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Abstract

This paper proposes and analyzes the Morley element method for the Cahn—Hilliard equation.
It is a fourth order nonlinear singular perturbation equation arises from the binary alloy
problem in materials science, and its limit is proved to approach the Hele-Shaw flow. If the
L?(2) error estimate is considered directly as in paper [14], we can only prove that the
error bound depends on the exponential function of é Instead, this paper derives the error
bound which depends on the polynomial function of é by considering the discrete H !
error estimate first. There are two main difficulties in proving this polynomial dependence
of the discrete H~! error estimate. Firstly, it is difficult to prove discrete energy law and
discrete stability results due to the complex structure of the bilinear form of the Morley
element discretization. This paper overcomes this difficulty by defining four types of discrete
inverse Laplace operators and exploring the relations between these discrete inverse Laplace
operators and continuous inverse Laplace operator. Each of these operators plays important
roles, and their relations are crucial in proving the discrete energy law, discrete stability results
and error estimates. Secondly, it is difficult to prove the discrete spectrum estimate in the
Morley element space because the Morley element space intersects with the C! conforming
finite element space but they are not contained in each other. Instead of proving this discrete
spectrum estimate in the Morley element space, this paper proves a generalized coercivity
result by exploring properties of the enriching operators and using the discrete spectrum
estimate in its C! conforming relative finite element space, which can be obtained by using
the spectrum estimate of the Cahn—Hilliard operator. The error estimate in this paper provides
an approach to prove the convergence of the numerical interfaces of the Morley element
method to the interface of the Hele-Shaw flow.
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1 Introduction

Consider the following Cahn—Hilliard problem:

u,+A(eAu—%f(u)> =0 in Q7 :=Qx(0,T], (€))]
8—u = i (eAu — 1f(u)) =0 on dQy:=02 x(0,T], 2)

on on €
u=uy in Qx{t=0} 3)

where © € R? is a bounded domain, f(u) is the first derivative of a double well potential
F (1) which is defined below

F(u) = %(uz - D @)

The Allen—Cahn equation [3,5,11,16,18,19,23,24], which is a second order nonlinear
parabolic equation, describes the phase separation process of a binary alloy when the tem-
perature suddenly decreases, but the mass of each phase is not conserved. Compared with
the Allen—-Cahn equation, the Cahn—Hilliard equation (1) also arises from the phase transi-
tion problem in materials science, but it has the mass conservation property. Notice equation
(1) differs from the original Cahn-Hilliard equation by scaling é by ¢. The Cahn-Hilliard
equation finds its applications in the areas of materials science, fluid mechanics, biology
and so on, and the coupling of the Cahn—Hilliard equation and fluid flow is becoming more
and more popular in industrial applications. The Cahn—Hilliard equation also serves as a
building block for the phase field formulations of the moving interface problems, and the
methodology can be applied to other phase field models. It is also well known [2] that the
Cahn-Hilliard equation (1) can be interpreted as the H~! gradient flow of the Cahn—Hilliard
energy functional

T.(v) ::/ (5|Vu|2 1 1F(u)> dx. 5)
Q 2 €

Stoth proved that ¥ — =1 in the interior or exterior of interface I'; for all ¢ € [0, T'] as
€ — 0 for the radially symmetric case [29], and Alikakos, Bates and Chen gave the proof
for the general case [2].

Numerical approximations of the Cahn—Hilliard equation have been extensively studied
during the last 30 years [4,12—14,33]. These papers consider the case when € is a fixed,
and the error bounds depend exponentially on % Better than the exponential dependence

on é, the polynomial dependence on é is proved using conforming finite element (CG)
method [20,21] and discontinuous Galerkin (DG) method [17,26]. For the C 1 conforming
finite elements for the fourth order problem, polynomials with high degree are required.
To use lower order polynomials, one approach is to use macro-elements, where a given
element is divided into a few smaller subelements and the lower order polynomial is used
on each subelement. However, it is not widely used due to its complex formulation of finite
element spaces. The other approach is to use nonconforming finite elements, and among
the nonconforming finite elements, the Morley element has the least number of degrees
of freedom on each element. Comparing with the mixed finite element method or the C'
conforming finite element method, the computational cost of the Morley element is smaller,
and this is extremely important especially for the phase field problems where the interaction
length €, time step size k, and mesh size h are all required to be chosen very small. The
Morley element was first used in [14] to discretize the Cahn—Hilliard equation, but only the
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error estimates with exponentlal dependence of could be derived there. In this paper, the

polynomial dependence of 1 < is finally given usmg the Morley element.

The approach in this paper follows those used in [17,20,21], but the generalization to
the Morley element method is nontrivial. In the mixed CG/DG formulation, different test
functions can be chosen in two equations, but in the Morley element formulation, only
one test function can be chosen. Because of this and the complex structure of the Morley
element formulation, proving the discrete energy law and the discrete stability results become
much more involved. It is also a challenge to prove the discrete spectrum estimate in the
Morley element space from the spectrum estimate of the Cahn—Hilliard operator because
the Morley element space has intersection with its C! conforming relative finite element
space but they are not contained in each other. If the L? error estimate is considered directly,
the generalized coercivity result in this paper or even the discrete spectrum estimate are not
useful in proving the L? error estimate. To overcome these difficulties, there are three main
techniques in this paper. First, based on the structure of the bilinear form of the Morley
element formulation, this paper designs four discrete operators A‘l Z_l 7_] and A} !,
and proves the errors in different norms between these operators. Through these relations, by
using A7 n !in the test function, and by using the other operators as bridges, we can prove the
discrete energy law and some consequent discrete stability results. Each of these operators
plays important roles in proving the main results. These operators and their properties might
be applied to the analysis for the biharmonic equation. It also employs both the summation
by part for time and integration by part for space techniques to handle the nonlinear term
and then to establish the polynomial dependence of the || - [|2,2,5 stability result, and only the
exponential dependence can be obtained if these two techniques are not used simultaneously.
Second, instead of proving the discrete spectrum estimate, this paper proves the generalized
coercivity result which is sufficient to get the sharper error estimates. The key point is to
use the enriching operator as a bridge between the nonconforming and conforming finite
elements, and this idea may be extended to other phase field models. Third, if the discrete L?
error estimate is considered directly, only the error estimates with exponential dependence
on é could be derived using the Gronwall’s inequality as in [14]. This paper provides a
possibility by considering the H~! error estimate first, and it explains how to utilize the
discrete inverse Laplace operators and the generalized coercivity result to circumvent the
Gronwall’s inequality, and finally to prove the error estimate with polynomial dependence
on é

The remainder of this paper is organized as follows. In Sect. 2, we introduce the standard
function and Sobolev space notations, state a few a priori estimates of the solution, and
cite some known results including properties of the inverse Laplapce operators, properties
of enriching operator, generalized discrete Gronwall’s inequality and the spectrum estimate
for the linearized Cahn—Hilliard operator; In Sect. 3, and in the first two subsections, we
introduce the Morley element formulation, define different kinds of discrete inverse Laplace
operators and state their relations. Then in the last three subsections, we analyze the discrete
energy law and the discrete stability results, derive the generalized coercivity result in the
Morley element space, and finally prove the discrete H ! error estimate with polynomial
dependence on é; In Sect. 4, numerical experiments are given to validate the theoretical
results.
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2 Preliminaries

In this section, we cite some known results about problems (1)—(4), and they will be used
in the following sections. These results can be proved under some general assumptions on
the initial condition [11,17,20,21,26]. Throughout this paper, C denotes a generic positive
constant, which may have different values at different occasions, is independent of interfacial
length €, spacial size &, and time step size k. The following Sobolev notations are used in
this paper, i.e., for any set A,

1/p
lvllo,p.a = ([, IvIPdx) 1 <p<oo,
lvllo,00,4 = ess sup|v],
A

1/p
P
|U|m,p,A = < Z ||DO(U||()YP7A 1< p<oo,

lor|=m
m 1/p
”U”m,p,A = (Z |U|,1,)1’p’A> .
j=0
If A is the whole domain, i.e., A = €, then || - || g, || - ||z« are used to simplify the
notations || - || yx(q)s | - |k (q) Tespectively. Besides, assume 7j to be a family of quasi-

uniform triangulations of domain €2, and &, to be a collection of edges, then for any triangle
K € T, define the following mesh dependent semi-norm, norm and inner product

1/p
S p
whipn =Y 7, |
KeT)
1/p
I P
Wljpn =12 I, x|
KeTy,
(w,v), = Z / wx)v(x)dx.
KeT, K

Theoretically, the ranh profile of the initial condition u is required to prove the relations
between the Cahn—Hilliard equation and the Hele-Shaw flow [2,11]. Because of the ranh
profile, the following assumptions can be made on the initial condition, and they were used
to derive a priori estimates for the solution of problems (1)-(4) [17,20,21,26].

