performed
in [33] for the Stokes problem and in [14] for the transient Oseen problem relying on this
term. In [4] a LG scheme was developed for the Navier—Stokes problem with local projection
stabilization that includes the grad-div term.

In this paper we use Py /Pi-element, k > 1, and pressure-stabilization in the LG scheme
for the transient Oseen problem, and show an error estimate independent of the viscosity.
In the scheme the symmetric pressure stabilization of Burman [9] is used and symmetry of
the LG method is inherited. Although a pressure stabilized scheme for the transient Stokes
problem has been analyzed by Burman and Fernandez [11], we here take the constant of the
stabilization term in a different way such that the constant does not depend on the viscosity.
We consider the case where the viscosity v is small and the exact solution is sufficiently
smooth. The error bound presented here is of order At + A% 4+ h¥ in the L2-norm for the
velocity and for v!/? times the gradient of the velocity, with constants independent of v. Here,
At is a time increment, / is a spatial mesh size. This scheme is essentially unconditionally
stable, that is, we can take A¢ and & independently. The grad-div stabilization is not needed
in the analysis as noted by de Frutos et al. [15]. The technique used in our estimate is a
projection of the exact solution of the velocity with the error independent of v. The same
projection was used by de Frutos et al. [14]. Following [15], we also derive an error estimate
of a discrete primitive of the pressure.

This paper is organized as follows. In the next section, after preparing notation, we state the
Oseen problem and a pressure-stabilized LG scheme. In Sect. 3 we show error estimates with
constants independent of the viscosity and give proofs. In Sect. 4 we give some numerical
results that show high accuracy for small viscosity and large pressures, and additionally show
results of the Navier—Stokes problem. In Sect. 5 we give conclusions. In the “Appendix”
section we recall some lemmas used in the LG methods.
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2 A Pressure-Stabilized LG Scheme for the Oseen Problem

We prepare notation used throughout this paper, state the Oseen problem and then introduce
our scheme.

Let £2 be a polygonal or polyhedral domain of R? (d = 2, 3). We use the Sobolev spaces
WP (§2) equipped with the norm || - |,»,, , and the semi-norm [-|,,, , for p € [1, co] and anon-
negative integer m. We denote wO-P(£2) by L?(£2). Wé’p(.Q) is the subspace of whr(2)
consisting of functions whose traces vanish on the boundary of 2. When p = 2, we denote
Wm-2(£2) by H™(£2) and drop the subscript 2 in the corresponding norm and semi-norm.
For the vector-valued function w € W1 (£2)? we define the semi-norm |w|1,00 bY

=G
i j=1 dx;
The pair of parentheses (-, -) shows the L2%(£2)! -inner productfori = 1,d ord x d. L%(.Q)
is the space of functions ¢ € L?(£2) satisfying (¢, 1) = 0. We also use the notation | - |,
and (-, -)g for the semi-norm and the inner product onaset K.

Let T > 0 be a time. For a Sobolev space X(£2)", i = 1, d, we use the abbreviations

H™(X) = H™(0, T; X(£2))) and C(X) = C([0, T]; X(£2)"). We define the function space
Z™ by

0,00

Z" ={ve H (0, T; H" 7/ ()%); j=0,....m,|[v]zn < oo},
m 1/2
2
potzn = (3 Wi o)
j=0
We also use the notation H" (1, t; X) and Z" (1, t2) for spaces on a time interval (¢, 12).

We consider the Oseen problem: find (u, p) : 2 x (0, T) — R4 x R such that

ou

oy T VU= vAu+Vp = in 2x0.7),

V.u=0 in £2 x(0,7T),
u=0 on 92 x(0,7),
u(-,0) =u’ in £, (1
where 0£2 represents the boundary of §2, the constant 0 < v < 1 represents a viscosity, and

w, f:2x%x(0,T) > R and u : 2 — R are given functions.
We define the bilinear forms a on HO1 ($2)4 x HOl (£2)? and b on HO1 (£2)4 x L%(.Q) by

a(u,v) :=v(Vu,Vv), b,q):=—-(V-v,q).

Then, we can write the weak form of (1) as follows: find (u, p) : (0, T) — HO1 (£2)4 x L(ZJ(.Q)
such that for ¢t € (0, T),

a
((8% + (w- V)u)(t), v) +a@(t),v) + b, p@)) = (f (1), v), (2a)
Yo € Hl(£2)4,

b(u(r),q) =0, Yq € L3(£), (2b)

with u(0) = u".
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We introduce time discretization. Let At > 0 be a time increment, N7 := |T /At] the
number of time steps, 1" := nAt,and " := ¥ (-, t") for a function ¥ defined in £2 x (0, T').
Nr

For a set of functions ¢ = {¢/"}, 'L, we use two norms || - [|geo(z2y and || - || 2(12) defined by

¥l r2y == max {[[¥"[lo:n =0,..., Nz},
Nt 1/2

¥l ey = (ArZ " ||%> :
n=1

Let w be smooth. The characteristic curve X(¢; x, s) is defined by the solution of the
system of the ordinary differential equations,

dX
ﬁ(t;x, s) = w(X(t; x,5), 1), 1<s,
X(s;x,5) =x. 3)

Then, we can write the material derivative term ‘;—‘t‘ + (w - V)u as follows:

(814"( V) )(X(t) 1) = < (X(0),1)
or M = o
For w* : 2 — R? we define the mapping X1 (w*) : 2 — R< by

(X1(w"))(x) :==x —w*(x)At. (4)

Remark 1 The image of x by X (w(:, t)) is nothing but the approximate value of X (r —
At; x, t) obtained by solving (3) by the backward Euler method.

