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Abstract

We present error estimates for four unconditionally energy stable numerical schemes devel-
oped for solving Allen—Cahn equations with nonlocal constraints. The schemes are linear
and second order in time and space, designed based on the energy quadratization (EQ) or the
scalar auxiliary variable (SAV) method, respectively. In addition to the rigorous error esti-
mates for each scheme, we also show that the linear systems resulting from the energy stable
numerical schemes are all uniquely solvable. Then, we present some numerical experiments
to show the accuracy of the schemes, their volume-preserving as well as energy dissipation
properties in a drop merging simulation.

Keywords Energy stable schemes - Energy quadratization methods - Scalar auxiliary
variable methods - Error estimates - Finite difference methods

1 Introduction

The phase-field approach for multi-component material systems, in particular multi-phase
fluids, has emerged as an important modeling and computational tool in recent years [2,6,
7,11,16,20,30,33,34]. The set of governing equations in phase field models for the material
mixture is often derived variationally from its energy functional guided by the generalized
Onsager principle or equivalently the second law of thermodynamics [27]. This type of models
is called thermodynamically consistent. Thermodynamically consistent models for material
systems represent a class of partial differential equations that yield energy dissipation laws and
possess variational structures. For thermodynamical models alone, which do not subject to
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the hydrodynamic constraints (mass, momentum, angular momentum, energy conservation),
these models are also known as gradient flow models, in which the time evolution of the
thermodynamical variable is “proportional to” the variation of the system free energy. When
the thermodynamic variable is a phase variable and the proportionality coefficient (mobility)
is an algebraic operator, it’s known as the Allen—Cahn equation, whereas it is called a Cahn—
Hilliard equation if the proportionality coefficient is a second order elliptic operator.

This class of models describes relaxation dynamics of the thermodynamical system to the
equilibrium. In the case of a phase field description, both the Allen—Cahn and Cahn-Hilliard
models have been used to describe interfacial dynamics of multi-component immiscible
fluids, where phase variables represent volume fractions of material components. In these
applications, the Cahn—Hilliard model conserves the phase volume for each material com-
ponent while the Allen—-Cahn does not warrant the conservation of the volume of the
components. In the diffuse interface description of an otherwise fairly sharp interface, the
use of the phase field model is primarily for maintaining a dynamical interface that allows
topological evolution. In these cases, both the Cahn—Halliard and Allen—Cahn models are
applicable. However, the lack of volume conservation in the Allen—-Cahn model makes it less
useful than the Cahn—Hilliard in the cases where volume is conserved. In order to conserve
the volume in the Allen—Cahn model, the free energy functional has to be augmented by
penalty terms that impose the volume conservation constraint or by a Lagrange multiplier to
enforce the volume constraint explicitly [14,17]. The Allen—Cahn models thus modified with
a nonlocal penalizing constraint or a nonlocal Lagrange multiplier constraint then become
nonlocal equations.

Given their prominent role in describing diffuse interface dynamics and ease of use in
many computations, the Allen-Cahn and Cahn-Hilliard equation have been widely stud-
ied recently. Xu and Guo [10] developed an LDG method for the Allen—-Cahn equation and
proved its energy stability. Chen, Wang and Wise in [5] developed a linear iteration algorithm
to implement a second-order energy stable numerical scheme for a model of epitaxial thin
film growth without slope selection. Xu and Tang [25] used a different stabilizing mechanism
to build stable large time-stepping, semi-implicit methods for an epitaxial growth model. Lin
presented a C? finite element method for a 2D hydrodynamic liquid crystal model which is
simpler than existing C! element methods and mixed element formulation to preserve energy
dissipation [15]. A convex splitting strategy has been developed for phase field models in
recent years by several research groups [3,18,21,22,24]. In the meantime, there is the linear
stabilization approach [4,19,32,37] aimed for developing energy stable numerical schemes by
adding a high order stabilizing mechanism to the discrete scheme. More recently, the energy
quadratization (EQ) method and its variant scalar auxiliary variable (SAV) method have sim-
plified the development of energy stable schemes significantly and make their development
systematically [29,31,35].

In the wake of the rapid development of various innovative strategies for energy stable
approximations to dissipative partial differential equation systems, there remains a serious
task to obtain rigorous error analysis on the energy stable numerical schemes and their solv-
ability. In a recent work [9], Guan et al. adopted the convex splitting approach to develop an
energy stable scheme and obtained its error estimates, in which the convex part of the nonlin-
ear system is treated implicitly and the concave part explicitly in time marching schemes. Yu
and Wang in [23] introduced the convergence analysis of an unconditionally energy stable
linear Crank—Nicolson scheme for the Cahn—Hilliard Equation. Yang in [28] considered the
Allen—Cahn and Cahn-Hilliard equation using the Invariant Energy Quadratization (IEQ)
method. Wang and Wise provide a detailed convergence analysis for an unconditionally
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energy stable, second order accurate convex splitting scheme for the modified phase field
crystal equation [1].

In this paper, using the newly developed energy quadratization (EQ) technique and the
scalar auxiliary variable (SAV) approach [26,30,31,36], we propose and analyze two pairs
of new second order schemes for the Allen—Cahn equation with nonlocal constraints, which
consist of the Allen—-Cahn model with a penalizing potential or a Lagrange multiplier that
enforces the volume conservation for each material phase involved. In particular, we design
the schemes so that they are uniquely solvable and unconditionally energy stable. We present
an extended class of schemes, numerical strategies, numerical implementation issues as well
as performance tests of the models in another paper [12]. In this one, we focus exclusively
on error estimates for the four schemes. To the best of our knowledge, error estimates of
the schemes for the Allen—Cahn equation with nonlocal volume conserving constraints are
not yet available. We present the error analyses on both the semi-discrete schemes as well
as the fully discrete schemes. Since the proof for the fully discrete schemes are similar, we
only detail the error estimate for a selected fully discrete scheme in this paper. Numerical
tests for the accuracy of the schemes as well as one numerical example on merging drops are
presented to illustrate the volume and energy conservation property as well as the usefulness
of the schemes.

The rest of the paper consists of the following sections. In Sect. 2, we present the derivation
of the Allen—Cahn equation with a penalizing potential and a Lagrange multiplier, respec-
tively. In Sect. 3, we reformulate the models to equivalent forms via the EQ and SAV approach,
respectively. We present the numerical schemes and state the energy dissipation property and
the uniqueness of solution of the linear systems resulting from the schemes. In Sect. 4, we
present rigorous error estimates for the schemes. In Sect. 5, we present numerical conver-
gence tests to demonstrate the accuracy of the schemes and test the volume-conservation and
energy dissipation properties using a drop merging experiment. Finally, some concluding
remarks are given in Sect. 6.

2 Phase Field Models for Binary Material Systems

We consider a phase field model for time-dependent dynamics of binary material systems,
in which phase A is represented by a phase variable at ¢ = 0 and phase B at ¢ = 1. We
normally choose the phase variable ¢ € [0, 1] with ¢ identified as the volume fraction of
material A and 1 — ¢ the volume fraction of material B in the binary material system. The
transition layer between the two phases is given by 0 < ¢ < 1 and “the interface” is defined
heuristically at ¢ = % [8]. The free energy of the system is denoted as F(¢), given by

Flo] = / [%IWJIZ + f(d))] dx, 2.1
Q

where Y1 is a parameter measuring the strength of the conformational entropy and the bulk
free energy density is denoted by f(¢), which is assumed bounded below, e.g., there exists
a constant C such that f(¢) > —C. In this paper, we will focus our study on a double well
potential f(¢) = Y2¢%(1 — )2, where Y, measures the strength of the double-well potential.

The simplest transport equation for time-dependent dynamics of ¢ is given by the Allen—
Cahn equation
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%(x,t)z—Mu, xeQ,t>0,
W 6,1)=0, xed,t>0, 2.2)
d(x, D=0 = ¢(x,0), xe€Q,

where M is the mobility coefficient, the chemical potential x is given by

SF0f Vi (V) :
-2 _ 7 _y. = —Y|A , 23
=% "0 2 Vo YiAd + f() (2.3)
and 2 is the domain in which the binary material system occupies. This model describes
relaxation dynamics of the binary material system.
The energy dissipation rate of the Allen—-Cahn equation is given by

ar / BF([) d / (Mp)dx <0 2.4)
—_—= —¢,dx = — X , .
dt Q 50 t o n 2 =
provided M > 0.

We denote the volume of material A by V = fQ ¢dx. Then,

dv
ar__ / Mpudx. (2.5)
dt Q

It is normally not equal to zero, indicating that V(¢) is not conserved in the Allen—Cahn
dynamics.

To apply this model to situations where volumes of the material components are supposedly
conserved, one has to modify it. One simple modification is to enforce the volume constraint
V(t) = V(0) by coupling it to the Allen—Cahn equation via a Lagrange multiplier or a
penalizing potential. The model so derived is called the Allen—Cahn equation with nonlocal
constraints.

2.1 Allen-Cahn Equation with Nonlocal Constraints
There exist a couple of ways one can impose the volume constraints to the Allen—Cahn

dynamics. The first method is to penalize the difference between the volume and its initial
value. We call the model the Allen—Cahn equation with a penalizing potential.

