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Abstract We consider the coupling of free and porous media flow governed by Stokes
and Darcy equations with the Beavers—Joseph—Saffman interface condition. This model is
discretized using a divergence-conforming finite element for the velocities in the whole
domain. Hybrid discontinuous Galerkin techniques and mixed methods are used in the Stokes
and Darcy subdomains, respectively. The discretization achieves mass conservation in the
sense of H(div, ), and we obtain optimal velocity convergence. Numerical results are
presented to validate the theoretical findings.
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1 Introduction

The construction of new finite element methods for the Stokes—Darcy coupled problem, in
which the respective interface conditions are given by mass conservation, balance of normal
forces, and the Beavers—Joseph—Saffman law, is a very active research area; see [1,3,4,7,8,
12-14,16-18,20-22,31-33,37,39] and the references therein. These problems have many
important applications such as the modeling of groundwater contamination through streams
and filtration problems [27,28].
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Fig. 1 Sketch of Darcy and
Stokes domains and boundaries

Among the methods cited above, Kanschat and Riviére [21] proposed a strongly conser-
vative finite element method, where the Darcy flow is discretized by a mixed finite element
method and Stokes flow by a mixed (velocity—pressure) discontinuous Galerkin (DG) method
using a globally divergence-conforming velocity space on the whole domain. Such a method
has the advantage that mass conservation is achieved in the sense of H (div; €2), hence the
name strongly conservative. Optimal error estimates of the method were proven in [20].

The divergence-conforming hybrid DG (HDG) method [9, 15,24,25] for the Stokes flow
is an efficient variant of the divergence-conforming DG method [11]. Due to hybridization,
the HDG method has significant less globally coupled degrees of freedom, and has a better
sparsity pattern than the DG method to achieve the same accuracy; see [25, Table 2] for a
comparison.

In this paper, we present a strongly conservative HDG/mixed method for the Stokes-
Darcy coupled problem by replacing the divergence-conforming DG method in the Stokes
region with a divergence-conforming HDG method. Optimal error estimates of the method
are proven. We maintain the advantage of mass conservation in terms of H (div; 2), and have
a reduced globally coupled degrees of freedom than the degrees of freedom for the method
[21].

The rest of the paper is organized as follows. In Sect. 2, we first introduce the model
problem then present our numerical method and show its wellposedness. In Sect. 3, we prove
our main results on the optimal velocity error estimates. In Sect. 4, numerical results are
presented to validate the theoretical findings. Finally, we conclude in Sect. 5.

2 Model Problem and Discretization

2.1 Model Problem

Let  be a bounded polygonal/polyhedral domain in R?, d = 2, 3, split into two polygo-
nal/polyhedral subdomains 25 and Qp of free and porous media flow, respectively. Denote

by I'sp the polygonal interface between 25 and 2 p, cf. Fig. 1. The external boundaries are
defined by

s =0Q2N03d2s, I'p=0Q2NI2p.
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The coupled Darcy/Stokes problem in conservative form reads

—V-2ve(m))+Vp = fyg, in Qg, (la)
K 'u+vp=0, in Qp, (1b)
Vau= fpxap, in . (1c)

Here u is the velocity and p is the pressure. The deformation tensoris £ (1) = % (Vu+Vu)T),
the coefficient v > 0 is the fluid kinematic viscosity, the variable K > 0 is ratio of the intrinsic
permeability tensor to the fluid viscosity, which is symmetric and positive definite, and the
function fg is a body force in Stokes region, and fp models source or sink in the porous
medium. Whenever we want to distinguish between the solution of the Stokes and the Darcy
subproblem, we refer to ug = Ulg, andup = ulg, and analogously for the pressures pg
and pp. On the interface I"gp, this notation refers to the traces taken from the respective
subdomains.

On the interface, we impose the Beavers—Joseph—Saffman conditions (see Beavers and
Joseph [2] and Saffman [34]), and on the boundary, we assume no-slip and Neumann for
simplicity:

Us-n=up-n, onI'sp, (2a)

ps —2ve(us)n -n = pp, onsp, (2b)

y K~ (us)" + 2v(s(us)n)’ =0, on T'sp, (2¢)
us =0, onlg, (2d)

up-n =20, onlp. (2e)

Here, y > 0 is the phenomenological friction coefficient. On the interface I'sp, n is the
unit normal vector pointing outward of Qg, and, on I"p, n is the unit normal vector pointing
outward of p. The tangential component (-)’ of a vector v is denoted by (v)! = v— (v-n)n.

