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Abstract A novel discontinuous Galerkin (DG) method is developed to solve time-
dependent bi-harmonic type equations involving fourth derivatives in one and multiple space
dimensions. We present the spatial DG discretization based on a mixed formulation and cen-
tral interface numerical fluxes so that the resulting semi-discrete schemes are L? stable even
without interior penalty. For time discretization, we use Crank—Nicolson so that the resulting
scheme is unconditionally stable and second order in time. We present the optimal L? error
estimate of O (h**1) for polynomials of degree  for semi-discrete DG schemes, and the L>
error of O (W**! 4 (Ar)?) for fully discrete DG schemes. Extensions to more general fourth
order partial differential equations and cases with non-homogeneous boundary conditions are
provided. Numerical results are presented to verify the stability and accuracy of the schemes.
Finally, an application to the one-dimensional Swift—-Hohenberg equation endowed with a
decay free energy is presented.
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1 Introduction

In this paper, we are interested in discontinuous Galerkin approximations to the fourth order
partial differential equations (PDEs) of the form

up=Lu xeQCRY >0, (1.1a)
u(x,0) =ug(x), x e, (1.1b)

where L = Zi:o a, A™ is a linear differential operator of fourth order and a,, (im = 0, 1, 2)
are constants with ap < 0, € is a bounded rectangular domain in RY, up(x) is a given
function. Our analysis is presented mostly for periodic boundary conditions, extensions to
other non-homogeneous boundary conditions will then follow. The model could include a
lower order term such as f'(u, x, t), without additional difficulty.

The fourth order PDEs appear often in physical and engineering applications, such as the
modeling of the thin beams and plates, strain gradient elasticity, thermal convection, and phase
separation in binary mixtures. The special cases of (1.1) include the linear time-dependent
biharmonic equation with

L=—A?

)

and the linearized Cahn—Hilliard equation
L=-A>—A.

In the literature, various numerical methods have been developed to discretize fourth order
partial differential equations, such as mixed finite element methods (see e.g. [1,4,10,14,16,
26]), and finite difference methods (see e.g. [18]). In this paper we will discuss discontinuous
Galerkin methods, using a discontinuous Galerkin finite element approximation in the spa-
tial variables coupled with a proper time discretization. It is well known that for equations
containing higher order spatial derivatives, discontinuous Galerkin discretization cannot be
directly applied. This is because the solution space, which consists of piecewise polynomials
discontinuous at the element interfaces, is not regular enough to handle higher derivatives.
This is a typical non-conforming case in finite elements.

One approach to resolve such difficulty is the local discontinuous Galerkin (LDG) method
(seee.g., [12,25,33,35] for fourth order problems). The idea is to suitably rewrite the higher
order equation into a first order system and then discretize it by the DG method [11]. The
local numerical fluxes without interior penalty can be designed to guarantee stability. The
LDG method has been successful in handling equations with high-order derivatives, since
it was first developed by Cockburn and Shu [11] for the second order convection diffusion
equation. However, these schemes increase the number of unknowns in numerical solutions.

Another approach is to weakly impose the inter-element continuity conditions using inte-
rior penalties. In the context of finite element framework, C! conforming finite element
methods for the biharmonic equation is known computationally intensive due to the impo-
sition of C!-continuity across the element interfaces, several non-conforming approaches
such as C%-interior penalty methods [3,13] and interior penalty methods [2,15,27,28,31]
have been proposed. These approaches use either continuous or discontinuous finite element
solution spaces in which continuity conditions are weakly enforced through interior penalties.
A related strategy is the direct DG discretization based on numerical fluxes which penalize
jumps of derivatives when crossing element interfaces [7]. For DG schemes with interior
penalties, the practical choice of penalty parameters is often a subtle matter.

In this work we reformulate the fourth order PDEs into a second order coupled system
and discretize the system by a DG method without interior penalty. In the case L = —AZ2,
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such reformulation

ur = Aq,
q = —Au, (1.2)

is the usual mixed formulation [9], which has been used to design the mixed DG methods with
interior penalties in [17,34] for solving the biharmonic equation. Our DG method derives
from a direct DG discretization of the mixed formulation (1.2). Instead of the standard DG
ansatz analogous to the discretization of diffusion, the simplest form for numerical fluxes is
used: the arithmetic mean of the solution gradient and the arithmetic mean of the solution. The
resulting scheme is the most simple variant to date for the discretization of second order terms,
i.e., without any interior penalty. This is in sharp contrast to the DDG methods introduced
in [22,23] for diffusion, where interface corrections are included to penalize jumps of both
the numerical solution and its second order derivatives. With formulation (1.2), stability of
the resulting DG scheme is naturally ensured due to the symmetric nature of the underlying
bilinear operator. It is also parameter free, i.e. no particular choice of any penalty constant
is necessary. This makes the scheme simple to implement for generic linear and non-linear
problems.

It is known that for DG methods stability itself does not necessarily imply the optimal
convergence. Obtaining optimal error estimates for DG methods has been a major subject
of research. The a priori error estimate results for DG methods with interior penalties have
been reported in [7,17,27,28,31,34] for biharmonic type equations, in these works penalty
parameters play a special role in both the stability analysis and the error estimates.

The main quest in this article is whether optimal convergence can still be achieved with-
out interior penalty. We carry out the optimal L? error estimates for both semi-discrete and
fully-discrete schemes with periodic boundary conditions, in both one and multi-dimensions.
The crucial ingredient in the one-dimensional error analysis is a global projection P defined
by A(v — Pv, ¢) = 0 for any test function ¢ in the finite element space, and the corre-
sponding projection error. Here A(-, -) is the bilinear operator obtained by the penalty-free
DG discretization of the operator —32. In multi-dimensional case, we use the tensor product
polynomials of degree at most k, and make use of the projection error obtained in [19] and
the bilinear form estimate |[A(v — Pv, ¢)| < Chk+2|v|k+2||qb|| obtained in [20]. A related
work is [5], in which the authors use the inf-sup strategy to prove the optimal L? convergence
rates for the symmetric DG method without interior penalty using P¥(k > 2) polynomials
for one dimensional second order elliptic problems.

Extension to more general equations of form (1.1) is carried out by rewriting L as L =

2
—L% 4+ M, where M = ap — Y oand £ = J—a (A + 2%) is a second order operator,

4ay
and the optimal L2 error estimate can also be obtained. For three typical non-homogeneous
boundary conditions we present DG schemes with boundary corrections. Boundary penalty
is needed in some cases to weakly enforce the given boundary data, as usually done for
the weak formulation of elliptic problems [24]. In fact, imposing boundary conditions only
weakly is one of the main advantages of the DG methods to boundary-value problems for
higher order PDEs such as (1.1a).