General Assumption (GA)

(1) Assume that my € (—1, 1) where
mgy = ﬁ /Q uo(x)dx. 6)
(2) There exists a nonnegative constant o such that
Je(ug) < Ce 1. )
(3) There exists nonnegative constants o7, 03 and o4 such that
| —eAuo+e ! fuo)| o < Ce™ ™ £=0,1,2. (8)
Under the above assumptions, the following a priori estimates of the solution were proved

in [17,20,21,26].

@ Springer



1866 Journal of Scientific Computing (2019) 78:1862-1892

Theorem 1 The solution u of problems (1)—(4) satisfies the following energy estimate:

Jo N 9112, ds

< Je . 9
Vw2, ds =@ O

€ 1
ess sup <5||VM||iz + *IIF(u)HLl) + {
1€[0,T] €

Moreover, suppose that (6)—(8) hold, ug € H Q) and Q2 € C*!, then u satisfies the
additional estimates:

1
@f u(x,t)dx =mqg VYt >0, (10)
Q
—max{al+%,o3+l}
esssup||VAul|;2 < Ce . (11)
te[0,T]
Furthermore, if there exists o5 > 0 such that
li%l+ IVur ()2 < Ce™, (12)
§—>
then there holds
r 2
| el s < circo, 13
where
)51 (6) — E—% max{201+5,2(73+2}—max:2(71+|73,2(73+%,202+4]+] n 67205+1

4 max{201+7,203+4}+1

The next lemma gives an e-independent low bound for the principal eigenvalue of the
linearized Cahn—Hilliard operator, and a proof of this lemma can be found in [11].

Lemma 1 Suppose that (6)—(8) hold. Given a smooth initial curve/surface T, let ug be a
smooth function satisfying To = {x € Q; uo(x) = 0} and some profile described in [11]. Let
u be the solution to problems (1)—(4). Define Lcy as

Loy i=A (eA - éf(u)]) . (14)

Then there exists 0 < €9 << 1 and a positive constant Cq such that the principle eigenvalue
of the linearized Cahn—Hilliard operator Lc g satisfies

VY2, + L v v) .

ACH = —Co (15)

1
0£yeH! () IVwli?,
Aw=y

fort € [0, T]and € € (0, €9).

Remark 1 1. A discrete version of the spectrum estimate of (15) on conforming finite ele-
ment spaces was proved in [20,21], and a discrete version on discontinuous Galerkin
finite element space was proved in [17]. They play crucial roles in the proofs of the
convergence of the numerical interfaces to the Hele-Shaw flow [17,20,21].

2. In the assumption, the initial function u#( should be chosen to satisfy some pro-
file to guarantee the convergence results. A simple function satisfying this profile is
uy = tanh(@), where do(x) denotes the signed distance function to the initial interface
['o. Assume u is an arbitrary function, instead of being the solution of the Cahn—Hilliard
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equation, we can find a low bound of ¢y, which depends on % polynomially, by inter-
polating L3(Q) space to HY(Q) and H-1(Q) spaces.

The classical discrete Gronwall’s inequality is a main technique to derive the error esti-
mates of fully discretized scheme for partial differential equation (PDE) problems. However,
for many nonlinear PDE problems, the classical discrete Gronwall’s inequality can not be
applied because of nonlinearity. Instead, a generalized version discrete Gronwall’s inequality
is needed. In case of the power (or Bernoulli-type) nonlinearity, a generalized continuous
Gronwall’s inequality was proved in [22], and its discrete counterpart is stated below. The
proof of this generalized discrete Gronwall’s inequality can be found in [28].

Lemma2 Let {S¢}e=1 be a positive nondecreasing sequence and {by}e>1 and {ke}e=1 be
nonnegative sequences, and p > 1 be a constant. If

Sey1 — Se < beSe +keS; for £>1, (16)
-1
ST U=p) Y ka =0 for €22, (a7
s=1
then !
1 -1 1=
Se<— {s}” +(=p) Y keay, ! for €2, (18)
¢
s=1
where
L
ap = l_[ T for £ > 2. (19)

s=1

Denote L(Z)(Q) as the space of functions with zero mean, then for ® € L3(Q), let u =
—A~'® € H*(Q) N L(RQ) such that

—Au=7o in €,

a
g on 99.

Then we have
—(VAT'®, Vu) = (@,v) inQ VYve H(Q)NLIR). (20)
Forv € L%(Q) and ® € L%(Q), define the continuous H~! inner product by
(@, v) -1 :=(VAT'®, VATI) = (@, —A7'v) = (v, —A D). 1)
When @ € L%(Q), define the induced continuous H ! norm by
11 = V(@ @)1 = VAT @] 2. (22)
Next define the Morley element spaces Sy, below [9,10,14]:
sh = {v, € L®°() : vy € P2(K), vy, is continuous at the vertices of all triangles, and

vy, . . o . .
on is continuous at the midpoints of interelement edges of triangles}.
n

Through the the paper, we assume

luplie < Ce™™, (23)
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where u}, is defined in (32)-(33) and y; is a constant. Theoretically there is no analysis to
prove the discrete maximum principle for the Cahn—Hilliard equation. However, numerically
we can verify (23) for many initial conditions. In Sect. 4, two examples are given, and we
find y1 = 0 and C = 1 in these cases.

We use the following notation

j ; v .
Hp () = veHJ(Q):a—:OonBQ j=123.
n
Corresponding to H é (£2), define Sg as the subspace of S” below:

h h vy . .
Sg=1queS": o 0 at the midpoints of the edges on 92 ¢ .
n

To the end, the enriching operator E is restated [8-10]. Let gf‘; be the Hsieh-Clough-
Tocher macro element space, which is an enriched space of the Morley finite element space

Sg. Let p and m be the internal vertices and midpoints of triangles 7;,. Define E: Sg — gﬁ‘;
by

(Ev)(p) = v(p),

8Ev v

W(m) = %(m),

(9P (Ev))(p) = average of (9Pv)(p)  IBl =1,

where v; = v|7; and triangle 7; contains p as a vertex.
Define the interpolation operator 7, : Hé (2) — S’é such that

(Inv)(p) = v(p),

dlpv 1 ov
m)=— [ —dS,
on le|] J. on

where p ranges over the internal vertices of all the triangles 7', and m ranges over the
midpoints of all the edges e.
It can be proved that [8-10,14]

lv—Iyvlj px < CR ol px VK €Th, Vve HY(K), j=0,1,2, (24)
IEv—vlljon < Ch* |vlaoy VYvesSh, j=0,1,2. (25)