Then, it holds that

ou n_ ,n—l1 X n—1
a”t +@" vt =2 A"t 1) L o,

where the symbol o stands for the composition of functions, e.g., (g o f)(x) := g(f(x)).

We next introduce spatial discretization. Let {7, }4 0 be a regular family of triangulations
of 2 [12], hg := diam(K) for an element K € 7Tj,, and h := maxg c7;, hi. For a positive
integer m, the finite element space of order m is defined by

W™ = (Y € C(R2): Ynk € Pu(K). VK € Ty),

where P, (K) is the set of polynomials on K whose degrees are equal to or less than m. Let
H;lm) 1 C(R) — W,Em) be the Lagrange interpolation operator, which is naturally extended
to vector-valued functions.

We begin with a scheme using the standard Py /Py_1-finite element, which is called (gen-
eralized) Taylor—-Hood element. Let

Vi x Oy = (WY 0 HY ()% x (wD n L3 (2)) (5)

be the Py /P_-finite element space for k > 2. The LG scheme with a locally linearized
velocity and this Taylor—Hood element for the Oseen problem (OsTH) is stated as follows:

Nr
n=1

Scheme OsTH Let ug € V}, be an approximation of uY. Find {(u. pp)} C Vi x Qy, such

that
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ujp — u',f] o Xl(l'I;l])w"_l)
At

, U;,) +a(uy, vy) + b(vy, p))

=(f" v, VY, €V, (6a)
b(uy, gn) =0, Ygn € Q. (6b)

When k = 2, this type of scheme for the Navier—Stokes problem has already been intro-
duced and analyzed in [39]. In the mapping X(-), a locally linearized velocity 1'[1(1])w”*1 is
used instead of the original velocity w”~!. If the original velocity is used, it is difficult to
evaluate the exact value of integration. The next proposition assures that the scheme with the
locally linearized velocity is exactly computable.

Proposition 1 ([38,39]) Let uy, v, € (W,Em))d for a positive integer m. Suppose that
w* € Wy ()¢ and a.Atlw*|i 0 < 1, (7

where o, is the constant defined in (11) below. Then, fg (up o X1 (l'[,(ll)w*)) - vpdx is exactly
computable.

With the Assumption (7) for w* = w"~! at each step n, (6) is exactly computable
thanks to Proposition 1. The condition w* = 0 on 92 is assumed so that the inclusion
(X4 (l'[;ll)w*))(.Q) C £2 holds, which is necessary in our analysis. For example, the condi-
tion also appears in Lemmas 7-11 below.

In [39] the authors have analyzed the scheme to show the estimates

IV @n — g2y 108 — Pl < c0™ (A + R,

where the constant ¢ depends on v~! exponentially.
Here we use the equal-order element with pressure stabilization. Let

Vi x On = (W) 0 HY(2)7) x (Wi 0 L§(£2))

be the equal-order Py /Py-finite element space for k > 1. We define a pressure stabilization
term Cj, : Oy X Qp — R, which enables us to use the equal-order element, by

Chpnqn) =Y, hg > (D”pn, D*qn)k.
KeT, | =k

where « is the multi-index and D is the partial differential operator. We define the corre-
sponding semi-norm on Qj by
1/2

\gnln = Chlan.q)"* = | Y h¥lanli « . ®)
KeT,

Remark 2 The term Cj, introduced by Burman [9] is an extension of that by Brezzi and
Pitkdranta [8] for the P /Pj-element to higher order elements. For the stabilization term,
instead of Cp,, we can also choose another positive semi-definite bilinear form whose corre-
sponding semi-norm is equivalent to (8). Examples include the terms in [2,16,36], as pointed
out in [9].

We are now in position to state a pressure-stabilized LG scheme for the Oseen problem
(OsPstab).
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Scheme OsPstab Let u!) € Vj, be an approximation of u°. Find {(u, p;l’)}ivil C Vi x Oy
such that

W — unfl o Xl(l—[(l)wn—l)
( h__—h o h ,vh) +a(u}, vp) + b, p})

= (f", vn), You € Vi, (9a)
by, qn) — 80Ch(py, qn) =0, Ygn € Qp, (9b)
where 8o > 0 is a stabilization parameter.

With the Assumption (7) for w* = w"~! at each step n, (9) is exactly computable and
has a unique solution (u},, p;;) thanks to Proposition 1 and the stabilization term Cj, [9]. The
error introduce by the locally linearized velocity is properly estimated in (21) below.

Remark 3 1. In Scheme OsPstab, the resultant matrix to be solved is symmetric and remains
unchanged at each time step, which enables us to use efficient linear solvers and precon-
ditioners [3].

2. Theinequality (7) is related to the stability condition of the Scheme OsPstab. This scheme
is essentially unconditionally stable, that is, the condition on At is not affected by the mesh
size h. It is known that the backward Euler, BDF2, Crank—Nicolson schemes (e.g. [14])
are also unconditionally stable. However, these schemes contain unsymmetric matrices
that originate from the convective terms.

3. When k = 1, Notsu and Tabata [31] proposed and analyzed a pressure-stabilized LG
scheme, where the locally linearized velocity was not introduced.

4. Burman and Ferndndez [11] proposed and analyzed a scheme for the transient Stokes
problem using the same type of pressure stabilization. Since in their choice the stabiliza-
tion parameter §p is proportional to 1/v, it seems to be difficult to get error estimates
independent of v, which we will show in the next section.

3 An Error Estimate Focused on the Viscosity for the Oseen Problem
3.1 An Error Estimate for the Velocity

Before stating the result we introduce hypotheses.

