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Abstract

A fast two-level linearized scheme with nonuniform time-steps is constructed and analyzed
for an initial-boundary-value problem of semilinear subdiffusion equations. The two-level fast
L1 formula of the Caputo derivative is derived based on the sum-of-exponentials technique.
The resulting fast algorithm is computationally efficient in long-time simulations or small
time-steps because it significantly reduces the computational cost O(MN?) and storage
O(MN) for the standard L1 formula to O(M N log N) and O(M log N), respectively, for
M grid points in space and N levels in time. The nonuniform time mesh would be graded to
handle the typical singularity of the solution near the time ¢t = 0, and Newton linearization
is used to approximate the nonlinearity term. Our analysis relies on three tools: a recently
developed discrete fractional Gronwall inequality, a global consistency analysis and a discrete
H? energy method. A sharp error estimate reflecting the regularity of solution is established
without any restriction on the relative diameters of the temporal and spatial mesh sizes.
Numerical examples are provided to demonstrate the effectiveness of our approach and the
sharpness of error analysis.
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1 Introduction

A two-level linearized method is considered to numerically solve the following semilinear
subdiffusion equation on a bounded domain

Diu=Au+ f(u) forx € Qand0 <7 <T, (1.1a)
u= uo(x) forx € Qandt =0, (1.1b)
u=0 forx €edQand0 <1t <T, (1.1c)

where 02 is the boundary of Q := (x;, x,) X (y1, yr), and the nonlinear function f(u) is
smooth. In (1.1a), Df = COD;" denotes the Caputo fractional derivative of order «:

t
(Dv)(1) ::/ Wi—oqt =)' (s)ds, O<a <1, (1.2)
0

where the weakly singular kernel w;_, is defined by w,, (1) := "1/ (). It is easy to verify
that @/, () = @y —1(t) and [ w,(s) ds = w41 (1) for t > 0.

In any numerical methods for solving semilinear fractional diffusion equations (1.1a), a
key consideration is the singularity of the solution near the time ¢ = 0, see [5,9,19,23]. For
example, under the assumption that the nonlinear function f is Lipschitz continuous and the
initial data u® € H2(Q) N HO1 (R2), Jin et al. [5, Theorem 3.1] prove that problem (1.1) has
a unique solution u for which u € C ([0, T]; H*(Q) N H (Q)), Dfu € C ([0, T1; L*())
and 9,u € L%(2) with

18:u ()12 < Cuta_l forO <t <T,

where C,, > 0 is a constant independent of ¢ but may depend on 7. Their analysis of
numerical methods for solving (1.1) is applicable to both the L1 scheme and backward Euler
convolution quadrature on a uniform time grid of diameter 7; a lagging linearized technique
is used to handle the nonlinearity f (), and [5, Theorem 4.5] shows that the discrete solution
is O (%) convergent in L%(L?).

This work may be considered as a continuation of [14], in which a sharp error estimate for
the L1 formula on nonuniform meshes was obtained for linear subdiffusion-reaction equations
based on a discrete fractional Gronwall inequality and a global consistency analysis. In this
paper, we combine the L1 formula and the sum-of-exponentials (SOEs) technique to develop
a one-step fast difference algorithm for the semilinear subdiffusion problem (1.1) by using
the Newton’s linearization to approximate nonlinear term, and present the corresponding
sharp error estimate of the proposed scheme without any restriction on the relative diameters
of temporal and spatial mesh sizes.

It is known that the Caputo fractional derivative involves a convolution kernel. The total
number of operations required to evaluate the sum of L1 formula is proportional to O (N?),
and the active memory to O(N) with N representing the total time steps, which is pro-
hibitively expensive for the practically large-scale and long-time simulations. Recently, a
simple fast algorithm based on SOEs approximation is proposed to significantly reduce the
computational complexity to O (N log N) and O(log N) when the final time 7 > 1, see
[4,10]. For an evolution equation with memory, a fast summation algorithm was also pro-
posed [17] by interval clustering. Very recently, another fast algorithm for the evaluation of
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the fractional derivative has been proposed in [1], where the compression is carried out in
the Laplace domain by solving the equivalent ODE with some one-step A-stable scheme.
Here the technique of SOEs approximation is used to develop a two-level fast L1 formula
by combining a nonuniform mesh suited to the initial singularity with a fast time-stepping
algorithm for the historical memory in (1.2). As an interesting property, this scheme com-
putes the current solution by only using the solution at previous time-level, so it would be
useful to develop efficient parallel-in-time algorithms, cf. [21], for time-fractional differential
equations.

On the other hand, the nonlinearity of the problem also results in the difficulty for the
numerical analysis. To establish an error estimate of the two-level linearized scheme at time #,,,
it always requires to prove the boundedness of the numerical solution at the previous time
level, that is [|u"~!||c < C,. Traditionally it is gotten by using the mathematical induction
and some inverse estimate, assuming the underlaying scheme is accurate of order O (¢ +h?)
with B representing the temporal convergence order,

4" Moo < 11U Moo + 10" = " Moo
< U Yoo + AU =0
< U Moo + Cuh™" (tF + 17).

This leads to a restriction of the time-space grid T = O (h!/#) in the theoretical analysis even
though it is nonphysical and may be unnecessary in numerical simulations. In this paper,
we will extend the discrete H> energy method developed in [11-13] to prove unconditional
convergence of our fully discrete solution without any time-space grid restrictions. The main
idea of discrete H> energy method is to separately treat the temporal and spatial truncation
errors. This method avoids some nonphysical time-space grid restrictions in the error analysis.
Another related approach in a finite element setting is discussed in [6-8].

The convergence rate of L1 formula for the Caputo derivative is limited by the smooth-
ness of the solution. We approximate the Caputo fractional derivative (1.2) on a (possibly
nonuniform) time mesh0 =y < --- < fr_1 < tx < --- < ty = T, with the time-step sizes
Tk 1=t — tx—1 for 1 <k < N, the maximum time-step T = maxj<x<y Tx and the step size
ratios

Pk =Tk /Tk+1 forl <k <N —1.
The analysis here is based on the following assumptions on the continuous solution
lull gaey < €, N0ullgaey < CA + °~!) and p 10null g2y < C1 +1°7%) (1.3)

forO <t < T,whereo € (0,1) U (1,2) is a regularity parameter. To satisfy the regularity
conditions in (1.3), appropriate regularity and compatibility assumptions should be imposed
on the given data in problem (1.1). Investigating this is beyond the scope of the paper. Noting
that, the first two regularity conditions in (1.3) can be relaxed by using the finite elements
instead of finite differences [15]. Throughout the paper, any subscripted C, such as C,, Cy,
Cq, Cy, Co and CF, denotes a generic positive constant, not necessarily the same at different
occurrences, which is always dependent on the given data and the continuous solution «, but
independent of the time-space grid steps.