3 Fully Discrete Approximation

In this section, the Morley element is used to discretize the fourth order Cahn—Hilliard
problems (1)—(4). Different kinds of discrete inverse Laplace operators are defined in order
to derive the discrete energy law and error estimates. The optimal || - ||2,2,, etror orders are
obtained under a weaker regularity assumption, i.e., v € H 3*”(Q). This can be considered
as a generalization of the regularity assumption in paper [14]. Besides, it is proved that the
error bounds depend on e~ ! in lower order polynomial, instead of in exponential order. The
crux part to prove the error bounds is to prove the generalized coercivity result in the Morley
element space, where the enriched finite element space is used as a bridge.
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3.1 Formulation
The weak form of (1)—(3) is to seek u(-, 1) € H,% (£2) such that

1
(us, v) + €a(u,v) = —(Vf(u),Vv) Yv e Hé(Q), (26)
€
u(-,0) =ug € HE (), 27)
where the bilinear form a(-, -) is defined as
Pu v 1%ud*v  18%ud
,v) = | AuA —————————— ) dxd 28
a(u, v) / " U+<8x8y axdy 20x29y2  293y? 3x2> ray (28)
with Poisson’s ratio set to 5.
It can be verified that [25] for any w € H 2(Q),
_1 ) 2
a(w, w) = 2(||Aw||0’2’9 +lwl3,.0)

and when w, z are sufficiently smooth,

A
a(w,z):/ Azwzdxdy—/ wzdS
Q e 0

n

132w\ 1 3w 9
+/ Aw— -2 —ZdS+f/ Y s,
90 2 3s2 ) on 2 Joq 0nds ds
where n, s denote the normal and tangential directions respectively.
Define the following spaces
B Q) =S"o H (Q),  Hy"(Q) =S} & HY(%),
HYMQ) = §" @ HXQ),  Hp"(Q) =S} & HE(Q),
H'' @ =5"®oH' (@), Hy"(Q) =S, & Hp(Q),

where, for instance,
St@Hz(Q) ={u+v:ucSh and ve HE(Q)).

Next define the discrete bilinear form

%u 0%v  10%md%v  10%u o
ap(u, v) = Z AuAv +

STuIY ORI xdy. (29
9xdy 0xdy 2 09x2 9y2 28y28x2) xdy. (29)
KeTy,

To introduce the elliptic projection Py, [14], we first define
R={ve H{Q) : Av e HEZ(Q)].

Then for arbitrary v € R, define the following elliptic projection P}, by seeking P,v € S g
such that

~ 1
by (Ppv, w) = (esz — ~div (f (u)Vv) + av, w) Yw € Sg, (30)
€
where

I;h(v, w) = eay(v, w) + é(f’(u)Vv, Vw)p + a(v, w). (31
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Notice here o > E% should be chosen to guarantee the coercivity of l;h (v, w) because by the
proof of Lemma 2.4 in [14], when z € H2%"(Q), we have

= € 2 2 L,
by(z,2) = 5 (||AZ||(),2,h + |Z|2,2,h) + g(f w)Vz, V)p +alz, 2)
€ 2 2 1
> 3 (1AzNG 2.5 + Izlz,g,h) - E(VZ, Vo +a(z,2)
€ 1
> £ (18203 2 + 1B 2) = - (V2 Vol + [C@e)? (V2, Vo = $12Ba,] -

Based on the above bilinear form, our fully discrete Galerkin method is to find ”Z es ﬁ‘;
such that

1
(dotdy, vn) + €an(uj, v) + — (Y (}), Vo) =0 vy € Sg, (32)
uy) = uf e ST, (33)
n_ n—1
where the difference operator d;uj, := %, and ug = Phu(ty) .

3.2 The || - |l2,2,n and || - [I1,2,5 Errors Under Weaker Regularity Assumptions

In Sect. 5 of paper [14], the projection errorsin || - |[2,2,, and || - [|1 2, h norms are proved under
the assumption that the exact solution u € H 4Q). In this paper, A7 h { is defined in (37),
which can be considered as a novel projection of A~!z where ¢ € St and we also give the
error bounds between A1 ¢ and A}; ! ¢ under the assumption that Al e HX(Q)NH>" ().
In this case, notice here A~ ¢ does not need to be related to the exact solution, even we define
the bilinear form to be equal to the right-hand side (see Remark 4 below for details).

First we cite Lemma 2.5 in [14], which will be used in this paper.

Lemma3 Letz € Hy"(Q) and w € HE() N WP(RQ), and define By (w, z) by

Bz 1 9%w 3z 19%w az
B STW s,
hw. )= 3 / ( t Y onasos 2052 Bn)
KeT,

then we have
|Bp(w, 2)| < Chlwl32.slzl2,2,5-

Next some mesh-dependent discrete inverse Laplace operators are given here. Define
space W, by

W, = {wy, € L2(Q)|wy, is a piecewise polynomial with degree < 6 on each triangle K}.

Then we can define the discrete inverse Laplace operator é;l 1 L2(Q) — W, as follows:
given ¢ € L2(Q), define A, '¢ € Wj, such that

<VA;‘c,th>h+(A;‘;,wh>=(VA*1;,th)h+<A*1¢, wp)  Ywy € Wi (34)

Therefore, — { can be considered as a projection of —A~!z.
Asa companson, we define the discrete inverse Laplace operator A;l CL2(Q2) — W), as
follows: given ¢ € L*(R2), define A,;lg € Wj, such that

(VA G Vupy + (A wp) = =G wn) + (A7 wy) Ywp e Wy (35)
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Furthermore, define Z;l, A;l : SZ — S’é as follows: given ¢ € SZ-, let Zh ‘;, A;lg“ €
Sfé such that

by(—=A, ¢ wp) = (VE, Vwp)y + B(=AT"c,wy)  Vwy, € ST, (36)
br(—=A, e, wi) = (V¢ Vwp) + By(=A7' ¢, wy)
+B(=A"', wy) Yy € SE, (37)

where by, (1, v) := ap(u, v) + B(u, v), and B is a positive number to guarantee the coercivity
of by (u, v),i.e., B = 1 by the proof of Lemma 2.4 in [14].
For any v € H3(), it always holds that

bp(v,n) = —(VAv, Vi), + By (v, ) + (v, n)
= Fy(n) Ve Hp" Q). (38)

Corresponding to operator A;l, for any v € H3(Q), define vy, € SZ- by

bp(vp, §) = —(VAv, V&) + By (v, ) + (v, §)
= Fp(§) VEe S 39)

Corresponding to operator Z;l , for any v € H3(R), define vy, € Sﬁ- by

br(vp, §) = —(VAv, V&), + B(v, §)
= Fy(§) VEeSh. (40)

By Egs. (38) and (37), we know

br(—A7e,n) = (V¢, Vi — Bp(A™'¢, )

—BaTle ) pe HY' (), (41)
b(—=Ay 't &) = (VE, VE), — By(A™'¢,8)
—B(AT'¢, ) VE e S 42)

Then it is ready to prove the optimal error estimates of || A; - A1y [l1,2,n and || A; Y-
A~ ull22,, when u € S&. Notice u € L?(2), but u may not be in H'(S). Instead of
using properties of the Morley elements (Lemmas 2.1-2.6 in [14]), the enriching operator is
perfectly employed to derive the upper bounds.

Lemma4 Assume &;1 is defined in (37) and u € S" then
A, w — A ullzon < Chllulli2n.