Hypothesis 1 The velocity w and the exact solution (u, p) of the Oseen problem (1) satisfies

weCWy® NW2®)NHY(L®), u e 22N H'(H*), p e C(HM).
Hypothesis 2 The time increment A¢ satisfies 0 < Ar < Ay, where

1
Aty i = —,
40l*|w|c(wl,oo)

and «, is the constant defined in (11) below.
Hypothesis 3 (Triangulation) Every element K € 7, has at least one internal vertex.

Hypothesis 4 (Choice of the initial value) There exists a positive constant ¢ independent of
h such that

0_ .0 Ky, 0
lu, —u”llo < ch™[u”|x.
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Remark 4 1. Hypothesis 1 implies that u € C(H*!) and u® € H*T1(£2)7.

2. Under Hypotheses 1 and 2, the property (7) for w* = w”~! at each step 7 is clearly
satisfied.

3. Hypothesis 4 is satisfied if we take u2 as the Lagrange interpolation of 1, for example.
Herein, Hypothesis 4 is enough to derive the estimate for the velocity (Theorem 1) and
a discrete primitive of the pressure (Theorem 2). However, to derive estimates for the
pressure in a norm, a special choice of the initial value is needed. In the analysis of
schemes with symmetric pressure stabilization [11], they took u2 as the Ritz-projection
of the initial value u° to derive the optimal estimate O (*) for the pressure in L?-norm.
In the analysis of pressure-stabilized Petrov—Galerkin schemes [27], they proposed a
special choice of ug to remove the effect of the pressure error at the initial time. In the
present scheme with a special choice of the initial value, we can derive the estimate for
the pressure of the optimal order as in [31] but the constant depends on the viscosity.

Theorem 1 Let V), x Qy, be the Py /Py-finite element space for k > 1. Suppose Hypotheses 1—
4. Let (up, pn) = {(uj, p;l')}ﬁzo be the solution of Scheme OsPstab. Then it holds that

lun — ullgoocr2ys VIV (up — Wl
< u( A1+ B2+ WO w1y + lllz2 + Nl aony + (1485 Dl ooy

1+ 801l |
(10)

where cy is a positive constant independent of v, h, At but depends on T, |lull¢cy1y and
|| w ||C(W2°°)

Remark5 1. Note that we assumed that v < 1.

2. The parameter 8o should not depend on v from the viewpoint of this estimate. In [11]
they took §o = 1/v. Indeed, if we consider the physical units, the dimension of §y is
same as that of 1/v, which is seen, e.g., in (25) below. However, to minimize the terms in
the right hand side of (25) and (26), the choice §p ~ 1/v does not seem always optimal.

3. If Py /Pi_i-element is employed, we have an estimate of the same order At + h? + k¥,
but it seems to be difficult to remove the dependence on the viscosity, which is observed
in the numerical experiments in Sect. 4.

4. The term h? appears in (10) because of the introduction of the locally linearized velocity.

5. Itseems to be difficult to derive the estimate of order O (h¥*1) for the spatial discretization
in £°°(L?) independent of the viscosity. Although another type of Stokes projection yields
an estimate of order O (h**1), e.g. [31], the projection error contains the dependence.
According to [25], it is open that whether such viscosity-independent ‘“‘semi-robust”
estimate can be proved for some method. The estimate O (A**1/2) can be found for the
continuous interior penalty method [10] and the local projection stabilization method
[15] for the Navier—Stokes problem. De Frutos et al. [14] derived the same order O(hk)
as ours independent of the viscosity for the backward Euler method or the BDF2 formula
with the grad-div stabilization.

6. When k = 1, Notsu and Tabata [31] analyzed the pressure-stabilized LG scheme without
the locally linearized velocity. They derived the estimates

IV — g2y 1Pn = Pllz2y < cW™ (AL + h),

where the constant ¢ depends on v—! exponentially.
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Before the proof we prepare some lemmas. First we recall a discrete version of the Gron-
wall inequality.

Lemma 1 (discrete Gronwall inequality) Let yp and y1 be non-negative numbers, At €

O, ﬁ] be a real number, and {x"},>0, {y"}n>1 and {b"},>1 be non-negative sequences.

Suppose

b _xn—l

A Y = + X" B, V> 1.

Then, it holds that

n n
x" + At Zyi < exp[yo + y1)nAt] (xo + At Zbi) , Yn>1.

i=l i=1
Lemma 1 is shown by using the inequalities
Ay AL < (1= pAD T (L = oAD" + Y Ar]
< (1= 0A) (1 + yAnx"! + b" A1)
< exp[(yo + Y1) A" + b A1),
where we have used simple inequalities
I < 1%)/0& < 1+42pAt,

1 <1+ yAt <exp(yAt), y >0.

IA

Instead of the well-know summation form of the discrete Gronwall inequality, e.g., in [22],
we use this form because the condition on Az does not include y;, which will make the proof
simpler.

In Lemmas 2—4 below, the constants ¢ are independent of 4.

We recall the fundamental properties of Lagrange and Clément interpolations [12,13].

Lemma 2 Suppose that {Tp}n 0 is a regular family of triangulations of 2.
(i) Let l'[;lm) CC(R2) - (Wém))", i = 1,d, be the Lagrange interpolation operator to
P, -finite element space for a positive integer m. Then there exist positive constants o, > 1
and c independent of h such that
1
I w1 oo < oulwli oo, Y € WHO(2)7, (11)
1T w = wllo o < eh?|wheo, Yw € WH(2)1,

I w — wlo x < " wlpy1x, VK € Ty, Yw € H™HN(K) i = 1,d.