2.1.1 Allen-Cahn Model with a Penalizing Potential
The volume conservation means V(1) = V(0) for any # > 0. In this modified model, we

penalize (V () — V (0))? in the energy functional [14]. Specifically, we modify the free energy
as follows:

2
F= / [%WW - f(¢)] ax+ 5 </ d(1dx — V(O)) : (2.6)
Q Q

where M > 0is a penalizing parameter, which is a model parameter and V (0) = f o ¢(x, 0)dx.
The transport equation for ¢ is given by (2.2) with a modified chemical potential given
by

fi=— =p+Vng, 2.7
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where
L= VA ( /Q o(r)dx — V(O)) . 2.8)
The energy dissipation rate is given by
dF SF U
o= /Q ﬁcbtdx =— fQ A(Mp)dx <0, (2.9

provided M > 0. The modified Allen—Cahn equation is approximately volume-preserving
depending on the size of penalizing parameter N > 0. In principle, the larger 1 is, the more
close V() is to V(0). However, in practice, this may not be the case. So, the choice of M
becomes an empirical trial. We next discuss another approach to obtain a modified model
that respects the volume conservation.

2.1.2 Allen-Cahn Model with a Lagrange Multiplier

To enforce the volume conservation of each phase in the Allen—Cahn model, the model is
modified by strictly enforcing the volume constraint via a Lagrangian multiplier L in the free
energy [17]. Specifically, we modify the free energy by augmenting a penalty term with a
Lagrange multiplier L as follows

F= /Q [yziwq)ﬁ + f(d))} dx — L(V (1) — V(0)). (2.10)

The transport equation in the modified Allen—Cahn equation for ¢ is given by (2.2) with
the chemical potential given by

= _ L (2.11)
p=g=r-L .
where
1
L = M p]dx. 2.12
fQde/Q[ mldx (2.12)

This modified Allen—Cahn model now conserves the volume for each phase. The energy
dissipation rate is given by

dﬁ_/ﬁﬁq)d __/~(M~>d <0 (2.13)
df—sz?)d)tx_ QMMX_, '

provided M > 0.

The Allen—Cahn equations with nonlocal constraints not only conserve phase volume at
least approximately in the case of a penalizing potential, but also dissipates energy. We next
discuss how we approximate these equations numerically so that the properties are retained
in the discrete solutions and the numerical solutions can be obtained efficiently.

3 Energy Stable Numerical Approximations

For the Allen—Cahn equations with nonlocal constraints, we employ the energy quadratiza-
tion strategy and its variant scalar auxiliary variable approach developed recently to design
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numerical schemes to solve them, respectively. The energy quadratization (EQ) and its vari-
ant, the scalar auxiliary variable (SAV) method, provide effective ways to derive linear, energy
stable numerical schemes [26,30,31,36]. We discretize the equations in time using the linear
Crank—Nicolson method firstly [23]. For the nonlocal constraints, we use the Shermann—
Morrison formula together with the composite Trapezoidal rule to ensure the second order
accuracy and efficient implementation of the resulting linear system of equations.
Throughout the paper, we denote
fn+1/2 — l(fn+1 + fn), ?n+1/2 — Efn _ lfn—l’ (31)
2 2 2

|-l as the L2(£2) norm and (, ) the associated inner product of functions involved, respectively.
All constants C appearing in the paper represent generic constants independent of At.

3.1 Numerical method for the Allen-Cahn Model with a Penalizing Potential Using
EQ

In the Allen—Cahn equation with a penalizing potential, we reformulate the free energy
density by introducing two intermediate variables as follows

q= \/f(cb) — Y24+ Co. t=M (/ b(r)dx — V(O)) : (3.2)
Q
Then, the free energy (2.6) recast to
~ Y1 2 2 2 Cz
F= —IVOIT+v¥20° +¢° — Co [ dx + —. (3.3)
el2 2
The extended chemical potential is given by
dq
w=—=Y1A0+2v20+2qg, g= TS
i = p+~/Me. (3.4)
We reformulate the modified Allen—Cahn model as follows
¢ -
—~ = —Mp,
o1 .
at b
A “Tdx,
o =N o a1y
(LA (35)
or 8% '

Now we discretize it using the linear Crank—Nicolson method in time to arrive at a semi-
discrete, second order numerical scheme.

Scheme 3.1 Given initial conditions (bo, we calculate qO from (bo and ¢, q" are calculated
by a first order scheme. Having computed ¢"~!, ¢”~! and ¢", ¢", we compute ¢+, g"+!
as follows.

¢n+1 _ d)n — —Atﬁn+l/2ﬂn+l/2,
ﬁn+l/2 — (_ylAd) + 2y2¢)n+1/2 +2qn+1/2§n+1/2 + \/ﬁcn-‘rl/z’

cn+l _ gn — ﬂ/;z(¢n+l _ (])n)dX,
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qn+l _ qn — §n+l/2(¢n+l — M. (3.6)
We define the discrete energy as follows

n __ Y1 ny2 ny2 ny2 (gn)2
F" = A 7(V¢) +V2(¢")" + (¢")" — Co | dx + > (3.7)

This scheme is linear, second order in time, and the linear system resulting from it is
uniquely solvable. The scheme obeys a discrete dissipation law, i.e., Scheme 3.1 is uncondi-
tionally energy stable [12], which implies F” < F°, namely, o™ 2, lg™ N2, 1€ | 2 (n =
1,2,..., N) are bounded.

3.2 Numerical method for the Allen-Cahn Model with a Lagrange Multiplier Using
EQ

We reformulate the free energy density by introducing an intermediate variable

g = f@ —:0% +Co. (3.8)

Then, the free energy (2.10) recast to

F= / [%IWIZ + Y207 +¢* - co] dx — L(V(t) — V(0)). (3.9)
Q

The extended chemical potentia is given by

9
u=—=Y1A¢+2V2¢ + 2qg, g=i,

el
1
i=u—L L=—— [ [Mpldx. 3.10
i=u thL[“X (3.10)
We rewrite the modified Allen—Cahn equation with the nonlocal constraint as follows

¢ .

= — Mg,

o1 a

dq

i . 3.11

a 8P, ( )

Using the linear Crank—Nicolson method in time, we obtain the following scheme.

Scheme 3.2 Given initial conditions $°, we calculate ¢° from ¢° and ¢', ¢! are computed
using a first order scheme. Having computed "1, g"~!,and ¢", ", we compute ¢! g"+]

as follows.
¢n+l — " = —AtM”Jrl/z[M”H/z — L,
Mn+1/2 = (=V1A6 +2y2¢)”+1/2 + zqn+1/2§n+l/2’
g"tl =g = g2 pn gy, (3.12)
where
L2 M/Q[Mnﬂ/%nﬂ/z]dx' (3.13)
Q
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We define the discrete energy as follows

F' = /Q [%(W”)z + Y20 + (¢ — Co} dx. (3.14)

Scheme 3.2 is linear, second order in time and unconditionally energy stable [12]. The
linear system resulting from the scheme is uniquely solvable. It implies F" < F°, and
™l 12, lg" Il 2(n = 1,2, ..., N) are bounded.

The scalar auxiliary variable (SAV) method provides yet another strategy to arrive at linear,
energy stable numerical schemes.

3.3 Numerical Method for the Allen-Cahn Model with a Penalizing Potential Using
SAV

We now use the scalar auxiliary variable approach to design a new numerical scheme and
rewrite the energy function as follows

2
F= / [y—l<V¢>2+vz¢2} dx + / [f<¢)—vz¢2]dx+3< / o(r)dx — [ ¢(0>dx) . (3.15)
ol 2 Q 2 Q Q

We introduce an intermediate variable E|(¢p) = fQ[ f() — Y2¢2]dx, choose a constant Cy

such that Ej(¢) > —Cp, denote U = %, r = J/E1 4 Cyp (a scalar auxiliary variable)

_ or _ U() — _
s(h) = 55 = TR BT and define ¢ = /N( [, ¢(1)dx — [ $(0)dx) as another scalar
auxiliary variable. The free energy recast into
~ Y1 2 2 2 ¢
F:/ —|Vo|" + V2¢” |[dx+ 7" — Cp + — (3.16)
ol 2 2
and chemical potential is modified as follows
i =u+ Mg, (3.17)

where

n=—=Y1Ab +2Y2¢ + 2rs.

We reformulate the modified Allen—Cahn equation with a penalizing potential as follows

¢ .

—~ = —Mp,

o1 ’

at o0

2 —dx,

at Vi Q Ot X

or Lo}

— = s —dx. (3.18)
at o Ot

Now we discretize it using the linear Crank—Nicolson method in time to arrive at a new
semi-discrete scheme.

Scheme 3.3 Given initial conditions ¢°, we calculate r° and ¢° from ¢ and then ¢!, r! and
¢! are computed using a first order scheme. Having computed d)"_l, =l =1 ¢ " and
¢, we compute ¢" 1 11 g1 ag follows.