Proof Using (38) and (39), we obtain

bp(v —vp, v —vp)
=bp(v —vp, v — Iv) + by (v, v — vp) — Fp(Ipv — vy)
=bp(v— v, v— Ijv)

< v —=wpll22.nllv = Ipvl2,2,5- (43)
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Letv=A"'Euand v, = A;l u, by (24) and the elliptic regularity theory, we have
IA™ Eu— Ay ullon < 1A Eu — I, A Eulla 20
< Ch|A™ Eulys
< Chl|Eullg
< Chllulli 2,1, (44)

where the last inequality uses (25), the inverse inequality and the triangle inequality.
On the other hand, using the elliptic regularity theory and (25), we have

IAT " Eu — A u)l 2 < |lu — Eul ;2
< Chluly 2,5 (45)

Combining (44) and (45), and using the triangle inequality, the theorem can be obtained
immediately. o

The following lemma is a direct result of Lemma 4.
Lemma5 Assume A;l is defined in (37) and u € S" then
145" u = A ullion < Chllulh2.n.

Remark2 1. In (43), if the enriching operator is not introduced, i.e., let v = A~y and
v, = A;lu, we can only obtain

“1 | “1
AT u— Ay ullz2n < ChIA™ ul3 2,5

In the following part of this paper, « in in the Morley element space SZ-, which is not in
H'(R), so the inequality below may be very hard to obtain

|A ul3 00 < Chllulli 2.0
Next we prove the error between A~z and K;lg.
Lemma 6 Assume Z;l is defined in (36) and ¢ € S, then
1A™1 e = R, ¢ a2 < ChIE I, 2.0
Proof By (40) and (43), we have
lv = vall3.05 = Cha(v = vi, v — ) + Clbu (v, Ihv — v) — Fy(Ipv — vp)]

< Chbp(v —vp, v — Ipv) + CBp (v, Iv — vp). (46)
Notice we will set vy, = —Z;lg“, so Eq. (40) is used, then I:"h, instead of Fj,, appears in

Eq. (46).
Using Lemma 3, we have

2
llv — Uh||2_2,h
71 ~
< Cllv—=uwpll22.nllv = Ivl22n + ChIAT EC |32 8l Inv — vill2,2,1
< Chlchanllv —vpll22n + ChIC 12,0 (v — vi22,8 + v — vpll22,0).  (47)

Letv = —A"E{, vy = —Z;lg, then
IAT Ec — A ¢loon < ChICI 2.0 (48)

Combining (45) and (48), we get the conclusion. m]
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The following bound is a direct result from Lemma 6.
Lemma 7 Assume Z;l is defined in (36) and ¢ € S, then
1a™" = A, ¢lh2n < ChIE I 2.0

Remark 3 1. Using the theory of enriching operators, instead of the properties of the Morley
elements, we can applied the theory in this paper to other nonconforming elements, based
on their enriched conforming elements. If properties of the Morley elements are used to
get the bound of || A‘l§ — A;l ¢|l2.2.n, We can obtain

1A= — Ay el < CRIAT ¢ 300 + CRIAT ¢ a2

2. Suppose we use the properties of the Morley elements, and we do not employ the enriching
operators. When ¢ € sh. Al may not be in Hé(Q) N W3P(Q) so that Lemma 3 can
not be applied. Then we can only prove the following lemma when the Poisson’s ratio is
1, which is not physical.

Lemma8 Letz € Hé’h(Q) and Aw € S"., and when Poisson’s ratio is 1, we have

[Bp(w, 2)| < Ch(l|Awll2.nllzll2,2.0 + 1Awl2,2,8l1Z11,2,0)-

Proof By Lemma 2.3 in [14] and the inverse inequality, we get when w, z € Hé’h(Q), and
at least one of them is in SZ, then

dz
f S| < Chliwlh 2allelzan + wlbanlzlhzn.
KeT, v °

When Poisson’s ratio is 1, bilinear form ay, (u, v) in (29) and By (w, z) become

ap(u,v) = Z / AulAv, (49)

KeT,

Bj(w,z) = Z/ Aw—ds (50)

KeTy,

Then we have

|Bp(w, 2)| < Ch(|Awlly2.nllzllz,2.0 + 1AWI2.2,8l1211,2,0)-

Before we give the relations between operators é;l, A;l and A1, we need an extra
lemma.

Lemma9 The operators é;l and A;l are defined in (34) and (35), then for any ¢ € L*(S2),
we have

(VAT L VA = AT O+ (@ A e = A1)
< ChIAL e = A el amligllon
Proof Define an elliptic projection Py : L*(Q2) — V N L% by
(VE— VP, V), =0 VYveVNL],

where V can be a conforming space consisting of piecewise polynomials.
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Define another elliptic projection P; : HZ(Q) —- VN L(% by
(VA™'e —vPy (A7), Vi) =0 VueVNLE
Then we have
(VAT e, V(A e = A O+ (6 A e = AL

< (VAT = VP(AT ). VA e = A o + @A e - A0
+(VPAAT), V(A e = A O

< (VAT e = VP(AT ) VA e = A o+ €A = A
+(VPAAT0). VPI(A, ¢ = A ')

< (VAT = VP(AT 0. VA e = A o+ @A e - A0
+ (VP (AT = VAT L VP = AT+ (VAT G VPL(AL e - A 0)

S (VAT = VP(ATIO), VA = A o+ (VPAT) — VAT,
VPIA = A )+ @ A e = A e = sy e — Ay )

< ChiA ¢ — A chanliclloon + CRAIAL ¢ — AL Cla2nligllon

< Chlay e = Ay el 2mlig oz (51)

Next some lemmas related to operators é}:] and A;] are proved below.
Lemma 10 Assume é;l is defined in (34) and ¢ € L2(Q), then
18,6 = A ¢lh2n < CRIE o2

Proof Subtracting (35) from (34), choosing w;, = é;lg‘ - A;I;, and using Lemma 9, we
obtain

IVA; e = VA ClG0n + 14516 = A5 ¢ G 2.
= (VAT VAT = 8 O+ € A, = 810
< Chllay " e = A el o2 (52)
Then the lemma is proved. O
Lemma 11 Assume A;l is defined in (35) and ¢ € L*(S2), then
18, ¢ = A7 ¢ 2 < ChII llo.2.0
Proof Observe é,:l is a projection of A™!, then we can prove

1A, e — A7 e llion < CRINICj—1om, = 1,2. (53)

Combining (53) and Lemma 10, and using the triangle inequality, this lemma can be proved.
]

Remark4 1. InLemmas4-7, the regularity requirement on u is A~ lw e H2(Q)NH>"(Q).
It is proved that the error bounds can depend on norm || - ||3.2.5, instead of norm || - [|42.q.
Hence the lemmas in this subsection can be considered as a generalization of the error
bounds in [14].
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2. The idea of proposing the bilinear form by, (-, -) defined in Eq. (38) is that (38) auto-
matically holds for n € Hé‘h(Q), but the bilinear form (5.2b) in [14] holds under the
condition that u € H*(2). This is the main reason why the regularity requirement in
paper [14] can be removed. Another advantage of using this generalized projection is the
proofs of the error estimates can be simplified (see proofs of Lemmas 4-5).

3.3 The Discrete Energy Law and the Discrete Stability Results

In order to mimic the continuous energy law in (9), we consider the discrete energy law under
some mesh constraints in this subsection. A lemma is needed to prove the discrete energy
law. First we give the bound of the L? norm interpolation.

Lemma 12 Forany ¢ € L*(), then

1122 < IVALCI2, + 1VE G 000
Proof Testing (35) by ¢, and using Lemma 11, we obtain

IE12, = (=VA . Vo + (A7 — A, 0)
1 _ 1
=5Iva; o7, + Envqné,z,h + Chllgl 2 11E ]| 2 (54)
When Ch < %, the lemma is proved. ]
Remark 5 Combine (54) and Lemma 7, we can easily prove
Il72 < IVAT ¢1172 + V215 00

1 _
I172 < IVAT'EIG + CallVE G 5 -

A

IA

2
NZ1172

IA

Lox—1,2 2
ZIVATLL + Call Vel 2.p-
The discrete energy law is proved below.