(ii) Let H;lmg D L2(2) > W,Em) be the Clément interpolation operator to Py, -finite element
space for a positive integer m. Then there exists a positive constants c such that

Iy — Yl1 < ch™ W lmt vy e H" (),
172
(Z |H;:2w|3n,l(> < cl¥lm. Vi € H™(R).

KeTy

In our analysis, we need an approximation z; of a divergence-free velocity and a bound
for b(zn, qn) for g, € Qp. We choose zj, as the Lagrange interpolation or the first component
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of a modified Stokes projection. These are examples of various projection considered in [11,
inequalities (3.5) and (3.6)].

When k > 2, we use the auxiliary P;_-pressure space Q), defined in (5), and (25, 7)) €
Vi x @h be the Stokes projection of (z,7) € HOl (£2)4 x L(Z](SZ) for the fixed viscosity v = 1
defined by

(VZp, Vop) — (V- vy, 1) = (Vz, Vup) — (V- up, 1), Yo, € Vi, (12a)
~(VZn.qp) = —(V-2.qp), Vg, € Op.  (12b)

In the case (z, r) = (u, 0) this is the modified Stokes projection introduced by de Frutos et
al. [14].

Lemma 3 Suppose that {1y}, 0 is a regular family of triangulations of 2 and Hypothesis 3.
Let Vy x Q, be the Py /Py_1-finite element space for k > 2. Then, there exists a positive
constant ¢ such that

12 =zl 7% = rllo < eh* Izl + Irlo), (13)

where (Z,,7) € Vi, x Qy, is the Stokes projection of (z,r) € (HO1 (2)4 N H*H(2)4) x
(L3(2) N HX(2)) defined in (12).

This estimate is a direct consequence of the inf-sup stability for the Py /Py_1-element [6].
Since in (12) the fixed viscosity is used, we have the estimate of the projection independent
of the viscosity.

Lemma4 Suppose that 7 € H*t1(2)? satisfies V - z = 0, {Tn}nyo is a regular family of
triangulations of 2 and Hypothesis 3. Let Vj, x Qy, be the Py /P -finite element space for
k > 1. Let z5, € Vy, be the Lagrange interpolation of z when k = 1, or the first component
of the Stokes projection of (z,0) defined in (12) when k > 2. Then, there exists a positive
constant ¢ such that

b(zn, qn) < ch*[zlis11gnln. Yan € Q. (14)

where the semi-norm | - |y, is defined in (8)

Proof When k = 1, by using V - z = 0, the integration by part and Lemma 2, we get the
estimate (14) as follows:

b(zn. qn) = bn — 2. qn) = (zn — 2. Van) < ¢ Y hxlzla.x || Vanlo.x
KeT,

< chlzl2lgnln-

When k > 2, it holds that from (12b)

b(zh. qp) = b(z,q,) =0, Vg, € Q.

Let ﬁ;lk_l)qh € O, be the Lagrange interpolation of g;, with the correction of the constant

so that ﬁ;ﬂkil)qh € L3(£2). Since g5 — ﬁ;lkil)qh € L3(£2) and L}(£2) is orthogonal to
constants, it holds that from Lemma 2

172

=(k—1) k—1
lgn —T0, Pqnllo < lgn — 15 Vanllo < e | D h¥lanli «
KeT,

@ Springer



Journal of Scientific Computing (2019) 80:834-858 843

By Lemma 3 we get the estimate (14) as follows:

—(k—1
b(zn. qn) = blzn. qn — I Van)

—(k—1)
<V -G@n—Dlollgn — I, “qnllo = ch¥lzlir11gnln-

[m}

We now begin the proof of Theorem 1, where we also refer to Lemmas 7-10 in the
“Appendix” section for properties of the mapping X1 (-).

Proof (Theorem 1) Here we simply write X f; = x 1 (I'[I(ll) w" 1. We use ¢ to represent a
generic positive constant that is independent of v, At and & but depends on Sobolev norms
lullccury and Jw|l ¢ (w2.00), and may take a different value at each occurrence.

Let z;,(¢t) € Vj be, as in Lemma 4, the Lagrange interpolation of u(¢) when k = 1, or
the first component of the Stokes projection of (u(t), 0) defined in (12) when k£ > 2, and let
rp(t) € Qp be the Clément interpolation of p(¢) with the correction of the constant so that
rp(t) € L(%(.Q). We define the error terms by

(EZ, 82) = (MZ - ZZ! PZ - ;ll)v 77(1) = M([) _Zh(t)-

From (9a), (2a) with t = ¢" and v = vy,, and (9b), we have an error equations in (e}, &,):

n n—1 n—1
el —e oX
(hhlh, Uh) +aley, vp) + b(vp, €))

At
= (R", vp) +a(", vp) + b(vp, p" — 1), Yo, € Vi, (15a)
b(ey, qn) — 80Cn ey, qn) = —b(zy, qn) + 80Cr(ry, qn), Vg, € Oh, (15b)
forn=1,..., Ny, where R" := R 4+ Rj + R},

u — un—l o Xl(w"_l)

al’L
RN =2 (" Vyu —

Jt At
w=lo X"yl X (w"h
R 1h 7 (16)
2 At
ero Moo X
3 At :

Substituting (vs, i) = (e}, &) in (15) and using the identity (a — b)a = (1/2)(a* — b* +
(a — b)?) yields

1
n2 n—1 n—12 n n—1 n—12 ny2 n2
E(”ehno_ ”eh Oth ||0+ ||eh —e Oth ||0)+V||Veh||0+80|8h|h

= (R",e;) +a(", ep) + bley, p" —ry) + b(z,. &) — 80Ch(ry, €p).