2.2 Discretization
2.2.1 Preliminaries

Let 7;, be a conforming simplicial triangulation of €2 such that the interface I"sp is the union
of element facets. For any element T € 7;,, we denote by &7 its diameter and we denote by
h the maximum diameter over all mesh elements. Denote by 7}, s the set of mesh elements
that belong to Q2 and by 7j_ p those belong to 2p. Denote by F, the set of facets of 7y, by
Fn.s the set of facets that are interior to Qs, and by Fn.sp the set of facets that lie on the
interface I'gp. We also denote by I'y, s the set of facets that lie on the boundary I's.

In the sequel, for the approximation of viscous forces in the Stokes region, we distinguish
functions with support only on facets indicated by a subscript F' and those with support also
on the volume elements which is indicated by a subscript 7. Compositions of both types are
used for the HDG discretization of the velocity and indicated by underlining, u = (u7, ur).

2.2.2 Finite Elements

We use the following stable pair of divergence-conforming velocity space X, C
Ho(div,2) = {v € H(iv,Q2) : v -n|yq, = 0} and the matching pressure space
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On C LY@ ={g € LX(Q): [pqdx =0}

T, = vy e ]_[ [P, vy -nllp =0VF € Fy. § C Ho(div, Q),  (3a)
TeTy
on:= | [] P*'() | nLi@. (3b)
TeTy

where [-]] is the usual jump operator and P¥ the space of polynomials up to degree k for
k > 1. The Stokes operator is discretized by a divergence-conforming HDG method [25].
The benefits of divergence-conforming finite element discretizations for Stokes (or Navier—
Stokes) problems is manifold. On the one hand divergence-conforming discretizations lead
to solenoidal discrete solutions which can be crucial to obtain energy-stable discretizations
for Navier—Stokes simulations, cf. [10]. On the other hand, already for Stokes problems the
compatible treatment of the divergence-constraint is important to obtain pressure-robustness,
i.e. a numerical scheme where the velocity error does not depend on the regularity of the
pressure, cf. [26] and Theorems 1, 2 and 3 below. For a more detailed discussion of the benefit
of divergence-conforming methods, we also refer to [36].

Divergence-conforming DG discretizations for Stokes (or Navier—Stokes) problems come
with an increase of computational costs due to an increase of global couplings. To compensate
for that we consider a corresponding HDG method. For that, we need to introduce additional
unknowns on the skeleton Fj, s, the facet unknowns, which represent an approximation of
the tangential trace of the solution in the Stokes region:

My :={vre [] PYDI" vr-n=0VYFe Fs, vei=0VFeThs, ¢ (o)
FeFps

k ifk=1
k—1 ifk >2
in the Stokes region F}, s and have normal component zero, and vanish on the Stokes boundary
I's. Here, due to a technical difficulty in proving a norm equivalence result, see Lemma 1
below, we can not decrease the polynomial degree kf to one order less for the lowest order
case k = 1. Note however that in the numerical example below, we obtain optimal order
results also for the choice ks = 0 for k = 1. The reduction of k y from k to k — 1 results in an
additional significant reduction of global couplings in arising linear systems for the Stokes
part of the problem, cf. [24,25,29].
For the discretization of the velocity field we use the composite space

where kf = . Functions in M}, are defined only on the mesh skeleton

U, =2 x My,

2.2.3 The Numerical Scheme

First, we introduce the L? projection IT for a fixed facet F € Fj, s:
: [P(F)]1Y — [P% (F)19, / (T1f)vds = / fuds Vo e [P (F)9.
F F
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Then, for allu,v € U, and g € Oy, we introduce the bilinear and linear forms

as,(u,y) == Z /2va(ur) 8(vT)dx—/ 2ve(ur)n - [v'1ds
TeTy s or
—/ 2ve(vr)n - [[u ]]ds+/ u%l‘[[[g’]]-l‘[[[g’]]ds, (4a)
e aT
ap(u,y) == Z /K ur - vy dx, (4b)
TeTys
ar@v) =Y | yK " Pup-vpds, (40)
FeFnsp F
an(,y) :=aspu,v) +ap@,v) +a@,v),
bwg) = — 3 [ Vargox (4d)
TeT,
rw= Y / fs-vrdx, (4e)
TeThs
pa= Y [ maax )
TeTy,

where [u']] = u’T — ur is the (tangential) jump between interior and facet unknowns, and
o = agk? with ap a sufficiently large positive constant. We note that (only) as long as u, v
are finite element functions in U, we have