To resolve the singularity at ¢+ = 0, it is reasonable to use a nonuniform mesh that con-
centrates grid points near t = 0, see [2,3,14,16,20]. We make the following assumption on
the time mesh:
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AssG For a parameter y > 1, there are positive constant C;, and 5}, , independent of k, such
that 7y < C, v min{l, t,:_l/y} forl <k < N,and gt < Gytk,l for2 <k <N.

The assumption AssG implies that 71 = O(t?), and allows the time-step size 7 to increase
as the time f; increases, meanwhile, one may has 7z = O(t) as those bounded #; away
from ¢t = 0. The parameter y controls the distribution density of the grid points concentrated
near t = (: increasing y will refine the time-step sizes near ¢+ = 0 and so move mesh points
closer to + = 0. A simple example of a family of meshes satisfying AssG is the graded
grid fy = T'(k/N)Y, see discussions in [2,14,16,18-20]. Although nonuniform time meshes
are flexible and reasonably convenient for practical implementations, they also significantly
complicate the numerical analysis of schemes, both with respect to stability and consistency.
In this paper, our analysis will rely on a generalized fractional Gronwall inequality [15], which
would be applicable for any discrete fractional derivatives having the discrete convolution
form. As the main result shown in Theorem 4.2, the proposed two-level linearized fast scheme
is proved to be unconditionally convergent in the sense that (¢ is the SOE approximation error
and % is the maximum spatial length)

k ok Cy
R N

(rmin{Z—a,ya} + h2 + 6) ,
where C, may depend on « and T, but is uniformly bounded with respect to & and o.

The paper is organized as follows. Section 2 presents the two-level fast L1 formula and the
corresponding linearized fast scheme. The global consistency analysis of fast L1 formula and
the Newton’s linearization are presented in Sect. 3. A sharp error estimate for the linearized
fast scheme is proved in Sect. 4. Two numerical examples in Sect. 5 are given to demonstrate
the sharpness of our analysis.

2 A Two-Level Fast Method

In space we use a standard finite difference method on a tensor product grid. Let M and M»
be two positive integers. Set iy = (x, — x1)/My1, ho = (¥, — y1)/M> and the maximum
spatial length &1 = max{h, h2}. Then the fully discrete spatial grid

Qp = {xp =y +ih,y+ jh)|0<i <M;,0<j <M}

Set @, = €5, N Q and the boundary 092;, = Q;, N 3. Given a grid function v = {v;;},
define

v, 1 .= (U,',j + Ui—l,j) /2, 8xvl._1 .= (U,',j — Ui—l,j) /hl,

L=5,] 2
20 _
Stvij = ((va”%’j (vaif%,j)/hl.

Also, discrete operators v, .1, 8yv; . 1, 8x8yv,_1 .1 and 82,vij can be defined analo-
L]—7 LJj—7 I=73,]73 y

gously. The second-order approximation of Av(xy) for x, € Qj is Apvy, = (6)% + 85)1};,.
Let V), be the space of grid functions,
Vi = {v = (vh)x/,efzh ’vh =0forxy, e 39;,}.
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For v, w € V, define the discrete inner product (v, w) = hihy > v wy, the discrete

L? norm ||v|| := +/{v, v), the discrete H! seminorms

Xp €

My My—1 My—1 M,

Icvlli= | mih2 Y 3 (av,_y )% 180l = [hihe D0 D (8505 0)

i=1 j=I i=1l j=1

IVavll = /1I8xvll> + I8yv]|? and the maximum norm ||v||oc = maxy,ecq, |vx|. For any
v € Vp, by [13, Lemmas 2.1, 2.2 and 2.5] there exists a constant Cg > 0 such that

vl = CallVavll, Vvl < CallApvll,  vllee < CallAnvll. 2.1

2.1 A Fast Variant of the L1 Formula

On our nonuniform mesh, the standard L1 approximation of the Caputo derivative is

(DZv)" : Z / Oty — $)Vyvk ds = Za(”) V. ok, 22)
where V;v% := vk — v¥~1 and the convolution kernel a k is defined by
g 1
a™ -
a, = 7k/ W1ty —s)ds = a[a&—a([n_tk—l)_wZ—a(tn _tk)], l<k=x<n.
)
(2.3)

Lemma 2.1 For any fixed integer n > 2, the convolution kernel an k of (2.3) satisfies

(i) a“” oty —) >a”,, 1<k<n-—1I

(i) an k 1 _a,(,n)k > %[a)l—a(tn — 1) — w1ty — tk—])]: l<k=<n-—1

Proof The integral mean value theorem yields

L[
,(,")k = 7/ ®1_(th — 8)ds = w14, — s;) for some sp € (tx—1, t),
k Jt—y

which implies the result (i) directly since the kernel w|_,, is decreasing, also see [14,23]. For
any function g € Ctr_1, ], let I1; xq be the linear interpolant of ¢ (¢) at 7,1 and 7. Let
kg :==q — kg

be the error in this interpolant. For g (s) = w)_q(t, — ) one has ¢’/ (s) = w_g—_1(t, —s) > 0
for0 < s < t,, so the Peano representation of the interpolation error [14, Lemma 3.1] shows
that

o
f (Hl,kq)(s) ds < 0.

k-1

Thus the definition (2.3) of @™, yields

w 1 1
Ak — iwl—a(tn — 1) — Ea)l—a(tn —ti—1)
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1 (%~
=—f (Mikg)(s)ds <0, 1<k=<n-—1.
Tk Ity

Subtract this inequality from (i) to obtain (ii) immediately. ]

One can see that the direct evaluation of the L1 formula (2.2) is quite inefficient as it
requires the information of solutions at all previous time levels while solving problem (1.1).
This motivates us to develop a fast L1 formula based on the SOEs approach given in [4,10,22].
A basic result of SOE approximation (see [4, Theorem 2.5] or [22, Lemma 2.2]) is as follows:

Lemma 2.2 Given a € (0, 1), an absolute tolerance error € K 1, a cut-off time At > 0 and
a final time T, there exists a positive integer N, positive quadrature nodes 0 and positive
weights wt (1 <€ < Ng) such that

Nq
‘a)l_a(t) - Zw‘fe*"l’ <e Vie[Ar, T,
=1

where the number Ny of quadrature nodes satisfies
Ny =01 1(1 log » 41 T)+1 1(1 log » 41 1)
= og — | loglog — + log — og — | loglog — +1log— ) | .
1 gE g gé gAt gAt g gé gAl‘