"t = —AZ‘M”-H/z/jLn-H/Z,
V2 = (Y Ad + 2720) T2 4 opn 2512 o en 2,
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ot g = /Q (@ — oy,

P / S - ¢, (3.19)
Q
where
——F—n+1/2
2 U(¢) (3.20)
2V EN(9) + Co
We define the discrete energy as follows
Y ny2
e B(W’)Z +Y2(¢")2] ax+ S oy - co (3.21)
Q

Scheme 3.3 is a linear, second order in time, unconditionally energy stable and the linear
system resulting from the scheme is uniquely solvable [12]. It then follows that the norms
of solutions of the linear system resulting from Scheme 3.3: ||| z2, [|F" |2, 1" ||;2(n =
1,2,..., N) are bounded.

3.4 Numerical method for the Allen-Cahn Model with a Lagrange Multiplier Using
SAV

We rewrite the energy functional as follows
= / [%(W +v2¢2] ax + / LF (@) — V202ldx — L ( / b(r)dx — / ¢<0)dx) .(322)
Q Q Q Q

Introducing an intermediate variable E1(¢) = [o[f($) — Y2¢?]dx and choosing a constant

Co such that E{($) > —Cp, we denote U = % and s($) = % = 2\/% We then

define r = +/E1 + Cy as the scalar auxiliary variable and recast the free energy into

- Y
F = f [?I|V¢I2 + Y2¢2:| dx + 72— Co— L(V(®) — V(0)) (3.23)
Q
and the extended chemical potential is given by
—Y1AP +2Vrb +2rs — L,

1
it /Q (M udx. (3.24)
Q

ii
L

‘We reformulate the modified Allen—Cahn model as follows
¢
at

ar
a :/gs(btdx. (3.25)

= —Mi,

A new second order in time semi-discrete numerical scheme is obtained after applying
the linear Crank—Nicolson method.

Scheme 3.4 Given initial conditions c])o, we calculate 70 from ¢0 and then ¢1 and r! are
computed by a first order scheme. Having computed ¢" !, "1, ¢" and r", we compute
"1 and r"*! as follows.

¢n+1 _ ¢n — _AIM'1+1/211"+1/2
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~n+1/2 _  n+1/2 Ln+l/2
- bl

0 g
Ml‘l-ﬂ—]/z — (_YIAd) + 2y2¢)ﬂ+1/2 + 2rn+1/2§n+1/2!
rn+l _ rn — / EI’H*I/Z(d)I’H’l _ ¢n)dX, (326)
Q
where
——n+1/2
i U@
2VE($) + Co
1 -
LR / ("1 2, (3.27)
JoM dx /@
We define the discrete energy as follows
Y
F* = / [?I(V‘P”)z + Yz(d)")z} dx + (r")?* = Co. (3.28)
Q

Scheme 3.4 is a linear, second order in time, and unconditionally energy stable [12]. The
linear system resulting from the scheme is uniquely solvable. It follows that the norms of
solutions of the linear system resulting from Scheme 3.4: ||¢" || 2, [[F"];2 (n = 1,2,..., N)
are bounded.

3.5 The Fully Discrete Numerical Approximations

The semi-discrete numerical schemes have been proposed in the above subsections and the
schemes are proven to be linear, second order in time, and unconditionally energy stable.
In addition, the linear systems resulting from the schemes are all uniquely solvable. Here,
we consider the spatial discretization of the schemes to arrive at fully discrete numerical
schemes. We use the finite difference method to discretize the Allen—Cahn equations with
nonlocal constraints in space.

Firstly, we begin with definitions of grid functions for the full discretization in two-
dimensional space. We denote 2 = [0, 1] x [0, 1] as the computational domain and divide
the domain into rectangular meshes with mesh size 4y = 1/Ny, hy = 1/N,, where N, and
Ny are two positive integers. We define the following 2D sets for grid points:

Ex :{xi+%|i =0,1,..., N},
Cy={xili=1,2,...,Ny},Czs ={x;li =0, 1,..., Ny + 1},
E, :{yj+%|j:O, 1,..., Ny},
Cy=jli=12... Ny}, Cs = {yjlj =0, 1,.... Ny + 1},
where x; = (I — %)hx, = (- %)hy, [ can take on integer or half-integer values. In this
paper, we chose iy = hy = h for simplicity.
We define the following discrete function spaces
Cixy = {b:Cx x Cy — R}, Cixy = {b:Cz x Cy — R},
Cixy = {9 : Cy x C5 — R}, Cixy ={$p: Cz x C5 — R}.

The functions of Cx 5 are called cell centered functions. In component form, cell centered
functions are identified via ¢; ;. A discrete function ¢ € Cixj is said to satisfy homogeneous
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Neumann boundary conditions if and only if

do,j = b1,5. On,j = Oneg1,joJ =12, Ny
¢i.0 = ¢i,1’ d)Z,N)r = ¢i,Ny+1’i == 0, 1, ~'~=NX + 1 (329)

We define
1 1
Dyt 1 ;= Z((bi-ﬁ-l,j =i j), Dyd; ;1= E(¢i,j+l — i j)s
and V), Aj are denoted the discrete gradient operator, the discrete Laplace operator as follows
Vi i= (Dxd. Dy®)", Apdp := Vi - Vi,
In addition, we define the following discrete inner products

M N
f ) =1 > fijgi)

i=1 j=I

M N
1 2
31722 fiah 8ind + fioy 8y

i=1 j=I

M N
1 2
Lf.gly == Eh Zz(fi,j+%gi,j+% +f,"j_%g,"j_%)‘

i=1 j=I

Lf.glx:

For ¢, VP, a natural discrete inner product of their gradients is given by

(Vid, Vplr) := [Dxd, Dyl + [Dy(ba quf]y,

and we also introduce discrete || - [|oo norm, || - ||, norm (1 < p < 00) and discrete || - || H)s
Il H?> Il 4 morm, respectively, as follows:
1
[l = max; jl1d; ;I. ldll, == (7, D7,
1607, = 1913 + IVadl3,
2 . 2 2
10132 == 1913,1 + 1240113,
1917, = 19152 + V4 AndlI3 + 1 ATO13. (3.30)

Lemma 3.1 For ¢, I € Cxxy satisfying the homogeneous Neumann boundary condition, the
following summation by parts formulas can be derived:

— (And, V) = (Vad, Vi ). (3.31)

Secondly, we use the standard five-point method to discretize the Laplacian operator and
apply the composite-trapezoid-formula to discretize integral terms to arrive at a second order
scheme in space. On staggered grids in space, the composite-trapezoid-formula is given as
follows

/Q fOdx =R YN fxi, ) + O, (332)

i=1 j=1
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where (x;, y;j) € C, x C,. We denote the symbol

[ef1= 020 Y 0 f G y))- (3.33)

i=1 j=1

Applying this spatial discretization strategy to the semi-discrete schemes developed ear-
lier, we arrive at second order, fully discrete numerical schemes. Next, we only present the
fully discrete scheme based on Scheme 3.2 as a representative as the others are discretized
analogously and thus are omitted.

e it . 0 0 0 1 1
Scheme 3.5 Given initial conditions d)i’j, we calculate 49 from d)i!j and cbl-’j, g; ; are com-
puted using a first order scheme. Having computed (1)1'.';1, q;';l, and ¢7 i q j» We compute
n+1 _n+l
d)i’j g as follows.

—n+1/2 1/2
(1)?_;1 . d):zj _ —AIM” / [M:HJ- /2 Ln+1/2],

1/2 1/2 1/2 1/2 1/2
Wit = (v 80l 2va ) g T 22,
1/2
gt —ql; =g @ - o), (3.34)
where
1 .
Lz Tl/2[1*(M”+”2M”+1/2)]. (3.35)
JoM dx
The discrete energy is defined as follows
Y1
F" = 2 IVa0" I3+ V216" 15 + llg" 13 = Col . (3.36)

Scheme 3.5 respects the dissipation law, and thus is unconditionally energy stable. It then
implies F" < FO, and [|¢" |2, lg"l2(n = 1,2, ..., N) are bounded. We next present error
estimates for the four semi-discrete schemes and the one fully discrete scheme presented
above.

4 Error Estimates

We consider a finite time interval [0,T] and a domain  C R?, which is open, connected and
bounded with sufficiently smooth boundary d€2 such that the following Sobolev inequalities
hold
£ 14y < € DN ll2@l flar )
117 < CQDIf el fllmg)- 4.1)
We denote At = % Let ¢, g", g", ", r", s" be the numerical solutions obtained from
the above schemes, and &(t,), g(t,), g(tn), S(tn), r(t,), s(t,) be the exact solutions of the
Allen—Cahn equations with nonlocal constraints evaluated at the discrete time, we define the
error functions forn =0, 1,2, ..., N as follows
ey = bltn) — ", ey = q(ta) — q", €y = g(tn) — 8",
ef =0(ty) =", ef =7r(ty) — 1", €f = s(ty) —s". 4.2)
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For each scheme, we first establish the corresponding error equation and conduct a series
of analyses to obtain the error estimate for the scheme. Without loss of generality, we set the
mobility coefficient M = 1 in the following analysis.

