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Abstract

In this paper, we consider the penalty based finite element methods for the 2D/3D stationary
incompressible magnetohydrodynamics (MHD) equations with different Reynolds numbers.
Penalty method is applied to address the incompressible constraint “divu = 0 based on
two different finite element pairs P — Pp— P; and P1b— P;— P1b. Furthermore, the proposed
methods are the interesting combination of three different iterations and two-level finite
element algorithm such that the uniqueness condition holds. Besides, the rigorous analysis
of stability and optimal error estimate with respect to the penalty parameter € for the pro-
posed methods are given. Extensive 2D/3D numerical tests demonstrated the competitive
performance of penalty methods.
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1 Introduction

MHD mainly studies the behavior of the dynamics of electrically conducting fluids (such
as liquid metals, plasmas, salt water, etc.) [1-3]. The corresponding incompressible MHD
model is a system of PDEs, which are governed by the Navier—Stokes equations and coupled
with the pre-Maxwell equations. Incompressible MHD has a number of technological and
industrial applications such as metallurgical engineering, electromagnetic pumping, stirring
of liquid metals, and measuring flow quantities based on induction [2]. More detail physical
background knowledge refer to resources [4,5].

A considerable amount of finite element method research activity has been devoted to the
analysis of the simulation of MHD flows in recent years. As far as we know that the basic
research for the MHD equations can be traced back to Sermange et al. [6]. And Gunzburger
et al. proposed the existence and uniqueness of the solution of a weak formulation of the
MHD equations [4]. Then, Gerbeau et al. studied a stabilized method for the steady MHD
equations in [7]. Recently, Wu et al. [8] given an efficient two-step algorithm for the stationary
incompressible MHD equations. Zhang et al. [9] presented a streamline diffusion method
for stationary incompressible MHD. Zhao et al. [10] proposed an anisotropic adaptive finite
element method for MHD equations at high Hartmann numbers. And Hu et al. [11] given a
stable finite element method preserving V - B = 0 exactly for MHD models. More extensive
investigations of the steady MHD equations can be referred to [12—15] and their references.

In this paper, we consider the following 2D/3D stationary incompressible MHD model:

—R;'Au+(u-Vyu+Vp —S.curlBxB=f, in,
diva = 0, in §2, M
SCerlcurl(curlB) — Sccurl(u x B) =g, in §2,
divB =0, in £2,

under the boundary conditions:
ulye =0, (no-slip condition), ?)
B -njje =0, nxcurlBlye =0, (perfectly wall),

where £2 represents a convex polygonal/polyhedral domain in R?, d =2 or 3, with boundary
082, u the velocity field, B the magnetic field, f and g the external force terms, p the pressure,
R, the hydrodynamic Reynolds number, R,, the magnetic Reynolds number, S, the coupling
number, and n is the outer unit normal of 052.

It is observed that Eqgs. (1) and (2) contain three nonlinear terms (u - V)u, curlB x
B, curl(u x B) and velocity u and pressure p are coupled together by the incompressible
constraint “diva = 0”, which makes the coupled nonlinear system typically requires a very
large number of degrees of freedom to resolve numerically. Hence, great attentions have been
paid on iterative method to deal with the nonlinearity in recent years. The Stokes, Newton
and Oseen iterative methods are considered for the stationary Navier—Stokes equations by
He et al. [16] and it’s references. Then, the iterative methods in finite element approximation
for the incompressible MHD equations are investigated and analyzed in [17-20].

In order to handle the incompressible constrain, the general practice is to relax the incom-
pressibility constraint in an approximate way, resulting in a class of pseudo-compressibility
methods, among which are the penalty method, the pressure stabilization method, the artificial
compressibility method and the projection method [21-25], etc. Besides, we also proposed
some decoupling method with Uzawa-type idea for the incompressible MHD equations in
[26,27]. In this study, we consider the penalty method to decouple the strong coupled sta-
tionary incompressible MHD equations.
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The penalty method applied to (1) is to approximate the solution (u, p, B) by (uc, pe, B¢)
satisfying the following stationary MHD equations:

—R; ' Auc + (ue - V)ue — SccurlBe x Be + Vpe =f, in £2,

divu, + V%pe =0, in £2, 3)
SCerlcurl(curlBe) — Scecurl(ue x Be) =g, in £2,
divB, = 0, in §2,
with the homogeneous boundary conditions:
Uelpe =0, (no-slip condition), @
B: -njyo =0, nxcurlB|yp =0, (perfectly wall),

where 0 < € < 1 is a penalty parameter and v, = 1/R,.

Although, the iterative method and penalty method decoupled and lineralized the system,
the final resulting system is still a large problem to solve. Two-level scheme is an efficient
key to save a large amount of CPU time with reasonable results. This idea is put forward
by Xu for the nonlinear elliptic boundary value problem in [28,29]. Recently, Layton et al.
given a two-level method for the reduced MHD problem in [30,31] and Zhang al et. studied
a two-level coupled correction and decoupled parallel correction finite element methods for
solving the stationary MHD equations in [32].

To complete our previous work [19,20], we consider the two-level penalty finite element
methods related to different Reynolds numbers for 2D/3D steady incompressible MHD equa-
tions in this article. In brief, we mainly consider the finite element space pair X, x M, x Wy,
which does not satisfy the discrete inf-sup condition (P;— Pp— P;) or satisfies the discrete
inf-sup condition (P1b— P;—P1b). For a small o := ﬁc& mafl{ l’ﬁs"w,mlz’ !

(min{R,",ScC1 Ry })

. - 1 . .
uniqueness condition 0 < o0 < 1 — (Hlllﬁllﬂ)l )2, we propose three two-level penalty iterative
finite element method by solving the iteration solution ((u}',, BY},), p};) on a coarse mesh
and finding a correction solution ((Wesnn, Bemn), Pemn) on a fine mesh. Specifically, in the

case of 0 < 0 < %, ((u?y,BY,), pl'y) is obtained by the Stokes, Newton or Oseen itera-

satisfying the

tion; in the case of % <o < %, (', B%,), plyy) is obtained by the Newton or Oseen

iteration; in the case of % <o <1-— (”|\I;HH_()1 )%, (', BY,), py) is obtained by the
Oseen iteration. Furthermore, the rigorous analysis of the stability and optimal error estimate
under the penalty parameter € are given for the proposed schemes. Numerical tests verify the
theoretical results.

The paper is organized as follows. In Sect. 2, some basic results are given. Penalty mixed
finite element method is given in Sect. 3. Section 4 is devoted to uniform stability and
convergence of the two-level penalty iterative methods. Numerical tests are given in Sect. 5.
Finally we end with a short conclusion.

2 Functional Setting of the Stationary MHD Equations
In order to derive the appropriate variational form of problems (1) and (3), we introduce the
following spaces

X :=Hy(2)" = {ue H'(2)! :ulye =0},

W:=H'(2) ={ve H'(2) :v-nlo =0},

V:={u e X :divu=0in £},
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V, :={ve W:divv =0in 2},

M:=L3(2) = {q e L*(2): / qdx = 0} .
2

Denote product space Wy, = HO1 (£2)¢ x Hn1 (82)? equipped with the graph norm
|(v. B)ll1. where | (v. B)[l; = ([VI>+[BI})? forally € HI(2)/NX, B € HI(R)'NW (i =

0,1,2). And H~1(£2)? denotes the dual of HJ (2)¢ withnorm [|f_y =  sup %
0£weH{ ($2)4

where (-, -) denotes duality product between the function space HOl (§2)? and its dual.
Besides, we set

(F, (v, ¥)) 2 2 2
IFll-1 = sup ————,  |Flz = If1Z, + llglig. ®)]
0,0)£w, 1) eWo, 1V )1 * ! 0
and we know that |F||_1 < ||F|«.
Then we define the following forms by
Ao (v, W), (W, ®)) = ap(V, W) + bo(¥, D),
ap(v, w) = R, 1 (Vv, Vw),
bo(W, @) =S.R,," (curl¥, curl®)+S. R, (div¥, dive),
d((v,®),q) = (divv,q), (F, (v, ¥)) = (f,v) + (g, ¥),
Ap ((w,B), (v, W), (W, ?)) = a;(u,v,w) +c(P,B,v) — c(¥, B, w),
1 1
ai(u,v,w) = 5((U~V)v,W) 3 (w-V)yw,v),
c(®,B,v) = S.(curl® x B,v).
The variational formulation for (1) consists in finding ((u, B), p) € Wy, x M such that

AO ((ll, B) ) (V, ‘II)) —d ((V, ‘II) ) P) + d ((u7 B) ’ CI)
+ A1 ((w,B), (u,B), (v, ¥)) = (F, (v, ¥)), (6)

for all ((v,¥),q) € Wy, x M and the variational formulation of (3) reads: find
((ue, Be), pe) € Wy, x M such that for all ((v, ¥), g) € Wp, X M,