/ 2ve(ur)n - [v']ds = / 2ve(ur)n - [y ds
aT aT

for (4a) as 2ve(ur)n is a polynomial of degree kK — 1 on each facet.
The numerical scheme then reads: Find (u;,, pn) € U, x Qy, such that

ap(uy,,v,) +b@,, pn) = fi(v,), Vv, €U, (5a)
b(uy,, qn) = —f2(qn), Van € Op. (5b)

Remark 1 (Strong mass conservation) By the divergence conformity of the space X, Eq. (5b)
can be written as

—f Veup,r gpdx = —/ xpfpandx Yqn € Q.
Q Q

Hence, V-u,,r — xpPg fp = 0 where Py is the L2-projecti0n onto Q. This is a strong
mass conservation in terms of H (div; 2).
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We define the following seminorms:

1

lul2g:= > v(Hs(uT)u% + Znn[[g’]]n%T), (6a)

TeTys
1

luffsi= > v(HVuru% + Zn[mf]]nsr), (6b)

TE,E:.S
1

ulf,si= D v (||Vur||% + V@) 1} + Eumm’]}u%T) : (6¢)
TeTys

wlh =Y 1K urlf, (6d)
TeTh,p

wl7 = Y Iy 2K urpl, (6¢)

FeFy.sp
where || - || p denotes the standard L2-norm on the domain D. We note that the semi-norms

in (6a)—(6c) are slight variations of each other with different handling of the volume control
(e(ur) vs. V(ur)), the jump terms (TT[w’] vs. [#']) and control in higher order derivatives
(V2(u7) vs. no control). All three norms (and their equivalence on discrete spaces) will be
used in the analysis below.

Throughout this work, we write

A=<B
to indicate that there exists a constant C, independent of the mesh size 4 and the numerical

solution, such that A < CB.

2.2.4 Wellposedness

Lemma 1 Fory, € U, there holds
Viltes < vylrs,  and |v,l1s < [vyles.

Proof Takey;, = (vr,vr) € U,. The first inequality comes from the inverse inequality for
finite dimensional spaces and stability of the L? projection. To prove the second inequality,
we shall use the following discrete Korn’s inequality [6]:

1
wilis= D> v (us(vT)n% + ZHMJJHST) .

TeTys
Since the space of rigid motions RM (T') lies in [P (M) c []P’kf (D),

2N Mer = A= 21T, Mllar + A2 llvr — oz llsr

=720 ler + 2% inf  |l(vr — A) — T (o7 — A)lar
AERM(T)

<k V2 nmliler + 7% inf oy = A) = (vr — Allar
AERM(T)
<7V oy +C | inf IV 7 — M)l

AERM(T)

< h~ 2 dllar + Clle@r)lir,
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where * is the average of » in T, and the last step follows from the local Korn’s inequality
[30, Lemma 4.1]. The proof is completed by combing the above two inequalities. O

Lemma 2 The bilinear form as j, (-, -) chosen in the Stokes subdomain Qs has the following
properties:

(a) Coercivity: For aq sufficiently large, there holds
valts < asn@y. ) W, €U, (7a)
(b) Boundedness: There holds
as (v, W) 2 V| sWliv,s, Yo,we VU, (7b)
where
V={(or. 00)'15)  vrlay € HAQs), vrlrs =0,

vrle, € H'(@p), vr -, =0}, (7¢)

(c) Consistency: Let (us, ps) € HZ(QS) x HY(Qg) be part of the solution to Egs. (1) and
(2), and setu = (ug, "ts|Fh,s)- Then, for allv = (vy, vr) € V + U, there holds

asp@v)= | (fs—Vps)-vrds+ / Que(us)n - nyvr - nds
Qs sp
—/ yK712ul v ds. (7d)
I'sp

Proof Take v, = (vr,vr) € U,. By Lemma 1, we only need to prove coercivity on the
weaker seminorm | - |, s. Since e(vr)n|F € [P*=1(F)1¢, we have

/ ve(or)n - [v),ds = / ve(vr)n - Iy, 1 ds
aT

oT

1/2

IA

vllepnllar 1T, sz < Cvhy "“le@)llr Ty, lar

IA

1 _
Zvns(vnn% + C b TV T,

where C is the constant arising in the trace-inverse inequality [38]. Now,

asnv,.v) = > /TZVE(”T):S(VT)dX—4ATV5(vT)n'[[E;l]]ds

TETiLS
o t t
+/ v—TI[lv}, 11 - TT[v, 1 ds
r h

a
o —
= 3 v (le@nl + (5 —4ch;") NI, )
TeTys

The right hand side of the above expression is an upper bound for |y, |i ¢ for sufficiently large
ap. This completes the proof of coercivity (7a).