Lemma 4.1 Suppose there exists a positive constant C such that
maxy<n (|0t Lo, VOt [, 9" [[L=) < C,
then the following inequalities hold

leglzz < Cllegllz2,
IVegli2 = Cllegllz2 + 1Vegllz2),
llegliz2 < Cliegllz2.
IVesliz < Clleglizz + 1Vegll2). (4.3)

Proof We know that the function ¢(x) is C3, s(x) is C? for any x € 2, then
legl = 1g(d(tn)) — g(d")| = lq" (&) (0 (1) — O] < Clegl. 4.4)

which implies ||e"|| 2 =C ||e Iz2. Next, since q " is continuous and Vo(t,) is bounded, we
have

Vel = g (@tn))V(ta) — g ($")V"|
= 1q" @) — g @NVOUt) + ¢ @)Vot) — g (V"
=1q" ©)(@(ta) — OIV(t) +q (&) Vel|
< C(lefl + |Vey)).

where € = 0¢(#,) + (1 + 0)¢". The proof of other two inequalities are similar to the above
and thus omitted. m]

Assumption We assume that the exact solution ¢ of the Allen—Cahn equations with nonlocal
constraints possesses the following regularity conditions

¢ € L0, T; HA(@) [ | L™, T; Wh>=(Q)),
by € L0, T; L®(Q)) [ | L*(0, T; H' (). 4.5)

For the classical Allen—Cahn equation this is proved in [13].

4.1 Error Estimates for the Allen—-Cahn Model of a Penalizing Potential Using EQ

In Scheme 3.1, the semi-discrete scheme is given as follows

n+1 n

T —¢" = —¢ Y ATV 4 2yt IR agn I 2gn 2 L et — 0 (46a)
n+l _ _n n+1 n

q . q §n+1/z(¢ —9 (4.6b)
n+1 _ ¢ n+1 n

§ /d) d) (4.6¢)
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We substitute the exact solution of the modified Allen—Cahn equation and use the Taylor
expansion to obtain

¢(tn+l) - ¢(tn)

At
—VIAG(, 1) + 22001, 1) +24(1,, DB, 1) + VI, 1) = Ry (@7a)
q(tn+1) — q () - O(tnt1) — d(tn) n+1/2
— A - g(t”%)T + Ry (4.7b)
1, — C(¢, 1, — O
g( n+1) g( n) — \/ﬁf d)( n+1) ¢( n)d + Rn+l/2 (4.7¢)
At Q At
where R"+l/ 2 R2+l/ 2 ,Rg /2 are corresponding truncation error and in the order of

(O(Ar2>).
Subtracting (4.7a), (4.7b), (4.7c) from (4.6a), (4.6b), (4.6¢), respectively, we arrive at the
error equations as follows

n+1 n
—¢ 172 172 172
fo "% < © —viaey T g avae T agn Y
1/2—, 172 172
+2€Z+ / gn+l/2 + \/ﬁngr / — RZ)Jr / , (483)
1 +1
€;+ —e _7,,+1/2‘3qu> — e +m+l/2¢(’n+l) (1) +Rn+l/2 (4.8b)
At At ot At ’
en+1 _ ot 6,n+1
g C ¢ e nt1/2.
——— =] —d&+R 4.8¢c
At V/n o0 At (4.8¢)

Lemma 4.2 There exists a constant C > 0 such that solution $" of Scheme 3.1 is bounded:

[¢$"lLe <C, n=0,1,...,N

Proof Firstly, we note that 160 < C is true by definition. We assume ||¢" ||~ (n =
1,2,...,k)(k < N) are bounded. Next, we use mathematical induction to prove ||(l)k"'1 [l oo
is bounded.

We note that g (¢) and g(¢) are continuous as functions of ¢ and ¢"(n = 1,2, ..., k) and
are thus bounded. Taking inner product of (4.8a) with e$+l - e$ and 2Ate$+]/ 2, respectively,
we obtain

I _ 1
iy ¢||’iz+ (Ve 2, — [ Vehl2,)

—ne
—n+1/2
+¥a(llep IR, — lehl) + g2 et — o)

+(2€n+]/2g(¢)n+l/ n+l e¢)+(fen+l/2 n+l n) (Rn+1/2 n+l ) (4 9)

and

les 12, — e, +2arv1 Vel 212, + 4aryy eyt

+ (2qn+]/zEZ,+l/2, ZAte:;H/z)

+ @y @) 280y + (VR 2andy )

= (Ry"? 201612, (4.10)

||L2
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Taking inner product of (4.8b) with ZeZH, we have
lea ™22 = lepl7a + llep ™ — epli7a
— 1/2
= @2 = ey, 26 + @ (@) — 01)), 26T
+AH(Ry T 26, 4.11)

n+1

Taking inner product of (4.8c) with 2¢; ™", we obtain

leg ™22 = leg 172 + llep ™ — ef 17, = (f / (€™ —epydx, 2e”“)
+Ar(RITY? 260, 4.12)
Combining (4.9)-(4.12),we have

1 1 2 Y1 1,2 2
leg ™12 = egza + valle 172 = eglz) + = (Ve 17, = 1Vegiz2)
1
+leg T, = leplza + llef ™7,

n+1

1
ptl—elll7, + et — el

n+1

—llef 17, + flle eq)lle + lleg

12A1Y, IIVe”+‘/2|| +aam ey 22,

= @@ — )2+ @2 (Onan) — 0. 260

+(f/ (eil"rl _6¢)dx 2en+1)

_(zqn+l/22n+1/27e$+l n) (zen+1/2 (¢)n+1/2 n+1

(IenJrl/Z nt1 )

_(zqn+1/252+1/2,2Atex+l/2) (2e n+1/2 (¢)n+1/2 2Ate$+l/2)

_(fen+l/2 2Aten+1/2)

+(R'1+1/2 $+1 e¢)+Al(R”+l/2 Ze”+1)+(Rn+l/2 2Ate $+1/2)

+ AR 200, 4.13)

e;f)

Using the Cauchy inequality with €, we obtain
——n+1/2
G@" @t — e 2ert )

= (38" — &" (el — ey, erth]
< (138"l + 118" Ml (e T =€), et

——llegt! —efll7. + Carelles ™7 (4.14)

= 4At ||L2-

From the General Holder inequality, Sobolev inequalities (4.1) and inequality (4.3), and
the regularity assumption (4.5), we obtain

@2 (@ tnr1) — 1)) 2607
= (e} — €N (@ tnr1) — d(tn)), €]
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—1 1
< [13€% — e el tns1) — Dl ol 2

< 13¢f — e sl (t + 0AD At pallel ™ | 12

< CAt|3¢y — ey 174 + CAtley 117, < CALI13¢,17
+leg 70 + CArlled 7,

< CAt(leylizr + IVeyliga + ey 72 + 1Vey " 1172) + CAtllep I, (4.15)

By the General Holder inequality, the Cauchy inequality with €, (4.3) and the boundedness
of |g" || ;2 and [|g" ||, we have

—n+1/2
g eyt et o)

1
=1g" ! + "3 G — g™, (e =l

1
< I3eg — g lgalle™ ! +q" I palelt = ehli 2
1
< 3¢ — ey g™ 2 + g ) lep ! — edll 2
C
< CAre(Begl7a + e~ 170 + o lley ™ = ejli7
ny2 w2 n—1,2 n—1;2 C a1l ny2
< Care(lel i, +1Vefli7a + lley ™ 72 +1Veg ™ 172) + 1 llegt —eji7>. (4.16)

Similarly, using the Holder inequality, the Cauchy inequality with €, we arrive at the
following estimates

eyt P@" T et — e
(G +e;)§<3g<¢"> — 20", (™! —€p))l

< (132@")llzx + Ig@" Do)l (ept! + €, ep™' — e

”enJrl

< Care(e 1T + 117 + g ey = ¢l

4.17)

‘(an+1/zz’;+l/2’ 2Al‘€$+l/2)|

— 1/2
< Atl3el — et M s llg" ! + g sl T
< CAH(Bel I, + et~ 1240 + Carlley )12,
< CAt(llepli7 + IVepl7a + lley 172 + 11Vey M IT2) + Ardley™ 17, + lefli72),  (4.18)

and

e e @) 2806 T = Arl(et! + e Be@") — (6" ). (e + €T

< At(I3g@M 1L + 18@" Hll=)l(e) ™ + e, e + €5
< CAtllegt 17, + lefl72) + CAtdlel N7 + lleg T 1172). (4.19)
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By applying the same method, we obtain the following results
1
Rn+1/2’ ntl oy <
I( eyt el < e
|Ar(RyT? 268 < At RGP, + At t2,,
1/2 1/2 1/2
(RY2 2806 M) < ALIRYTP 12, + Ar(lel 2, + lleb122)

n+1/2 n+1 ny| <
|(v/Neg — el = e

C
(f / (ep! — ep)dx, 2e"+1) = oa e —ehliz + Carellef ™,

n+1/2,2

1
et — epll2 +eAtl Ry 7117,

||e”+1 _ ecl)”Lz + At8(||6"+1 “L2 + llef ||iZ)’ (4.20)

+ 1/2
(Ve 2. 20te ")) < Ar(llep ™2, + llef 122 + Arlleh ™ 12, + llehl2,).

IARITY2 260 < ArIRITV I, + At 2.