AO ((uév BE) } (V, lp)) —d ((V, lp) ) pé) +d ((ués BG) ) Q)

+Al ((u67 BE) ’ (uev BG) ’ (V’ ‘p)) + Vi(pe’ ‘]) = <F5 (V5 w)) (7)

Besides, Ag(:, -) and Aj(-, -, -) possess the following properties in [4]: V (u, B), (v, ¥),
(w, @) € Wy, there holds

A (V. W), (W, @) < T|(v, ¥)Il1 | (W, D). (8)
Ao (v, W), (v, ¥)) = v|(v, V)|, ©)
A1 (W, B), (v, %), (W, ®)) < N[|(w, B)[{[|(v. ©) |1 (W, D)1, (10)
A1 (W, B), (v, %), (v, ¥)) =0, (11)
A1 (,B), (v, ¥), (W, ®)) + A1 (v, %), (u, B), (W, D)) (12)

+ AL (v, W), (W, @), (u,B)) (13)

< CN]|(u, B)n? ll(u, B>||§ (W, @) 1111V, ¥) 1. (14)
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whereg::min{R;l, S.Ci R,;l}, ?::max{R;l, (2+d)ScRn’11}, N ::ﬁCé max{1, v/2S,}.
And we introduce two properties of trilinear form in [17]:

[A1 ((u,B), (W, @), (v, ¥))| < CN|(u,B)lloll(w, ®) 2] (v, ¥)l1,

V(u,B) € L2(2) x L2(2), (w, ®) € HX(2)? x H2(2)4, (v, ¥) € Wy, (£2),
[A1 ((u,B), (W, @), (v, ¥))| < CN|(u,B)|2[|(w, ) 1[I (V, ¥)]lo,

Y(u, B) € H2(2)4 x H2(2)4, (w, @) € W, (2), (v, W) € L2(£2)? x L2(2)“.

(15)

For the sake of convenience, C or ¢ (with or without a subscript) will denotes a generic
positive constant throughout the paper and we set

I (w, @) 1ll; = v (Iwll7 + ||q>||,?)% ., Ywe H(2)nX, ® c H(Q)!NW, i=0,1,2.
The following existence and uniqueness for (6) and (7) are classical results (see [19]).
Theorem 2.1 If R,, R,, and S; satisfy the uniqueness condition
0<o <1, (16)
the problem (6) has a unique solution ((u, B), p) € Wy, x M which satisfies
G, B)lIl1 < [IF[l-1. a7

Moreover, suppose that f, g € L2(82)?, then solution ((u,B), p) of the problem (6)
satisfies the following regularity

Il @, B)lll2+lpl = ClIFlo- (18)
Theorem 2.2 If R,, R,, and S; satisfy the uniqueness condition
O<o <1 (19)

and ecy < 1, then the problem (7) has a unique solution ((u¢, B¢), pe) € Wo, x M which
satisfies

(e, Bt < IFl-1. (20)

Moreover, suppose that f, g € L2(82)4, then solution ((uc, Be), De) of the problem (7)
satisfies the following regularity

Il (e, Be) lll2 + llpellt < CliFlo- 2

The bounds of the error (u — u., B — B¢) and p — p. are stated in the following theorem
(see [19] for detatil).

Theorem 2.3 Under the assumptions of Theorem 2.2, we have

Il (@ —ue, B—Be) |l + P — pello = CellFlo. (22)

3 Penalty Finite Element Galerkin Discretization

For the finite element discretization, let {r,} be a family of triangulations or tetrahedrons

of £2 into affine-equivalent finite elements K with 2 = | J K. Choose conforming finite
Ket,

element space Xy C X, My C M, Wy € W and Xy,Mpy,Wpg) C X5, My, Wp).
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Then we denote the set of all polynomials on K by P;(K), ! > 0 and Wgn =X, x M,
mu=hor H.

We consider the following finite element pairs to investigate the relation of penalty param-
eter. In detail, X, x M,, x W, satisfies the following properties [13,16,17,24,33]:

Let p,, denote the L2-orthogonal projection which defined by

(opnaq.q) = (q.qn), Yg €M, q, € My,. (23)

(P1). Firstly, we consider the unstable finite element pair
X, = fue '@ nX:ulx e PK)LVK €7, )
M, ={q€C%(2)NM:qlx € Py(K),VK € 1,,},
W, =[Bec @' nW:Blx e P! VK €7, ).

And the pair X, x M, does not satisfy the inf-sup condition,

sup d ((vu:By) . q)

= Pollgullo, Vqu € My. 24
(0,0)£(v,. B )eWh, (v, B
Then, there exists mappings 7, : H*(2)YNV - X, and p, : M — M|, satisfy

IV —muWllo = Cuellvilz, llg — pugllo = Crellgll, (25)

forallv e H>(2)?NV,q € H'(£2)NM, and a mapping R, : H*(2)! NV, - W,
satisfy

(VXR,®,VX¥)+(V-R, @,V -W)=(VxPVxW)+(V-&,V-¥)
=(Vx®,VxW), VWeW,,
|® — R, ®llo+ 1l — R, ®ll1 < CL’| @2, YV € H*(2)!NV,. (26)

It is important that this pair satisfy the relation
divX,, = M,. 27)

(P2). Next, we employ the following stable finite element pair

b d
X, = (PI,M) nx,
M, ={q € C%2)NM:q|x € PI(K), VK € 1,,},
d
W;/. = (Plh’p’) NW,

where P = (v, € C%(2) : vl € Pi(K) ® span{b}, YK € 7,}.

Here, X, x M, satisfies the discrete inf-sup condition (24). In addition, (27) does not
hold. Besides, there exists mappings 7, : H>(2) N X — X, p, : M — M, satisfy (25)
and

(V- (v=muv),q) =0, Yve H* 2NV, geM,. (28)

Besides, mapping R, : HX 2NV, > W, satisfies (26).
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Then, the penalty finite element discretization of (7) is: find (e, Bey), pep) € Wgn X
M,, such that

Ao ((wes Ber) - (v, ) + Ap (e, Be) (“ew W) (V. ¥)
—d (v, %), pep) +d ((uep. Bep) . q) + v—(pw, q) = (F, (v, ¥)). (29)

Next, we introduce the discrete analogue of space V as
Ve={veX,:d((v,%),q)=0,Yg e M,, ¥ e W,}.
Here, we define discrete Stokes operator Ay, = —P, A, and A, (see [34])
—(Apuy, v) = (Vu,, Vv, Vu,, v, € Xy,

where P, : L?(£2)? — V,, and define discrete operator A2, B, = Ro,(V, x V x B, +
V.V -B,) € W, as follows (see [33])

(A2uBy, ¥)=(VxB,,Vx¥)+(V-B,,V-¥), VB,,¥ cW,,

where Ry, : L2(2)¢ — W,.
Recalling the following stability and optimal error estimate (see [19]).

Theorem 3.1 Under the assumptions of Theorem 2.2 and if X, x M, satisfies property Py,
k =1, 2, then (29) admits a unique solution (Uep, Bey), pep) € Wgn x M, such that

||| (ueu,Beu) |||1 =< ”F”—h ||| (-Alp.ue/u -A2p_Be,u) ”|0 < C”F”O,

1
Ve \ 2
lpepllo <\ — ) WIFl-1, for Py,
€V
| Peullo < ClIIF|=1, for Pa,

Theorem 3.2 Under the assumptions of Theorem 2.2 and if X,, x M|, satisfies property P,

IF -1
1Fo

1
k = 1,2 and assume that @ < ( ) : (1 — o), then we have the following error estimate

1 1
(I —0)e2|l] (ue —ueusBe —Beu) o + 1 <||| (ue _MGHaBG —Beu) Il + €2l pe _Peu||0>

_1
< Ce"2?||F|p.
(I —=o)ll (ue - uep.yBe _BE/I.) o + (||| (ue _ueusBe _Bep.) 1+ llpe — peu”O)
< Cu|IF|o.

Sfor Py and P, respectively.

4 Penalty Iterative Methods for the 2D/3D Stationary MHD Equations

Three iterative methods in penalty method based on finite element pair P; and P, and several
two-level schemes with different stability conditions are introduced as follows.

Method 1 (Stokes iterative method). Find ((u” Zu)’ Pl W) € Wgn x My, such that for all

((v,¥),q) € Won x My

€’

Ao (. BL) (Vo)) = d (v ) ply) (0 BL,) . 0) + (Pl )

+ A (w2 B (ul B (v, W) = (FL (v, ). (30)
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Method 2 (Newton iterative method). Find ((u”
(v,¥),q) € WOn x M,

2. B2, pl) € Wi, x My, such that for all

Ao (2 BE) (v 9)) = d (v 9 ply) 4+ (w0 BL) ) +

)
+aA1 (' BEY) (v, B, (v, )
+ A4 (( Eu’Bn ) ( g,ul’Bn 1) (v, 'I’))

=(F. (v.¥)) + A ("B (/"B (v, 9)). (31)

(Peu-a)

Method 3 (Oseen iterative method). Find ((u”
(v,¥),q) € WOn x My,

2B, pl) € W, x My, such that for all

Ao (2 BE,) (v 9)) = d (v 9 ply) + (Wl BL) ) + - (Pl )

+ A ((uf " B (Wl BL) L (v, ) = (F (v, ). (32)
Here, ((uE 0 6 ), De M) is defined by the discrete penalty equation:

Ao (( E/L’ ) (v, 'Il)) —d ((V’ V), pgﬂ)
(a2, BY,) . q) + £ (0. q) = (F. v 9)).

for all ((v,¥),q) € WOn x M.
On the basis of our previous work [19,20], we have the following stability of the iterative

method for (¢, b") = (v, — ug,, By — B’gu) and n" = pe, — pZ, forn > 0.