Theorem 2 Under the assumption (23) and the following mesh constraints

h2
k>C—,
€
h2
K2 Canm
k > CeB*h?,

the following energy holds

4
k _
TR + 2 D IVAT 15 2

n=1

4 4
ek? k2
+ 5 > IVdu 500 + e > ldi (g > = DG 5 < CIL ).
n=1

n=1

where

€ 1
@) = SIV0IG 5+ oo 107 = 15
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Proof Taking v, = —Z;l (uy — “Z_]) as the test function in (32), then we have
(dyuy, —Z;l(uz — uzfl)) + eap(uy, —Z;l(uz — uzfl))

1 ~_ _
+ (V) —VA ) — Y =0. (55)
The first term on the left-hand side of (55) can be written as

My = k(VAT duull, VAT dullyy + k(VA,  doul — VAT dyull, VAT ),
+ (VA VA  ddl — VAT dulh)),
+ k(A ot A dyull — ATVl

> kIIVA™ diuf 15 0.4 — [guvwdfuz 16,20 + Ckh2||dtMZ||0,2,h]
_ [g IVA duf 1§55 + CkR | diu IG5y + CkR? | dyu, ||{2,h]
- |:§||VA_1d,uZ 152 + CkR? |} 15 5.5 + Chh?(|dyuly ||%,2,h]
> §||VA_ld,uZ||a2’h — CkR? ||V du}lI§ . (56)

where Remark 5 is used in the last inequality.
The second term on the left-hand side of (55) can be written as
Ma = e(Vull, V(ul —ul ="y + eplull, A™ ol — A dud)

€ n2 € n—12 ek? ny2
EHVM/, ”0,2,h - EHVMh ||0,2,h + THth“h ”0,2.h

— Cek|Vulli§ 5. — CeB*kh? |} |13 5.

>

> SUVUl 12, — SIVUl T2, — Cekl|Vul |2

=9 h10,2,h 2 h 0,2,h h10,2,h
3ek?

k _
+ Tuwzuzné,z,h —5lva R ATA PR (57)

where the last inequality hold under the restriction k > CB2h?.
‘We now bound the third term on the left-hand side of (55) from below. We consider the
case " = (uZ)3 — uf, and it can be written as

G
1

=2 ((uz +ulh +kd,u;) (lul> = 1).

A direct calculation then yields [15]

1 1 5 5
< (fn,dtMZ)h = Edt a1~ — U520

k k
+ Endtuumz = Dl§on— o llditd 13 2.4- (58)
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The third term on the left-hand side of (55) can be written as
Ms = é(Vf(uZ), ~VA dul)y + S(Vf(uZ), VAl — VAT dadhy,
+ S(Vf(u;’l), VAT dull — VA dully,
> é(f(u’ﬁ), dyup)p + S(A_]dtuz — Ay, f )

= CEMKIN F @20 = —gyrz KN 15 2,

edrit2

= CEMKIN f @620 = gz kh* N 1 2

edrit2
k n n 2y1—1 ny 2 c 2
= *(f(“h)s dtuh)h —Ce k”f(uh)”o,z,h 2y|+1kh ||dt”h||o 2.h

———kh? | du 1§50 — Ce“ylknwwz)né,z,h

4V1+2
——kh?|Vdu |3 ||VA*‘d W13
itz tUpllo2,n — tUpllo,2,n
k
> [Edtm 2 —1||02h+ ||d,(|uh| 1>||%,2,h} —cgu(uz)z— g5
k _ Ckh2
_ |:§||VA Yk, + an,u;; ||3,2,h] — Cek||Vull§ 5.0- (59)

Taking the summation over n from 1 to ¢, and restricting k by letting k > C 64];%, then
the energy law can be obtained by the Gronwall’s inequality. O

Remark6 1. The idea of proving this discrete energy law is to control bad terms in M,
by terms M,, which is different from the conforming Galerkin case [20,21] and the
discontinuous Galerkin case [17]. This is one reason why there are some restrictions in
this theorem.

2. The constant C in the energy law can be chosen to approach 1 by restricting k as the
polynomial of € more stringently.

A lemma about summation by parts below is needed in this section.
Lemma 13 Suppose {an}flzo and {bn}ﬁzo are two sequences, then

4 l
Z(an _ an—l’bn) — (al, bl) _ (a()’b()) _ Z(an_lvbn _ bn—l)_

n=1
Proof The lemma can be easily obtained by using the equality below
¢ ¢ 4
D@Lt —ph = @) = ) @ 6" + (@t bY) — @ b).
n=1 n=1

m}

Next we prove the ||u} [|2,2,, stability results for the cases when L? in time (Theorem 3)
and L* in time (Theorem 4) are considered, which will be used in proving the generalized
coercivity result in the Morley element space.
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Theorem 3 Under the mesh constraints in Theorem 2, the following stability result holds

4

4
1 k 3k
€2 2 2 2 —201—2
5””;,”0,2,}1 + EHdt”Z”o,z,h + ek E ””Z”Z,Z,h + ? E ||MZV“Z ”0,2,h < Ce 177,

n=1 n=1

where C is also the e-independent constant.
Proof Taking v; = uj, as the test function in (32), then
1
(dyuy,, uy) + eap (uy, up) + E(Vf(uﬁ), Vup)p = 0.
The first term on the left-hand side of (60) can be written as
n o .n 1 n2 n—1y2 1 n n—1,2
(druy ) = Sl llo2n = 5l o2 + 5 lwn = w116 2,
The third term on the left-hand side of (60) can be written as
1 n n 1 ny2 n n
E(Vf(uh), Vuy)n = g((3(’4h) = DVuy, Vuy),

3 1
2 2
= ;IIMZWZIIO,Z,h - gIIWZIIO,z,h-

(60)

(61

(62)

Taking the summation over n from 1 to £ on both sides of (60), multiplying with &, and

using Theorem 2, we obtain the conclusion.

m}

4
Theorem 4 Under the mesh constraints in Theorem 2, and when k > C MW (In %)2 and

k > Ch?, the following stability result holds

€52 - =12 = lu _”2_1”3,2,/1 29
||Mh||2,2,h + Z lluj, — u, ”2,2,h + Z . < Ce )

n=1 n=lI

where v = 2y 4+ o1 + 6 and C is the e-independent constant.

Proof Taking v, = up — uz_l as the test function in (32), then

1
(druj, uj — uzfl) + eap(uy,, uj — uzfl) + E(Vf(uZ), V(uy, — uzfl))h =0.

The first term on the left-hand side of (63) can be written as
no.n n—1 1 n n—1,2
(dtuh, Up —uy ) = %Huh — Uy ||L2-
The second term on the left-hand side of (63) can be written as
-1 € € -1 n—1
eap(uy, up —up) ) = Eah(uﬁ, up) — Eah(uz LUy )

€
n n—1 n n—1
+§ah(”h_”h JUp — Uy ).
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Using summation by parts in Lemma 13 and integration by parts, then the summation of
the third term on the left-hand side of (63) can be written as

4
1
== 2 (VI @), VG —

n=1

9 ut 1
vy (f( up, 2 )> S, g -
E

n=1 Ee& n=1
9 n 1 9 n—1
=—fZ > <[[f( Ml {(”"}) —72 > ({f( H(”n)ﬂ)
n=1 Ee&), E n=1 Ee&, E

4
1 1 1 _ _
+ = (f ), Aupn — = (F @), Audyy — = Y (fup) = fay™h, Aup=
€ € € =
=T +Dh+T1T3+ T4+ Ts,

where [[-] and {-} denote the jump and the average along the mesh boundaries.
Using the inverse inequality and Theorem 3, when k > C Mﬁ(ln %)2, we have

¢
1
2 -1
- D CRfupa2nluy — w1 oo

T <
n=1
€ ¢ h4
s g 2=y By +C g n Z|<3( W = DAL + 6uf (Vup)(5
n=1
c 4 4 l
=3 DN P SN VN7 P o B S AP (66)
n=1 n=1 n=1

where the first inequality uses the proof of Lemma 2.6 in [14] before applying the inverse
inequality.