Choosing appropriate € and combining the above inequalities (4.14)—(4.20) with (4.13),
we have

+1 +1 +1 1 +1
lleg 7. + Valleg 17, + *IIV aT. + lleg™ 7. + lleg 172

—(legli2 +vallefliz. + 3||Ve$||Lz +lepl7s + lefli72)

< CAt(legt 1T, + lefliga + lle 172 + Vg7,

+ Ve, 122+ llept 7 + el

e 2 + lef122) + ARG 212, + IR, + 1RITA 2,

< CArlegt 1T, + lefli7. + ||e”*‘||Lz

F Ve 12, + IVeR 7. + 1Vey 132 + leg 13, + lleg 17

HFlep ™2, + e 122) + AR 212, + 1RG22, + IR 12,). @21

Summing (4.21) over for time steps 1 to m ,we deduce that for 1 <m <k,

”em+1

+1 +1 +1
12, + —nW'" 12+ e 2, + et 2,

1 1 1 1 1
< lleg™ 172 + valleg 117, +—||Ve’"+ 172 + e ™02 + Nl 117

<CAY " eyt Ty + 1V 1Ty + el 3 + e T3, + NATAr, (422)

and
. Y Ve m m
min (g 72 + Vel + lle 172 + llef'1172)
Y1
< ey ||iz + 5 IVeg g + lleg 72 + llef' 172 (4.23)
Then

+1)2 +1 1 +1
lleg ™ llz2 + Ve 172 + e 72 + e 7.

= CAY " (et I+ NV IRy + ey T, 4 e T + NArAr. (4.24)
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Combining (4.24) with the Gronwall’s inequality, we have
leg 172 + 1Vep T + ey T + lleg 7. < cart, (4.25)
which implies

ey 150+ lles ™17 + e 17, < cart, (4.26)
H L L

Using the H? regularity to Eq. (4.6a) and the boundedness of [|¢" [|;2, llg" |12, 115" ]| .2,
we have

ek ek R — ¢F ktd okl k+1/2
" 2l g2 < 19" 22 + |l AL g2 +1g" 728" 22 + 118 2
k+1 k
e, —e f — Ot (4.27)
<1 4 ST g 10
+ 1" e+ g e + 18 2 + 11k < €
So
k+3
lleg 2 < NdGrs12)l g2 + 1657212 < C. (4.28)
Finally, we have
ket d k3
6" 2 ML < lle, ||Lcc + 1 drr1/2) Lo
il il (4.29)
< e 2 e H 12+ 1t )l < C.
which implies
1 1
6" oo = 1120872 = %l < 107 [l + 19" 1 < C. (4.30)
By mathematical induction,
[¢"[lLe <C,n=0,1,...,N.
O
Theorem 4.1 For Scheme 3.1, we have the following error estimates for 0 <n < N:
legliz + lleplsa + llefll;. < CAr,
Proof Because ||¢"|p~(n =0, 1, ..., N) are bounded, the proof process is similar to (4.9)—
(4.26) in Lemma 4.2 and is thus omitted. ]

4.2 Error Estimates for the Allen—-Cahn Model of a Lagrange Multiplier Using EQ

Firstly, we note that

JalMplax _

L =
foMdx |l

/ (=Y1A +2V2¢ +2gg)dx = / (2v2¢ + 2qg8)dx.

1l

Then, Scheme 3.2 can be written as follows
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¢n+l (bn
" y1A¢’n+1/2 _ 2y2¢n+]/2 _ an+]/2§n+]/2

+2¢" 12512 4x, (4.31a)

anrl _ qn =§n+1/2 ¢n+l _ d)n
At At

The error functions for n > 0 satisfy the following difference equations

(4.31b)

Tl en
¢ ~ ¢ _ylAe$+]/2+2yze$+1/2+2qn+l/26—8n+1/2+2€;+]/2gn+1/2

|
- & / ey 12 4 2g g 2 et P ax + RETIZ (432
dX Ja

+1 n+1 n
u §n+l/2u +e—n+l/2M 4 RMH1/2
At At ‘ At o

(4.33)
Lemma 4.3 There exists a constant C > 0 such that solution ¢" of Scheme 3.2 is bounded:
[¢"llge <C, n=0,1,....,N

n+1

Proof Taking inner product of (4.32) with € - e$, ZAtegH/ 2, respectively, (4.33) with

2e Z“, then adding them up and using 1nequa11ties, we obtain
1 1 2 N 12
llef* 172 = llefliz. + Valley* 172 = v2llepliz. + ?HW? 72

Y1 n2 n+1,2 ny2
- 7||V€¢|| 2 + ||€q ”LZ - ”eq”LZ (4 34)
< CAt(ley™ 172 + lleflTa + llef 152 + IVey ™ 17, + 1Vepliz. + 1Vey 17
+ g™, + llelll7o) + ArO(Ar®).

The rest of the proof is similar to (4.22)—(4.30) in the proof of Lemma 4.2 and is thus omitted.

[m}
Theorem 4.2 For Scheme 3.2, we have the following error estimates:
leb 13 + llel]2, < CAr*,0 <n < N.
Proof Because ||¢"||p~(m = 0,1,..., N) are bounded, the proof is similar to that in
Lemma 4.3. So, we omit the details. O

4.3 Error Estimates for the Allen—Cahn Model of a Penalizing Potential Using SAV

Scheme 3.3 can be written as

+1
" At— ¢" Y A2 Loy, g U2 oo 2kl /2 L entl/2 g (4.350)
e / g @ 4 g (4.35b)
At Q At ’ '
n+1 n n+1 n
CT v / ¢ ¢ (4.35¢)
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We deduce the error equations for n > 0 as follows

en+1 _ ot
¢ o ¢ — v Ae"+1/2+2Y en+1/2
+ 2rn+1/2égl+1/2+2e;l+1/2§n+1/2 +«/ﬁeg+]/2 _ R$+1/2, (4.362)

1 n+1 _n

et —el! =/,n+1/2€¢ ¢y +4:+1/2<|>(tn+1) ¢(tn)d CRYZ (436b)
At At At

en+1 _en n+1 o

g N ¢ _[f <I>d +Rn+1/2 (4.36¢)

Lemma 4.4 There exists a constant C > O such that the solution " of Scheme 3.3 is bounded,

¢ e <C, n=0,1,...,N.

Proof Firstly, we note that |¢°]| ;= < C is true by definition. We assume ||¢" ||z~ (n =

1,2,...,k)(k < N) are bounded. Then, we use mathematical induction to prove that
651 oo is bounded.
We note that ¢ (¢) and s(¢) are continuous as functions of ¢ and ¢"*(n = 1,2, ..., k) and

are thus bounded. Taking inner product of (4.36a) with e"'H

(4.36b) with 2¢"*! and (4.36¢) with 2e”+‘ then adding them up, we obtain

— e$, ZAZegﬂ/ 2, respectively,

Y1
leg ™ IZ2 — ez + valleg™ 12 — llefIi72) + = (Ve 7. = 1Vefli7)

1
12 2 +12 2 +1 2 1 2
e T2 = et + e 7. — llef il +gle —eple + lley ™ — el

n+1/2,2 n+1/2,2

+llet — e 12, +2a0v Ve T2, + 4AtY2||€

||L2
< f 5@ et = ehyax, 2e:‘+1>+( /Q &2 (1) — Gt ze:’“)
+ (f/ (e”Jrl — €p)dx, 26"“) - (2r"+1/22?+1/2,e$+1 —e)

1/2 +1/2 1/2
— ST et — ey — (el T et — et

_(2rn+l/2En+l/2 2Ate$+l/2) Qe! n+1/2 (¢)n+1/2 2Aten+l/2)

¢
—(f n+1/2 2Ate n+1/2)+(Rn+l/2’ $+1 e )+AI(R”+]/2 ;,+1)
+(R”“/2 202y %) + ARV 26l 4.37)

Using Cauchy’s inequality with €, we obtain

| (/ §n+1/2(6$+1 _eg)dx, 2€f+l> |
Q

<1313g" — " 2 liel ™! )

—e¢||Lz e,

| 2 12
—— e —€}ll7, + CArelle)™

12.. (4.38)

<
~ 4Ate
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By regularity assumption (4.5), Sobolev inequalities (4.1) and inequality (4.3), we get the
following inequalities

’( [ @20 = bax 2ef“>‘
Q

< 13" = e M2 M10tns1) — &) 2, e ™)
< 13" — " 2l ns1) — Dt N2 lle 2
< CAt(|I3e} 174 + llef 113 + CAtller 13,

< CAt(lefliz2 + Vel + ey 72 + IVey ' 1172) + CALller |72, (4.39)

and
IV [ (! = elydx, 2¢f )
o ¢ [} S

C
= VQllleg™ = ejllz, 2¢ D1 = e —eflT.+CAreller ™7, (4.40)

Analogous to the proof in Lemma 4.2, we obtain estimates for the other items. Choosing
appropriate € and combining the above inequalities (4.38)—(4.40) and other items with (4.37),
we have

+1 +1 Y1 +1}2 12 +1)2
lleg, || 2+ Valleg ||L2+ IVey 172+ lle 72 + llef 7,

= (legll72 + vallelis + E‘HWQ,H%Z +lefll7s + llefll72)
< cm(ﬂe"“an +lleglzs + ey~ 17 + IVes 7, +1Vegls
H1Vey T + e T + e 132 + e T 1T + el 172)
+ AR 12, + IR, + IR, (4.41)

The rest of the proof is the same as (4.22)—(4.30) in Lemma 4.2. So, we skip the details
and claim the following result

6"l <C, n=0,1,...,N.