Boundedness (7b) is a direct consequence of the Cauchy—Schwarz inequality and the trace
inequality.
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Finally, let us prove the consistency result (7d). By definition, we have

asp(u,v) = Z / 2ve(us) : e(vy)dx —/ 2ve(us)n - [v']ds

rez /T aT

= Z f 2ve(us) : e(vy)dx —/ ve(us)n - (vy —vp) ds
rez s’ aT

= Z f —(V2ve(us)) - vy dx —|—/ wes)n - (vr —vf) ds
rezs )T aT

+/ 2ve(us)n - vy ds. ®)
aT

By Eq. (1a), we have

> /—(V~2v5(u5))-deX:/ (fs — Vps) - vr dx.
T Qg

TeTps

By smoothness of u, H (div)-conformity of v, and the boundary conditions (2c)—(2d), the
first boundary term on the right hand side of (8) can be simplified as

Z / ue(ug)n - (vT — vtT) ds = / 2ue(us)n - n(vy - n)ds,
aT

TeT) s U'sp

and the second boundary term can be simplified as

Z / 2ve(us)n - vpds = / 2v (e(us)n)' - vpds
aT r

Te,Th.S SD

= —/ yK= VUl vp ds.
Isp
The equality (7d) is obtained by combining the above identities. O

Proposition 1 For «g sufficiently large, there exists a unique solution (u,,, pp) € U, x Oy,
for the scheme (5).

Proof Since the equations in (5) form a quadratic system, we only need to proof uniqueness
of the solution, that is, the only solution to the scheme (5) with vanishing right hand sides is
zero.

Assuming f1 = f> = 0, takingy;, = u;, and g, = —pj, in (5), and adding up the resulting
equations, we obtain

2 2
ap(uy,, uy) = as Wy, u,) + lu,|p + lu,l; =0.

Hence, for sufficiently large o, u;, = 0 by (7a) in Lemma 2. Then, Eq. (5a) implies that

by, pn) = — fQ V-vr pp dx = 0. Due to the special compatibility of pressure and velocity
spaces we can take v be such that V-vr = p;, which yields p, = 0 and completes the
proof. O
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3 Error Analysis

In this section, we present our main result on the velocity error estimates. The analysis is
based on the results in [20,25].

Denote Py, Pg as the standard L? projections onto the spaces My and Qp, and ITy as
the following H (div)-conforming BDM projection [5]: for all T € 7j,

/Hvu-vdX: /u-vdx, vv e VP*I(T) @ BX(T),
T T
/l‘[vu~nuds=/u~nuds, Vve]P’k(F),VFG}'(T),
F F

where BK(T) := {v € [P*(T)]¢ : V-v|r =0, v-nlyr = 0} is the divergence-free bubble
space.

The following commuting diagram property of the projection pair (ITy, Pp) is well-
known:

V-Ily$ = PoV-¢p, Vo € H (Q).

We define discrete error (¢, ¢,) and an approximation error (§,,, §,,) to simplify notation:

e =yu—upr, e, r=Pyu —ujp, e, = (ey1,€4F), (9a)
Sur =Tyu—u, 8, 5= Pyu'ls —u'l|r;. 8, =ur,0urF), (9b)
ep =Pop—pn, 8p=Pop—p. (90)

Here u'| Fp.s 18 the restriction of the tangential component of u on the facets 7 s.