When k > Ch?, using Theorem 2 and the idea of the proof of Lemma 2.1 in [14], it holds
for each element K, then the second term can be bounded by

¢
T, <Ch Z LF @M onlul —uf " o

n=1

¢
€ -1 —4y,—1 2
ZE ap(up —uy~ ,MZ—MZ )+ Ce™ ™ kE [upl1 20
n=1 n=1
e !
Z§ ap(ul —ul = ull — w7 4 Cem 22, (67)

By Theorem 3, the third term and the fourth term can be bounded by

T+ Ty < Zah !, ul') + Ce 21 =415, (68)
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Using Theorem 3, the fifth term can be bounded by

14
1
Ts < - 3 (f@) = fai™h), Auy™hy

n=1

4 4
1 —12 —4y1-2 2
< g 2 M =G + Ce Y Tl
n=1

n=1
1 ¢
= g Z ”Mz - MZ_IH%Z + C€_4V1_2”1_5. (69)
n=1

Taking the summation over n from 1 to £, and combining (64)—(69), we have

‘ =l
02 12
€lluplizny +e€ Z e T Z
n=1

n=1

_ unfl ”2
Ii 0,2,]’1 SCv674)/1 7201 75.

[m}

Remark 7 1f v, = uj or v, = uj — uz_l are chosen as the test function in (32), we can only

obtain the L2 and || - ||2.2.; stability with upper bounds which are exponentially dependent
1

on -.
€

3.4 The Generalized Coercivity Result in the Morley Element Space

Recall §Z is the Hsieh-Clough-Tocher macro element space. This C! conforming finite
element space SZ is contained in H!(2) space, so the following discrete spectrum estimate
holds automatically.

Lemma 14 Under the assumptions of Lemma 1, there exists an €-independent and h-
independent constant Co > 0 such that for € € (0, 1) and a.e. t € [0, T]

v 2 1/ ¢/
ACONF . ing eIVl + (f (u(t))I/f,lﬁ)Z_CO

0£yeSt IVwli?,
Aw=y

fort € [0, T]and € € (0, €p).

Before the generalized coercivity result is given, the following lemma is needed. It is
about continuous H ~!(€2) norm.

Lemma 15 The H~! norm has the following equivalent forms

D,
Pllg-1 = sup ($)~
0#6eH'NLY 1§ 1

Proof By (20) and the Holder’s inequality,
(@, 8) = —(VAT'®, VE) < [IVA™ D] 2| VE]l 2,

Then we have

(@, 8)
sup

& = [I®llg-1.
2
0#secHINLG 'S 1H
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On the other hand, choose & = —A~!®, then

(d, £) - (VAo vaA-lo)

su
b =T IvVA o[,

0£5€H'NL] &1

= ®llz-1-

Then the lemma is proved. O

Then we prove the generalized coercivity result in the Morley element space using the
properties of the enriching operators.

Theorem 5 Suppose there exist positive numbers Cy > 0 and y3 > 0 such that the solution
u of problems (1)—(4) satisfies

lu — Ppullpo(0,7);L) < Cahe™ 13, (70)

where the existence of C» and y3 can be guaranteed by imbedding the L* space to H? space.
Suppose y € § Z N L%(Q) and the mesh constraints in Theorem 4 hold, then there exists an
e-independent and h-independent constant C > 0 such that fore € (0, 1) and a.e. t € [0, T]

N = (e — e)(Vy, V)i + é(f’(Phu(r»w, Yn = —CIVAT Y7, — Ce 27 *h?,
provided that h satisfies the constraint
h < (C1Cy)~ 1™, (71)
where Cy arises from the following equality:

Ci = lggé /(&)

Proof Based on the boundness of the exact solution of the Cahn—Hilliard equation, we assume
there exists C3 such that

llell Loo(0,7); L) < C3, | Prull oo 0,1); L) < C3. (72)

Then under the mesh constraint (71), we have

I £ (Phu()) — f' @)l (0,7y:10) < €°.

Then we have
Il £/ (Phu() oo 0,7y 1) = If @) |l Loo0,7): 150y — €.
Then the term N can be bounded by
N = (e = VU, Vi + - (B, ¥y
= (VYL VY + 262 (f (Ppu) Y, ¥)n
+ (1 —2€%) [e(w, VY)n + é(f’(Phu(t)»vf, w)h]
> VY, VY + 267 (f (Puu)yr, ¥ — (1 = 26))e (i, )
+(1—2€%) [e(vw, VYn + é(_f/(u(t))w, M : (73)
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Besides, using the Lemma 11 and Remark 5, we obtain

—CeEX(Y, Y1) = CEX (VAL ', Vi, + Ce2 (A 'y — A7y )
4
> —%(w, V) — CIVAT |7, — CR?[|y |7,

— CER YT, — @ Y,
4
= — (VY. Ve = CIVAT Y. (74)

Then we have

5t —112
Nz ==V, Vi, — CIVAT Y

+(1-2¢%) [G(Vllf, Vi, + é(f’(u(t)))llf, 1//)} . (75)
If Y = Pyu(t,) — u}, then by Theorem 4, we have
[¥ll2,2.0 < Ce 7.
Define ¥/ by ¥ = E, then by (25), we have

W — Vlion < Ce7h (76)
|$|1,2,h <I|¥lian+ Ce h. W)

Using (77) and Remark 5, we obtain
(1 —263 + 683) (VY. Vi oan = (1 —26)e(VY, Vi) on — Ce 2 2h? (78)
(- 263>§(f/<u(t>>)1/f, ) = (1 - 263)£(f/(u(t)))1/~f, V)
+(1— 263)§(f’(u(r))), Y =97
= (12 (P woN T, )
- G%Hw — V3 —Elvii,
> (- 263)é(f’(u(t)))$, V)

4
J— —_ 6 -
— CeR = (Vg - CIVAT YR,

(79
Using (25), the definition of operator A~ and Lemma 15, we obtain
IVA™'Y = VAT Yl < 19 = ¥l 2
< Ch*¢7 . (80)
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When h < Ce”', using (78)—(80), and Lemma 14, Eq. (75) can be bounded by
4
€ _ ~ ~
N = — (V9. V) = CIVA "llT 4 (1= 2€) [e (Vi V),
1 ~ o
+E(f/(u(t)))w, w)h] — Cen4py?

4
€ _ S g _ _
= (V¥ V¥ = CIVAT I, = CIVAT I, — Ce7 742

v

A%

—CIVAT Y2, — Ce 242, (81)

3.5 The Error Estimates in Polynomial of %

In this subsection, an error estimate of Z;l (Pru(t,) — uy) with polynomial dependence on

1 - . . . A—1 -1

< is derived, and as corollaries, error estimates of A; " (Ppu(ty) — uy), A7 (Ppu(t,) — uy),
1
€

é}:] (Ppu(ty)—uy) and A;] (Ppu(t,)—uy) with polynomial dependence on - are also given.