[m}
Theorem 4.3 For Scheme 3.3, we have the following error estimate:
leg iz + lef 172 + llef 7. < CA*, 0<n<N.
Proof Because ||¢"||p~(m = 0,1,...,N) are bounded, the proof is similar to that in
Lemma 4.4. O
4.4 Error Estimates for the Allen—-Cahn Model of a Lagrange Multiplier Using SAV
We rewrite Scheme 3.4 in the following form,
+1
¢" N_ " _ [_ylAd)n+l/2 42yt 4 2rn+1/2§n+1/2]
1
+ / @V /2 4 2 H25 2 gy, (4.42a)
fQ dx Q
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+1 _ ntl
L / gt ®T ¢ (4.42b)
At Q At

Then, we derive the equations for the error functions for n > 0 as follows

n+l _ n
. At %y, Ayt 2yl T2 ot 1212 g ppr 21/
=7 dx/ 2vyey 2 2 g2 gt P gy - RV (4.43)
Q
el _on eyt —el O(ty41) — b(1y)
r r =/En+l/2 ¢ ¢ +?Sn+l/2 n+1 n dX-i—R:H_l/z. (4.44)
At o At At

Lemma 4.5 There exists a constant C > 0 such that the solution ¢" of Scheme 3.4 is bounded
¢"llLe <C, n=0,1,...,N.

Proof Taking inner product of (4.43) with egﬂ — ey 2Ate$+]/ 2, respectively, (4.44) with

2¢"1 then adding them up and using a series of inequalities, we obtain

||eVl+1

lle legll7, + Vzne”“an —V2llejli7a
1 1 2
||v ag. - —nv%uLz +lle T, — lletll7s (445,
< cm(ne;i“niz +llegllzo + llely 172 + Vel ™ 7. + 1IVepli. + Ve 7
+ et T, + llefll7) + Aro(Arh).

The rest of the proof is similar to (4.22)—(4.30) in that of Lemma 4.2 and is thus omitted. O
Theorem 4.4 For Scheme 3.4, we have the following error estimates
leplizs + llef 7, < CA*, 0<n <N.

Proof Because ||¢"||p~(m = 0,1,...,N) are bounded, the proof is similar to that in
Lemma 4.5 and thus omitted. O

4.5 Error Estimates of Fully Discrete Numerical Schemes

In this subsection, we omit the space symbol i, j for simplicity. Then, fully discrete
Scheme 3.5 can be written as follows

¢n+l (I)n
_ylAh¢n+1/2 _ 2y2¢n+1/2 _ zqn+1/2§n+l/2

At
1
4 f dx[l*(zyzd)n-'rl/z 4 2qn+1/2§n+1/2)]’ (4463)
Q
n+l _ n n+l _ 4n
9 ~9 :gﬂ+1/2u_ (4.46b)
At At

The error functions for n > 0 satisfy the following difference equations
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€n+1 s
¢ A; ¢ ylAhef{)Hﬂ + 2y2e$+1/2 + 2qn+1/2§n+1/2 + 2e;l+1/2gn+1/2
f 1*(23/2e”+ V2 ognt 1 2ggn 2 ey T2 2y 4 2 (447
Q
en+1 py €n+l — ol
q 9 _ §”+1/2 ¢ ¢ +e—n+1/2 (1) — O(1n) + .C'H‘l/z (4.48)
At At § At a '

where the corresponding truncation error
2 < i+ ), 1T < cart,
Lemma 4.6 There exists a constant C > 0 such that solution $" of Scheme 3.5 is bounded:
6"lc <C, n=0,1,...,N.

Proof Firstly, we note that 1610 < C is true by definition. We assume [¢"|oo(n =

1,2,...,k)(k < N) are bounded. Next, we use mathematical induction to prove ||(1>k'H lloo
is bounded.

We note that ¢ (¢) and g(¢) are continuous as functions of ¢ and ¢” (n =1,2,...,k)and
thus are bounded. Taking discrete inner product of (4.47) with e”Jrl and 2Ate$+1/ 2,

respectively, summing over i and j, we obtain

1 Y1
e = egll5 + - (IVheg ™3 — 1Vaell3) + Vallleg I3 — liegl13)
+ (zqn+1/25”+1/2 €$+1 _ e&l))

n (26n+1/2 (¢)n+1/2

+2e;+1/2 n+1/2)]’ e$+1 _ e$)

n+1 e$) . ([1*(2Y26$+1/2 + an+1/2§n+l/2

= (2 et — e (4.49)

and

n+1/2,2 n+l/2”

el ™15 — llefll5 + 28871 [ Vaely 7115 + 4Atvalle;

+@q" 22 2arel )

i (2en+]/2g(¢)"+1/2 2Ate$+1/2) _ ([1*(2y26n+]/2
+2g" 12172 +2€;+1/2§n+1/2)] dAte n+l/2)
- (rg“/z, 2Ateg+”2). (4.50)

n+1

Taking discrete inner product of (4.48) with 2e , summing over i and j, we have

leg ™15 — Neglls + lleg™ —efl3
= @2 — el 26t + @ (@) — d(n)). 26t
+ Ar(y 2 200, 4.51)
Combining (4.49)-(4.51),we have

+1 2 +1)2 2
leg 115 — e ll5 + vadliey ™ 13 = llegli3)
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Y1
+5 (Va5 = Ve I3 + lleg 115 = leg 13

n+1/2,2 n+1/2,2

1
+ eyt — I3+ lleg T = egll3 + +2A0v1 [V

= @@ — )2 + @2 (0an) — 0. 2601
_(zqn+l/2 n+1/2 n +1 _ ) (Ze"H/z (¢)n+1/2 n+1

I13+4arvalley 7113

—e)
_ (2q"+1/2E"+1/2 2Ate$+1/2) Qe! n+1/2 (¢)n+1/2 2Ate$+l/2)
+ ([1*(2Y2e"+1/2 + 2qn+1/2@n+1/2 + 262+1/2§n+1/2)], €$+1 _ €$)
+ ([1*(2y2€$+1/2 + zqn+1/2e—n+1/2 + 26n+1/27n+1/2)] 2Ate"+1/2)
2 et ety 4+ Ar(ry T 26t (T2 200 T, (4.52)
Similar to the proof of Lemma 4.2, we apply the corresponding inequalities to have
|([1*(2y2€$+1/2 +2qn+1/2§n+1/2 +2€Z+1/2§n+1/2)]’ e$+1 _ €$)|
< |(||2y26$+1/2 +2q”+1/2§”+1/2 +262+1/2§n+1/2”27€n+1 _ eg))l
< CAt8(||2y2€n+l/2 +2ql’l+]/2 ——n+1/2 +2eﬂ+1/27n+1/2” )+ (I|en+l ¢||%)
< Care(lley™ 5 + ||e¢,||2 + lleg I3 + IVaells + lleh 15 + ||vhe" "3
+lleg T3 + lleg D) + 5 (||e"+l epl3) (4.53)
and
|([1*(2y2e”+1/2 + 2qn+1/2§n+1/2 + 26;+1/2gn+1/2)]’ 2Ate$+1/2)|
< A[(”2y26n+1/2 + 2qn+1/25n+1/2 + 26n+1/27n+1/2”2 + ”e"+1/2”%)
< CAt(leg 15 + e ll5 + llepls + IVaehll3 + ey 115 + 1 Vaey 113
+lleg 3 + llegI3)- (4.54)
Thus, we have the following result

Y1
lleg ™ 13 + valleg I3 + S IVheg I3 + lle 5 = (el 13 + Valleg 3

- —1||vhe$||% + e 13)

< CAt(legt 15 + llep 5 + ey~ 15 + IVaeh 15 + 1Vaely 15 + llep 113 + llej 115)
+ At 23+ 1 1B

< CAt(leg 15 + llepll5 + ey~ 15 + IVaey T 115 + 1 Vaep I3

+1Vaely 13+ llep 3 + llepl3)

+ar(iTy I3+ 1t . (4.55)

Summing (4.55) over for time steps 1 to m and applying the Gronwall’s inequality and
discrete Sobolev inequalities

113 < CUFI0F g 1S = CULE N 1 W2 (4.56)
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Table 1 Convergence rates in time of Scheme 3.1

Coarse At Fine Ar L2-Error of Scheme Rates H!-Error of Scheme Rates
0.1 0.05 7.28e—07 - 5.64e—04 -
0.05 0.025 1.81e—07 2.003523 1.39e—04 2.016886
0.025 0.0025 4.53e—08 2.001735 3.46e—05 2.008339
0.0025 0.00125 1.13e—08 2.000862 8.63e—06 2.004144
0.00125 0.000625 2.83e—09 2.00043 2.15e—06 2.002065
we arrive at
k412 k+1(2 2 2\2
leg 5 + lleg ™3 < Ch? + A%, (4.57)

The rest of the proof is then similar to (4.27)—(4.30) in the proof of Lemma 4.2. So, we
have

0" loc <C, n=0,1,...,N. (4.58)

m}

Theorem 4.5 For numerical solutions of Scheme 3.5, we have the following fully discrete
error estimate for 0 <n < N:

leglz + llegll3 < Ch? + Ar%)2.
Proof Because ||¢"||oo(n = 0, 1, ..., N) are bounded, the proof is similar to (4.49)—(4.57)
in the proof of Lemma 4.6 and is thus omitted. O
5 Numerical Results
In this section, we conduct some numerical experiments to show the accuracy and usefulness

of the numerical schemes. In the numerical experiments, we use square domain: 2 = [0, 1] x
[0, 1] and model parameter values N = 10*, Cy = 10* wherever relevant.