3.1 Energy Norm Estimate

Theorem 1 Assume that the solution (u, p) of the Egs. (1), (2) is in Xy x Yy where
X5 = {v € Ho(div; 2) : vlgs € H (), vlg, € H ' (Qp), vlr; =0},
Y, =g € L§(Q) : qlas € H ' (Qs). qla, € H (Qp)).

for some s € [2, k + 1. Then, for stabilization parameter o sufficiently large, the solution
u,, to the system (5) has the energy error estimate

|€u|],5+ |€u|1 +le

ulD 218,11, s +18,1D (10a)
<1 (g + Ml ). (10B)
where Amin s the minimal eigenvalue of the permeability tensor K.
The following Lemmas will be used to prove Theorem 1.
Lemma 3 (Approximation) For u € H®(Qs) with some s € [2, k + 1], there holds
18,155 < V20wl o qag)-

Proof We have

1
B fs= Y. v (nvau,Tn% + WV @) 7 + ZIIH[@L]]II%T) :
TeTys
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where we obtain the desired bounds for the first two terms by standard estimates for the BDM
projection. For the latter boundary term, we have

I8, D137 = I Pr 8 TIGr = 11 P (TTyva)' — Paa’) 1137
= I1Py (Myw)' —u') 57 < IMyu —ulFr,
The above right hand side is further handled by a trace inequality:
1 1 1
IMyu —ullor <A~ 2 Myu —ullr +h2[|IVIyu —w)llr < 2°72|lull g 7).
O

Lemma 4 (Galerkin orthogonality) Let the assumptions of Theorem 1 hold. Denoting u =
(u, u’ | 7, ¢)» then

ap(w—uy,,v,) +b,,p—pp) =0, Vv, €U, (11a)
bu—uy, q,) =0, Vgn € Q. (11b)

Proof Letv = (vr, vr) € V + U, where the space V is given by (7c). By smoothness of p
and boundary conditions (2d), (2e), we have

b(v, p) = —/ Vv pdx
Q

=/ vT-Vdex+/ vT'VPSdX—/ vr - n(ps — pp)ds,
Qp Qg

Fsp

where the normal direction on I"'sp points outward of Qg. Hence, by (7d) and boundary
condition (2b), we get

apn@,v) +b(w,p)= | fg-vrdx+ [ (K 'up+Vpp)-vrdx
Qs Qp

—/ (ps — pp — 2ve(us)n - n)vr - nds
Fsp

= Sfsvrdx. (12)
Qg

Moreover, for any g5, € Qp,, we have

b(E»qh)=_/ V-thdX=—f Sp qn dx.
Q Qp

We complete the proof by comparing the above equations with the scheme (5). O

Now, we are ready to prove Theorem 1.
Proof of Theorem 1

By definition of the projections Pp and ITy, we have
b(,,8,) =0 Vv, €U, and b(é,,qr) =0 Vg, € Q.
Hence, by Lemma 4, the following error equation holds

ap(e,,vy,) +b,,ep) = —ap@,,v,), Vv, el,
b(e,.qn) =0, Yq, € Q.
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Taking v;, = e, in the first equation and ¢, = —e,, in the second equation, and adding, we
obtain

anle,.e,) = —apd,.e,) = —asn(d,.e,) —ap(§,.e,) —ar(@,.e,) . 13)
=0
where the last part vanishes due to the definition of the L2 projection Py,
ard,.e,) = 0.
Now, with continuity, cf. Lemma 2 and the norm equivalence on U, of Lemma 1 we have
as,n(8,,€,) 2 18,l1xsle,lixs < 18,l1xsle,l1s
which combined with coercivity from Lemma 2 yields

2 2 2
le |7 s + le, |7 +le,p < anle,. e,) = —asn(@,.e,) —ap(,.e,)

1 1
2 2)2 2 2)2
= (18,5 +18,05)" (leal? s +leulD)

which implies (10a). We bound both terms on the right hand side of (10a) to obtain (10b).
There holds

_ —1/2, 5—
18,10 = 1K ™28u.7llapll < At 20l o1 -
and by Lemma 3, we further have
Bulies = 2Rl s q))-
This completes the proof. O

3.2 L2-Estimate in the Stokes Subdomain

We will use the following dual problem: Assume (u*, p*) solve Egs. (1), (2) with source
terms f¢ = ¥ and fp = 0, and further assume the following regularity estimates:
I ey < Cl¥lag  lulmr@y < Cl¥les. (14)
Pl < Cllas. 1P g g, <Cl¥las. (14b)

for some real number 1/2 < r < 1. This assumption is justified, for instance if Qg and Qp
are convex.