To design the fast L1 algorithm, we divide the Caputo derivative (D{v)(t,) of (1.2) into a
sum of a local part (an integral over [t,_1, t,]) and a history part (an integral over [0, #,_1]),
and approximate v’ by linear interpolation in the local part (as the same as the standard L1
method) and use the SOE technique of Lemma 2.2 to approximate the kernel w;_q (f — s) in
the history part. It arrives at

Iy \V4 un th—1 Nq ¢
(Df‘u)(t,,) %/ Wl_g(ty — ) —— ds +/ wle ™ =9y (5)ds
t—1 Tn 0
N‘i
= a(()")VTu” + Z wzefgér"Hz (th—1), n=>1,
=1

where H (1) = fot" e~ 0 =)/ (5) ds with H¢ (t) = Ofor1 < ¢ < N, . Tocompute H(#;)
efficiently we apply linear interpolation in each cell [#;_1, #] to have

173

Ho ) =e " H (1) + / e W (5)ds ~ e T H (4 1) + bR OV ik,

k-1

where the positive coefficient is given by

pt = L /tk e ds k=1, 1<L<N,. 2.4)
Tk J_y
In summary, we now have the two-level fast L1 formula
N‘]
(D%u)" = af"Veu" + Y w'e " T H (o), 0= 1, (2.52)
=1

where HY (#;) satisfies H¢(#9) = 0 and the recurrence relationship

H ) =e % H (1) +b*OVk, k>1, 1<C<N,. (2.5b)
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2.2 The Two-Level Linearized Scheme

Let Uj = u(xp, t,) for x, € Qn,0<n<N,and uj, be the discrete approximation of U}
Using the fast L1 formula (2.5) and the Newton linearization, we obtain a linearized scheme
for problem (1.1): find {u;y} € V), such that

(DSun)" = Apidy + fQ ™) + £/ @l YVedy, xp € Q@ 1<n<N;  (260)
ul) = u(xp), x5 € Q. (2.6b)

The Newton linearization of a general nonlinear function f = f(x, ¢, u) att = t, is taken
as the form

~ —1 —1
fxns tn, MZ) ~ f(xn, tr, MZ )+ f],:(xl‘h In, I/{Z )VTMZ.

The scheme (2.6) is a two-level procedure for computing {u} }, because (2.6a) can be equiv-
alently reformulated as

NII
_ _ _ _pt
[0 = an = £'@i D] Veu = Ay~ + £ = Y @t T H e, 2)
=1

HE () = e " HE (4 1) + DOV, 1<€<N, (28)
Thus, once the values {uzfl, H,f (tn—1)} at the previous time-level #,_1 are available, the
current solution {u} } can be found by (2.7) with a fast matrix solver and the historic term

{H ,f (t,)} will be updated explicitly by the recurrence formula (2.8).

Remark 2.3 At each time level the scheme (2.6) requires O (M N,) storage and O (M Ny)
operations, where M = M/ M, is the total number of spatial grid points. Given a tolerance
error €, by virtue of Lemma 2.2, the number of quadrature nodes N, = O(log N) if the final
time 7" > 1. Hence our fast method is efficient for long time simulations since it computes
the final solution using in total O (M log N) storage and O (M N log N) operations.

2.3 Discrete Fractional Gronwall Inequality

Our analysis relies on a generalized discrete fractional Gronwall inequality developed in [15],
which is applicable for any discrete fractional derivative having the discrete convolution form

n
D) ~ Y AV F =), T<n<N, (2.9)
k=1

provided that AEL”_) « and the time-steps 7, satisfy the following three assumptions:
Assl The discrete kernel is monotone, that is,
AP, > A" >0 for2<k<n<N.
Ass2 There is a constant 74 > 0 such that

1 " w1_g(t, —s
Aff_’kz—/ Dizalln Z5) 4o forl <k <n<N.
TA Th—1 Tk
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Ass3 There is a constant p > 0 such that the time-step ratios
pr<p forl<k<N-1.

The complementary discrete kernel P,f'i)k was introduced by Liao et al. [14,15]; it satisfies
the following identity

n

Y PP AY =1 forl<k<n<N. (2.10)
j=k
Rearranging this identity yields a recursive formula that defines Pn('i)k :

P(n) I/A(n)

n
j k k .
P =140 3 (AR = AR )RS 1sis=n-1 @l
k=j+1
From [15, Lemma 2.2] one can see that Pn('i)k is well-defined and non-negative if the assump-
tion Ass1 holds true. Furthermore, if Ass2 holds true, then

n
Y PP < ap0110(t) forl <n<N. (2.12)

Recall that the Mittag-Leffler function E4(z) = Y poy l“(%fcka) We state the following
(slightly simplified) version of [15, Theorem 3.2]. This result differs substantially from the
fractional Grénwall inequality of Jin et al. [5, Theorem 4] since it is valid on very general
nonuniform time meshes.

Theorem 2.4 Let Ass1-Ass3 hold true. Suppose that the sequences (&} )n " (52”),1:’:1 are
nonnegative. Assume that Ly and A1 are non-negative constants and the maximum step size
T < 1/274T 2 — a)(Ao + A1). If the nonnegative sequence (vk),]g/:0 satisfies

n
DAVt < a0 + 20" g 48 forl <n <N,

then it holds that for 1 <n < N,
0 (k)
V" < 2Ea(2max{1, plma(ro + k])t,‘f) <v + 11;1]?; Z P Sl + nAa)Ha(tn) max §2>
j=

To facilitate our analysis, we now eliminate the historic term H £(z,) from the fast L1
formula (2.5a) for (D‘;ﬁu)”‘ From the recurrence relationship (2.5b), it is easy to see that

k
H ) =Y e "6 0pU0v,u, k=1, 1 L= N,
j=1
Inserting this in (2.5a) and using the definition (2.4), one obtains the alternative formula
Veuk

(D I/l) — a() )V-L—M + Z Ze—gz(tn_s) dS

tklgl

n
=Y AP Vb, n=1, (2.13)
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where the discrete convolution kernel Afl"_) « 1s henceforth given as

N,
1 &

Ay =al, AW = o Y wle @0, 1<k<n—1n=1 (14
k=1 =1

The formula (2.13) takes the form of (2.9), and we now verify that our Afl'?k defined by
(2.14) satisfy Ass1 and Ass2, allowing us to apply Theorem 2.4 and establish the convergence

of our computed solution. Part (I) of the next lemma ensures that Assl is valid, while part

(IT) implies that Ass2 holds true with 74 = %

Lemma 2.5 [fthe tolerance error € of SOE satisfies € < min {%wl_a(T), o a)z_a(T)}, then
the discrete convolutional kernel A;l”_)k of (2.14) satisfies

M A" >A" >0, 1<k<n—1
am Ay =al” and A™, > 24" 1 <k<n-1.
Proof The definition (2.3) and Lemma 2.1 (i) yield

a™ > g

a(()") - >ay — w1—o(Ty) = %C‘)Z—a(t") zaw-o(l) 2

The definition (2.14) and Lemma 2.2 imply that AE)") = a(()") > ai") +€ > A(ln). Lemma 2.2
also shows that 0¢, @’ > 0 for £ = 1, ..., N,; the mean-value theorem now yields property
(D). By Lemma 2.1 (i) and our hypothesis on € we have

w 1w

1 1
€< ga),a(tn) < —a 0, 4, 1<k=<n-—1.