5.1 Mesh Refinement
We first use the initial condition
1 1
o(x, y,0) = 5 + Ecos(47tx)cos(47ty)

for the mesh refinement test and set the parameter values as Y| = 0.2, Y, = 10 and M =
1 x 1073, Since we do not have the exact solution, we use the difference between results
on successive coarse and finer grids to evaluate the numerical errors. We output the errors
at time 7 = 1.0. The mesh refinement test results are summarized in Table 1, 2, 3, 4 for
temporal mesh refinement at fixed 7 = 1/256 and in Table 5 for spatial mesh refinement at
fixed At = 1.0 x 10™*. Second order convergence rates are observed in all the tests.
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Table 2 Convergence rates in time of Scheme 3.2

Coarse At Fine At L2-Error of Scheme Rates H ! -Error of Scheme Rates

0.1 0.05 7.28e—07 - 5.64e—04 -

0.05 0.025 1.81e—07 2.003523 1.39e—04 2.016886
0.025 0.0025 4.53e—08 2.001735 3.46e—05 2.008339
0.0025 0.00125 1.13e—08 2.000861 8.63e—06 2.004143
0.00125 0.000625 2.83e—09 2.000424 2.15e—06 2.002062

Table 3 Convergence rates in time of Scheme 3.3

Coarse At Fine At L2-Error of Scheme Rates H ! -Error of Scheme Rates
0.1 0.05 7.27e—07 - 5.64e—04 -

0.05 0.025 1.81e—07 2.003524 1.39e—04 2.01689
0.025 0.0025 4.53e—08 2.001735 3.46e—05 2.008341
0.0025 0.00125 1.13e—08 2.000861 8.63e—06 2.004145
0.00125 0.000625 2.83e—09 2.000434 2.15e—06 2.002067

Table 4 Convergence rates in time of Scheme 3.4

Coarse At Fine At L2-Error of Scheme Rates H !-Error of Scheme Rates

0.1 0.05 7.27e—07 - 5.64e—04 -

0.05 0.025 1.81e—07 2.003524 1.39e—04 2.01689
0.025 0.0025 4.53e—08 2.001735 3.46e—05 2.008341
0.0025 0.00125 1.13e—08 2.000861 8.63e—06 2.004145
0.00125 0.000625 2.83e—09 2.000433 2.15e—06 2.002066

Table 5 Convergence rates in space of Scheme 3.5

Coarse h Fine h L2-Error of Scheme Rates H !-Error of Scheme Rates
0.125 0.0625 0.05066 - 9.964354 -

0.0625 0.03125 0.013207 1.93954 2.830995 1.815467
0.03125 0.015625 0.003403 1.956586 0.736601 1.942353
0.015625 0.0078125 9.03e—04 1.913851 0.195949 1.910403
0.0078125 0.00390625 2.07e—04 2.123257 0.044999 2.122508

5.2 Merging Drops
To test the properties of volume-conservation and energy dissipation for the Allen—Cahn

equations with nonlocal constraints, we conduct a numerical experiment in which four drops
merge into a large one. We set the initial condition as follows
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A T=0 1
BHOIS
0
T=2.4

T=0.08
T=2.4 =32

C  T=0 1 7=0.08
0.8
0.6
0.5 0.4
0.2

0 0

T=2.4 3.2

D| H

Fig. 1 The snapshots of numerical simulations of four drop merging experiments at 7T
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T=8 1
. i 0.5
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0.6
0.4
0.2
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0,0.08,0.4,2.4,3.2,8 for a the Allen—Cahn model, b the Allen—Cahn model with a penalizing potential
and ¢ the Allen—Cahn model with a Lagrange multiplier using EQ methods, respectively. Clearly, the Allen—
Cahn model gives the wrong result in the long time simulation while the modified Allen—-Cahn models with
nonlocal constraints preserve the volume of the drops and dissipate the total energy as well
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T=24 T=3.2

T=2.4 T=3.2 =8 o

Fig.2 The snapshots of numerical simulations of four drop merging at 7 = 0, 0.08, 0.4, 2.4, 3.2, 8 for a the
Allen—Cahn model, b the Allen—Cahn model with a penalizing potential and ¢ the Allen—Cahn model with a
Lagrange multiplier using SAV methods, respectively. Clearly, the Allen—Cahn model gives the wrong result
in long time simulations while the modified Allen—Cahn models with nonlocal constraints preserve the volume

of the drops and dissipate the total energy as well
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A 15 B 05
—AC-EQ
AC-P-EQ
. AC-LEQ 04
> 10 —AC-SAV o
o -+ AC-P-SAV g 03
] — AC-L-SAV _g
Q
0.1

N\

0 0

0 2 4 6 8 0 2 4 6 8

Time Time

Fig.3 Time evolution of the volume and the free energy of the Allen—-Cahn model and the Allen—-Cahn models
with nonlocal constraints. In short time, the Allen—Cahn models give similar results; whereas in long time,
the Allen—Cahn model yields a zero volume and zero free energy while the modified Allen—Cahn models with
nonlocal constraints preserve the volume and reaches a nearly steady state with a non-zero free energy. AC-
{EQ,SAV } the Allen—Cahn equation discretized using { EQ, SAV } methods. AC-P-{EQ,SAV } the Allen—Cahn
equation with a penalizing potential discretized using {EQ,SAV} methods. AC-L-{EQ,SAV} the Allen—Cahn
equation with a Lagrange multiplier discretized using {EQ, SAV } methods

1, r<02—9% or m<02—-% or 3<02—-3 or rg <0.2-3,
tanh 0'2"'% , 02—-8<r; <0243,
tanh OQ"‘% s 02—-8<r <0243,
tanh OQ"’% s 02—-8<r3 <0243,
tanh O'H% s 02—-8<rgs <0243,
0, other,

where §=0.01, 71 =/(x =0.34+38)24+(y—0.34+8)2, rn=/(x — 0.7 — 8)24+(y — 0.3 + §)2,
=y@x—03+8)2+(—07—-82rs=+/(x—-07 -2+ (y—0.7—23)>2

In this example, we set the parameter values as Y; = 0.02, Yo = 100, and M = 1. We use
At =10x 10"%and N, = y = 256 in the simulation. The numerical results calculated
by the EQ schemes and SAV schemes for the same model are consistent (Figs. 1 and 2). It
shows that the classical Allen—Cahn model does not conserve the volume, which leads to
disappearance of the drops after sometime (Figs.1, 2a). However, the model with a penalizing
potential and the model with a lagrange multiplier conserve the volume pretty well ( Figs. 1b,
¢, 2b, ¢, 3b). Concerning energy dissipation, the energy curve of the Allen—Cahn model will
decay to zero until the drop disappears (Fig. 3a), whereas the energy curves of both modified
models with nonlocal constraints decrease with time until a steady state plateau is reached,
which means the four initial droplets have merged into one large droplet with its volume
equal to the combined volume of the four small drops (Figs. 1b, c, 2b, c, 3a, b). Both volume
conservation and energy dissipation in the schemes are clearly demonstrated by the example.
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6 Conclusion

We have developed two pairs of numerical schemes for two Allen—Cahn equations with
nonlocal constraints using EQ and SAV methods, respectively. The schemes are shown as
unconditionally energy stable and volume-preserving. The linear systems resulting from the
schemes are uniquely solvable. We then carry out a series of error estimates for the four semi-
discrete numerical schemes and one representative fully discrete scheme, and verify their
second-order convergence rates in time and space, respectively. Numerical simulations are
conducted to illustrate the accuracy of the proposed numerical schemes and their conservative
properties. Under the volume-preserving constraints, both modified Allen—-Cahn models with
nonlocal constraints preserve the volume pretty well in the numerical experiments. Therefore,
the Allen—Cahn models with nonlocal constraints can be used as an effective alternative to
the Cahn—Hilliard model when modeling multi-component material systems where phase
volume and energy dissipation are important quantities to preserve.
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and OIA-1655740, and NSFC awards #11571032, #91630207 and NSAF-U1530401.