Theorem 2 Let the assumptions of Theorem 1 hold. Assume further the regularity estimates
(14) hold. Then, the following error estimate holds

Il —uprllas < h 7 (lullgsqq) + lull gs-1@p) + 1 /DIl as—1(0,))- (15)

Proof Let (u*, p*) be solutions to (1), (2) with f¢ = u — up 7, and fp = 0. Denote
u* = (u*, W) |5, 5). By (12), we get

apW*,v) + b, p*) = (w —upr,v7)05. Yv € V4 U,.
Takingy = u —u,,, we get

2
lw —unrlo, =an@, u—u,)+bu—u,, p*)

=ap(u—u,, u*)+bww—u, p
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Let us bound each of the above terms on the right hand side. We denote uj =
(Tlyu*, Py (u*)"). We have V-Ilyu* = V.u* = 0. Taking v, = u} in (11a), we get
ap(u —uy, uy) = 0. Hence,

ap —u;,, u*) = ap(u—u,, u* —up).
We have

lu — w1, sl* — ujliss
o2

as(w—uy,, u* —up)

IA

IA

|u*|H1+"(QS) |E_Eh|l*,s,

aj(w—wu,, u* —up) <|u—uw,l/lu" —ul
1724 —1/4,1/2+

vy / Amin 1 / r|u*|H1+r(QS)|E—Eh|l»
ap(u —u,, u* —up) <|u—u,lplu* —u;lp
-1/2
= A W W grop) e —uylp.
Combing the above estimates with the regularity assumption (14), we get
1/2

an(u —wy, u*) <0 (Ju—wupylies +h"?u —wyl; + lu —u,lp) lu —up 7l

The norm in the parentheses of the above right hand side is bounded by CA*~!(Jlu/| HY(Qg) T
||u||H.\-71(QD)) by Theorem 1.
On the other hand, we have

b(w —uy, p*) —/ V-(u —uy,)p*dx
Q

—/ (fp — Pofp)p*dx  since Veuur = Po fp
Qp

- / (fb — P fo)(p* — Pop®)dx
Qp

s—1
<Ifp — Pofolleplp* = Por*llay =k "I folus-1@pmllp o @p)
<h TN fll gs-r ) lle — w7 -

The proof is concluded by combing the above estimates. O

3.3 L2-Estimate in the Darcy Subdomain
Theorem 3 Let the assumptions of Theorem 2 hold. Assume further thatup € H*(Qp) for
s € [2, k + 1]. Then, the following error estimate holds
lu —wunrliey < h " (ullms@s) + lullas@p) + 1 follgs-1@p)- (16)
We need the following Lemma to prove Theorem 3.
Lemma S We have
1@ — 1) - mll 12y < B Al @) + Nl sty + 1011 @p)-

Moreover, there is a function w € H(div; Qp) N HY2(Qp) satisfying V-w = 0 on £,
w-n=00nTp,andw-n = —uy7r)-nonlsp, such that

lwlle, < 1@ —upr) - nllg-1200p)

“w”Hl/Z(QD) = (w —upr) 'n||FSD~

@ Springer



J Sci Comput (2018) 77:1605-1620 1617

Proof Since u — uy v € H(div; Qg), its normal trace satisfies, c.f. [19],

@ —upnr) nlg-12pap) = Il —uprlH0:Q0)-

Since (u — up, 1) - n = 0 on I'g, following the approach [16], we have

@ —upn7) - nllg-12rg,) = Il —wp 1l Hdv:Q0)-

Since V-(u —uy 1) = 0 on Qg, we have with Theorem 2

lu —unrllH@ivies = U —un71llog
-1
< BT (lul e ) + @l o1y + 1D s-1(0,)-

The other two inequalities are given in [20, Lemma 11]. O

Now, we are ready to prove Theorem 3.

Proof of Theorem 3

Let w be given by Lemma 5. Let v be such that v = 0 on Qg, and v = yu —uy,, 7 — IMyw
on Q2p. Wehavev-n = (Ilyu —uy,7 —Iyw)-n =0o0nT'sp,hencev € Xy, and V-v = 0.
Taking v, = (v, 0) in Eq. (11a), we get

ap(uw—uy,v,) = / K" —upr)(Myu —up 7 — Myw)dx = 0.
Qp

This implies that

lu—uprlle, <lu—Tyvu—TIlyw|q,
= u—Tyullq, + Myvwlq,

<h'ullgs@p) + 1@ —un1) - nllg-120,)

<h|ullgs e, + RS (“u”H‘(QS) +llullgs-1qp) + ||fD||1-1s—1(QD)) .