(33)

Theorem 4. 'I Under the assumptions of Theorem 3.2 and suppose that Py and P> are valid,
if0<o < 2, then (um, EM) and pg’M defined by the Method 1 satisfy

I B2 ) < SIF -1 0] (Arl,. A2eB2) i < ClIF o,

] i} (34)
Iplo < (30) 7 IFI-1. for P I1ptilo < 5" (5 + &) IFI-1, for P2,

and (e, b™), " satisfy the following bounds:
I (e 8") Il < (o)™ 2|IF)_1,
In"llo = (2)" (Lo)" IFI-1, for P, 35)
In"lo < A5 (5 +1) 2 (%0)" IFI-1, for P,

forallm > 0;if0 <o < ﬁ, then (u' L”M) and p;"M defined by the Method 2 satisfy

€n’

01 (a2 B M = 401, 1] (Al AouBZ) U1 < CIF o,

} ) (36)
17200 < (32) 1WFI-1 for P, lpZilo < (8 + 1) IFI-1, for P2
and (€",b™), n™ satisfy the following bounds:
Il (™ b’")llll ( ) RIF
"l < (2)* o f(%) IF1-. for P (37)

1" llo < 65" (ﬂ—: )(3—3 o) " IFI-1, for P,
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forallm > 0; if0 < o < 1, then (ug},, B¢} and p{), defined by the Method 3 satisfy

01 e BZ) W < IFI1, ] (Avly, AoBZ) W < CIF o,

Iplo = (%) IFll-1, for Pr lipkllo < A5 (+2) IFI-1, for P,

(3%)

and (€™, b™) and n™ satisfy the following bounds:
I (™, ™) IIh = o™ ||F|| -1,

In"llo < (%) o™ IFll-1, for P, (39)
17" llo < (¥ +2) o™ IFl1, for P,

forallm > 0.

Remark 4.1 From the formulation, Method 1 is the simplest and Method 2 is the most com-
plicated one. Then, Methods 1, 2 and 3 are stable and convergent in terms of 0 < o < 2/5;
Methods 2 and 3 are stable and convergent in terms of 2/5 < o < 5/11; Methods 3 is stable
and convergent in terms of 5/11 < o < 1. Besides, Method 2 has the second order conver-
gence rate and the best precision among them. The stability and error estimation of pressure
p for finite element pair P;— Py— P; is related to the reciprocals of penalty parameter é But,
these estimations for finite element pair P;jb— P — P;b are independent of €.

4.1 Two-Level Penalty Iterative Methods with 0 < 0 < %

In this section, we consider the two-level penalty finite element methods with 0 < o < %
The methods includes two algorithms: m iteration steps by Stokes, Newton, Oseen technique
on the coarse mesh H and once correction by the three corresponding iteration on the fine
mesh #.

Step L. Find a coarse grid penalty iterative solution ((u,, BY},), p7yy) € W(’)'il X My defined
by Method 1, 2 and 3, respectively.

Step II. Find a fine grid solution ((Wempn, Bemn)s Pemn) € Wgn x My, defined by the following
Stokes, Newton and Oseen corrections, respectively.

Correction 1 Find a fine grid solution ((Wemn, Bemn), Pemn) € Wgn X My, defined by the
Stokes correction problem

Ao ((Wemns Bemn) , (v, W) — d (v, V), pemn) + d ((Wemn> Bemn) » q)
+ U%(pémh» q) = (F7 (V, lp)) - Al ((uan7 u:”H) ’ (uTHv uZnH) ’ (vv lp)) ’

for all (v, W), q) € Wi, x My,

(40)

Correction 2 Find a fine grid solution ((Wepmn, Bemn)s Pemn) € Wgn x My, defined by the
Newton correction problem

Ao (Wemn, Bemn) , (v, W) —d (v, W), pemn) + d ((Wemns Bemn) » q)
+v%(p6mh, q) + A ((uemha Bemn) , (u':l[-]v B?H) s (v, 'I’))

+ A ((uZIHa B?H) s (Wemn s Bemn) 5 (v, 'I’))

= (F, (v, ) + A1 ((u¢y, BEy) , (i, BYy) . (v, 9)

for all (v, ¥), g) € Wi x M.

(41)
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Correction 3 Find a fine grid solution ((Wepmn, Bemn), Pemn) € Wgn x My, defined by the
Oseen correction problem

Ao ((emn, Bemn) , (v, W) —d (v, ¥), pemn) +d (Wemn, Bemn) , q) 42)
+ U%(pémha q)+ A; ((“?H» BZIH) s Wemn> Bemn) 5 (v, 'I’)) =(F, (v, ¥)),
for all (v, W), q) € Wi x Mj,.
For the simplicity, we take (ex, by) = (Wep — Uemn, Ben — Bemn)s 1h = Peh — Pemh-
Then, we have the following theorem.

Lemma 4.1 Under the assumptions of Theorem4.1 and0 <o < % then ((Wemn> Bemh)s Pemh)
provided by Methods 1-3 with Corrections 1 and 3 satisfies the following stability and error
estimates:

I Gremn. Benn) 111 =< 20F -1,
! (3 (
Ipemillo = (*%)* IFI-1. for i, lpamnllo < 285" (3 +1) IFll-1, for P2,

43)
and (ep, by), ny, satisfy the following bounds:

1
Il (ens ) 11 =< € [e—‘H2 (B2 ) 1Pl + Il (wer = uly Berr — By M ,

3 1
lmllo < € [eTH2 (%) 1F o + 1l (e — w2y Berr — BZ) M , for Pr;
(44)

1
Il e Ba) Il < € [Hz (F )" 1F o + 1l (werr — u?ly. Berr — By) M :

1
2
Inallo < € [Hz (F#1%)7 IF N + 11 (e — uly Bews — BLy) |||1] . for 2.

Proof The stability estimate (43) and the error estimate obtained by Methods 1-3 with Cor-
rection 1 can be obtained by the similar technique used in [20].

Then, we give the error estimate for ((Wemn, Bemn), pemn) obtained by Methods 1-3 with
Correction 3.

And we have the error equation with (29) and (41)

Ao (e, bp) . (v, ¥)) —d (v, W), nw) +d (e, br) . q) + - (1w 9)
+ A1 ((ufy, BYy) (e, ba) . (v, ¥)
+ A1 ((Wen —Uep, Bep — Bepr) , (Wepn, Bep) , (v, W)
+A ((llg[-] - UTH’ Benw — BZLH) s (Wens Ben) , (v, 'I’)) =0.

Taking (v,¥) = (es,by), ¢ = np in (45), together with (9), (11), Lemma 4.1 and
Theorem 3.2, we have

(45)

1
I en ) U1 < SX 01 (e — wers, Ben — Berr) ol e, Ben) lllg
0%
- 1
X ||| (A1pten, AonBen) lllg
+ 5l (uerr — uZy. Berr —By) Nl
<1 e Ben) Il
2
< Co (1% )7 11 @er = verr. Bes = Bew) llo
+ oIl (wers — ully, Ber — B2) -

(46)
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For Py, from Theorem 3.2 we have

Il (e bu) 11 = Ce H2 (e )7 1Flo 7

-1
+ 1l (wer — 0y, Berg —B2) (11,

and

1
CN 2
%”nh”% = 3 Il (er, —Werr, Ben — Bem) lloll] (e, Ben) |||(§

1
x| (Arnuen, A2nBen) llg I1l (€xb) Il]1
+ X011 (uerr — uly, Ber — B2 ) 1l (en, Ben) 11111 (es by 1

- F
< Ce2H* gl RIS + Clll (e — uly. Bew — B ) 1115,

which implies that

1
_3 2
Slnnllo < € [e FH2 (G5 ) Il + 1 (verr — . Bers — BLy) Ilh} - @8
For P, it follows from (45)—(46) and (24), we observe that

Bollmillo < Fllen, bl + SN (uerr — ufy, Ber — B2y ) Il (e, Ben) Il

1
v 1
+ %2 Il (e — vers, Ben — Ber) llolll (@en, Ben) lllg

I (49)
x|I| (A1pWen, -AZIthh) o
<C [HZ (2 ) 1o + I (uerr — wy Bew — B) M :
Then, we complete the proof. O