a7

We now estimate the terms in (17). With Hypothesis 2 and the properties
nPw™! e wi*@)? and MV w" |1 oAl < aulw 1 oAl < 174, (18)
we use Lemma 7 in “Appendix” to have

lep~ o X173 < (1 +can el 3. (19)
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To apply the discrete Gronwall inequality (Lemma 1) with x" := ||e} ||(%, we fix a yg such
that Aty < ﬁ From the Schwarz’s inequality, we obtain

2 Y0 )
(R!', el < %||R;1||%+ §||ez||3, i=1,2,3.

We estimate || R} [lo, i = 1,2, 3. By Lemma 8 in “Appendix”,

Jw
”RT ”0 S cvV Al‘(”l/l”ZzUn—l’tn) + Hi ) (20)
8t Lz(tll—l’tn;Loo)
By Lemma 9 in “Appendix” withg =2, p =00, p' =1, w; = H;ll)w”’l, wy = w" ! and
v=u""! and by Lemma 2,
D n— _
IR llo < el w"™" — w"jo 00 < ch®. @1

By Lemma 10 in “Appendix” with v =  and w* = l'[;ll)w”_1 , and by Lemmas 2 or 3,

an
ot

+ ||V77||L2(tn—l ,t”;L2)>

C
R0 < — (’
3 VA

Lz(t"*l,t";Lz)

u Lgn—1 ¢n. frk+1 .
I~ H (=1 Hk+1)

An estimate for a is easily obtained by Lemmas 2 or 3:

(22)

v v v
a(", el < Ellvn”II% + Enwzn% < ch™u" [}, + Enwzn%, (23)

where we note that we assumed v < 1. The integration by part and Lemma 2-(ii) yields

Y0 2
bej, " = i) = (e, V(" =) < e I3+ =1V " =l
y Yo (24)
0
< G IhI + k™ 1p" 1.
By Lemma 4,
no.n ky,n n i 2k, n 2 670 n2 2
b(zy,, &) < ch™|u"|ky1lepln < SOh [ [y + 2 ley - (25)

By using stability of Clément interpolation (Lemma 2-(ii)),
50 80
— 8Ch (]!, &) < Solrplnlefln < Solryl 1 + Z|e;:|ﬁ < cSoh®|p" |7 + 2'82'3' (26)

Gathering the estimates (19)—(26), from (17) we obtain

1 2 —1,2 v >, %o 2 12,V 2
TAI(”eZ”O —llep " i) + EI|V€ZIIO + ?|8Z|h <clle; iy + 7|I€Z Iy

2 w2
+c At ”u”ZZ(tn—l’tn)_}' 5 LZ(tn—l i1

th 3
o el e ey + 1+ R+ 8D IE gy + (0 4+ ao)up"niH]} ,
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We now apply Lemma 1 to obtain the following for 1 <n < Ny

n n
lep 1§+ vAL Y Ve li§ + doat Y lej
j=1 j=1
w2
< cexp{c'nAr}(AF? + h* + h4)[H o

2 2
+ ||u||22(0’tn) + ”u”Hl(O,t";Hk'H)
L2(0,1m; L)

n n
+ (A +8 DAY w7y + (L4 80)At Y P IRy, + ||u°||%+1],
j=1 j=1
27)

where we have used Hypothesis 4 for the initial value. We have the conclusion by the triangle
inequalities,

lun — ullgoor2y < lenllpoor2y + 1Ml goo(r2)
< llenllgse (2 + ch* lullgoo ity
IV@un — w22y < IVerllzzy + 1Vl 2y
< IVenlle2(2y + ch* lull 2 ggrny.-
O

Remark 6 Our analysis need that Q) is Pi-finite element space in the estimate (24) to have
O(hk) in H'-norm.

3.2 An Error Estimate of a Discrete Primitive of the Pressure

Following [15] we derive an error estimate of a discrete in time primitive of the pressure
instead of the £2(L?) norm of the pressure. We also use the estimate in [17] to bound a term
in the LG scheme.

First we recall the inf-sup stability of the stabilized method [9].

Lemma 5 There exists a positive constant ¢ such that

b(vp, qn)
llgnllo < ¢ sup ———= +clgnln, qn € Oh.
v eVy ”Uh ”1

We now define the discrete in time primitive of the pressure:
n n X
P" = AthJ, Py = Athfl, n=1,...,Nr.
j=1 j=1
Theorem 2 Under the same assumption as in Theorem 1, it holds that
| Pn = Pllgo(r2)
-1/2
< Ca (AL + h? + H*) max{1, 5,/ }[nwnm(m Flullz2 + lull g erry  (28)

+(1+ 50_1)||M||goo(,.,k+1) + 1+ 30)||P||52(Hk+1)],

where cy s a positive constant independent of v, h, At but depends on T, |ullc(g1y and
|| w ||C(W2,oo).
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Proof We use same notation in the proof of Theorem 1. We define E}/ by

n
no._ J
E, = At E &p-
j=1

By Lemma 5 it holds that

b(vn, E})
IE} o < ¢ sup ————"% +c|Ejln. (29)
vpeVy ”vh ”1
From (15a) we obtain forn =1, ..., Nr,
n n
) . .
b(vy, Ej) = — Z(e{, — e{l o X{h ,up) — At Za(u;’l —u", vp)
j=1 j=1
n n
+ ALY (R vp) + ALY b, p" = 1)
j=1 Jj=1
=L+ L+ 15+ 1.
For I, it holds that
n
i—1 i—1 i—1
Ll =|(ch —ep o)+ (en  —ep  oX{, v,
j=1
and
j—1 j=1 g yi-l I j=1 o xi=1 < cAtllel !
lej, —e, oXy, sl =Zlle, —e, oXy, l-tllvalli = cAtlle, llollvall,
where || - ||_1 is the norm in H~! and we have used Lemma 11 in the “Appendix™ section.