The rest of the paper is organized as follows: in Sect. 2, we describe the mixed DG
methods in one dimension and present the optimal error estimates for both semi-discrete
and fully discrete schemes to time-dependent biharmonic problems. In Sect. 3, we formulate
the DG scheme in multi-dimensions along with its stability and optimal error estimates
using tensor product polynomials. In Sect. 4, we extend the DG schemes to more general
fourth order time-dependent PDEs, cases with non-periodic boundary conditions, and the one-
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dimensional Swift-Hohenberg equation—a nonlinear problem with a decay free energy [32].
Several numerical results are presented in Sect. 5 to verify the stability and accuracy of the
schemes. Finally, we give concluding remarks in Sect. 6 to summarize results in this paper
and indicating future work.

2 The DG Scheme in One Dimension

In this section we consider the one dimensional time-dependent fourth order Eq. (1.1), i.e.,
Uy = —Uyxxx X €[a,b], t>0, (2.1)

subject to initial data u(x, 0) = ug(x), and periodic boundary conditions.

We partition the interval [a, b] into computational cells I; = [x; 1,2, xj41/2], withxy o =
aand xy41/2 = b, and mesh size hj = xjy12 — xj_1/2, with h = max|<j<y h;. And we
define the finite element space

Vi ={veL*lab]) : vl € PXUj),j=1.2,---, N},

where P*(1 ;) denotes the set of all polynomials of degree at most k on /. At cell interfaces
X = Xxj11/2 wWe use the notation

- +
vE = lim v(x £ €), {v}=u, [v]=vt—v".
e—0 2

Based on its mixed formulation,

U =(qxx, 4 = —Uxx, (2.2)

the DG scheme for (2.1) is to find (up, g5) € V,f X V;{‘ such that for all ¢, ¥ € V;{‘ and
j=12-- N,

/I wppdx = — fl Ghebedx + (@odlar, + (an — Gdxlor, (2.32)

j J

/I gnirdx = /I wnxVredx — @)W lar, — G — @) Vlar, (2.3b)
J J

where the notation v|y; ;= vjjr 12~ v; 12 is used, and on each cell interface x 1,2, j =
0,1,2,...N, the numerical fluxes are given by

6]71} = {qnx}, fﬁl = {qn},

2.4
i = ), @ = (un), 4

where {v}1/2 = {v}n41/2 is understood as %(vf/z + U;/H/z) for v = up, qn, upx and gpy.

The initial data for uj, is taken as the piecewise L? projection of ug(x), thatis, u;(x, 0) € V}i‘
such that

/(uo(x) —up(x,0)p(x)dx =0, Ve e P(I;), j=1,...,N. 2.5)
[.

J

Note that g;,(x, 0) € V;f‘ can be obtained from uj, (x, 0) by solving (2.3b).
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2.1 Stability and L? Error Estimate

We proceed to verify the L? stability of the above semi-discrete DG scheme and further

obtain the optimal L? error estimate. To this end, we sum (2.3) over j=1,..., N toobtain
(e, @) = —Agn, ¢), (2.62)
(qn, ¥) = Alun, ¥), (2.6b)

where (-, -) denotes the inner product of two functions over [a, b], and the bilinear functional
N N
Aw.v) =Y f wevedx + Y (wedv] + [wl{ved) 12 2.7)
- I; -
j=1°"% j=1

where by (-) j+1/2 we mean evaluation of involved quantities at x;41,2. Note that A(-, -) is
symmetric, that is,
A(w,v) = A(v, w). (2.8)

For scheme (2.6) with (2.7) the following stability result holds.

Theorem 2.1 (L2-Stability) The numerical solution uy, satisfies

1d [* b
o [ war = / dx <0, 2.9)
a a

Proof Taking ¢ = uj, in (2.6a), and ¥ = g, in (2.6b) respectively, we obtain
1d [?
2dt J,

which when using (2.8) implies (2.9). O

urdx = —A(gn, un), llgnll® = AGun, qn),

In order to estimate the L error, we introduce a global projection: for a given piecewise
smooth function w € L%([a, b]), w|1j IS H““(I_,'), s >k > 1, wedefine Pw € V,i‘ by

(Pw(x) — w(x)) v(x)dx =0, Yve P2(1)), (2.10a)
1
{(Pw)x}j+1/2 = {wx}j+1/2, (2.10b)
{Pw}jyi1y2 == {w}jr1/2, (2.10c)
for j =1,..., N, where {v}y41/2 is understood as %(vfr/z + Vy41/2)- Note that for k = 1,

(2.10a) is redundant.

Lemma 2.1 Fork = 1 with N odd, or any k > 2, there exists a unique projection P defined
by (2.10). Moreover,
A(Pw —w,v) =0 Yve Vf. (2.11)

Proof (i) From the more general result in [20, Lemma 2.1] it follows that such P is uniquely
defined.
(i) Relation (2.11) can be derived from (2.7) using (2.10) and integration by parts once.
O

Before going further we recall the following approximation result for projection P.
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Lemma 2.2 [19] (Projection error) Assume that w € H™ withm > k + 1. Then we have the
following projection error
lw = Pwl| < Clwliah**, (2.12)

where C is independent of h. Moreover,

Pv=v, Yve V;f.

Theorem 2.2 Let uy, be the numerical solution to (2.3) with (2.4), and u be the smooth
solution to problem (2.1), then

lunG,t) —uC, 0l < ChH* 0<r<T, (2.13)

where C depends on sup,cio. 7y 1t (-, ) lk+1, SUP;ejo. 71 14, 1)lk+3 and linearly on T, but
independent of h.

Proof The consistency of the DG method (2.6) ensures that the exact solution # and g of
(2.2) also satisfy
(ur, ¢) = —A(q, ),

(2.14)
(g, ¥) = Au,v¥)
forall ¢ € vk, /RS V}i‘ . Subtracting (2.6) from (2.14), we obtain the error system
u—up), @) = —Alq — qn, P),
(«( > ®) (g —gn, ®) 2.15)
G —qn. V) = Au —up, ¥).
Denote
et = Pu—up, € =Pu—u,
e2=Pq—qn e =Pq—q,
and take ¢ = e, ¥ = ey in (2.15) respectively, we obtain
(e1r, 1) = (e1r, e1) + A(ez, e1) — A(ez, e1), (2.16a)
(e2,e2) = (€2, €2) — A€y, e2) + Aley, e2). (2.16b)

Summation of (2.16a) and (2.16b) gives

1d
sl 12+ lleall® = (e1rr €1) + (€2, €2) + Aler, 1) — Aley, e2)
= (€11, e1) + (e2, €2),

where property (2.11) of projection P has been used. This yields
1d 2 1 2
3 g hell” = llewdllenll + Zlleall™

By property (2.12), the right hand side is dominated by C|u; [x+17** ! [le1 |+ (C luls3h51)2.
Hence