Lemma 4.2 Under the assumptions of Theorem4.1 and0 <o < % then (Wemnh s Bemh)s Pemh)

provided by Methods 1-3 with Correction 2 satisfies the following stability and error esti-
mates:

2
Il @emns Bemn) ll1 < 2[1F[1-1 + W'H (uemh - uZ[H’ Benn _B;nH) I8

1
Ipemnlo = € () [IF -1 + Nl (emn = w?y Ben = B2y ) 13], for Py, (5O

Ve

I pemnllo < C [IIF=1 + Il (wemn — u™y. Bemn — B™) 3], for Pa,

and (ey, by), ny, satisfy the following bounds:

Il ensbi) s = C [€ 31 H S Pl + | (wer — iy Bew — By ) 1],
Innllo = € (€21 AL S \Flo + 1 (wen =l Bew — BIy) I}] for Pus
Il Censbi) s = C [ 1> S NF o + | (wen — ully Bew — By ) I13]
Innllo < € [InALE> 1 1Flo + 1| (wer — uZly. Berr — B2) IR ], for P2,

@ Springer



Journal of Scientific Computing (2019) 79:1078-1110 1089

in the 2D case, and

5

Il Gensbi) s = € [ 3 B3 F g + 1] (e — uZly. Berr — B2) I ]
Imllo = € [ 13 JEI 1Pl + 1| (wers — . Bers — B )|||1] for Pu;
Il Cen ba) llli < c[ ,Fl,“O, 1Fllo + I (wers =y Berr = B2) 1]
Imnllo = € [H3 I 1F o + 1l (wers — . Bers — B )|||2] for Pa,

in the 3D case.

Proof Let (v, ¥) = (Uemp, Bemn) and ¢ = pemy in (41), we derive from (9) and (10) that

vl (Wemn, Bemh)“% + vie | Pemn ”%
< N| (ulenl_p B?H) il (uemn — u?[.]» Bemn — B’EnH) Il (@emns Bemn) 1 (53)
+ IFl =11 (emns Bemn) 1,

which implies that

I emns Bemn) 1 < ﬁlll ( cH® ZlH) (IR (uemh - uan’ Benn — B?H) Il
+ [IF[l-1
< a1 (w2 By )III2 (54)

+ 35 11 (e — 0. Bemn — B ) 17 + I1Fl-1
< 201 + g7 Il (emn — 0, Bemn — By ) 13-

For Py, from (53), we have

2 N
v%”pemh”o =< 43 ||| ( eH’ ) |||1 ||| (uemh Zle Beyun — BZHH) ”1
m 1
X (@emp s emh) 1+ SIFEN=1 I (emns Bemn) 1 (55)
1 B 1
=< CE”' (uemh - llZlH, Benn — B?]{) ”‘1‘ + CQHFHZ_I’

which is that

1
Ipemallo = € (4)7 [IFI-1 + I (e — 2% Beos — B ) 1] (5O)
Apply the similar technique used in Lemma 4.1, we have the following estimate for P,

| Pemnllo = ;||| (Wemn, emh) I+ 3z By B2 I e Bemn) N1
+ 2011 (w2, BZ) NI (Wemn — v Bewn —B) Il + [F-1 (57
< CIFl=1 + I (Wemn — 0y Bewn — BI) 1113].

Next, we will give the error estimate.
Subtracting (41) from (29) with u = h, we have

Ao (e i) . (V. ) —d ((v. W), ) +d (e b)) + < (1. )
+ Ap (0, B™) (e, ba) s (v, ¥)) + Aj ((e, by), (w, B™), (v, W) (58)

+ Al ((ueh - u’:le Beh - BZLH) s (ueh - uznyv Beh - B?H) P (Va .I’)) =0.
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Taking (v, ¥) = (ep, by), g = np in (58), with (9), (10), (15) and Theorem 3.1, we have

svlien, bli + £linally < v = So)li(en, b + <l
3 1
= CNI|We = Ueprs Beyy = Bern) I | e = verr, B = Ber) g ll(ens b

+CN|[(Uep —Uer, Bepy — Bep)| ]7 [(uep —ver, Bep — BeH)”g
X || (uep, — epy, Bep — Bep) 1 1€, bp) 1
+N[[(uen — uers, Ben — Ber) 1311 (e, b1,

which is that
3
I Cen bi) 111 < Il (e — vers, Ben — Be) III}

1
Xl (e, —Wepr, Ben — Bep) |||§
+ i I (en — uer, Ben = Ber) [l
||| (ep, — veq, Ben —Beg) lllo
+ 377 I (wen — uly, Bay — B2 ) 1.

For Py, from (60), Theorems 3.2 and 4.1, we have

_35 .5
Il ensba) 1y = € [e 3 13 I Il + 1] (werr — wy Berr = B2) 1]

and with (59) and (61), we have

3
2 C 2
V%”nh I < ||FHU,1 Il @ep —vepr, Bep — Bepr) |||12

1
x| (e, — werr, Ber — Bew) 113 11 (ens ba) N1
+ iy 1 e — uerr, Bep — Ber) Il
x| (e, — werr, Ben = Ber) lloll] (e, i) 11
+ 37T I (en — uly Ben — B2y ) 1311 (en, ba) Il

_s 2
< Ce= 3% (1) 113+ CIl (wen =y Ben — B2y ) 13

with some simple calculations, we complete the proof of the estimate for P;.
And for P,, from (60), Theorems 3.2 and 4.1, we have

5
Il Gensbu) 11 = € [#3 51 1 + 1] (wers — w2y Bers — B2,) 117
and with (24), (8), Theorems 3.2 and 4.1, we deduce that

Bollnallo < I (e, ba) lll1 + ilzlll (e, bp) NI (wZ,, BY,) N

3 1
N 3 !
+ SN @en — verr, Ben = Ber) 17 Il (en — uerr. Ben — Bem) 111
CN
+ 7'” (Uep —Uepy, Bepy — Bep) 1111l (Wep, — ey, Ben — Ben) lllo
5N
+ 350 en — ven. Ben —Be) 13

5
= C[H3 IRl + 11 (wer =y Berr — B ) 1]

On the other hand, in the 2D case, applying the inverse inequality

1 1
lvplleee < Cllnw|2flogll, 1Wullee < Cllnpl2 |¥, 1,
Vo, € X, ¥, €Wy, u=h,H,
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in the estimate of the trilinear term, from (64) Theorems 3.2 and 4.1, we derive that

Ly en o) Il < 755110 A2 ] (en — ven. Ber — Ber) Il
Xl”(ueh_ueH»Beh_ Ber) lllo
+ i I (Wen — ver, Ben — Ben) 1 (67)
X|[| (Wep — ey, Bep — Berr) lllo
+ 3 I (e — uly . Bew — BYy) N7

For Py, with (67), Theorems 3.2 and 4.1, we have

_3 IFllo
Il (e, b) Il < C(e™2|Inh|H? Fl_s ¥l (68)
+ Il (uéH - uian’ Bey — B’gn[{) |||1)a (69)

and with (68), we have

il < SE Az ]| Uen — verr. Ben —Ber) Il
x| (lleh —Uep, Bep — Bepr) llloll(en, b))l
+ Il ep — ey, Bep — Bep) |1
x|l (wep, —very, Bep — Ben) llloll (en, bp) 1

1
+ 3 AR (e — Wl B = BL) 11 en, bl

F —
”HFHHZO ||F|| |Inh|e 3HO 4 Cll| (ueH TH’ By — B?H) |||4’

which is that
Imnllo = € [1nhle=2H3 FE 1R + | (aen = iy, Berr = BZ) I17].