‘We then obtain
11| < (llefllo + llefllo + cT llenllgooz2)) v ll1-

Estimates of |[;|, i = 2, 3, 4, are easily obtained as follows:

n
L] < VAtZ IV (ujy — u?) ol Vvrllo
j=1

< VT (VI — w)ll 22y lonlls

n
131 < At Y IR flollvnllo < VT IRl 22)llvalli,
Jj=1

n
L4l < ALY Up" = rilolloalh.
Jj=1

For | Ej} |5, it holds that

n 1/2
—1/2 j
|Efly < VT8, " <80At2|e{llfl> .

j=1
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Gathering these estimates, from (29) we have

IELllo < C|:(1 + Dllenllgoocrzy + v VT (VV|IV (up — wlle2cr2))
- 1/2 S
+ VTIRllqz) + Aty 1" =rpllo + VT8 <80At2 |e,¢|ﬁ> ]
j=1 j=1

The bound for §gAt 21}:1 Iaf; |% was already obtained in (27) in the proof of Theorem 1.
Gathering these estimate and using (10), (20)—(22) and Lemma 2, we have we have the
conclusion (28).

4 Numerical Results

We consider test problems given by manufactured solutions in d = 2. We compare Schemes
OsTH and OsPstab with k = 2 for the Oseen problem (1) to show higher accuracy of
Scheme OsPstab for small viscosity and large pressures. We additionally show numerical
results of the Navier—Stokes problem, which is given by replacing w by the unknown « in
(1). The corresponding Schemes NSTH and NSPstab are given by replacing w”~! by u’,f]
in Schemes OsTH and OsPstab.

Scheme NSTH Let u2 € Vj, be an approximation of u°. Find {(uj, PZ)},I,VL C Vi x Q), such
that

At
= (f", vn), Yop € Vp,
b(uj, qn) =0, Yqu € Q).

un _ un—] ° X H(l)ul‘l—l
( h_h LI v ),vh>+a(u2,vh)+b(vh,l72)

Nt
n=1

Scheme NSPstab Let u) € V;, be an approximation of u°. Find {(u}}, p})}
such that

C Vi x QO

ujp — uzfl o Xl(l'[,(ll)uzf1
At
= (f", vn), Yup € Vp,
b(uy, qn) — 80Cr(p). qn) =0, Yq, € Q.

)
, Uh) +a(uy, vp) + b(vs, py)

In the four schemes we set the initial value as ug = H;lz)uo, where H;lz) is the interpolation
operator to the P-element.

Example 1 We consider the Oseen problem and the Navier—Stokes problem. Let £2 = (0, 1)2,
T = 1. The functions f and u° are defined so that the exact solution is

ui(x, 1) = ¢(x1, x2, 1),
MZ(XJ) = _¢(x2’xlst)7 (30)
p(x,t) = Cpsin(m(xy +2x2) + 1+ 1),

where

¢(a,b,t) = — sin(7m)2 sin(wb){sin(m(a + t)) + 3 sin(zw(a + 2b + t))}.
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Fig.1 The triangulation of £ for
N = 16 used in Examples 1 and
2

Table 1 Symbols used in Example 1

) u u )4
X €°°(L?) 2 (HY) 2(L?)
TH A ° n
Pstab A ®) O

For the Oseen problem we set w := u. We consider the six cases v = 1072, 1074, 107,
C,=1,10.

For triangulations of domains FreeFem++ [21] is used. Let N = 16, 23, 32, 45 and 64
be the division number of each side of 2, and we set h = 1 /N.Whenv = 1070, we also
performed experiments for N = 90, 108 and 128. Figure 1 shows the triangulation of £
when N = 16. The time increment Af is set to be Ar = h? so that we can observe the
convergence behavior of order 42. The purpose of the choice At = O(h?) is to examine
the theoretical convergence order, but it is not based on the stability condition. We set the
stabilization parameter 89 = 10~! for Schemes OsPstab and NSPstab.

The relative error E'y is defined by

¢ — &nllx.n

B = gl
for ¢ = u in X = ¢*°(L?) and ¢>(H,), and for ¢ = p in X = ¢>(L?). Here || - || x,, means
that the spatial norm is computed approximately by numerical quadrature of order nine [28].
Table 1 shows the symbols used in graphs. Since every graph of the relative error Ex versus
h is depicted in the logarithmic scale, the slope corresponds to the convergence order.

Case (a) Let Cj, = 1 in (30). We consider the Oseen problem and compare Schemes OsTH
and OsPstab.
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Fig.2 Case (a). Relative errors T T T i j j
versus & for v = 1072 (top left), 1k i 1k i
v = 10~* (top right) and ;
v=10"° (bottom)
-1L _ -1L
= 10 & 10
1072 1072 ¢
111 1 1 1
64 32 16 64 32 16
h h
T T T T
1 E

\

-1
m 10

1072

Figure 2 shows the graphs of the errors Eeo(2)(u) (A,4), EZZ(HO')(M) (@,0) and

Ezz(Lz)(p) (M.[J) versus h. When v = 1072, all convergence orders are almost two and
there are no significant differences in both schemes.

When v = 1074, the convergence orders of Egoo(;2)(u) (A,A) are almost two in both
schemes and there are no significant differences. The values of them are almost 1.5 times
larger than those for v = 1072. The convergence order of £ 2(HY) (u) in Scheme OsTH (®)
is less than two, while the convergence order is almost two in OsPstab (O) and the value for
N = 64 is four times smaller than that in Scheme OsTH. In order to obtain the convergence
order two in Scheme OsTH, finer meshes seem to be necessary. The convergence order of
the error E2(;2)(p) (B,0J) is almost two in both schemes and the values are almost same as
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those for v = 10~%. However, we do not have theoretical estimates for p independent of the
viscosity in the £2(L?)-norm.