1d
Eanelnz < 1A (Jler || + R4,

- c? 2 — el
where C1 = max{C sup;c(o 7y [#slk+1, T SUP;efo,7) [Uli 43} Set B = ;. then

BdB<C(B+1)
dr = ! ’
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which upon integration over [0, ¢] gives
G(B(1) = G(B(0) + Cit, (2.17)

where G(s) = s — In(s + 1) is an increasing and convex function on [0, c0). Note that
B(0) < C, for

lex(- )l < [l Pug — uoll + llug — up (-, 0)|| < Coh*. (2.18)

It can be verified that G~!(s)/s is decreasing for s > 0, note also that G~!(s) is increasing,

hence X

G
G_l(s) < max{s, &}.
This with § = G(C») when inserted into (2.17) gives

B(t) < G N (C1T + G(Cy)) < C, + CT,

. CiC
with C = G(‘sz) . Thus,
ler (.0l = BORT < (C2 + CT) R,
which combined with the approximation result in Lemma 2.2 leads to (2.13) as desired. O

2.2 Fully-Discrete DG Schemes
Let (u}, g;)) denote the approximation to (up, gi)(-, t,), where t, = nAt with At being the

time step. We consider a class of time stepping methods indexed by a parameter 6 € [0, 1]:
find (uj, q;) € V,f X V,f such that for all ¢, ¢ € V,f

n+1 _n
(M,d)) —Ag", ), (2.19)

(qp, V) = A(uy, ¥), (2.19b)

where v" % = (1 — 0)v" + 9v"+!. Note that when 6 = 0, it is the forward Euler, 6 = 1, it
is backward Euler; and 6 = 1/2, Crank—Nicolson.
To study the stability of the DG scheme (2.19), we first recall the following estimate.

Lemma 2.3 ([21, Lemma 3.2]) The following inverse inequalities hold for all v € vk

N 2
k+1)k(k+2
Z/I(vx)zdx SRR

k+ 2
Z[UJ,H/Z_ LD e,

Kk + 1D (k +2)
Z{vx},ﬂ/2 < ———5 I

Then, we have the following stability results.
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Theorem 2.3 (L2-Stability) For % < 0 < 1, the fully discrete DG scheme (2.19) is uncon-
ditionally L? stable. Moreover,

ey 11 < i l)> = 24801 (1 = 6)gjt + 6,117 (2.20)
holds for any At > 0. For) <6 < 7, (2.19) is L? stable, i.e., ||u"+1|| < lluj |I, provided

At L 2.21)
S a—20p20) @

where

y (k) = (k + 1)%k(k +2) + 4k + 1)*k/k(k +2). (2.22)

Proof From (2.19b) it follows

b
/ ”+91//dx _ A(un+0 w)

This relation when added upon (2.19a) with ¢ = u’}l+9, Y= q}'fre gives
un—H Mn
/ S hym g gt = 0. (2.23)
. At
Using the identity

1 1
G = 5 () (0-3) ().

we rewrite (2.23) as
N T2 = a1 4 248G 01 = (1 = 20) lul ™ — ulf |12 (2.24)

This implies (2.20) if 1 <H<1If0<0O < % we need to estimate the right hand side of
(2.24). By taking ¢ = uZH — uz in (2.19a) and using Lemma 2.3, we have

|| n+1 A(qn+9 }’l+1

2 _
”Z” uh)

1

2
Z[ (q”+0 2dx Z/ (unJrl —uj,) )2dx

1
2

=

D=

N
+1 2
+ thx [y Z[”" —upliyip
j=1

D=
D=

N N
+ Z[QZJFO]?HQ Z{(qul—uzx)j+l/2}2
j=1 j
<(k+1)2k(k—|—2)+4(k+1)2k«/k(k+2 O — |
< 2
y (k)
= 57 gy Mt = i,
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with y (k) defined in (2.22). Hence

Aty (k)

it = il = — 5Nyl

This upon insertion into (2.24) yields

Ary? (k)

I tHI2 + A (2 = (=20 = ) lg; ™17 = Nl
By (2.21) we therefore obtain the desired stability, i.e., ||MZ+1 < luyll. m]
The above results suggest that the semi-implicit time discretization with 8 € [1/2, 1]

should be considered. To assist the error estimate for the fully-discrete DG scheme (2.19)

with 6 € [1/2, 1], we prepare the following lemma.

Lemma 2.4 Let {a,} with ay > 0 be a non-negative sequence satisfying
2 2

a —da
+1 n
= < alanp1 +an + 1),

where T > 0 and o > 0, then there exists C = C(ag, o) such that
a, <ap+ Cnt, VYn=>1.
Proof Define A, = maxo<;<p a;, then (2.25) remains valid for A4,, i.e.,
A2 A2

n+l — “'n
T

<a(Anp1+ A+ D).
In fact, we have a, < A,,, Vn > 0, and
Apy1 = max{a,+1, An}-
If A,+1 = Ay, (2.26) is obvious; otherwise if A, +1 = a,41, it follows that
A2 Az g2

2
n+l no_ n+l —

T - T
Rewriting (2.26) as

<a(@pt1 tap+1) Sa(App1 + A+ 1)

A —A
Apt1 — Ay — SLLUAR LU =art,
An+1 + An + 1
and using
A,H,] —_
/ 1 ds > An+1 Ay i
. 25+ Appr1+ A, +1
we have

H(Aut1) — H(Ap) < o,
where H(s) = s — In+/2s + 1, and therefore
H(A,) < H(Ag) + anrt.
Note that H is increasing and convex over [0, 00), hence we have

A, < H Y (H(Ag) + ant) = H' (H(ap) + ant).

(2.25)

(2.26)
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It can be verified that H~'(s) /s is decreasing for s > 0. Thus,

An < =2 (H(ap) + ant) = ap + Cnt, €= —

< — ap) +ant) = ag nt, = .

"~ H(ao) H (ao)

Going back to a, < A, we prove the claimed estimate. O

Theorem 2.4 Let uj, be the numerical solution to the fully-discrete DG scheme (2.19) with

% < 0 < 1, and u be the smooth solution to problem (2.1), then

lu, 1™y —ul ()| < C (h"*‘ +(0 —1/2)At + (At)2> , (2.27)

where C depends on sup,cio 7y [ur (s )lk+1, SUP,epo. 7 [ Cs Dli+3, supsepo. 7y luee 5 O,
sup,cio.7) e ¢, )| and linearly on T, but independent of h, At.