4 Numerical Results

In this section, we present numerical results in two dimensions to verify the theoretical
findings in Sect. 3. The numerical results are performed using the NGSolve software [35].
We consider an example with a smooth manufactured exact solution constructed in [12].
The domain is a unit square 2 = [0, 1] x [0, 1] with the Darcy subdomain Qp = [0, 1] x
[0, 0.5], and Stokes subdomain Q25 = [0, 1] x [0.5,1]. We take v = K = 1, and y =
(1+47?%) /2. The source terms are chosen such that the problem has the exact solution:

—1/@2n?%)si 2
—2si 2
wpn) = | e e . PD(x. ¥) = =2/ cos(rx) exp(y/2).

We apply the numerical scheme (5) using polynomial degree k for the velocity space Xy,
k — 1 for the pressure space Oy, and k — 1 for the facet tangential velocity space M), with
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Table 1 History of convergence of the Lz—velocity errors

k k¢ Mesh lus —up 7l lup —upnrle, IV-upr — xpPofplla
h Error Order Error Order

1 0 1/4 1.197E-2 — 5.165E—-2 — 1.297E—15
1/8 2.238E—-3 243 1.069E—2 2.25 3.434E—15
1/16 4.792E—4 2.29 2.834E—3 1.94 5.939E—15
1/32 1.106E—4 2.14 6.932E—4 2.03 1.278E—14
1/64 2.745E-5 2.04 1.735E—4 2.01 2.680E—14

2 1 1/4 5.166E—4 — 4.491E-3 — 1.094E—15
1/8 4.121E-5 3.65 3.745E—4 3.58 3.447E-15
1/16 4.504E—6 3.19 5.148E—5 2.86 6.185E—15
1/32 4.876E—7 3.21 5.678E—6 3.18 1.248E—14
1/64 6.145E—8 2.99 6.853E—7 3.05 2.732E—14

3 2 1/4 4.088E—5 - 1.306E—4 — 1.192E—15
1/8 1.590E—6 4.68 3.851E—6 5.08 3.788E—15
1/16 6.681E—8 4.57 2.269E—7 4.09 6.525E—15
1/32 3.383E—9 4.30 1.236E—8 4.20 1.228E—14
1/64 2.023E—-10 4.06 7.3410E—10 4.07 2.679E—14

4 3 1/4 1.554E—6 — 1.087E—5 — 1.669E—15
1/8 2.4385E—8 5.97 1.997E—7 5.77 3.435E—-15
1/16 5.914E—-10 5.39 6.334E—9 4.98 6.792E—15
1/32 1.485E—11 5.32 1.602E—10 5.31 1.253E—-14
1/64 9.610E—13 3.95 1.215E-11 3.72 2.693E—14

k varying from 1 to 4. For all the tests, we take the stabilization parameter &« = 10 k2. The
history of convergence for the L?-error of the velocity in each subdomain and the L% norm
of the quantity V-uy r — xp Po fp are recorded in Table 1. We observe optimal order of
convergence k + 1 for each error. This result is in full agreement with our main results in
Theorems 2 and 3 for k > 2. However, our analysis could not explain the optimal convergence
for the lowest-order case (k = 1), since the analysis requires the facet tangential velocity
space to include polynomials of degree 1, see Lemma 1. The optimal convergence of this
lowest order case requires further investigation. We also observe the strong mass conservation
result, c.f. Remark 1, that the quantity V-uj, 7 — xp Pg fp is machine zero for all the tests.

Finally, we remark that, if we increase the polynomial degree of the facet tangential
velocity space to be k, similar error and convergence rates were obtained in our numerical
results not recorded here.

Hence, this modification is less attractive to the method tested here as it gives similar
accuracy but has a lot more globally coupled degrees of freedom, see also the performance
comparisons for vector-Laplace and Stokes problems with similar discretizations in [25,
Section 4.3] and [23, Section 5.2].
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5 Conclusion

We presented a new finite element method for the coupling of Stokes and Darcy flow, where
the Stokes flow is discretized by a divergence-conforming HDG method, and the Darcy flow
by a mixed finite element method. Exact mass conservation is guaranteed. We presented opti-
mal error estimates of the proposed method with numerical results supporting the theoretical
findings.
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