Theorem 6 Suppose u is the solution of (1)-(4), u}, is the numerical solution of scheme
(32)—(33), and assumption (23) holds. Define 6" := Pyu(t,) — uj, then under following
mesh constraints

h < Ce%k, k < Cedorth3,
h<Cett b <(CiCy)~er 3,
we have the following error estimate
L ox-10¢p2 ey x-1 2 ek
VAT OG0+ D IVAT 0" G 5 + o D (V" VO
n=1 n=1

4
k - -
+ - D 101G 40 < CBo@)|Inhlh? + fi(e)k?).

n=1
Proof Using (32)—(33), Vv, € SZ, we have

(d;60", vp) + €an (6", vp)
= [(d; Ppu(ty), vp) + €ap(Ppu(ty), vp)1 — [(dyuj, vp) + €ap (uy, vp)]

= —(dip", vn) + dru(ty) + €A*uty) — éAf(u(tn)) + au(ty), va)
1 1
- [g(f/(u(tn))VPhu(tn), Vup)n + a(Pyu(ty), Uh)] + E(Vf(uZ), Vur)h

1
= (=dip" +ap", vp) — E(f/(u(tn))vph”(tn) — V fupy), Von)n
+ (R(us, n), vp), (82)

where L
R(uy;n) == E/ (s — th—1ug (s) ds.
th—1
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It follows from (13) that

4

1 In In
kZ IR s )31 < ;Z (/ (s —ta1)? ds) (/ latgs () 13- ds)
th—1 h—1

n=1

< CK*fi(e).
Taking vy, = —A;, 6" in (82), we have
(@0", —A;'0") + €an(0”", — A, '60") + (R(use, ), —A; ' 0™)
= (=dip" +ap", —A;'0") — é(f’(u(tn»VPhu(rn) — V), —VA; 0. (83)
By the definition of A;l and Z;l, then we have
(VA 6", VA 0™ + e(VO", VO™, + Be(A, 10" — AT1o", 0M)
+ é(W(Phu(tn)) — VW), —VA 0", + (R, n), —A; 6™
= é(f/(Phuan)WPhu(tn) — f' )V Phu(t), —VA; 0™
+ (—dip" +ap", —A 0" + (AT 0" — A6 A0 (84)

When h < Ce?k, using Remark 5, then the first term on the left-hand side of (84) can be
bounded by

= (VA,'d0", VA 0", + (VA di0" — VA, d,0", VA M),
+ (VA 0" — VA 46", VA — VA e,

k N—1 2 1 x—1 2 1 N—1 —1,2
> [EIIVA;, dt9"||o,2,h+ﬁ||VAh 0" 15,2, — 71V AL 0" 16,21
— [Ch?11di6"™ 13 5.5 + ||VA—10”||3 an + CR210™15 2.1]
[Ch“udfe" 1320 + ||V9" 1520 + CIVA;'0™13 ,,]
k N—1 2 x—1 2 N—1 —1,2
> [Enmh d,o"||0,2,h+ﬁumh 0"13 2. — %nmh 0" 5.2
_ [Chznw,e"ug,z,h + CH* VA, d,0" 3 5,

4
€ ~_
+ g IVOIG 20 + VAL 0”15 2, + Ch2||9"||%,2,h]

> f||VA“d,9"||02h+ ||VA‘19"||02,, ||vZ;‘6"*1||3,2,,1
r 4k2 | )

— | S IV I 2+ ||ve||02h + VA, 9"||02h]
_k_ . - o - -
> EHVA,,ldte"n%,z,h + —umhle"né,z,h - —||VA,,10" G20

- (||V9”|I02h+IIV9" 1|I02;,)-|- IIV9||02;,+|IVA 9"||02h] (85)
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When h < %62, the third term on the left-hand side of (84) can be bounded by

L3 < CB2R10" 1T 5. + €210 15 2.
4
€ ~_
< §|0"|%,2,,, +CIVA0" 135 - (86)

When h < Ce*1 4 and h < Ce?, the fourth term on the left-hand side of (84) can be
bounded by

= é(Vf(Phu(tn)) — V), VA, 0" — VAo,
+ E(Vf(Phu(tn» — V@), —VA; 0",
> —gllV (f/ (Ph)0™ — " (Pa)(©™) + ™)) 1§20 — ChIO™ 1T 2.0
+ é(A*le" — AT0", f(Phu(ty) — f(u;;»)h + l(fulw(rn» — @}, 0"

h
_[C |9n|12h+Ch|9n|12h] [C |9n|02h+c |9n|02h]

3
+ g<f’<Phu<rn)>>e", 0" — gPhuan)((e”)z, 0"y + g«e")% 0"

4
€ ~
2 —1
2 = 10" 2 = CIVE, 6" o

1 3 1 T
+ g(f’(Phu(ln)))H", 0" — gPhu(tn)((Q")z, 0" + g((9")3, 0" |- (87)

For the second term inside the brackets and on the right-hand side of (87), we appeal
to Remark 5, the discrete energy law and the following Gagliardo-Nirenberg inequality [1].
Then for any K € 7j,, we have

16" 13305, = € (96" 20k 16" 22 ) + 16" 3201, )
5

—||V9"

2y =S e
- 32C LK) T G4 lh

”LZ(K)’

5 5
¢ 1
= %”Wn”LZ(K) * [32C 196" W2, + aorar 1947 9"”L2<K)} -89

When h < Ce? 12, the second term inside the brackets and on the right-hand side of (87)
can be bounded by

3
gPhu(tn)((e”)z, 0"
64 ny2
=< E”W ”0,2,/1 +

64 2
n
= 161V o2 +

—1pn )3
oz VA 07102

VA0 555 + R16™ 13 5.1

c201+12 | c201+12

4
€ ~_
< §||V9n||(2)’2,h + o IVA )3, . (89)
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The fifth term on the left-hand side of (84) can be bounded by
Ls > —ClIR(uy: m)|3,-1 — IVA,'0" (5 5 - (90)

By the mean value theorem and (11), the first term on the right-hand side of (84) can be
bounded by

Ry

IA

C ~
;(f"(é)(Phu(ln) —u(ty)), —VA; ™),

IA

C ~_
S Putn) = ()3 0+ IVE 6715 2,
< CE—max{20|+7,203+4]h4 + ||VZ;16”||%12J[. On

By the Poincaré inequality and the bounds of /; in [32], the summation of the second term
on the right-hand side of (84) can be written as

¢ -1
O~ (—dip" +ap™)  ~ ~
S ( ( 5’0 +“p),—A;19"> — (VA (=dip" + ap™), —V&; 0",
n=1 | Ec&, n E

4 £
<CY N —dip" +ap 5 +C Y IVA'0" 52,
n=1 n=1
| In |2 :
< Cho(e)——+C Y IVAO" IG5 (92)
n=1

where Lemma 2.3 in [14] is used in the first inequality and

fo(e) 1= €*p3(e) + € Cpale) + ps(e),

- max{Zal + g ,20‘3+%,20’2+4,2U4 } —max{201+5,203+2}—2

p3(e) =€
,max{01+%,ﬂ3+1}72 2ot
te po(e) + € ,
pa(€) = 6_max{201+%,2U3+%,202+4,2(r4}+4

ps(€) i 672max{261+%,203+%,202+4,204}+2

Using Remark 5, then under the mesh constraint 7 < Ckand h < C €*, the third term on
the right-hand side of (84) can be bounded by

aA~L(AT1d,0" — ATV d,0m) ~
R3=Z( (AT — AN 5
E

Eeé&y, an
— (VAT (AT 40" — AL a0, VA M),
< Chld#"]| 2 VA, 6" 2

IA

ho o~ ~_
(Ch||IVd,0"2, + V4, 'a4,0"12,) + CIVA,'0"2,

64k2 ny2 k N—1 nn2 N—1n2
< 5 IVao" I3, + JIVA; 460" I, + CIVA 0" I,
4
€ _ k ~_ ~_
< E(||ve"||iz+||ve" 1||§z>+1||mh‘d,e"niz+C||VAhle"||§z, (93)
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where Lemma 2.3 in [14] and the inverse inequality are used in the first inequality.
Combining (85) to (93), we have