Proof Denote u" = u(x, t") and ¢" = ¢q(x, t"), then the consistency of the DG scheme, as
given in (2.14), when evaluated at t = 10 g

@™, ¢) = —A@""™, ¢),
@", V) = AW", ¥),

for all ¢ € V,f, /S vk where v"t? = gyrt! + (1 — 6)v" for v = u, q. To proceed, we
first evaluate the term uf+9. By Taylor’s expression, we have

(2.28)

utl —yn 1 i 41 5
= " A — — " — ) U (x, s)ds,
! A 5t AT /z" ( ) us(x, 8)
un+1 _un 1 1 t”+1
e DL —”+1At—7/ " = ) 2up (x, s)ds,
p A7 + 2u” 287 ( )t (x,8)
so that
un—H —u"
W™ = 0u"™ + (1 - Ol = —y tF0x10),
where
1 1 tn+1 “ 5
Fn,x,t,) =u At —=)—-(1-0) — T — ) U (x, $)ds
(1,1, 6) = ult ( 2) =0 (35 [ 0" = 9untes)

tn+l tn+l

1 1
+6 <2At /;,, ut,,(x,s)ds — E y (tn — S)zuttt(x,s)ds> .

Then (2.28) becomes

Wttt =y n+60
<T7¢>Z_A(q 7¢)_(F(n7xa[!9)v¢)v

q", ) =AW", ¥),
which together with (2.19) gives

((un+l _ MZJrl) _ (un _ uz)

At

, —_A n+0_ n+6’ —(F , ”97 ,
¢> (g g, ¢)— (F(n,x,1,0),¢) (2.29)

(qn+9 _ q2+9’ 1/[) — A(un+9 _ uZ‘F@’ ,(//).
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Denote
n

el = Pu" —uj, € =Pu"—u",
n n n n n n
e =Pq" —q,, & =Pq —q",

and take ¢ = e7+9, W= e;+6 in (2.29), upon summation and using (2.11), we obtain

€n+l _ o En+1 —n
1 1 , e’il-i—@ + (eg+6’ eg+9) — 1 1 , er]z+0 + (ESH—G’ eg+9)
At At

_(F(nvx’t59)y erll+9)~ (230)

Applying

1 1
A= (@) (o) (),

and the Cauchy—Schwarz inequality to (2.30), it follows that

||€n+1||2 _ ||€n||2 6Vl+1 —
=\ IFe o) e+ et
(2.31)
1
+ 5 (15712 + 1e51?).
Recall the projection error estimate (2.12), we have
5™ < CH g ™ ) e = CLRM e, 1) g, (2.32)

fori = 0, 1, and along with the mean value theorem, we also have

un-H — un+1 —
= P —
H ( At ) At

where 1* € (1", "+1). As for the term involving F, we have

n+1 n
€1 €

< Coh* N, (-, , 233
A7 <G 1 (-, ) k41 (2.33)

] N\ a=0 "o
|F(n,x,t,0) < |Mn‘Al 9—5 + A7 (r — 8) |use (x, 8)|ds
t’l
OA[ ln+1 tn+1 5
- luee (x, $)| ds + AT (" = )" |upe (x, 8)| ds
t)'l t)l
1 10 5
<\0—z)Ar sup Juy(x, )|+ | =+ = ) (A" sup |ug(x, 1)],
2 1€[0,T] 6 2 1€[0,T]
hence
1
|F(n,-t,0) < (9 - 5) At sup g GO+ (AD? sup g (-, 1)) (2.34)
1€[0,T] 1€[0,7]

Plugging (2.34), (2.33) and (2.32) into (2.31) leads to
2 -

lley 12
2At

el‘l
9l < c (K5 @ = 172) At + A0) (el + Nl 1) + Ch2EED,

where C depends on sup, o 7y [ur (-, £ |k+15 SUPsepo, 77 [U (5 D k+3, SUPsepo, 7y luee (-, 1)1 and
sup;epo, 77 e (- D1l
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gl

Seta, = W T = 2At, then a,, satisfies (2.25) with

o= Ch~*+D (hk“ £ O —1/2) At + (At)z) .

Note that e? = Pug — u2 and ||e?|| < |[Puo — uol|l + lluo — ug | < Coh**!, we thus take
ap = Cp. By Lemma 2.4 we have

C
et < hrH1 (Co + nr) <CU+T) (hk+‘ L0 —1/2) At + (Az)z) ,
H(Co)
which combined with the projection error (2.12) leads to (2.27) as desired. ]

2.3 Algorithm

The details related to the implementation of scheme (2.19) with 8 € [1/2, 1] is summarized
in the following algorithm.

e Step 1 (Initialization) from the given initial data u(x),

(1) generate u2 =up(x,0) € V}i‘ from the piecewise L? projection (2.5), and
(2) further obtain q}(l) from solving (2.19b).

e Step 2 (Evolution) obtain uZH, qZH by solving (2.19) through the following form:
1 1
E(”ZH’ ¢)+0A(q . ¢) = ~ W ®) = (1 = 0Ag}, 9), (2.35a)
0AG, vy =6yt ¥) =0. (2.35b)

Remark 2.1 The advantage of using (2.35) is that its coefficient matrix is symmetric, hence
more efficient linear system solvers, such as the ILU preconditioner + FGMRES (see
e.g., [30]), ILU preconditioner + Bicgstab (see e.g., [6]). can be used.

3 The DG Scheme in Multi-dimensions

In this section we present DG schemes in multi-dimensional setting. Without loss of gener-
ality, we describe our DG scheme and prove the optimal error estimates in two dimension
(d = 2); The analysis depending on the tensor product of polynomials can be easily extended
to higher dimensions. Hence, from now on we shall restrict ourselves mainly to the following
two-dimensional problem

wp=—@; +0)%u, (x,y)€Q, t>0, (3.1a)
u(x,y,0) =uo(x,y), (x,y)€Q (3.1b)

again with periodic boundary conditions.
We partition 2 by rectangular meshes

N,M
S50 SPPR T S N S
i,j

For simplicity we assume we have a uniform rectangular mesh with Ax = x;112 —
Xi—172, Ay = Yjt172 — yj-1,2. Let

On={vel*Q: v, € Ui
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where Q%(K) denotes the space of tensor-product polynomials of degree at most k in each
variable defined on K. No continuity is assumed across cell boundaries.

The semi-discrete DG approximations (i, gn) € Qp x Qj, of (3.1) are defined through
the reformulation of form (1.2) such that for all admissible test functions ¢, ¥ € Q) and all

Yj+1/2 Xit1/2
J[ wvardy == [[ Va-voardy+ [ gt + @~ taoo |y
Lij 1i.j i—1/2 Xi—1/2
Xit1/2 Vit1/2
[ am1o+ @ - tana) | a
Xi—1/2 Yj-1/2
Yj+1/2 Xi+1/2
J[ awasay = [[ vun-vwasay = [ cwnt + o~ twdun [y
Iij Ii Vi-1/2 Xi=1/2
Xit1/2 V) +1/2
= [ = ) [,
Xi—1/2 Yj-1/2
(3.2)
where
Xit1/2 _ +
i = U(xhq/z, y) — U(xl',l/zv »),
Vj+1/2 _ i
=v(x, V. — VX, Yy s
Vo ( y]+1/2) ( Yj 1/2)
1
— - +
{v} Sian =3 (v(x,'+1/2» )+ v('xl‘+l/2’ y>> s
_ - +
{v} " =3 (U(X, )’j+1/2) +v(x, )’j+1/2)) .