Hence Lemma 2.2 gives
Z .

2
A;”)k > a(”)k —€ > gan'ik forl <k<n-1.

The proof is complete. O

3 Global Consistency Error Analysis

We now proceed with the consistency error analysis of our fast linearized method, and begin
with the consistency error of the standard L1 formula (Du)" of (2.2).

Lemma3.1 Forv € C2(0, T] with [;| t [v(1)|ds < oo, one has

n—1
(Do) (1) — (D20)"| <af”G" + Y (e —al”)G*. n =1,
k=1

where the L1 kernel a(n)k is defined by (2.3) and G* :==2 [* (t — r_1) !v”(t)| dr.

n— Ix—1

Proof From Taylor’s formula with integral remainder, the truncation error of the standard L1
formula at time ¢t = ¢, is (see [14, Lemma 3.3])

n e
@00~ D" =3 [ ormatty =) (v6) = etk /)
k=1 YTk

@ Springer



10 Journal of Scientific Computing (2019) 80:1-25

n 1 o
=Z/k V(1) (T x Q) () dt, n>1, (3.1
k=1 Y1

where Q(1) = wy—q(t, —t) and we use the notation of the proof of Lemma 2.1. By the error
formula for linear interpolation [14, Lemma 3.1], we have

o~ Tk
(M. Q) () =/ xkt, Q" (MNdy, o1 <t <t, 1 <k=<n,

k-1

where the Peano kernel xi (¢, y) = max{r — y, 0} — %(tk — y) satisfies

— i —1) < x(t,y) <0 forany s,y € (f—1, 1)

Observing that for each fixed n > 1 the function Q is decreasing and Q" (¢) = w_q (t, —1) <
0, we arrive at the interpolation error (1'11, k Q)(t) > 0forl <k < n, with

(M1, 0) (1) < Qtu—1) — (1,4 Q) (1) = (t — ty—1)ay”,
1,

o~ k
(M xQ)() < (tr—1 — 1) Q") dt < (t — kD [wi—a(tn — 1) — ©1—a(tn — tk—1)]
tk—1
<20 -t —a™)), 1€ @), 1<k<n—1,

where Lemma 2.1 (ii) is used in the last inequality. Thus, (3.1) yields

tn o n=l .y o
|(Df V) (tn) — (DZ0)"| 5/ [v" (1) (Hl,nQ)(t)dt‘l‘Z/ [v" ()| (T11 £ Q) (r) dt
In—1 k=1 Y k—1

tn n—1 I
<al’ [ @ —np | Odr+2>" (@ —al) |« =) V@) dr,
1

th—1 k= Tk—1
and the desired result follows from the definition of G*. |

Remark 3.2 Compared with the previous estimate in [14, Lemma 3.3], Lemma 3.1 removes
the restriction of time-step ratios py < 1, which is an undesirable restriction on the mesh for
problems that allow the rapid growth of the solution at the time far away from ¢ = 0.

We now focus on the fast L1 method by taking the initial singularity into account. Here

and hereafter, we denote T = max{1l, T} and 7, = max{l, #,} for 1 <n < N.Next lemma

presents the estimate of the global consistency error Z;f:l P,f'i)/. |Tj | accumulating from

t = 11 to t = t, with the discrete convolution kernel ny’i)j.
Lemma 3.3 Assume that v € C%((0, T]) and that there exists a constant Cy, > 0 such that
W] = C@+177h, WO <Cl+177%, 0<t<T, (3.2)
where o € (0, 1) U (1, 2) is a parameter. Let
T/ = (Dfv)(1)) — (Dfv)/

denote the local consistency error of the fast L1 formula (2.13). Assume that the SOE tolerance
error satisfies € < % min{w)_o(T), 3o wr—(T)}. Then the global consistency error can be
bounded by
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2 2-a | € a2
max (tx — )%t 1 —|——tt_) 3.3
Oé2§k§n(k 1) k—1 Yk o nin 1 ( )

n o
; 1
YR s (4

j=1
for 1 < n < N. Moreover, if the mesh satisfies AssG, then

ZP(VL) T/ < Cy Zmin{2— aya}+ Cl

s 1< < N.
“ol-a hp 1sns

Proof The main difference between the fast L1 formula (2.13) and the standard L1 formula
(2.2) is that the convolution kernel is approximated by SOEs with an absolute tolerance error
€. Thus, comparing the standard L1 formula (2.2) with the corresponding fast L1 formula
(2.13), by Lemma 2.2 and the regularity assumption (3.2) one has

Jj_ o J |VT k| fk é -t (tj—s) _ _
|(D§v) — (DS ) <Z Z w1—a(t; — )| ds,
Ik—

— 1
< eZ/k V()| ds < Cy(tj—1 +15_ /o )e < &ff_le, j=1
k=1 Y t=1 o

Lemma 2.2 implies that |Afl'2k — ar(l"_)k} <eforl <k <n — 1. Recalling that A(()") a(()"),

one has
(/) (/) ) ) .
a; g —a;l < A]k1 A Zx T2 1<k=<j-1

Then Lemma 3.1 and the regularity assumption (3.2) lead to

j_
(Dv)(t)) — (DY) | < AV G + Z AV — AV )G +2¢ ZG"
. . j_l . . — Ix
<APGI Y (A, =AY )GF +4e Z/ 1" ()| di
k=1 k=1 k=1

j7
() fvj ) () \k , Como .
< A Gf+§ (A —AVL)G +—iie jz L

Now a triangle inequality gives

j7
. N C, )
IT/| < A’ G +Z (A — AV GF + Sifge =zl (3.4)