And for P,, from Theorems 3.2, 4.1 and (67), we have

Il e bl = € (B3 kg 1o a0
+ Il (ueH - uana Bey — BZLH) “l%) s
and with (24), (8), (70), Theorems 3.2 and 4.1, we deduce that

Bollmullo < Tl (en. bu)ll1 + S0 h|2 | (e — verr. Ben — Berr)
X[ (e — Ueps, Ben —Ben) o
+ e A2 | (uen — verr. Ben — Ber) 1
X[ (Wen — vers Ben — Berr) lllo
+3 0 A2 ] (uen — u?y. Bey — B2 I
= C[H 1 hI 1Pl + 1] (werr — wliy B = BL) 1]

Then, we complete the proof. O

Theorem 4.2 Under the assumptions of Theorem 4.1, ((Uemn, Bemn)s Pemn) provided by
Methods 1-3 with Corrections 1 and 3 satisfies the following error estimates for P

1 1 7
01 @t = ttepn B — B 1 < C [e +et (h +eiu? ()’ )] IFllo
+Clll (wen — uy Berr — B2 ),

1
||p—pemh||osc[e+e <h+e" (%)z)ywuo
+Cll (werr — uly Berr — Bly) 1.
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€ and H can be taken as € = O(h%), H? = O(G%h) and the convergence rate is O(h%);
for P2, the optimal error estimates are

I @t — e, B~ Bewi) 11 + 19 — Pemh||0<c<6+h+H2<HHFH ) )”F”O
+Cll| (ueH _ueHsBGH _BEH) 1,

€ and H can be taken as € = O(h), H* = O(h) and the convergence rate is O (h).
And ((Uemn, Bemh), Pemn) provided by Methods 1-3 with Correction 2 satisfies the fol-
lowing error estimates, for P

I @ = temns B = Benn) 11 = C e+ €3 (h+ € [nhl 1 JiHH ) | 1Flo
+Cll (werr — 'y Bers — By) I3,

1P = pennllo = C e+ ¢! (h + e nhl ) | 1F I

+Cll (err — wlly Berr — BLy) I3,

€ and H can be taken as € = O(h%), H3 = O(eh| lnh|_1) and the convergence rate is
O(h %) in the 2D case; for P2, the optimal error estimates are

11 @ = ttenn B = Ben) 1 + 1P = pennllo = € [€ + b+ [l 1 ] 1F 1o

+C|||(u€H _uGH»BeH BeH) |||27
€ and H can be taken as € = O(h), H®> = Oh|Inh|~ Yy and the convergence rate is O (h)
in the 2D case; and for Py

3

11 @ = ttepn, B = Ben) lly < C [+ €73 (h+ e mE JHR)] g
+CIl (ters —ully. Bers ~ Bl IIF.

1P = Pemallo < C e+ €71 ( i ) [1F o

+Cl| (uers — uy. Bery — BY) 1113,

1 5 3 1
€ and H can be taken as ¢ = O (h2), H2 = O(e4*h) and the convergence rate is O (h?) in
the 3D case; for Pa, the optimal error estimates are

I @ = emn. B — Ben) 11 + 1 — Pemnllo < C [e th+H

e 1F 1o
+Cll| (wers — uly, Berr — B™,) II13.

€ and H can be taken as ¢ = O(h), H 3 = O (h) and the convergence rate is O (h) in the
3D case.

Proof We can finish the proof by Theorems 2.3, 3.2, Lemmas 4.1, 4.2, triangle inequality
and some simple calculations. O

Furthermore, we can conclude the comparison for the presented methods from Theo-
rem 4.2 as follows:

Remark 4.2 From the Theorem 4.2, we know that Methods 1,2 and 3 are stable and convergent
with 0 < o < 2/5. Accordingly, nine combinations are proposed with Methods i and
Corrections j (i, j = 1,2, 3). And Method 2 with Correction 2 is the better choice for it’s
high precision and convergence rate in terms of 0 < o < 2/5.
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4.2 Two-Level Iterative Penalty Methods with % <0< %

Here, we consider the two-level methods based on Newton and Oseen iterative solution
(', BYy), ply) onacoarse grid 7y and the Stokes, Newton and Oseen correction solution
((uemh’ emh)a pemh) on a fine gfld Th.

Step 1. Find a coarse grid iterative solution ((u?,, B,), p,) € WE x My defined by
Method 2 and 3, respectively.

Step II. Find a fine grid solution ((Wemp, Bemn), Pemn) € Wgn x My, defined by Correction
1-3, respectively.

Lemma 4.3 Under the assumptions of Theorem 4.1 and % <o < 15—1, then ((Uemp, Bemn),
Pemn) provided by Methods 2—3 with Corrections 1 and 3 satisfies the following stability:

Il @emns Bemn) It < 2[1F|| -1,

1
Ipemllo = (552)" WFI-1, for Pr, lpennllo < 285" (5 +1) IFI-1, for Pa,

and (ey, by), ny, satisfy the following bounds:

|||<eh,bh>|||lsc[—1H2(” ) IFllo + Il (wers — ully. Betr — B! )|||1]

=3
||'7h||0 <C |:€TH2 <||F|| 1) ”FHO + ||| Uehg — ZIH, B.y _B?H) |||1] s for P1;

|||(eh,bh>|||1<C[H2(”‘;”1) IFllo + Il (et — ulyy. Ben — B, )M
1

||nh||osc[H2(”F ) IF N0 + 11 (et — ulty Bers — BL) |||1], for Pa.

Proof The proof is completed by a similar procedure to that of Lemma 4.1. O

Lemma 4.4 Under the assumptions of Theorem 4.1 and % <o < 11, then ((Uemp, Bemn),
Pemn) provided by Methods 2—3 with Correction 2 satisfies the following stability and error
estimates:

I @temn Benn) 11 < 20F 1|1 + 1511l (emn — "y Bewn — By) 113,

1

2
Ipemillo = € (4 )" IVFll—1 + N (temn — sy Bemn — By ) 3] for P,
I pemnllo < C [IIF=1 + Il (wemn — u™y, Bemn — B™) 3], for Pa,

and (ey, by), ny, satisfy the following bounds:

Il Censbi) s = C [€ 31 H I Pl + | (werr — iy Bewr — By ) 13,
Imnllo = € (€721 AL S 1P lo + | (uen — . Bew — By |||1] for Py
Il ensbi) s = C [ 1AL S NF Yo + | (wen — ully Bew — By ) 13]

Innllo = € [ 1AL 1 1o + 11 (werr — ully, Berr — B) |||1] . for Pa,
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in the 2D case, and

Il ensbi) s = € [ 3 B3I Fllo + 11 (wer — ully. Berr — B2 1]
Imllo < € [e % H3 {2 1Fllo + | (uer — ully, Bew — B, NW]fwPu
Il ensbi) 1y = C [ H3 S 1Pl + ] (e —wy Bew — B2) 1]
ummsc@ﬂﬁﬁwm+mwm—dg3m—3mmﬂ,ﬂv%,

in the 3D case.

Proof Refer to the proof of Lemma 4.2, we can finish the proof. O

Theorem 4.3 Under the assumptions of Theorem 4.3, ((Uemn, Bemn)s Pemn) provided by
Methods 2-3 with Corrections 1 and 3 satisfies the following error estimates, for Py

l
HHu—mmnB—BWMHhSC[6+(%<h+€%H2Q%M)aﬂHFM
+Cll (en — . Ben — B ) Il |
HP—PmHMSC{e+e”(h+€%H2“%&)aﬂHFM
+Cll@ers — uly. Berr — Bl

1 1 1
€ and H can be taken as € = O(h2), H® = O(e2h) and the convergence rate is O (h?);
for Pa, the optimal error estimates are

1
11 @t — ttemn. B~ Bewn) 11 + lp — mmm<6&+h+W(WIY>WM
+Cll (ueH - uéHtBéH _B?H) 1,

€ and H can be taken as € = O(h), H* = O(h) and the convergence rate is O (h);
And ((Uemn s Bemn)s Pemn) provided by Methods 2—3 with Correction 2 satisfies the fol-
lowing error estimates, for P

1
I @ =t B = Bep) 11 = C [+ €% (h+ e [nhl i ) | 1F 1o
+Cll (ueH - uTHa By — BZIH) Il |2
1P = pemnllo = € [€ + €1 (h+ € [n 13 o) [ 1F o
+Clll (wer — wy Ben = B2) 11},

€ and H can be taken as € = O(h%), H3 = O(eh|Inh|™Y) and the convergence rate is

Lo, . .
O (h?2) in the 2D case; for P, the optimal error estimates are

I @ = ttenn B = Ben) 11+ I1p = pemnllo = € [€ + b+ [l 1312 ] 1F 1o
+Cll| (serr —uly. Berr — By ) |13,

€ and H can be taken as € = O(h), H> = O(h|Inh|~") and the convergence rate is O (h)
in the 2D case; and

11 @ =t B = Be) 11 = C [e+73 (n+ 3 md S0 [
+Cll (wers = wlyy, Bers — By ) I3,

1P = pemllo = € [e + € (h+ e HEHER) | 1Flo

+Cll (er —uly. Bern — By 117,
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1 5 3 1
€ and H can be taken as € = O(h2), H2 = O(e4h) and the convergence rate is O(h2) in
the 3D case; for P», the optimal error estimates are

I @ = ttemn B = Benn) 11 + 1P = pemnllo = € [e +h+ HEJHE ] 1Flo
+C|||(uEH_u6HaB6H IE )”lla

€ and H can be taken as € = O(h), H% = O(h) and the convergence rate is O (h) in the
3D case.

Proof We can finish the proof by Theorems 2.3, 3.2, Lemmas 4.3, 4.4, triangle inequality
and some simple calculations. O

Remark 4.3 From the Theorem 4.3, we know that Methods 2 and 3 are stable and convergent
with 2/5 < o < 5/11. Accordingly, six combinations are proposed with Methods i and
Corrections j (i = 2,3; j = 1,2, 3). And Method 2 with Correction 2 is the better choice
for it’s high precision and convergence rate.