The initial data for uy, is also taken as the piecewise L? projection of ug, thatis u,(x, y,0) €
Qy, such that

J [ w0t ») = s, 3,000 nxdy 0. o < 0.
3.1 Stability and A Priori Error Estimates

In order to check the stability of the above scheme, we sum (3.2) over all computaitonal cells
to obtain

(wne, ) = —Alqn, 9), (3.3a)
(gn, ) = Aup, ¥), (3.3b)

where (-, -) denotes the inner product of two functions over €2, and the bilinear functional

Yj+1/2

A= 3 / /1 Vu - Voddy+ 3 / (0] + (v )y, dy

i,j=1 i,j=1 -1z (34)
x,+1/2
N Zf (wy vl + {vy}wl) | d

—1/2

For scheme (3.2) the following stability result holds.

@ Springer



480 J Sci Comput (2018) 77:467-501

Theorem 3.1 (Lz-Stability) The numerical solution uy, to (3.3) satisfies

—— dxdy = — dxdy < 0.
2dt//9|“h| xdy //Qqhxy_

In order to obtain the error estimate for DG scheme (3.3) on rectangular meshes, we
follow [19] extending the one-dimensional projection to multi-dimension by taking a tensor
product of 2 one-dimensional projections as

Mw=PY @ PVw,

where the superscripts indicate the application of one-dimensional projection operator.
We recall the following result established in [20].

Lemma 3.1 Fork > 1andn € Qp, the linear functional w — A(ITw —w, n) is continuous
on H*2(Q) and

|A(Mw — w, )| < CA 2 wlsalin]l,
IMw — w] < CA* wles,
where C is a constant independent of h.

We are now ready to state the a priori error estimate result for the two-dimensional case.

Theorem 3.2 Let uy, be the numerical solution to the DG scheme (3.2) and u be the smooth
solution to problem (3.1), then

(1) — unC )| < CH**, (3.5)
for0 <t < T, where C depends on sup,co ) lu( (-, 1) |x+1, and linearly on T, but indepen-
dent of h.

Proof By consistency of the DG scheme (3.3), we have
(ur, 9) = —A(q, ¢), V¢ € Qp,
(q.v) =A@, V), Yy € O,

where u is the exact solution to (3.1) with ¢ = —Au. Upon subtraction of this from (3.3),
we have

(w —up)e, §) = —Alg — qn, 9),

(3.6)
(G —qn, ¥) = Alu —up, ).

Denote
ei =Iu—uy, € =INu—u,

e =TIlg—qn, e=Iqg—q,
take ¢ = e and ¥ = e; in (3.6), to obtain
1d 2 )
55”61 I+ lleall” = (€17, e1) + (€2, €2) + A(e2, €1) — A(eq, e2).
By Schwartz’s inequality and Lemma 3.1 we have
ld 2 2 k+2
55”91” + lle2ll” < lleicllller]l + e lllleall + Ch*= (Iglks2ller |l + lulrr2lle2 )
< Clurlisr =+ lglesah) B ler ] + € (gl + lulksah) B e
< Cth* (et ]l + 25T + Jlea %,
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2
where  C; = max{C sup,jo 77 (usler1 + |qle2h) . S sup,cpo.r) (g lkst + lulis2h)?).
Following the same analysis as that in Theorem 2.2, we obtain the estimate for ||eq ||, further
(3.5) as desired. ]

3.2 Time Discretization

Let (u}, g;)) denote the approximation to (up, g)(-, t,), where t, = nAt with At being the
time step. We consider a class of time stepping methods in terms of a parameter 6 € [1/2, 1]:
find (uj, g)) € Qn x Qp such that for all ¢, ¥ € Oy,

n+l _ . n
(M, ¢>) =A@}, 9, (3.72)

(qy. ¥) = Aluy, ¥), (3.7b)

where the notation v"1? := (1 — #)v" 4+ #v"t! is used. Similar to the one-dimensional case,
we have the following stability result.

Theorem 3.3 (L2-Stability) For % < 0 <1, the fully discrete DG scheme (3.7) is uncondi-
tionally L* stable. Moreover,

I T2 < a1 — 242011 — 6)g)! + 0g) 12
holds for any At > 0.

In virtue of Lemma 3.1 and the techniques in Theorem 2.4, we can obtain the error
estimates for the full DG scheme (3.7) on rectangular meshes without additional difficulty.

Theorem 3.4 Let uj, be the numerical solution to the fully-discrete DG scheme (3.7) with

% < 0 < 1, and u be the smooth solution to problem (3.1), then

e, ") = ull = € (K1 46 = 1/2) Ar 4 (A?),
where C depends on sup, (o 71 lltllk+1, SUPrejo 7 e > Ol SUPrepo 7 Ntrse (-, )| and lin-
early on T, but independent of h, At.

4 Extensions

In this section, we discuss several extensions regarding the more general equation, non-
homogeneous boundary conditions, and an application to a nonlinear problem.

4.1 General 4th Order Linear Operator

We consider the general 4th order time-dependent PDEs of form (1.1), with

2
Lu=) and"u. (4.1)
m=0

It is known that the initial boundary value problem with periodic boundary conditions is
well-posed [18] if and only if there exists a constant K such that

ap — a1E* +att < M
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holds for any real number £. Hence, the problem is well-posed if a; < 0, accordingly we
2

have M = ag — :7‘2 fora; < 0and M = ag for a; > 0. The case of more interestis a; < 0,

and will be kept in mind in the following discussion, though the scheme can also be used for

ay > 0.

We construct our DG scheme based on the following reformulation

2, 4
Ur = —a2<8x—l—g>q+f,
2 4.2)
a
q=—\/—;az<8§+fl>u,
2a;
where
a;
f=Mu, M:={ap—
dar
The corresponding DG scheme may be given by
(uni, §) = —Algn. ¢) + My, ), (4.3a)
(Gn. V) = Alun, ), (4.3b)
where
Aw. v) = V=AW, v) + 2= w.v)
—a

with A(-, -) defined in (2.7). Such semi-discrete DG scheme can be shown L2 stable, and
optimally convergent. The result is summarized in the following.