1~ 1oy K~
SIVAL OIS 2 = SIVAL 0" G o + S IVAL 0" 155,
7et k k
+k (e — ?> (V0" V0" + — (f (Puae(t))0", 6"+ — 16" 4.
< Ck(—=d; p" + ap", —A710™) + Ck|| R (use; 0|2, + iHVZ’IG”P
< 7Y o, h 1 -1 Do +12 h 0,2,k
+ Céfmax{201+7,203+4}h4 + Ck||VZ;19n||%.2,h. (94)

Taking the summation for n from 1 to £, Eq. (94) can be changed into

1~ K2 & ~_
SIVE; 42, , + T D IVA 6™ G 0

n=1

4
1
+kY [(e = eH(VO", VO + —(f (Puu ()", 9");1]

n=1
4 14 14
€k k
g D (VOO =D 16" I 4
n=1 n=1
Ck & ‘
= CHUOR + oy D IVAL 0 152+ Ck )L IVA,0" G
n=1 n=1

+ Cpo(e)| In h|h>. (95)

Using the generalized coercivity result in Theorem 5, we obtain when & < Ce?, we have

2 L

1.~ k ~
VAU 0+ D IVAL G,
n=1
4, ¢ [/
€'k k
g 2V VO = 10" 4
n=1 n=1
Ck o ¢
=< C151 (G)kz + m Z ||VA;19’1”8’2Jl + Ck Z ”VA;19n ”(2)’2’}’
n=1 n=1
4
+Cho(© Inhlh® + Ck Y [VAT'0" |2, + Ch2e 2
n=1

L 14
. Ck ~ -
< Cpr(e)k* + TR D IVA O G20+ Ch Y IVAL OG0
n=1 n=1
e*k ¢
+ 1 > (V0" V0", + Cho(e)|In k|, (96)

n=1
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301+13

By the discrete energy law and Theorem 3, when k < Ce , we have

1~ & ~_
PIVA UG o+ 5 DOIVA "G 5,
n=1
4, ¢ ¢
etk k
e (VO YO+ =101 4
n=1 n=1

-1 —1
Ck _ _
< Cpi(e)k? + o3 D NVAL 0 1504 + Ch Y IVA0"G 5.,

n=1 n=1

+ C,50(e)|lnh|h2.

Let dy > 0 be the slack variable such that

1~ R
FIVATO S0+ D IVALd" IG5,

n=1

ek & k .
T Z(ve", VO + Z 16" 15,4, + de

—1
Ck
= o1z D IVATO G o + CkZ IVA, 6" 115 2.1
n=lI n=1

+ Cp1(e)k* + Cpo(e)| Inh|h?.
and define for £ > 1

2 4
Set1 = *llVAh 0 NG 2n + Z IVA, 6" 15 2,4

n=1
Ak & k&
g 2 (VO VOt = > U6+ de
n=1 n=1

S1 1= Cpi(e)k* + Cpo(e)| Inh|h?,

then we have

3
Ser1 — S¢ < CkSe + S; for ¢ > 1.

c201+12
Applying Lemma 2 to {S¢}¢>1 defined above, we obtain for £ > 1

2
e

<
Se = a, { 1 62al+12 as+l

provided that

1 1
62(;1+12 Z“vﬂ > 0.

o7)

(98)

99)

(100)

(101)

(102)

(103)

We note that a; (1 < s < £) are all bounded as k — 0, therefore, (103) holds under the mesh

constraint stated in the theorem. Then it follows from (102) and (103) that

Se < 2a;'S1 < C(po(e) | Inhlh? + ji (k).
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TDa(!));fl:si Iﬁé%gg“ifg;gzlﬁrc‘;f MDG Argyris HCT Morley

and Morley elements h=04 1200 526 343 221
h=02 4800 1946 1283 841
h=0.1 19,200 7486 4963 3281
h =0.05 76,800 29,366 19,523 12,961
h =0.025 307,200 116,326 77,443 51,521

Then the theorem is proved. Notice the mesh restrictions are stringent theoretically, and
numerically they are much better. O

Next we gave a Corollary based on Theorem 6, Lemmas 5-11, and the triangle inequality.

Corollary 1 Assume the mesh constraints in Theorem 6 hold, then the following estimates
hold

IVA; 01520 < CGBo() Inh|h* + 1 (€)k?),

IVAL 65 2.0 < CBo(OlIn kIR + p1 (€K,

VA, 05 2.0 < CBo(e) Inh|h* + f1(€)k?),

IVATI05 ., < CGBo(e)nhIR? + f1(€)K).

Remark8 1. All mesh restrictions have been incorporated into Theorem 6. For example,
h < Ce* can be incorporated into 7 < Ce*+4 gince y1 >0,k > Cﬁﬁ(ln %)2
in Theorem 4 can be incorporated into k > C di’% and h2(In %)2 < €291+ and so on.

2. Ifvy, = —A?H", instead of vy, = —ZTO”, is chosen as the test function in (82), the
error estimate can not be obtained due to other terms in the definition of —A;l.

4 Numerical Experiments

In this section, we present two numerical tests to gauge the performance of the Morley element
approximation. The fully implicit scheme and the square domain 2 = [—1, 1]? are used in
both tests. The degrees of freedom (DOF) are compared for quadratic mixed discontinuous
Galerkin method (MDG), C! conforming Argyris element, C' conforming Hsieh-Clough—
Tocher (HCT) macro element, and Morley element in Table 1. From the angle of degrees of
freedom, Morley element method is supposed to be very efficient.

Next, two numerical tests are presented to numerically check the discrete maximum prin-
ciple, which is not known theoretically. See [32] for evolutions of the zero-level sets of the
Cahn-Hilliard equation using the Morley elements based on more different initial conditions.

Test 1. Consider the Cahn—Hilliard equations (1)—(4) with the following initial condition:

ug(x) = tanh ({;g?) , (104)

where do(x) = , /xl2 + x% — 0.5, which is the signed distance from any point to the circle
)cl2 + x% = 0.52. Note that uq has the desired form as stated in Lemma 1.
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n
Iuhle

02 b0 \

; L L L L L L L L 1 5 L L L L L L L L n
-1 08 06 04 02 0 0.2 0.4 06 0.8 1 0 0005 001 0015 002 0025 003 0035 004 0045 005

Time

Fig. 1 The zero-level set of the initial condition (left) and the |”Z |00 bound at different time points (right).
In this test, e = 0.05, h = 0.04, k = 0.0001

1 1.05

08 1.04

0.6 1.03

0.4 1.02

0.2 1.01

8
—
0 c = 1
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-02 0.99

0.4 0.98
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0.8 0.96
4 L L L n L L L L L 0.95 L L L L L L L L L

=t -0.8 -0.6 -04 -02 0 02 04 0.6 08 1 0 0005 001 0015 002 0025 003 003 004 0045 0.05

Time

Fig.2 The zero-level set of the initial condition (left) and the |uZ | oo bound at different time points (right).
In this test, € = 0.025, h = 0.02, k = 0.0001

Figure 1 plots the zero-level set of this initial condition and L* bound |u}|7. We can
observe that |MZ|L0° < 1, which numerically verifies the assumption (23). In this test, the
interaction length € = 0.05, the space size # = 0.04 and the time step size k = 0.0001.

Test 2. Consider the Cahn—Hilliard equations (1)—(4) with the following initial condition:

uo(x) = tanh (ﬁ <min {,/(xl +0.3)2+x3 —0.3,,/(x; —0.3)2 + x5 — 0.25})) .

Note that ug can be written in the form given in (104) with do(x) being the signed distance
function to the initial curve. We note that uy does not have the desired form as stated in
Lemma 1.

Figure 2 plots the zero-level set of this initial condition and L> bound |u}|z. We can
observe that |u}| e < 1, which numerically verifies the assumption (23). In this test, the
interaction length € = 0.025, the space size 1 = 0.02, and the time step size k = 0.0001.
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