1
4.3 Two-Level Iterative Penalty Methods with % <0<1- "IIFF"Iﬂ: ) 2

Here, we consider the two-level methods based on the iterative solution ((u’;, Z’H), ply)on
acoarse grid T and the Stokes, Newton and Oseen correction solution ((Wemn s Bemn)s Pemn)
on a fine grid ;.

Step L. Find a coarse grid iterative solution ((u},, BY,), py) € W(’;l X Mp defined by
Method 3.

Step I1. Find a fine grid solution ((Wepp, Bemn)s Pemn) € Wg” x My, defined by the Correction
1-3, respectively.

Lemma 4.5 Under the assumptions of Theorem 4.1 and 15—1 <o <1-— (lllll;llllol) then

(Wemn, Bemn), Pemn) provided by Method 3 with Corrections 1 and 3 satisfies the following
stability and error estimates:

Il @emns Bemn) 111 < 2[1F || -1,

1
(2 an
Ipemillo = (%) WFI-1, for Pr, Ipemallo < 265" (£ + 1) IFI-1, for Pa,

and (ey, by), np, satisfy the following bounds:

Il Cen b Iy < c[ e ("”F”“ ) IFllo + Il (werr —ul'y, Bews — BLYy) M ,

=3
Il = € |7 12 ) VPl + 1 ac B = ) ] formi
72

|||(eh,bh>|||1<c[H2(”” Ll ) IFllo + Il (serr — ully, Bers — B! )M

Inallo < € [Hz (e ) Fllo + Il (uerr — uly, Berr — BYy) |||1] . for 2.
Proof The stability can be derive by the same technique used in Lemma 4.1.
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Next, we give the error estimate for (e, by,), n, provided by Methods 3 with Correction
1. Refer to [20], we have

Sl Cen bi) I + 5 lnallg < SN Qen — uerr Bew = Ber) llloll] e, ba) 1l
X (Il (Arauer, A2aBem) Il + I (Ainuen, A2nBen) |l11)

73
+%|II(UGH—H’Z’H,BGH—BZ1H) 111 Cen, br) Il 73
x (I (0l B2y ) 1+ 1l (err, Ber) 1) 5
which we can get
2
(=l @b 1 = 5 (P ) 1 e = wenr, Be = Ber) 13 (74)
+ G (uen —uly Berr — BYy) 115,
that is
Il (en» ba) I < Co gl 1] (e — verr, Ben — Ber) lllo as)
+Colll (uerr — uy. Berr — By 11
which combines Theorem 3.2 and (24), we can finish the proof of the error estimates. ]

1

Lemma 4.6 Under the assumptions of Theorem 4.1 and 15—1 <o =<1- (”lfgllﬂ)l)é, then

(Wemn, Bemn), Pemn) provided by Method 3 with Correction 2 satisfies the following stability
and error estimates:

Il @emns Bemn) ll1 < 2[1F[l-1 + ﬁlll (uemh - ugnvaemh _anH) |||27
1

Ipemillo = € (£)" [IFll—1 + Il (temn — sy B — By ) 1], for P,
| Pemnllo < C [“F”—l + I (uemh - uzn[.pBemh _BTH) |||%] , for Pa,

and (ey, by), ny, satisfy the following bounds:

Il Censbi) s = € [€ 3 1 H3 S 1Pl + | (werr — ey Bewr — By ) 13,
Innllo = € [€721n ALE> JE NFlo + 1 (uen — ully. Bew = BIy) I}]. for Pus
Il Cens i) 1y = C [ 110> S PN + | (wer — ully Bew — By ) 13]
Imnllo = € [InhlE I 1o + 1] (wer — uZly. Berr — B2) IR ], for Pa,

in the 2D case, and

5

5.5
Il ensbi) s = € [ 3 13 F g + 11 (e — uZly. Berr — B2) I ]
Imnllo = € [ 13 JEI 1Fllo + 1] (wers — uly. Bew — B2y) W], for P
5
11 e 11 = € [HESHO g + 1] (werr =y, Berr — By) 1],
5
Imnllo = € [H3 I 1F o + 1l (wers — uly Bew = BZy) IR]. for P,

in the 3D case.

Proof We can complete the proof by the same fashion of the proof of lemmas 4.2 and 4.6. O
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Theorem 4.4 Under the assumptions of Theorem 4.3, ((Uemh, Bemn)s Pemn) provided by
Method 2-3 with Correction 3 satisfies the following error estimates, for Py

l
HHu—ummB—BMMHh§C[6+€7<h+62 Q%&)aﬂnFm
+Cll (wen — sy, Berr — B2) I, 1
np—pmmm567e+e—<h+eﬁH2Qﬁﬁ){ﬂnFm

+Cll| (uer — uly, Ben — B7y) 1,

¢ and H can be taken as ¢ = O(h?), H* = O(e*h) and the convergence rate is O (h?);
for Pa, the optimal error estimates are

1
|nm—ummB—Bmwun+np—pmmosc<e+h+H2@%%)ﬂumm

+Cll| (werr — uly, Berr — B2y lll1,

€ and H can be taken as € = O(h), H* = O(h) and the convergence rate is O (h);
And ((Wemh s Bemn), Pemn) provided by Method 3 with Correction 2 satisfies the following
error estimates, for Py

I @ = temns B = Benn) 11 = C e+ €3 (h+ € [nhl B i) | 1Flo
+Cll (uerr — 'y Bers — By) I3,

1P = pennllo = C e+ (h+ e [nhl e 1) | 1FI,

+Cl| (err — wlly Berr — BLy) I3,

€ and H can be taken as € = O(h%), H3 = O(eh| lnh|_1) and the convergence rate is
O(h %) in the 2D case; for Pa, the optimal error estimates are

11 Gt~ e B~ Bewn) 1 + 10 = pemillo < C [+ h+ 1 | ] g
+C|||(ueH _ueH’BeH BEH) |||27

€ and H can be taken as € = O(h), H> = Oh|Inh|~ 1Y and the convergence rate is O (h)
in the 2D case; and for Py

1 3.3
11 = e B = Ben) 1 = C [e €4 (e F 3 JHL) [
+Cll s~y Ben = By ) I,
Ip = pemnllo = C [e +e (h +e iH1{
+Cll (ueH - uZleBeH BeH) |||2,

) 1o

1 5 3 1
€ and H can be taken as € = O(h2), H2 = O(e4h) and the convergence rate is O(h2) in
the 3D case; for P», the optimal error estimates are

I @ = ttemn B = Benn) 11 + 1P = pemnllo =< € [e +h+ HEJH2 [ 1Flo
+ Clll (wers — uly. Berr — Bl) Il

€ and H can be taken as € = O(h), H 3 = O (h) and the convergence rate is O (h) in the
3D case.
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Table 1 Parameters of the investigations (2D)

Grouwp « Re Rm S o c? =1 lgl £

1 0.1 1 1 1 2.00e-1 € (0, 2/5] 3.18e-1 1.80e-2  3.14e-1 4.73e-1
2 0.22 1 1 1 441e-1 € (2/5,5/11] 3.18¢-1 4.13e-2 69le-1 4.73e-1
3 028 1 1 1 5.6le-1€ (5/11,1 —¢] 3.18e-1 542e-2 8.80e-1 4.73e-1
4 035 1 1 1 7.0le-1 € (1 — ¢, 1] 3.18¢-1 7.06e-2 1.10e-0 4.73e-1

Table 2 Parameters of the investigations (3D)

Grouwp « Re Rm S o c? =1 lgl €

1 0.1 1 1 1 2.12e-1 € (0, 2/5] 8.57e-1 9.2le-2 8.23e-2 4.03e-1
2 0.2 1 1 1 4.16e-1 € (2/5,5/11] 8.57e-1 1.77e-1 1.65e-1  4.06e-1
3 025 1 1 1 5.15e-1 € (5/11,1 —¢]  857e-1 2.18e-1 2.07e-1 4.08e-1
4 035 1 1 1 7.08¢-1 € (1 —e¢, 1] 8.57e-1 2.93e-1 29le-1 4.1le-1

Table3 M| + C; with e = O(h!/?) and @ = 0.1 for P;—Py— P; element (2D)

Method  I/H 1/h W Rate W Rate W Rate  CPU (s)
My+C; 12 108  2.13388e-1 / 1.35528e-1 / 1454352/ 1.50e1
My+C; 13 122 2.0080%-1 0.5  12741le-l 0.5  128747e2 1.0  1.96el
M| +Cy 12 108 2.1335le-1 / 1.35482e-1  / 145435¢2  / 2.45¢1
M| +Cy 13 122 200770e-1 0.5  127387e-1 05  128747e2 1.0  3.16el
M;+C; 12 108 2.13523e-1 / 1.35290e-1  / 145435¢2  / 2.00el

M +C3; 13 122 2.00910e-1 0.5 1.27220e-1 0.5 1.28747e-2 1.0 2.63el

Table4 M, + C; withe = O(h!/?) and @ = 0.1 for P;—Py— P; element (2D)