Theorem 4.1 Let uj, be the numerical solution to (4.3), then

2
a
lunC, DIl < lunC 0)leM, M =ao— -
da,
Assume that the exact solution u to problem (1.1) with operator L defined in (4.1) is smooth,
then

lunG, 1) —uC, 0 < Ch* 0<r<T, 4.4

where C depends on sup, (o, 77 lt: (-, D) lk+1, SUPsefo, 77 14 (- D) 1k+35 SUpseo, 77 [u (s D) lk+1 and
T, but independent of h.

Proof Firstly, the stability result follows from

1d
anm%w%szwm%

which is obtained by adding two equations in (4.3) with ¢ = u;, and ¥ = g;,. Here the terms
involving A(-, -) cancel out due to the symmetry property.

We proceed to carry out the error estimate. The consistency of the DG method (4.3) ensures
that the exact solution u and g of (4.2) also satisfy

(ur, ¢) = —A(q, ) + M(u, $),

- 4.5)
(q.¥) = Au, ¥),
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for all ¢ € V}i‘, /RS V}f . Subtracting (4.3) from (4.5), we obtain the error system

((u—up)e, @) = —A(q — qn, ) + MU — up, ¢), “6)
(G — qn¥) = Aw — up, ¥). '

Denote
= Pu—uy, € =Pu—u,
e2=Pqg—qn e =Pqg—q,

and take ¢ = eq, ¥ = e; in (4.6), upon summation, we obtain

1d - -
——lletll* + lleall® = Mler | — M(e1, e1) + (€11, e1) + (€2, €2) + A(ea, e1) — A(ey, €2).

2dt
4.7
By property (2.11) of the projection, we have
ai
Alez. ) = V—arA(e2, 1) + —— (ez, e)) = ———(e2, €1),
4/ 2 —a»
~ al
A(er, e2) = V—mA(er, ) + —— (61 e) = ———(e1, €2).
2/— 2/ —ap

These when inserted into (4.7) upon further bounding terms on the right hand side gives

1d >
S—llerl® < Mller]* + ( Mller]l + el +

2dt
+1(kﬁ+ ol nf
2 N
< C(ller|* + n**+D)y,

2\/—”62”) llewll

where property (2.12) has been used, and C depends on M, sup, ¢ (o 7 |Us |k+1, SUpo <, <7 [ ]k+3,
sup;epo, 7 [4lk+1, independent of /. By Grownwall’s inequality we have

ler G, OII* < T (ler(-, 01> +h**?), 0<r<T,

which together with the initial error [le; (-, 0)|| < CA*t! yields

lei(.0) < VC2+ 1T 0 <1 <T.

This when combined with the approximation result in Lemma 2.2 leads to (4.4) as
desired. O

In a similar fashion, we consider the 2D operator

2
Lu= Z amA"u, (4.8)

with a; < 0, for which we have the following reformulation

= —az(A+a—‘)q+Mu,
2as
aj
q=—+—a (A + —) u
2ap
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The corresponding DG scheme becomes

(une, ) = —Alqn, ¢) + (f un), d), (4.92)
(n. W) = Alun, ). (4.9b)
where f(u) = Mu, and the bilinear functional for 2D rectangular meshes becomes
Aw, v) = V=aA(w, v) + 2\272(11), v),

with A(., -) defined in (3.4). For DG scheme (4.9), we have the following result.

Theorem 4.2 Let uj, be the numerical solution to (4.9), then
lunC DI < llun(, 0)[e™".

Assume that the exact solution u to problem (1.1) with operator L defined in (4.8) is smooth,
then

lun(, 1) —uG, 0l < Ch**Y 0<t<T,

where C depends on sup,cio 77 lur (-, ) lk+1, SUprefo, 7 4Gy Dlr+3, SUPsepo, 77 1€, Dlk+1
and T, but independent of h.

4.2 Non-periodic Boundary Conditions

As is known if one of the following homogeneous boundary conditions is imposed,
u=ou=0, u=Au=0; ou=0dAu=0, xeof,
where v stands for the outward normal direction to the boundary 92, then the problem
U = —Azu, ux,0) =upx),x €, t>0

is also well-posed, and ||u(-, #)|| < |luo(-)|| holds for # > 0. In practice, the boundary
conditions are often non-homogeneous, for example, the above three types of boundary
conditions can have the form

)u=g1,0pu=gy (i)u=g,Au=gs (iii)dyu =g, dAu=g4, x€0Q,

where g; are given, and can be different in these three cases. The first two may be called
“generalized Dirichlet conditions” of the first and second kind, respectively, and the third one
may be called “generalized Neumann condition”. There is no restriction to the use of mixed
types of boundary conditions.

Let K be a computation cell such that 92 N K is not empty, with v still denoting the
outward normal direction of 92N K. We also denote the set of all boundary edges of 92N K
by I', which is a union of all boundary edges in 2D case, and {x1,2 = a,b = xyy1,2} in
one-dimensional case. We can then define the boundary fluxes for all edges ¢ € I" for case
(1), (ii) and (iii), respectively:

iy = g1, dyup = g, (4.10a)
- — B
an = qn, g = I(gl —up) + vqn; (4.10b)
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- —  Bo

Up = 81, 8u”h = 7(81 _uh)+auuh7 (4113)

_ — _ho .

gnh = —g3, g = 7(—g3 —gn) + dvgn; (4.11b)
@ =, O = g, (4.12a)
G =qn. g = —zga, (4.12b)

where the mesh size h = diam{K}. The flux parameters By, B are used to ensure the
numerical convergence. For these three types of boundary fluxes, the following stability
results hold true.

Theorem 4.3 The DG scheme (2.6) or (3.3) subject to one of three types of boundary fluxes
(4.10)—(4.12) is stable in the sense that

lup — unll < lluo — ol (4.13)

provided (i) B1 > 0, (ii) Y Bo, and (iii) no flux parameter is needed. Here uj, and uy, in (4.13)
denote the corresponding numerical solutions that satisfy the same boundary conditions
associated with the initial conditions uo and U, respectively.

Proof Let AP, ) be the bilinear operator defined in (2.6) or (3.3), yet without boundary
terms. Then the sum of two global formulations yields the following

(une, ) + (qn, ) = —A(qn, @) + A%(un, ¥) + B(un, qn; ¢, ¥), (4.14)

where
B / (@¢_mw+(4h—qh)av¢—(uh ’u\h)avw) ds.
r

Upon careful calculation, B in each case is given as follows:

(i
Bi Bi )
B = / (Buthb —updyyr — fumb) ds +/ (glfmﬁ — &Y+ Iguﬁ) ds;
r r
(i)
B— /F (B + ndud — undviy — dyup ) ds —/F (%(m - um/») ds
+ /F (%(—gw —g1¥) +g10¥ + g38v¢) ds; and
(iif)

B = /F(—g4¢ — g2y)ds.