We observe that, although in Case (a) there are no significant differences between the both
schemes in the errors Eyeo(y2)(u) (A,A) forv = 102 and v = 10~%, Scheme OsPstab shows
higher accuracy for v = 10~% in the errors EZZ(HO‘)(”) (0). When v = 107, the increase in

the errors Eyoo(y2)(u) of Scheme OsPstab (A) as compared with v = 10~* is less than 2%.
We cannot observe monotonic convergence in E 2(HY) (u) of Scheme OsTH (®), whereas we
can observe the convergence of Scheme OsPstab (O) but the order is less than two. We note
that in the theoretical error bound of E (;)(u) the constant includes /v. To observe the

convergence order O (h?), more finer meshes will be necessary.

We consider the problem where the pressure value is larger.

Case (b) Let C;, = 10 in (30). We consider the Oseen problem and compare Schemes OsTH
and OsPstab.

Figure 3 shows the graphs of the errors. When v = 1072, the values of Epoop2y (1) (A1)
are almost same as Case (a). We observe differences in E 2 0 (u) in the two schemes. The
values of errors in Scheme OsTH (@) are about 1.5 times as large as those in Scheme OsPstab
(O), and the values in the both schemes are about two to three times as large as in Case (a).
The values of relative errors Eg2;2y(p) (B,0) are, conversely, smaller than those in Case
(a).

When v = 1074, differences of the schemes appear more clearly in E goo(2y (1) and
Ezz(HOI)(M) than Case (a). The values of E o072 (1) in Scheme OsTH (A) are almost two to
three times as large as those in Scheme OsPstab (A). The values in Scheme OsPstab (A) are
almost 1.5 times larger than those for v = 10~2. For N = 16 and 23 the values of E[z(H(%)(M)
in Scheme OsTH (®) are too large to be plotted in the graph, and for N = 32, 45 and 64 the
values are almost four to seven times as large as those in Scheme OsPstab (O). The values
of relative errors Eyp2;2y(p) (M,0) are, conversely, smaller than those in Case (a).

When v = 107, for EZOO(Lz)(u) in Scheme OsPstab (A), we observe less than 15%
increase compared with v = 10~*. The values of E (5 (u) in Scheme OsTH (®) are too
large to be plotted on the graph.

We additionally consider the Navier—Stokes problem.

Case (c) Let C, = 1 in (30). We consider the Navier-Stokes problem and compare
Schemes NSTH and NSPstab.

Figure 4 shows the graphs of the errors. We observe almost the same behavior of the errors
Epoop2y(u) (A,A) and Ee2(H01)(M) (®,0) as in Case (a) while the values of Eyp2;2)(p) (B,0)
are almost 1.5 to 2 times as large as in Case (a).

Case (d) Let C, = 10 in (30). We consider the Navier-Stokes problem and compare
Schemes NSTH and NSPstab.

Figure 5 shows the graphs of the errors. When v = 1072, we observe the almost same
behavior as in Case (b). When v = 1074, the values of Epoo(r2)(u) (A,A) and Ep2(12)(p)
(M,0J) are almost two to four times as large as in Case (b), while the values of E (H, )(u)

(®,0) are almost same as in Case (b). When v = 1079, the errors of Scheme NSTH (A, ®,
M) are not shown because the values Eez(Hol)(M) of Scheme NSTH (®) at N = 16, 23, 32
are larger than 7.0 and thus not solved property.
Example 2 In the Navier—Stokes problem we set

=0,1D% T=40, v=10"% f(x,1) = (0,10sinrx2))’, u’=0,
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Fig.3 Case (b). Relative errors T s
versus h for v = 1072 (top left), | | L i
v = 10~* (top right) and 1 : ] 1 : ]
v = 1079 (bottom) [ ] r ]
-1L i -1 L 4
m 107 | o= 100 5
1072 1072
1 1 1 1
64 32 16 64 32 16
h h
T T T T
1 E
-1
& 10

H
S
[V

H
o=
(03]
2= r
w
B
-
[=2]

>

and compare Schemes NSTH and NSPstab.

We can easily check that the solution is (u, p)(x,t) = (0, —% cos(2mxy)). We use the
mesh shown in Fig. 1 and take Az = 0.01. We set the stabilization parameter 8y = 10~> for
Scheme NSPstab.

Figures 6 and 7 show the stereographs of the solutions (uj,, pj!) at t" = 40 by the both
schemes. In Scheme NSTH, oscillation is clearly observed for both components of the velocity
and they are far from the constant zero, while in Scheme NSPstab the velocity is almost zero
although small ruggedness is observed. For the pressure, difference between the two schemes
is small compared to the velocity but the solution by Scheme NSPstab is better. Figure 8 shows
the cross-sections of the solutions. We cannot observe difference between the solution by
Scheme NSPstab and the exact solution while that by Scheme NSTH takes different values.
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Fig.4 Case (c). Relative errors T T T T T T
versus h for v = 1072 (top left),
v = 10~ (top right) and 1f E 1f E
v = 1079 (bottom) . ] b ]