Method  I/H 1/h % Rate W Rate w Rate CPU (s)
My+C, 12 108  2.13388e-1 / 1.35528e-1  / 145435¢2 | 1.48el
My+Cp 13 122 2008091 05  1274lle-l 05  128747e2 10  1.94el
My+Cy 12 108 2.1335le-1 / 1.35482¢-1 / 145435¢2  / 2.47el
My+Cy 13 122 200770e-1 05  127387e-1 05  128747¢2 1.0  3.20el
Mr+Cs 12 108  2.13523e-1 / 1.35290e-1  / 145435¢2 | 1.93el

My +Cz 13 122 2.00910e-1 0.5 1.27220e-1 0.5 1.28747e-2 1.0 2.51e0

Proof We can finish the proof by Theorems 2.3, 3.2, Lemmas 4.5, 4.6, triangle inequality
and some simple calculations. O

Remark 4.4 From the Theorem 4.4, we know that Method 3 is stable and convergent with

1
% <o <1- (HHFI*‘HH_OI ) ® . Hence, three combinations are proposed with Methods i and

Corrections j (i = 3; j = 1, 2, 3). And Method 3 with Correction 2 is the better choice to
solve the considered problem.
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Table5 Mj + C; with e = O(h!/?) and @ = 0.1 for P;—Py— P; element (2D)

IV (u—uy)llo Ilp—pnllo IV(B—Bj)llo
Method I/H 1/h TVallo Rate TrTo Rate TVBlo Rate  CPU (s)
M3+Cp 12 108 2.13388e-1 / 1.35528e-1 / 1.45435¢e-2 / 1.52¢l
M3+ Cy 13 122 2.00809e-1 0.5 1.27411e-1 0.5 1.28747e-2 1.0 1.94e1
M3 +Cy 12 108 2.13351e-1 / 1.35482e-1 / 1.45435e-2 / 2.50el
M3z+Cy 13 122 2.00770e-1 0.5 1.27387e-1 0.5 1.28747e-2 1.0 3.22el
M3z +C3 12 108 2.13523e-1  / 1.35290e-1 / 1.45435¢e-2 / 1.97el
M3z+C3; 13 122 2.00910e-1 0.5 1.27220e-1 0.5 1.28747¢e-2 1.0 2.54el
Table6 M; + C; withe = O(h) and « = 0.1 for P{b— P;— P b element (2D)

IV (u—uy)llo Ilp=pnllo IVB—By)lo
Method I/H 1/h TValo Rate Tlo Rate VBl Rate CPU (s)
Mi+Cy 10 100 3.53437e-2  / 5.48583e-3  / 1.49007e-2 / 2.09e1
M +Cp 11 121 2.92195¢-2 1.0 4.54141e-3 1.0 1.23149¢e-2 1.0 3.10el
M +Cy 10 100 3.50390e-2  / 3.96169¢-3 / 1.50512e-2 / 3.52el
M +Cy 11 121 2.88992¢-2 1.0 3.26110e-3 1.0 1.24175e-2 1.0 5.33el
Mi+Cz 10 100 3.51137e-2 / 3.41077e-3  / 1.50512e-2 / 2.7%1
My +Cz 11 121 2.89587e-2 1.0 2.80065¢-3 1.0 1.24175e-2 1.0 4.18el
Table7 M, + C; withe = O(h) and @ = 0.1 for P{b— P — P b element (2D)

IV (u—uy)llo IP—pnrllo IVB—By)llo
Method 1/H 1/h \IVUH(I) Rate Tollo Rate VB, Rate CPU (s)
M, +Cy 10 100 3.56849¢-2  / 5.48128e-3 / 1.50512e-2 / 2.04el
My+Cp 11 121 2.94549¢-2 1.0 4.54701e-3 1.0 1.24175e-2 1.0 3.0lel
My+Cy 10 100 3.50390e-2  / 3.96169¢-3 / 1.50512e-2 / 3.6lel
My+Cy 11 121 2.88992¢-2 1.0 3.26110e-3 1.0 1.24175e-2 1.0 5.38el
My +C3 10 100  3.51137e-2 / 3.41077e-3 / 1.50512e-2 / 2.81el
My +C3 11 121 2.89587e-2 1.0 2.80065¢e-3 1.0 1.24175e-2 1.0 4.22el
Table8 M3 + C; withe = O(h) and @ = 0.1 for P{b— P} — P b element (2D)

IV (u—uy)llo Ilp=pnllo IV(B—Bj)llo
Method I/H 1/h TVallo Rate TrTo Rate TVBlo Rate  CPU (s)
M3+ Cp 10 100 3.56849¢-2  / 5.48128e-3 / 1.50512e-2 / 2.05el
M3+ Cp 11 121 2.94549¢-2 1.0 4.54701e-3 1.0 1.24175e-2 1.0 3.0lel
M3+ Cy 10 100 3.50390e-2  / 3.96169¢e-3 / 1.50512e-2 / 3.57el
M3+ Cy 11 121 2.88992¢-2 1.0 3.26110e-3 1.0 1.24175e-2 1.0 5.32el
M3z +C3 10 100 3.51137e-2  / 3.41077e-3  / 1.50512e-2 / 2.791
M3z +C3 11 121 2.89587¢-2 1.0 2.80065¢-3 1.0 1.24175e-2 1.0 4.15¢l
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Table9 M| + C; with e = O(h!/?) and @ = 0.1 for P;—Py— P; element (3D)

V=)l

lp=pnllo

IVB-—B)llo

Method I/H 1/h TVallo Rate TrTo Rate TVBlo Rate  CPU (s)
My+Cy 5 14 4.46088¢e-2  / 5.03246e-1 / 4.91089e-2 / 1.77el
My +C;y 6 18 3.49609¢e-2 1.0 4.44626e-1 0.5 3.81997e-2 1.0 4.51el
M +Cy 5 14 4.46087e-2  / 5.03180e-1 / 4.91069e-2 / 1.97el
My +Cy 6 18 3.49611e-2 1.0 4.44508¢e-1 0.5 3.81986e-2 1.0 5.63el
M +C3 5 14 4.46087e-2  / 5.03180e-1 / 4.91069e-2 / 2.00el
M +C3 6 18 3.49611e-2 1.0 4.44508¢-1 0.5 3.81986e-2 1.0 2.63el
Table 10 M) + C; with € = O(h'/2) and @ = 0.1 for P;—Py— P element (3D)

IV (u—uy)llo IP—pnllo IVB—B;)llo
Method /H 1/h TValo Rate ollo Rate VBl Rate CPU (s)
My+Cy 5 14 4.46088e-2 / 5.00325e-1 / 4.91089%e-2 / 1.78el
My+Cyp 6 18 3.49609¢e-2 1.0 4.44626e-1 0.5 3.81997e-2 1.0 4.58¢l
My+Cy 5 14 4.46099¢-2  / 5.02854e-1 / 4.91066e-2 / 2.50el
M) +Cy 6 18 3.49619¢-2 1.0 4.44264e-1 0.5 3.81983e-2 1.0 8.98el
My+Cz 5 14 4.46087e-2  / 5.03180e-1 / 4.91069e-2 / 1.93el
My+C3z 6 18 3.49611e-2 1.0 4.44508¢e-1 0.5 3.81986e-2 1.0 5.05el
Table 11 M3 + C; with e = O(h'/2) and @ = 0.1 for P;—Py— P element (3D)

1V (u—uy)lio IP—pnllo IV(B—By)lo
Method H 1/h Tvallo Rate Tlo Rate VB, Rate CPU (s)
M3z+Cy 5 14 4.46088e-2  / 5.03246e-1 / 4.91089e-2 / 1.83el
M3+C; 6 18 3.49609¢-2 1.0 4.44626e-1 0.5 3.81997e-2 1.0 4.59%1
M3+Cy 5 14 4.46099e-2  / 5.02854e-1 / 4.91066e-2 / 2.53el
M3+Cy 6 18 3.49619¢e-2 1.0 4.44264e-1 0.5 3.81983e-2 1.0 591el
M3;+Cz 5 14 4.46087¢-2  / 5.03180e-1 / 4.91069e-2 / 1.96el
M3+C3 6 18 3.49611e-2 1.0 4.44508e-1 0.5 3.81986e-2 1.0 4.86¢l
Table 12 M| + C; with e = O(h) and @ = 0.1 for P{b— P;— P b element (3D)

IV (u—uy)llo Ip—phllo IV(B—Bj)llo
Method I/H 1/h TVallo Rate TrTo Rate TVBlo Rate  CPU (s)
My +C; 4 16 3.75461e-2  / 9.0975%¢-2 / 4.27608e-2 / 7.50el
My+Cy 5 20 3.00399¢-2 1.0 6.48166e-2 1.5 3.42093e-2 1.0 1.07e2
M +Cp, 4 16 3.75451e-2 / 8.87178e-2 / 4.27533e-2 / 8.92el
M +Cy 5 20 3.00394e-2 1.0 6.32902e-2 1.5 3.42054e-2 1.0 1.34e2
M +C3; 4 16 3.7545e-2 / 9.0736e-2 / 4.27548e-2 / 5.23el
M +C3 5 20 3.00394e-2 1.0 6.45071e-2 1.5 3.42062e-2 1.0 1.05e2