Taking ¢ = uj;, and ¥ = gy, in (4.14) we obtain

2 ’ ” ” ” ” ( ’ ’ ’ )!
up qh B Un,qnh;s Un, 4h

where such B reduces to
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Table 1 The choice of By, B in

boundary fluxes (4.10) and (4.11) Fluxes k=1 k=2
(4.10) B1=0 B1 =46
(4.11) |Bol = C Bo =

(i) B= —% Jruids + [(819vqn — g2qn + %gluh)ds,
(i) B = [(B2(—g3u, — g1qn) + g19vq1 + g30vup)ds, and
(iii) B = [(—g4un — g2qn)ds.

Both the equation and the boundary conditions are linear, it suffices to show |lu; (-, )] <

llup (-, 0)|| when boundary conditions are homogeneous, i.e., gi =0, i = 1, ..., 4. Indeed,
in such cases we have (i) B = —%‘ fr u%ds, (i) B = 0 Vpo, and (iii) B = 0. Thus, the
conclusion follows. ]

Remark 4.1 1f uy is an approximation to the steady solution of the corresponding time-
independent problem, then (4.13) leads to

lunll < lluo — ol + llinll,

which can be regarded as the priori bound in terms of both initial data and the boundary data.

The necessity of using S in (4.10) and Bo in (4.11) is illustrated numerically in Exam-
ples 5.4 and 5.5, respectively, by checking whether the optimal order of accuracy can be
obtained. Extensive numerical tests including Examples 5.4 and 5.5 indicate that the choice
of Bo, B1 as shown in Table 1 is sufficient for achieving optimal convergence. In Table 1,
8 > 0 can be a quite small number (see Fig. 1), and C > 0 is a constant, say C = 3 is a valid
choice in our numerical examples on uniform meshes. It would be interesting to justify these
sufficient conditions by establishing some optimal error estimates.

4.3 Application to a Nonlinear Problem

We consider the initial-boundary value problem for the one-dimensional Swift—-Hohenberg
equation of the form,

u; = —Dic*u — 2Di%uyy — Dilygryy + f(u) x€la,b], t>0,
u=0 andu,, =0 atx =a,b, (4.15)
u(x, 0) = uo(x),

where D > 0, « are constants and f(u) = su + gu®> — u’ with non-negative constants
e, g. The Swift-Hohenberg equation introduced in [32] is noted for its pattern-forming
behavior, and endowed with a gradient flow structure, u; = —%, for zero-flux boundary
conditions. This equation relates the temporal evolution of the pattern to the spatial structure
of the pattern, with € measuring how far the temperature is above the minimum temperature
difference required for convection, and g is the parameter controlling the strength of the
quadratic nonlinearity.
The Swift-Hohenberg equation (4.15) can be rewritten as an equivalent system

uy = \/5(8)% +K2)q + f(u),
q=—D@?+kP)u.
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With this formulation the energy dissipation law becomes
—5 = / |us|2dx <0,

where £ = f ab D (u) + %|q|2dx is a free-energy functional, and

o) = =57 = S+ qut == [ rorae,

This is the fundamental stability property of the Swift—-Hohenberg equation. The objective of
this section is to illustrate that our DG discretization with proper time discretization inherits
this property irrespectively of time step sizes.

The semi-discrete DG method for (4.15) may be given by

(pe, ) = —Algp, @) + (f (up), ),
(Gn, ¥) = Aun, V),

where
A(w,v) =~D <A0(w, v) — k2 (w, v) + (wﬂ;j)]/z - (w_vx_)NJr]/2
+ (w+v+) - (wfv ) + — Po (w*v*) + @ (wfvf)
x 1/2 x N+1/27 7 1277, N+1/2 )

with parameter Sy chosen as listed in Table 1. The DG scheme can be shown to preserve the
energy dissipation law in the sense that

—gh = / |uh,| dx <0,

b
where &, =[] ®(up) + %Ithde.
Time discretization should be taken with care, here we want to preserve the energy dis-

sipation law at each time step. A simple choice is to obtain (u”“, q;l”rl) € V]f X V}f from
(”h qh) by
n+1 n n+1 n
u, —uy n+1/2 Duy,") — D)
— 9] =—-A ) — | — L9 (4.16a)
( Ar ) ' iy
(g, ¥) = Aup, V) (4.16b)

forall ¢, ¥ € V/}, where q"Jrl/2

the following property.

%( ntlg qy,)- This fully discrete DG scheme does have

Theorem 4.4 The solution to (4.16) satisfies the energy dissipation law of the form

1
N = upl?

gttt —gn = , (4.17)

At

where

b
5;;:[ D) + = Iq [*dx.
a
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Proof By taking the difference of (4.16b) at time level n 4 1 and n, we obtain

(G =gl ) = AW —ul, ). (4.18)

Taking ¢ = uZH uj in (4.16a), ¥ = qZH/z in (4.18), then plugging the resulting relation

into (4.16a), we have

o™ — w1 1 gp ) )y _ o
= = — (g i a @) - S
b
5 (g2 —||q,';||2)— / o+ [ eupx,
a a
which gives (4.17). ]

‘We next propose an iteration scheme to solve the nonlinear equation (4.16). Rewriting the
nonlinear term in (4.16a) as

Ot — o)

n+1
uh —

- G (un"rl uh)ul1+l+G2(uz),
Up
where
& 8 L5 2
Gl(w,v):—i—f(w+v)+f(w + wv + v°),

with which we apply the idea in [8] to obtain the following iterative scheme,

“ZHJH —up +1,0+1 1
ZA n . ———A n,
( A7 ¢> + - A(gy ®) > (- 9)

(Gl(unJrll uh)un+l A4 +G2(u2),¢),

A( n+1,04+1 W) — ( n+1,04+1 ) =0

(4.19)
where G (u), cup) = Gi(uj, uy), the iteration stops as ||uh+” MZH’FIH < ¢ for
certain/ = L (L > 1). Then the last iteration gives the sought solution on the new time stage
and we define

n+1,0

n+1 _  n+l,L

S Numerical Examples

In this section we numerically validate our theoretical results, as well as the stated extension
cases with one and two dimensional examples. The orders of convergence are calculated
using

lu — upli2 lu — upll Lo
2 ) 2 s
lu —unp2llp2 lu — uppalipoo
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respectively; where errors are given in the following way: for the one dimensional L? error,
we use

1
N k+1 2

hi ) )
J A A 2
lu —upll2 = E 72 wglup (3], 1) — u(x], 1] ,
j=1 7 a=l

where w, > 0 are the weights, £/ are the corresponding Gauss points in each cell / j» and
for the L error,

— ~J ~J
u UpllLe = max max up(x;,t ux,,t)|.
” h” 1</ <N 1<ak 1| h( o ) ( o )|

Example 5.1 (1D accuracy test) We consider the biharmonic equation
U = —Uxxxx (x,1) €[0,2m] x (0, T],
u(x,0) = sin(x),
with periodic boundary conditions. And the exact solution is given by
u(x,t) = e " sin(x).