Multiplying the above inequality (3.4) by Pn('i)j and summing the index j from 1 to n, one

can exchange the order of summation and apply the definition (2.11) of P,f'i) jto obtain

n

Y P v < ZP,j”)jA(’)GJ + ZP(")J Z (A =AY Gk

j=1 j=l1

n
€ ) 7
+CUEZ;P nir,
J:
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n

n n—1
— ZG] Pn(”)jA(/) 4 ZGk Z P(”) (Ail)k | A;/_)k)

k=1 j=k+1
+ Gyt 2 P ZP(”)
n n— C
(n) 4 (k) ~k (n) 4 (k) ke 2
52_:10”7,{/40 G +ZPn WAy G+ il e, (3.5)

where the property (2.12) with w4 = 3/2 is used in the last inequality. If the SOE approxi-
mation error € < % min{w|_u(T), 3¢ w2 (T)}, Lemma 2.5 (II) and Lemma 2.1 (i) imply
that

& _ (&) 2 (k)
Ay’ =q

k
= w2—o (k) /T, A/(c )2 > %wlfa(tk — 1),

and then

AP AL, < 5P — )", 2<k<n<N.

Furthermore, the identical property (2.10) for the complementary kernel Prf'i)j gives

n—1
PMAS <1 and Y PMAY, < ZP(")kA(k) =1
k=2
The regularity assumption (3.2) gives
G' < Cytf /o and G* < Cptf Pt} for2 <k <n.

Thus it follows from (3.5) that

n

Cy
Y P |ri| < 26! +2ZP(”kA‘k)Gk L1012 e
j k=2 o
v, G ™ 4k 220, Cvam
e ; PO AR (1 — )] P+ ?t,‘i‘tn_le

n

=G

T 1 1
1 a,0-2_2—«a a2
<C(—+ max (fy — )"t T + —1t 6), 1<n<N.
=Ly 1 2<k<(k 1) k—1 Y%k ntn—1 = =

The claimed estimate (3.3) is verified. In particular, if AssG holds, one has

1ty lszz @ < C),t,f_”"‘r}f*“*’3 P min{1, tﬁ Blvy

< Co 1l P ()T P < P00 <k < N,
where 8 = min{2 — «, yo}. The final estimate follows since 7y < C, 777 < Cyrﬂ. ]

Next lemma describes the global consistency error of Newton’s linearized approach, which
is smaller than that generated by the above L1 approximation. In addition, there is no error
in the linearized approximation if f = f(u) is a linear function.

Lemma 3.4 Assume that v € C([0, T]) N C2((0, T]) satisfies the regularity condition (3.2),
and the nonlinear function f = f(u) € C 2(R). Denote v"* = v(t,) and the local truncation
error

= f") = f"H = f"HV"
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such that the global consistency error

n
ZP,:n) |R | < Cutf! (Tl +1{% /o )"‘C’ Jnax, (T ""20 212) 1=z =<N.
j=1 o

Moreover, if the assumption AssG holds, one has

Z P IR §| < Cpr™M22v9) max{1, 1% /6%}, 1<n <N.

Proof Applying the formula of Taylor expansion with integral remainder, one has
1
Rj( = (V;v))? / (W + 5V )1 —s)ds, j= L
0
Under the regularity conditions, one has
1
Rl = ([ o|ar) < ¢ (e + o 0?).
1o
and

Rl a( [ Wolu) e, 22<x

Jj—1

Note that, Lemma 2.5 (I) and the definition (2.3) give A((Jk) = a[()k) = wy—q(Tk) /T, SO the
identical property (2.10) shows

1
P < 1/A <T@ - a)tf.

Moreover, the bounded estimate (2.12) with w4 = % gives

n
)
DR <
j=2

O1+4q (ty).

NS ON)

Thus, it follows that

n—1 n—j 2<j<n

n
R < PR} 3 P R < o)t g

2022)

< Cptf (1} + 17 /o? )+Cvt,‘f21;l]a;< (z; +177%77), 1<n<N.

J
If AssG holds, one has
2 < Cyrz min{1, t?_z/y} < Cyrﬁ min{l, t/z'—Z/y}’

and

20-2_2
; <
12T < c, 1

< Cyl‘?g min{2,2yo0}/y (Tk/tk) ﬂTﬂ < Cytlinax{O,Z(er/y}T‘B’ 2 < J <N.

20— zrlz ﬁtﬂmm{l tﬂ ﬂ/y}

where 8 = min{2, 2y o }. The second estimate follows since tl" <C, 0 < c, P, O
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4 Unconditional Convergence

Assume that the time mesh fulfills Ass3 and AssG in the error analysis. We here extend the
discrete H? energy method in [11-13] to prove the unconditional convergence of discrete
solutions to the two-level linearized scheme (2.6). In this section, Ko, ¥, 7, 7|, ho, €0 and
any numeric subscripted ¢, such as ¢y, c1, ¢z and so on, are fixed values, which are always
dependent on the given data and the continuous solution, but independent of the time-space
grid steps and the inductive index k in the mathematical induction as well. To make our ideas
more clearly, four steps are listed to obtain unconditional error estimate as follows.

4.1 STEP 1: Construction of Coupled Discrete System

We introduce a function w := Dffu — f(u) with the initial-boundary values w(x, 0) :=
Aul(x) forx € Qand w(x, 1) := — f(0) forx € 9Q2. The problem (1.1a) can be formulated
into

w =Dfu — f(u), xeQ, 0<t<T;
w=Au, xe€,0<r<T.

Let wZ be the numerical approximation of function W,Z’ = w(xp, ty) for x5 € Qp. As done
in subsection 2.2, one has an auxiliary discrete system: to seek {u}, wj} such that

wp = (DSup)" = fay™") = £y YVeuh, xpeQu 1<n<N: (@1

wZ:Ath, xp €, 0<n <N, 4.2)
u) =u’(xp), x5 € ul =0, x, €3, 1 <n<N. (4.3)

Obyviously, by eliminating the auxiliary function wj, in above discrete system, one directly
arrives at the computational scheme (2.6). Alternately, the solution properties of two-level
linearized method (2.6) can be studied via the auxiliary discrete system (4.1)—(4.3).