@ Springer



Journal of Scientific Computing (2019) 79:1078-1110

1101

Table 13 M + C; withe = O(h) and « = 0.1 for P{b— P;— P1 b element (3D)

Method  I/H 1/h W Rate W Rate W Rate  CPU (s)
My+C; 4 16 37546le2 [ 9.09759%¢-2  / 427608e2  / 1.78el
My+C; 5 20 3003992 1.0 6481662 1.5 3420932 1.0  4.58el
My+C, 4 16  37545le2 [ 8.87178e—2 / 427533e2 | 2.50e1
My+Cy 5 20 3003942 1.0 6329022 15  342054e—2 1.0  8.98l
My+C; 4 16 37545¢2  / 9.0736e2 / 427548e2 |/ 1.93¢1
My+C3 5 20 3003942 1.0  645071e2 15 3420622 1.0  5.05el

Table 14 M3 + C; withe = O(h) and @ = 0.1 for P{b— P;— P b element (3D)

Method  I/H 1/h W Rate % Rate W Rate  CPU (s)
M3+C; 4 16 37546le2 [ 9.09759¢-2  / 427608¢2  / 1.83el
M3+C; 5 20 3003992 1.0 6481662 1.5 3420932 1.0  4.59%l
M3+C, 4 16 3754512 |/ 8.87178e2 / 427533e2 |/ 2.53¢1
Mi+Cy 5 20 3003942 1.0 6329022 15  342054e—2 1.0  59lel
Mi+C; 4 16 375450e2 / 9.07360e-2 / 4275482/ 1.96e1
Mi+C3 5 20 3003942 1.0  645071e2 15 3420622 1.0  4.86el

5 Numerical Results

In this section, we investigate the numerical performance of the proposed methods via a
flow problem with a smooth solution and a driven cavity flow problem for the 2D/3D MHD

problem. Penalty parameter € is selected as € = O(h%) for Py and € = O (h) for P, based
on Theorems 4.2, 4.3 and 4.4 in all the following numerical tests. Then, by defining M; + C;
denote the combination of the Method i and Correction j (i, j = 1,2, 3). The stopping
criterion is based on a relative reduction in the energy norm with a tolerance of 1010,

5.1 Problems with Smooth Solutions

We test the accuracy performance of our proposed methods with 2D/3D smooth solution in
this case. On the square domain £2 = [0, l]d, d = 2, 3 and the exact solutions be given by

up=ax’(x — D?y(y — DRy — 1), uz =ay*(y — Dx(x — H2x — 1),

By = asin(wx) cos(y), By = —asin(wy) cos(mwx),

p=ax—12y—1),
ford = 2 and

uy =a(y* +2), w=ax+72, uz=al?®+y?,

Bi = asin(yz), B» = —asin(x +2z), B3 = —aysin(x?),

p=ax—1)Q2y—-1)2z-1),
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Fig. 1 (2D) Relative error for @ = 0.1 (a); « = 0.22 (b); « = 0.28 (¢); « = 0.35 (d)

IFll 1
¥llo

1
d = 3. Here, « is chosen such that 0 < o < % 15—1 and 1 — g, where ¢ = < )2 . And the

body forces f, g are determined accordingly for any R,, R, and S..

Tables 1 and 2 present several groups of the parameter (Refer to the Remark 6.1 in our
previous work [20] for the detail computational formulas). Numerical results of the presented
methods with the first group parameters of Tables 1 and 2 are shown in Tables 3, 4, 5, 6, 7,
8,9,10, 11, 12, 13 and 14. It is observed that the results are in very good agreement with the
convergence rates that are predicted by the analysis in Theorems 4.2, 4.3 and 4.4. Specifically,
the magnetic field B and the velocity field u for P; has an improved convergence rate, it is
even higher than the theoretical result O (h 1/2y on count of the chosen smooth solutions for
the 3D case. Since, the degrees of freedom for P1b— P;— Py b is greater, the relative errors of
P1b— P1— P b is smaller and the operating speed is slower than the P;— Py— P one.

Then, the comparison results indicate that the relative errors are almost the same for
the same finite element pairs with three different iterative methods. Moreover, M| + C; is
the quickest and M> + C; is the slowest one for both P and P,. The complexity of the
discretization of the nonlinear terms and the order of the finite element pair are the main
reasons for it. For fixed iterative methods M; (i = 1,2, 3), M; + C» is more accurate than
M; + C| and M; 4+ C3; M; + C is the fastest one and M; + C; is the slowest one.
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Fig.2 (2D) Relative error for « = 0.1 (a); « = 0.22 (b); « = 0.28 (¢); « = 0.35 (d)

To study the effective combinative methods, the two-level combinations with respect to
M, and M3 are only considered in this paper. The relative error of M; 4+ C, and M; + C3 for
‘P1 and P, with fixed « given in Tables 1 and 2 are shown in Figs. 1, 2, 3 and 4. The relative
erroris defined by {1(*=teu,FoRanp et L where [|((u. B). p)I| = 1. B)[11+plo-
The numerical results indicate that the Correction C i, (j = 2,3) is fixed, the nearly same
convergence rates and relative errors can be obtained for current parameter configurations.
Figures 5 and 6 present the comparison results of M; 4+ C, and M; + C3, (i = 2, 3) for larger
« to investigate which combination is more effective. But it is difficult to separate the major
difference between them for the estimation of Cy is not exactly sharp (refer to our previous
work [20]). Then as a consequence, we can only conclude that M; + C, is more effective
than M; 4+ C3 in accuracy comparing and we can not figure out M, + C and M3 + C, which
one is the superior one from this experiment.

But in our previous work [19,20], we closely compared M, and M3 in numerical com-
putation aspects. Based on these experiences, we can conclude that M, + C, has higher
convergence speed than M3 + C>. And M3 + C; has the most adaptability for o. Therefore,
we only consider the scheme M; + C; in the next driven cavity flow problem.

5.2 Driven Cavity Flow

Let us consider a 2D/3D driven cavity flow which used in fluid dynamics. In this example,
we consider the implementation domain 2 = (—1, l)d, d=2and £2 = (0, 1)3, d = 3 with
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Fig.3 (3D) Relative error for « = 0.1 (a); « = 0.2 (b); « = 0.25 (¢); « = 0.35 (d)

-18 -1.6 -1.4 -12

I'p = 952, and set the source terms to be zero. The boundary conditions are prescribed as
follows:

u=0, onx==1 and y = —1,
u=(1,0), on y=1,
nxB=nxBp, on 952,

where Bp = (1, 0) for d = 2;

u=0, onx=0,x=1,y=0,y=1 and z =0,
u=(1,0,0), on z =1,
nxB=nxBp, on 452,

where Bp = (1, 0, 0) ford = 3.

According to the numerical analysis above, we only relate to the scheme M> + C with
P1b— P1— P b finite element pair for the 2D/3D driven cavity flow problem in this example.
Here, we develop the further research for the hydrodynamic number R,. Numerical results of
M, + C, are compared with the standard two-level iterative method to show the performance
of the proposed scheme.

The horizontal velocity and magnetic field distribution at the mid-width with different
R, for 2D/3D case are presented in Figs. 7 and 8. It is observed that our results show an
excellent agreement with the standard two-level iterative method. Figures 9, 10, 11, 12, 13
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and 14 illustrate the numerical results of M, + C; for R, = 1,5 x 10,5 x 10 and R, =
1071, 10, 10% with R, = 1,5, = 1in 2D case and 3D case, respectively. As can be seen that
the velocity main vortex grows into several small ones and become more complex with the
increase of R,. It can be inferred that more resolved vortexes may captured with the increase

of R,.
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05 05

(b)

Fig. 11 (2D) Numerical streamlines (a); isodynamic (b) with R, = 5 x 103
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Fig. 13 (3D) Numerical streamlines (a); isodynamic (b) with R, = 10

6 Conclusions

In this article, we have presented some two-level penalty finite element methods for solving
the 2D/3D steady incompressible MHD equations. And we give the rigorous proof of the
stability and optimal error estimate for different finite element pair P; and P, under the
penalty parameter €. Based on the theoretical analysis, we know that M; 4+ C» (i =1, 2, 3)
is the best choice with the convergence speed and accurancy perspective than M; + C; (i =

@ Springer
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Fig. 14 (3D) Numerical streamlines (a); isodynamic (b) with R, = 102

1,2,3)and M; +C3 (i = 1,2, 3). Moreover, M3+C; (j = 1, 2, 3) has the most adaptability
for . Numerical simulation results verified the theoretical results. Furthermore, M3 + C; is
the best choice to deal with large Reynolds number flows from the numerical simulations.
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