References

1. Baskaran, A., Lowengrub, J.S., Wang, C., Wise, S.M.: Convergence analysis of a second order convex
splitting scheme for the modified phase field crystal equation. SITAM J. Numer. Anal. 51(5), 2851-2873
(2013)

2. Boyer, F.: Mathematical study of multiphase flow under shear through order parameter formulation.
Asymptot. Anal. 20(2), 175-212 (1999)

3. Cai, Y., Choi, H., Shen, J.: Error estimates for time discretizations of Cahn—Hilliard and Allen—Cahn
phase-field models for two-phase incompressible flows. Numerische Mathematik 137(2), 417—449 (2017)

4. Chen,R., Ji, G., Yang, X., Zhang, H.: Decoupled energy stable schemes for phase-field vesicle membrane
model. J. Comput. Phys. 302, 509-523 (2015)

5. Chen, W., Wang, C., Wang, X., Wise, S.M.: A linear iteration algorithm for a second-order energy stable
scheme for a thin film model without slope selection. J. Sci. Comput. 59(3), 574-601 (2014)

6. Du, Q., Liu, C., Wang, X.: A phase field approach in the numerical study of the elastic bending energy
for vesicle membranes. J. Comput. Phys. 198(2), 450-468 (2004)

7. Du, Q., Nicolaides, R.A.: Numerical analysis of a continuum model of phase transition. SIAM J. Numer.
Anal. 28(5), 1310-1322 (1991)

8. Gong, Y., Zhao,J., Wang, Q.: Linear second order in time energy stable schemes for hydrodynamic models
of binary mixtures based on a spatially pseudospectral approximation. Adv. Comput. Math. (2018). https://
doi.org/10.1007/s10444-018-9597-5

9. Guan, Z., Lowengrub, J., Wang, C.: Convergence analysis for second-order accurate schemes for the
periodic nonlocal Allen—-Cahn and Cahn-Hilliard equations. Math. Methods Appl. Sci. 40(18), 6836—
6863 (2017)

10. Guo, R., Ji, L., Xu, Y.: High order local discontinuous galerkin methods for the Allen—Cahn equation:
analysis and simulation. J. Comput. Math. 34(2), 135-158 (2016)

11. Gurtin, M.E., Polignone, D., Vinals, J.: Two-phase binary fluids and immiscible fluids described by an
order parameter. Math. Methods Appl. Sci. 6(6), 815-831 (1996)

12. Jing, X., Li, J., Zhao, X., Wang, Q.: Second order linear energy stable schemes for Allen—Cahn equations
with nonlocal constraints. arXiv preprint arXiv:1810.05311 (2018)

13. Karali, G., Nagase, Y., Ricciardil, T.: On the existence of solution for a Cahn-Hilliard/Allen-Cahn equa-
tion. Discrete Contin. Dyn. Syst. Ser. S 7(1), 127-137 (2014)

14. Li, H., Ju, L., Zhang, C., Peng, Q.: Unconditionally energy stable linear schemes for the diffuse interface
model with Peng—Robinson equation of state. J. Sci. Comput. 75(2), 993-1015 (2018)

15. Lin, P, Liu, C.: Simulations of singularity dynamics in liquid crystal flows: a c0 finite element approach.
J. Comput. Phys. 215(1), 348-362 (2006)

16. Lowengrub, J., Truskinovsky, L.: Quasi-incompressible Cahn—Hilliard fluids and topological transitions.
Proc. R. Soc. A Math. Phys. Eng. Sci. 454(1978), 2617-2654 (1998)

@ Springer


https://doi.org/10.1007/s10444-018-9597-5
https://doi.org/10.1007/s10444-018-9597-5
http://arxiv.org/abs/1810.05311

Journal of Scientific Computing (2019) 79:593-623 623

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

Rubinstein, J., Sternberg, P.: Nonlocal reactiontdiffusion equations and nucleation. IMA J. Appl. Math.
48(3), 249-264 (1992)

Shen, J., Wang, C., Wang, X., Wise, S.M.: Second-order convex splitting schemes for gradient flows with
Ehrlich—-Schwoebel type energy: application to thin film epitaxy. SIAM J. Numer. Anal. 50(1), 105-125
(2012)

Shen, J., Yang, X.: Numerical approximations of Allen—-Cahn and Cahn-Hilliard equations. Discrete
Contin. Dyn. Syst. Ser. A (DCDS-A) 28(4), 1669-1691 (2010)

Teigen, K.E., Song, P., Lowengrub, J., Voigt, A.: A diffuse-interface method for two-phase flows with
soluble surfactants. J. Comput. Phys. 230(2), 375-393 (2011)

Wang, C., Wang, X., Wise, S .M.: Unconditionally stable schemes for equations of thin film epitaxy.
Discrete Contin. Dyn. Syst. Ser. A (DCDS-A) 28(1), 405-423 (2010)

Wang, C., Wise, S.M.: An energy stable and convergent finite-difference scheme for the modified phase
field crystal equation. SIAM J. Numer. Anal. 49(3), 945-969 (2011)

Wang, L., Yu, H.: Convergence analysis of an unconditionally energy stable linear Crank—Nicolson scheme
for the Cahn—Hilliard equation. SIAM J. Numer. Anal. 51(1), 89-114 (2018)

Wu, X., Van Zwieten, G.J., van der Zee, K.G.: Stabilized second-order convex splitting schemes for
Cahn-Hilliard models with application to diffuse-interface tumor-growth models. Int. J. Numer. Methods
Biomed. Eng. 30(2), 180-203 (2014)

Xu, C., Tang, T.: Stability analysis of large time-stepping methods for epitaxial growth models. SIAM J.
Numer. Anal. 44(4), 1759-1779 (2006)

Yang, X.: Linear, first and second-order, unconditionally energy stable numerical schemes for the phase
field model of homopolymer blends. J. Comput. Phys. 327, 294-316 (2016)

Yang, X., Forest, M.G., Wang, Q.: Near equilibrium dynamics and one-dimensional spatial-temporal
structures of polar active liquid crystals. Chin. Phys. B 23(11), 75-100 (2014)

Yang, X., Zhang, G.: Numerical approximations of the Cahn—Hilliard and Allen—-Cahn equations
with general nonlinear potential using the invariant energy quadratization approach. arXiv preprint
arXiv:1712.02760 (2017)

Yang, X., Zhao, J., He, X.: Linear, second order and unconditionally energy stable schemes for the viscous
Cahn-Hilliard equation with hyperbolic relaxation using the invariant energy quadratization method. J.
Comput. Appl. Math. 343, 80-97 (2018)

Yang, X., Zhao, J., Wang, Q.: Numerical approximations for the molecular beam epitaxial growth model
based on the invariant energy quadratization method. J. Comput. Phys. 333, 104-127 (2017)

Yang, X., Zhao, J., Wang, Q., Shen, J.: Numerical approximations for a three-component Cahn—Hilliard
phase-field model based on the invariant energy quadratization method. Math. Methods Appl. Sci. 27(11),
1993-2030 (2017)

Yu, H., Yang, X.: Numerical approximations for a phase-field moving contact line model with variable
densities and viscosities. J. Comput. Phys. 334, 665-686 (2017)

Yue, P, Feng, J., Liu, C., Shen, J.: A diffuse-interface method for simulating two-phase flows of complex
fluids. J. Fluid Mech. 515, 293-317 (2004)

Zhao, J., Wang, Q., Yang, X.: Numerical approximations to a new phase field model for two phase flows
of complex fluids. Comput. Methods Appl. Mech. Eng. 310, 77-97 (2016)

Zhao, J., Wang, Q., Yang, X.: Numerical approximations for a phase field dendritic crystal growth model
based on the invariant energy quadratization approach. Int. J. Numer. Methods Eng. 110(3), 279-300
(2017)

Zhao, J., Yang, X., Gong, Y., Wang, Q.: A novel linear second order unconditionally energy stable scheme
for a hydrodynamic g-tensor model of liquid crystals. Comput Methods Appl. Mech. Eng. 318, 803-825
(2017)

Zhao, J., Yang, X., Li, J., Wang, Q.: Energy stable numerical schemes for a hydrodynamic model of
nematic liquid crystals. STAM J. Sci. Comput. 38(5), A3264-A3290 (2016)

@ Springer


http://arxiv.org/abs/1712.02760

	Error Estimates of Energy Stable Numerical Schemes for Allen–Cahn Equations with Nonlocal Constraints
	Abstract
	1 Introduction
	2 Phase Field Models for Binary Material Systems
	2.1 Allen–Cahn Equation with Nonlocal Constraints
	2.1.1 Allen–Cahn Model with a Penalizing Potential
	2.1.2 Allen–Cahn Model with a Lagrange Multiplier


	3 Energy Stable Numerical Approximations 
	3.1 Numerical method for the Allen–Cahn Model with a Penalizing Potential Using EQ
	3.2 Numerical method for the Allen–Cahn Model with a Lagrange Multiplier Using EQ
	3.3 Numerical Method for the Allen–Cahn Model with a Penalizing Potential Using SAV
	3.4 Numerical method for the Allen–Cahn Model with a Lagrange Multiplier Using SAV
	3.5 The Fully Discrete Numerical Approximations

	4 Error Estimates
	4.1 Error Estimates for the Allen–Cahn Model of a Penalizing Potential Using EQ
	4.2 Error Estimates for the Allen–Cahn Model of a Lagrange Multiplier Using EQ
	4.3 Error Estimates for the Allen–Cahn Model of a Penalizing Potential Using SAV
	4.4 Error Estimates for the Allen–Cahn Model of a Lagrange Multiplier Using SAV
	4.5 Error Estimates of Fully Discrete Numerical Schemes

	5 Numerical Results
	5.1 Mesh Refinement
	5.2 Merging Drops

	6 Conclusion
	Acknowledgements
	References