We test this example using DG scheme (2.3) with the Crank—Nicolson time discretization,
based on polynomials of degree k with k = 1, ..., 4. Both errors and orders of accuracy at
T = 1 are reported in Table 2. These results show that (k + 1)th order of accuracy in both
L? and L™ are obtained.

Example 5.2 (2D accuracy test) We consider the 2D linear biharmonic equation
u +A%u =0 (x,y1) €[0,4r] x [0,47] x (0, T1,
u(x,y,0) = sin(0.5x) sin(0.5y),

with periodic boundary conditions. And the exact solution is given by

ux,t) = e 025 sin(0.5x) sin(0.5y).

We test this example by DG scheme (3.7) with 8 = 1/2, based on tensor product of polyno-
mials of degree k with k = 1, 2, 3 on rectangular meshes. Both errors and orders of accuracy
at T = 0.1 are reported in Table 3. These results show that (k 4+ 1)th order of accuracy in
both L? and L™ are obtained.

Example 5.3 (2D linearized Cahn—Hillard equation) We consider the 2D linearized Cahn—
Hillard equation

w+ A%u+Au=0 (x,y,1) €[0,2r/a] x [0,2r/a] x (0, T,
u(x, y, 0) = sin(ax) sin(ay),

with periodic boundary conditions, where a > 0 is a constant.
The exact solution is given by
u(x, 1) = e sin(ax) sin(ay),

where b = 4a* — 2a”.

We test this example using DG scheme (4.9) on rectangular meshes with the Crank—
Nicolson time discretization, based on polynomials of degree k with k = 1, 2, 3, by varying
the interval length through a in three cases: (i) a = 1/2; (ii) a = +/2/2; and (iii) a = /3/2.
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They correspond to b = —1/4,0,3/4, while the solution in each case shows different
growth/decay behavior in time.

Both errors and orders of accuracy at 7 = 0.1 are reported in Tables 4, 5 and 6, respectively.
These results show that (k 4 1)th order of accuracy in both L? and L™ norms are obtained.

Example 5.4 (Dirichlet boundary condition of the first kind) We consider the following
initial-boundary value problem

Ur = —Uyxxx, (X, 1) €[0,27] x (0, T],
u(x,0) =sinx,

u@,1) =um,t) =0,

uc(0,1) = u,y2m,t) = e ',

which admits the exact solution u(x, t) = e~ sin(x).

We test this example using DG scheme (2.3) with boundary fluxes (4.10). We pay special
attention on the effects of the boundary flux parameter 8. The comparison results in Fig. 1
show that the DG scheme with 81 > 0 is optimally convergent, yet the scheme with 81 = 0
only gives suboptimal orders of convergence for polynomials of degree k with k > 2. This
test suggests that B is necessary for k > 2 to weakly enforce the Dirichlet boundary data as
formulated in (4.10), and 81 = 0 is admissible for k = 1. Here, the convergence orders shown
in Fig. 1 are obtained based on total cell numbers N = 40, 80 for k < 2 and N = 20, 40
for k > 3.

Example 5.5 (Dirichlet boundary condition of the second kind) We consider the following
initial-boundary value problem

Ur = —Uxxxx, (X, 1) €[0,37] % (0, T7],
u(x,0) =sinux,

u,t) =u@m,t) =0,

Uxy(0,1) = uxy(3m, t) = 0.

We test this example using DG scheme (2.3) with boundary fluxes (4.11), with emphasis on
the effects of the boundary flux parameters By. The numerical results are reported in Tables 7,
8 and Fig. 2. In Table 7 we test the DG scheme based on P! polynomials, and we observe
that the DG scheme with y = 0 only gives suboptimal order of accuracy, while the DG
scheme with other values of Sy give optimal order of convergence in both L2 and L norms.
The comparison results in Table 7 show that By is necessary for k = 1 to weakly enforce
the Dirichlet boundary data as formulated in (4.11). Convergence orders in Fig. 2, obtained
based on P! polynomials and total cell numbers N = 40, 80, indicate that |8y| > C for
some constants C (e.g. C = 3) is sufficient for the DG scheme to be optimally convergent.
However, extensive numerical tests indicate that 8y = 0 is sufficient for the DG scheme with
k > 2 to be optimally convergent, see Table 8.

Example 5.6 (Pattern selection) For one-dimensional Swift-Hohenberg equation, we con-
sider the following problem

up = —u — 2uyy — yxxx + f@) (x,1) €[0,L] x (0, T],
u=0 andu,, =0 atx=0,L, t >0,
X

u(x,0) =0.lsin( > )

@ Springer
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Fig. 1 The convergence orders with Pk polynomials at 7 = 0.1, Example 5.4

Fig. 2 The convergence order
with P! polynomials at 7 = 0.1,
Example 5.5

order

Convergence order wtih P 1polynomial

2.5F

where f (1) = eu —u>. The asymptotic solution behavior of this problem was studied in [29]
with particular focus on the role of the parameter € and the length L of the domain on the
selection of the limiting profile. We test the case of € = 0.5 with L = 4, 14, respectively, and
compare the results with those obtained in [29]. This problem is solved by DG scheme (4.19)
based on polynomial PZ with § = 10712, The numerical solutions shown in Fig. 3 display
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P2, N=80, L=14, A t=0.001, T=64

P2, N=20, L=4, A t=0.01, T=10 08
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Fig. 3 Evolution of patterns witha L = 4.0, b L = 14.0. The dashed curve is the initial pattern and the thick
curve the final pattern. The other curves represent patterns at the intermediate times

Pz, N=20, L=4, A t=0.01, T=10 Pz, N=80, L=14, A t=0.001, T=64
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Fig. 4 Energy evolution withaL =4.0,b L = 14.0

the pattern dynamics, which is consistent with the analysis and numerical tests in [29]. The
corresponding free energy dissipation is shown in Fig. 4.

6 Concluding Remarks

A novel discontinuous Galerkin (DG) method without interior penalty has been proposed to
solve the time-dependent fourth order partial differential equations. For the biharmonic equa-
tion, the DG scheme is based on the mixed formulation of the original model. Both stability
and optimal L%—error estimates of the DG method are proved in both one-dimensional and
multi-dimensional settings subject to periodic boundary conditions. Extensions to general
fourth order equations and cases with three typical non-homogeneous boundary conditions
are discussed, following by an application to solving the one-dimensional Swift—-Hohenberg
equation, which admits a decay free energy. Several numerical results are presented to verify
the stability and accuracy of the schemes.
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