4.2 STEP 2: Reduction of Coupled Error System

Let iy = Uy — uj),, wy = W} — wj, be the solution errors for x,, € Q. The solution errors
satisfy the governing equations as

B = (DYin)" — Njp + &, xp€Qp 1<n < N; 4.4
Wi = Apitl + ), xp €y, 0<n<N; “4.5)
122:0, xp e iy, =0, x, €3Qy, 1 <n<N, (4.6)

where &;' and 1} denote temporal and spatial truncation errors, respectively, and
N = LV + O = fagmh + (R = £ D) veup
1
= £ YV + ! / FUT A =gt ds
0

1
+ﬁZ“VTU,§’/ (U + (= su) ") ds. “.7)
0

@ Springer



Journal of Scientific Computing (2019) 80:1-25 15

Acting the difference operators A, and D‘} on the Egs. (4.4)—(4.5), respectively, gives

Aha}Z =(D7‘Ahﬁh)n - AhN;:l + Ahég, X €, 1<n<N;
(D%ip)" = (DY Apiin)" + (D%nn)". xp € 2, 1 <n < N.

By eliminating the term (D‘]’f. Aptip)" in the above two equations, one gets

(DGwp)" = Apwy + ApNG + (DGnn)" — Apgy xp € Qp, 1 <n < N; (4.8)

W) =0, xpeQu; W=0, x, €I, 1 <n<N; 4.9)

where the initial and boundary conditions are derived from the error system (4.4)—(4.6).
4.3 STEP 3: Continuous Analysis of Truncation Error

According to the first regularity condition in (1.3), one has
7" <cih®, 0<n<N. (4.10)

Since the spatial error 7, is defined uniformly at the time ¢ = ¢, [there is no temporal error
in the Eq. (4.2)], we can define a continuous function 1y, (¢) for x, = (x;, y;) € Q,

h2 1
() = glf [0Pux; —shy, yj. )+ 3Pulx; +shy, y;, 0](1 —5)* ds
0
h2 1
+Z2/ [0 u(xi, yj — sha, 1) + 90 u(xi, yj + shy, ](1 — 5)* ds,
0

such that n}; = n,(t,). The second condition in (1.3) implies
[ ®| < cuh®>@+77h.

Hence, applying the fast L1 formula (2.13) and the equality (2.10), one has

n
ZPJ’“, e =y e ZA(” [Ven'| —ZIIV o= Zi @i
j=I i=1 k=1

Since the time truncation error £/ in (4.4) is defined uniformly with respect to grid point
xj, € 2, we can define a continuous function £" (x) = £[' (x) + &5 (x), where &[', &7 denote
the truncation errors of fast L1 formula and Newton’s linearized approach, namely,

1
£ = (D) (1) — (D%)", & = (Veu(tn)’ fo F(tnot) + 5Veu(t) (1 — 5) ds,

such that 5,:‘ =&"(x;, yj) forx;, € Q. By the Taylor expansion formula, one has
1
Ah(g?)u = / [axxgln(xi - Shb yj) + axxé]n(xi + Shla yj)](l - S) ds
0

1
+/ [Oyy&] (xi, yj — sha) + 0y &l (xi, yj + sh2)](1 —s)ds, 1<n <N.
0
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Applying Lemma 3.3 with the second and third regularity conditions in (1.3), we have

n-"n—

n c A c,
ZP(W) |ang] | = ﬁfmm{zf""’"’} +— 11952 e, 1<n<N.

Slmllarly, one may have an integral expression of Ay (Ez) by using the Taylor expansion.

Assuming f € C*(R) and taking the maximum time-step size
T <7ty := "o suchthat V% < (¢{)"* =0,

we apply Lemma 3.4 with the second regularity condition in (1.3) to find,
ZP(H) |A %.2 | <C, rmm{2 2yo} max{1, .L,yot/UZ} < & mm22ya} l<n<AN.
o
Thus, the triangle inequality leads to

> I = g e s S e dsnzn @)

4.4 STEP 4: Error Estimate by Mathematical Induction

For a positive constant Co, let 5(0, Cp) be a ball in the space of grid functions on Q;, such
that

max {[[¥ lloos IV %Il 12011} < Co

for any grid function {y,} € B(0, Co). Always, we need the following result to treat the
nonlinear terms but leave the proof to Appendix A.

Lemma4.1 Let F € C2(R) and a grid function {yr,} € B(0, Co). Thus there is a constant
CFr > 0dependent on Coy and Cgq such that,

[An [F@W)]Il = Cr |Apv]l

Under the regularity assumption (1.3) with U /]f = u(xy, ty), we define a constant

1 I}

Ko = = max Uk
0= 73 max {[U"]
For a smooth function F € C2(R) and any grid function {v;,} € V},, we denote the maximum
value of Cr in Lemma 4.1 as ¢y such that

|AL [F(w)v]ll <collApv|l for any grid function {wy} € B(0, Ko + 1). (4.13)

Let c5 be the maximum value of Cg, to verify the embedding inequalities in (2.1), and

2¢)
ce=max({l, cs}Eq(3max{l, p}(2Ko + 3)coT*), ¢7=3c] + 272 4 3(2Kg + 3)coct TY.

75 = ! , The= cd-a) <1/, (4.14)
B2 —a)Ky + 3)co 6¢3c6

Also let
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and
ho 1= — |2 o M.ama D] @13)
0= , €0 =My —————, ~0]— , 0 W — . :
V3cecT 6csceT2T 3 “ ¢

For the simplicity of presentation, we define the following notations for 1 <k < N,
Ey == Eq(3max{l, p}(2Ko + 3)coty),
x 2c3

. 2¢9 A 2 A
Tk .= =2 gmin2-ayo} | (2c1 + ﬂsz +3(2Ko + 3)Coclff)h2 + ﬁt/gsz—le-
o(l —a) o o

We now apply the mathematical induction to prove that
|Ani*|| < ExT* + c1h?® for1 <k <N, (4.16)
if the time-space grids and the SOE approximation satisfy
7 <minfry, t*}, h <ho, € <ep. (4.17)

Here 7§, T, ho and € are fixed constants defined by (4.14)—(4.15). Note that, the restrictions
in (4.17) ensures the error function {ﬁ/;l} e BO,1)forl <k <N.

Consider k = 1 firstly. Since &) = 0, {u)} € B(0, Ko) C B(0, Ko + 1) and the nonlinear
term (4.7) gives NV, I — 7 (ug)zl }l For the function f € C3(R), the inequality (4.13) implies

[ANY| = 1AL (F/@®a') || < col|Ani' | < col|@" || + cocih?, (4.18)

where the Eq. (4.5) and the estimate (4.10) are used. Taking the inner product of the Eq. (4.8)
(forn = 1) by u?,i, one gets

A(()1)<Vrﬁ)l,lf)l> < (Ath, 1211>+<(D?n)1 _ Ahél,lf}1>,

because the zero-valued boundary condition in (4.9) leads to (A K LTy 1) < 0. With the view
of Cauchy—Schwarz inequality and (4.18), one has

(Vew!, w') = o Ve ([])

and then

A V([0 ]) <|ann! |+ [5)" — ang'| < col @' + | DFm" — Ang" | +coerh®.