1
11 11
64 32 16 64 32 16
h h
T T T T
L E
-1

5 Concluding Remarks

We constructed a pressure-stabilized Lagrange—Galerkin scheme for the Oseen problem
with high-order elements, and showed error estimates with the constants independent of the
viscosity. The numerical examples showed the scheme has higher accuracy than the scheme
with Taylor-Hood element especially for problems with small viscosity and large pressures.
(i) Choice of the stabilization parameter in the pressure stabilization term, (ii) extension of
the discussion to the Navier—Stokes problems, and (iii) numerical experiments of physically
relevant problems will be future works. The error estimate of the pressure in the strong norm
is a remaining issue. To achieve this estimate independent of the viscosity, we will need not
only a special choice of the initial value of the velocity but also new arguments for an error
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o)
wvi
w

Fig.5 Case (d). Relative errors
versus h for v = 1072 (top left),
v = 10~* (top right) and
v=10"° (bottom)

53]

1071 E

1072 ¢

-

S

1072 ¢

L
64 32
h

1 1 1
64 32 16
h

1f

-1L

& 10
1072 F

estimate of the time derivative of the velocity. Because of the term A% from the use of the
locally linearized velocity, the order of convergence is optimal only when k = 1 or 2. A new

technique for exact implementation of the LG scheme with higher order is also desired.
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-0.7 -0.7
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Fig.6 Example 2. Stereographs of u} | (top) and u},, (bottom) at " = 40 by Scheme NSTH (left) and Scheme
NSPstab (right)

A Estimates for LG Schemes

Lemma 6 is shown in [39, Lemma 5.7].

Lemma6 Ler w* € WLo(2)¢ and X1(w*) be the mapping defined in (4). Under the
condition At|w*|; o < 1/4, the estimate

*
(2000 2
2 0x 2
holds, where det(d X 1(w*)/dx) is the Jacobian of X1(w*).

Lemma 7 is shown in [35, Lemma 1].

Lemma7 Let w* € W(;’OO(Q)d and X (w*) be the mapping defined in (4). Under the
condition At|w*|| oo < 1/4, there exists a positive constant ¢ independent of At such that
forv e L2(2)4

lvo X1 < (1+ clw*1 0 AD ]G,
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Ph bp

Fig.7 Example 2. Stereographs of pZ at 1" = 40 by Scheme NSTH (left) and Scheme NSPstab (right)

T2

''''''''' NSTH
——————— NSPstab
0 : : : Exact
-1 0 1
p(1/2,)

Fig.8 Example 2. Cross-sections of pZ(l/Z, - and p(1/2,-)

‘We now show an estimate for Ril in Lemma 8, or tools for estimating Rg and Rgl in Lemmas 9
and 10, where R;’, i = 1,2, 3, are defined in (16). Although these estimates are frequently
used in the analysis of the LG method, e.g. [31,39], we show proofs of Lemmas 8 and 10 for
completeness.

Lemma8 Suppose that u € Z2, w € C(Wy'™®) N H'(L*®) and At|lw|eyiecy < 1/4. Then
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ow
[RYllo < ~vA [[(Ilw" i 00 + Dlluell z2n-1 ny + ” o

Proof We estimate || R} ||o by dividing

no_ <8u" + (w”fl V)u" u" —u"'o Xl(w”_l)>
n . _

ot At
+ (" - Vyu" — (" V)u")
:'Rill + R?z.
For R}, we set

y(x,s8) =x — sw"_l(x)At, t(s) :=1t" — sAt,

and use Taylor’s theorem to get

@ o X (w Y (x) = u(x) — At <88Ln + " V)u"> (x)

2
+ At / (l—s)( +w" x) V) u(y(x,s), t(s))ds.

Using the property of the Bochner integral, we then have

IRYllo < At

(1—s)< +w' ) V)
0 n—1
( +w' () V) u(y(-,s),t(s))

12
§At</0 (1—s)2dx) ( o

< V2/3VAt(Jw" NG oo + Dllell 221 gm.-

IVu"lo | -
LZ(tnflgtn;Loo)

2 12
ds)
0

where we have used the transformation of independent variables from x to y and s to ¢, and

the estimate | det(dx/dy)| < 2 by virtue of Lemma 6. It is easy to show

R, |l v IVullo.
8t LZ(tn—l’tn;LOO)
Combining the two estimate, we have the conclusion. O
Lemma 9 is a direct consequence of [1, Lemma 4.5] and Lemma 6.
Lemma9 Letl <g <oo, 1 <p<oo, I/p+1/p =1and w; € WOI’OO(.Q)d, i=1,2

Under the condition At|w;|1,00 < 1/4, it holds that, for v € Wl*‘”’/(Q)d,
lvo X1 (wi) —vo Xi(w2)llog < 29" Atflwi — wallo,pg I Vll0.qp-
where X1(-) is defined in (4).

Lemma 10 Suppose that v € H'(H'), w* € Wy ™ (£2)¢, and At|w*|1 o < 1/4. Then

_ av
[o" = o' o Xy (™), < ZAt(HE

LZ(tn—l ,t";Lz)
where X1(-) is defined in (4).
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Proof Similar to the proof of Lemma 8, by defining
y(x,s) == x — sw*(x)At, t(s) :=1t" — sAt,

and by using the property of the Bochner integral, we have the estimate

e
Jo" =" o Xi(wh]), < Ar/o H (5 + W () - V)) V(). 1(5)

ds.
0

The conclusion follows from the transformation of the independent variables from x to y and
s to ¢, and the estimate | det(dx/dy)| < 2 by virtue of Lemma 6. ]

Lemma 11 is an extension of [17, Lemma 1] obtained in the 1D case.

Lemma 11 Ler w* € WOI‘OO(.Q)d. Under the condition At|lw*|1.cc < 1/4, there exists a
positive constant ¢ independent of At such that, for v € L*(£2),

lv—vo Xi(w)l-1 < cAt[lwll1,00llvlo,

where X1(-) is defined in (4) and || - || -1 is the norm in H
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