Setting 71 < 1y < 1/+/3I'(2 — @)cp, we apply Theorem 2.4 (discrete fractional Gronwall
inequality) with 51] = ” (D?r})1 — ApE! H and 52] = coc1h? to get

[ = Ea(3max(1, pleorf) (20| + 285" [ (D50 = Ang" | + 3cocionalinh?)
< E (Armi“”*“’”’ +2c1h? + zﬁffhz + 3coclw1+a(z‘1)h2> < E\T',
o(l —a) o

where the initial condition (4.9) and the error estimates (4.10)—(4.12) are used. Thus, the
Eq. (4.5) and the inequality (4.10) yield the estimate (4.16) for k = 1,

Jani' | <[]+ n'] < BT +-ean?
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Assume that the error estimate (4.16) holds for 1 < k <n — 1 (n > 2). Thus we apply
the embedding inequalities in (2.1) to get

max{HukH thﬁk H, HAhﬁk H} < max{l,C5}(Eka —I—clhz), 1<k<n-—1.

Under the priori settings in (4.17), we have the error function {ﬁ’;l} € B(0, 1), the discrete
solution {uﬁ} € B0, Ko+ 1) for 1 <k <n — 1, and the continuous solution

{UF} € B(0, Ko) € B(0, Ko + 1).
Then, for the function f € C*(R), one applies the inequality (4.13) to find that

” Ah[f,(unil)vrfln] ” = CO” ARV " ” < cop ” Api" ” + COH Ahﬁ”71
||Ah[17ln71f/(SU”71 + (] _ S) )] H < COHAth 1”
s 190 (50 (= ] | = collan@ 9,0 <2a0Ko| A

where 0 < s < 1. From the expression (4.7) of N"* and the triangle inequality, one has

”Ah,/\/” H < co“ Api" ” +2(Ko + I)COH Ahﬁn_l H
< col|#" | +2(Ko + Deo| "' + @Ko + Deoerh?,  (4.19)

where the Eq. (4.5) and the estimate (4.10) are used.
Now, taking the inner product of (4.8) by wj, one gets

((DFD)", ") < (ApN", ")+ ((DF)" — Apg", 0"), (4.20)

because the zero-valued boundary condition in (4.9) leads to <Ah w", ﬁ)") < 0. Lemma 2.5

(D) says that the kernels Ai’f « are decreasing, so the Cauchy—Schwarz inequality gives

n—1
~ ~ ~ 12 ~ Ky ~ 011117
((D%w)", ") = A B 12 =Y (A — A ki) — Ay 10 (")
k=1
n—1

= 1" [ A 1" 1 = D (A7) — ALk — AL, 1501 ]
k=1

= |l ”ZA‘") (I 1)).

Thus with the help of Cauchy—Schwarz inequality and (4.19), it follows from (4.20) that

ZA,(,’”kvf (1551 < | ARN™ | + | (D" — Ang™ |

< cof|@" || +2(Ko + Deo[[@" | + [(DSm)" — Ang" | + 2Ko + 3)coei .

Setting the maximum time-step size

T <t} =1/Y3TQ2 - a)2Ko + 3)co,
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we apply Theorem 2.4 with &' = | (D" — Apg" | and &) = (2K¢ + 3)coc1h? to get

i
[ = Ea | 200° +2 max 3 P0G = Ang!] +3CKo + Hevcronat)h®
T k=1
2¢3 in(2— 2¢4 yr
=BG+ i)
2¢o 4
+E, (2c1 n 72@3 +302Ko + 3)coclw1+a(t,,)>h2 < E,T",

where the initial data (4.9) and the three estimates (4.10)—(4.12) are used. Then the error
equation (4.5) with (4.10) implies that the claimed error estimate (4.16) holds for k = n,

A"l < ExT" + c1h?.
The principle of induction and the third inequality in (2.1) give the following result.

Theorem 4.2 Assume that the nonlinear function f € C*(R) and the solution of nonlinear
subdiffusion problem (1.1) fulfills the regularity assumption (1.3) with a regularity parameter
o € (0, 1) U (1, 2). Suppose that the SOE approximation error €, the maximum time-step
size T, and the maximum spatial length h satisfy

€ <€, v <min{rg,t*}, h <ho,

where ey, T, T* and ho are fixed constants defined by (4.14)—~(4.15). Then the discrete solution
of two-level linearized fast scheme (2.6), on the nonuniform time mesh satisfying Ass3 and
AssG, is unconditionally convergent in the maximum norm, that is,

8
< 7
"ol —w)

for1 <k < N, where

|U* =¥ Eq(3max(1, p}2Ko + 3)corf) (t™"E-r) 442 4 ¢,

cg = max {1, cs)max{2cs, 4cy + 2¢2T2 + 3(2Ko + 3)coei T, 2C4T°‘f2}.

The numerical solution achieves an optimal time accuracy of order O(t*~%) if the grading
parameter is taken by y > max{l, (2 —a)/o}.

5 Numerical Experiments
Two numerical examples are reported here to support our theoretical analysis. The two-level
linearized scheme (2.6) runs for solving the fractional Fisher equation
Dfu = Au+u(l —u)+g(x.0), (x.1)€0,m)°x(0,T],
subject to zero-valued boundary data, with two different initial data and exterior forces:

e (Example 1) u°(x) = sin x sin y and g(x, r) = 0 such that no exact solution is available;
e (Example 2) g(x, 1) is specified such that u(x, t) = w,(t)sinxsiny,0 <o < 2.

Note that, Example 2 with the regularity parameter o is set to examine the sharpness of
predicted time accuracy on nonuniform meshes. Actually, our present theory also fits for the
semilinear problem with a nonzero force g(x,t) € C(2 x [0, T]).
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a=04~v=1 a=04,y=3
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o

log,, |[Viu" /7]
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Fig. 1 The log-log plot of difference quotient V ”Z /tn versus the time for Example 1 (¢ = 0.4) with two
grading parameters y = 1 (left) and y = 3 (right)

25
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log(tn-1/2) logyo(tn—1/2)

Fig. 2 The log—log plot of difference quotient V “Z /tn versus the time for Example 1 (¢ = 0.8) with two
grading parameters y = 1 (left) and y = 2 (right)

In our simulations, the spatial domain €2 is divided uniformly into M parts in each direction
(M| = My = M) and the time interval [0, 7] is divided into two parts [0, Tp] and [T, T'] with
total N7 subintervals. According to the suggestion in [14], the graded mesh #;, = Ty (k/N)Y
is applied in the cell [0, Tp] and the uniform mesh with time step size T > ty is used over
the remainder interval. Given certain final time 7' and a proper number N7, here we would

take Ty = min{l/y, T}, N = [”f’ijw] such that
— e |
_T-Ty _T+l-y v
Nr—N ~ Nr - -

Always, the absolute tolerance error of SOE approximation is set to € = 10~!2 such that the
two-level L1 formula (2.5a) is comparable with the L1 formula (2.2) in time accuracy.

In Example 1, we investigate the asymptotic behavior of solution near # = 0 and the
computational efficiency of the linearized method (2.6). Setting M = 100, T = 1/y and
Nr = 100, Figs.1 and 2 depict, in log—log plot, the numerical behaviors of first-order
difference quotient V. u}, /7, at three spatial points near the initial time for different fractional
orders and grading parameters. Observations suggest that log |u;(x, t)| =~ C,(x) + (@ —
1)logt ast — 0, and the solution is weakly singular near the initial time. Compared with
the uniform grid, the graded mesh always concentrates much more points in the initial time
layer and provides better resolution for the initial singularity.

To see the effectiveness of our linearized method (2.6), we also consider another linearized
method by replacing the two-level fast L1 formula (D%uy,)" with the nonuniform L1 formula
(D%up)" defined in (2.2). Setting @ = 0.5, y = 2, and M = 50, the two schemes are run for
Example 1 to the final time 7" = 50 with different total numbers N7 . Figure 3 shows the CPU
time in seconds for both linearized procedures versus the total number N7 of subintervals.
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251 —-=-L1 formula T
-*-slope=2

—©—fast L1 formula
-+- slope=1

3.3 3.4 3.5 3.6 3.7 3.8 3.9 4 4.1
log;o(NT)

Fig. 3 The log—log plot of CPU time versus the total number N7 of time levels for the linearized method in
solving Example 1 with two different formulas of Caputo derivative

Table 1 Numerical temporal accuracy foroc =2 —w andy =1

N a=04,0=1.6 a=0.6,0=1.4 a=08,0=1.2
e(N) Order e(N) Order e(N) Order

50 5.69e—04 - 1.14e—03 - 2.57e—03 -

100 1.57e—04 1.86 4.65e—04 1.30 1.23e—03 1.07
200 4.40e—05 1.84 1.88e—04 1.31 5.80e—04 1.08
400 1.45e—05 1.60 7.51e—05 1.32 2.71e—04 1.10
800 5.02e—06 1.53 2.98e—05 1.34 1.25e—04 1.12
min{yo, 2 — a} 1.60 1.40 1.20

We observe that the proposed method has almost linear complexity in N7 and is much faster
than the direct scheme using traditional L1 formula.

Since the spatial error O (h?) is standard, the time accuracy due to the numerical approx-
imations of Caputo derivative and nonlinear reaction is examined in Example 2 with 7 = 1.
The maximum norm error e(N, M) = max|</<y H Uy — ul ”oo To test the sharpness of
our error estimate, we consider three different scenarios, respectively, in Tables 1, 2, and 3:

Table 1: 0 =2 — o and y = 1 with fractional orders « = 0.4, 0.6 and 0.8.
Table 2: « = 0.4 and o = 0.4 with grid parameters y = 1, %yopt, Yopt and %)/Opt.
Table 3: « = 0.4 and 0 = 0.8 with grid parameters y = 1, %yopt, Yopt and %yopt.

Table 1 lists the solution errors, for 0 = 2 — «, on the gradually refined grids with the
coarsest grid of N = 50. Numerical data indicates that the optimal time order is of about
O (7% ), which dominates the spatial error o (h?). Always, we take M = N in Tables 1,
2, and 3 such that e(N, M) ~ e(N). The experimental rate (listed as Order in tables) of
convergence is estimated by observing that e(N) ~ C,7? and then B ~log, [e(N)/e(2N)].

Numerical results in Tables 2 and 3 (with « = 0.4 and 0 < 2 — «) support the predicted
time accuracy in Theorem 4.2 on the smoothly graded mesh #y = T'(k/N)Y . In the case of a
uniform mesh (y = 1), the solution is accurate of order O (7?), and the nonuniform meshes
improve the numerical precision and convergence rate of solution evidently. The optimal
time accuracy O (t2~%) is observed when the grid parameter y > (2 — ) /0.
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A Proof of Lemma 4.1

Proof Consider F(v/) = v firstly. It is easy to check that, at point x;, = (x;, y;) € Qp,
2 2 2
8y (Wijvij) = Vi (8yvi) + ¥y (80 _y ) + 8y (Seviy ) + v (8595),

so that

183wl < Co (Ilvll + 18]l + [183vll) -
Similarly,

182wl < Co (Il + 18,01 + 18301
Moreover, one has

[18y8x (W)l < Co (Ilvll + I8 vl + [I8yvll + I8y8xvll)

due to the fact

SY‘SX(l//i—%,j—‘vi—%,j ‘):wi—%,j—%(‘s)'axvi—lj )+8y1//l- lj—%(axvi—i,' 1)

1
2 /72 2

+ i) j—%(ayvi—%,j—%)+(8)’8x¢i—1 j—%)vi Lj—%-

2 2 —72

D=

Noticing that | Ajv 1> = ||8§v I +2[16x8yv 1>+ IIS_%U 12, we apply the embedding inequalities
in (2.1) to obtain, also see [11, Lemma 2.2],

ARl < Cu (vl + AR < Cr ARV,
where the constant Cr is dependent on Cp and Cg,. For the general case F € CZ(R), one has
Se[F(ipvij] = Fip) (83vi) + 8 F Wy D(8xv;_1 )
8 F (W1 Bevip1 ) +vij [83F (Wij)]-
The formula of Taylor expansion with integral remainder gives
1
SFOy 1 )= (F(ij) = F(Wim1,)))/h = 5x1/f,-_%’j/0 F'(syij 4+ (1 = )¥i—1,;) ds,
1
2 /
SYF (i) = (830 F' i) + (891 ) / F'(svij + (1 = 9)i-1,;)(1 = 5)ds
0

1
+ (3x1/fi+%7j)2/0 F'(s¥ij + (1 — )¥is1,;)(1 —s)ds,

such that ||§x F ()| < Cr and ||8)2(F (¥) || < Cr . Therefore, simple calculations arrive at
183 LF @)1l < Cr (Ilvll + 18,0l + 187v]l) -
By presenting similar arguments as those in the above simple case, it is straightforward to

get claimed estimate and complete the proof. O
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