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Abstract

In this paper, we first present a family of high order central discontinuous Galerkin methods
defined on unstructured overlapping meshes for the two-dimensional conservation laws. The
primal mesh is a triangulation of the computational domain, while the dual mesh is a quad-
rangular partition which is formed by connecting an interior point and the three vertexes of
each triangle on the primal mesh. We prove the L? stability of the present method for linear
equation. Then we design and analyze high order maximum-principle-satisfying central dis-
continuous Galerkin methods for two-dimensional scalar conservation law, and high order
positivity-preserving central discontinuous Galerkin methods for two-dimensional compress-
ible Euler systems. The performance of the proposed methods is finally demonstrated through
a set of numerical experiments.
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1 Introduction

Many problems in science and engineering fields can be governed by a scalar conservation law
or a system of hyperbolic conservation laws. Various numerical methods have been developed
for solving such conservation laws, such as the finite difference methods [13,29,32], the finite
volume methods [35], the discontinuous Galerkin (DG) methods [6,7,31] and the central DG
methods [11,24].

The DG method is a class of high order finite element methods, which was originally
introduced in 1973 by Reed and Hill [27]. Since the basis functions can be discontinuous,
the DG method is very flexible to achieve any order of accuracy and handle complicated
geometry and boundary conditions. It is also a very compact numerical scheme due to the
extremely local data structure. Therefore, it has been successfully developed for solving
various linear and nonlinear problems [3,4,6,7,9,26].

As a variant of the DG method, the central DG method is also one of popular high order
numerical methods for hyperbolic conservation laws, which was originally presented by Liu
et al. [24]. By evolving two sets of numerical solutions defined on overlapping meshes, the
central DG method does not rely on any exact or approximate Riemann solver at element
interfaces as in DG methods. Therefore, the central DG method is widely applied to various
problems, such as diffusion equations [25], Hamilton—Jacobi equations [15], ideal MHD
equations [16,17,34], the Camassa—Holm equation [19] and the shallow water equations
[10,18,21,22].

However, most of works on the central DG methods mentioned above are built on struc-
tured overlapping meshes. Therefore, they are only applied to some problems defined on
simple domains, such as rectangle, L-shape domain. In order to extend the central DG meth-
ods to problems on more complex geometry domains, Xu and Liu [34] first presented a central
DG method defined on unstructured overlapping meshes. In their work, the primal mesh is
triangulation of the computational domain, and then they define the dual mesh according to
nodes in the primal mesh, one node is related to one cell in the dual mesh. Thus the cells
in the dual mesh are polygons with different numbers of edges, and more complex than the
cells in the primal mesh.

In this paper, in order to simplify the dual mesh, we define the dual mesh by a different
way, which is according to the edges in the primal mesh, one edge is related to one cell
in the dual mesh. Specifically, we first define the primal mesh by a triangulation of the
computational domain as any kind of finite element methods, then we take an interior point
in each triangle and connect the point to the three vertices of the triangle, this operation
forms a quadrangular partition of the computational domain which is used as the dual mesh.
Compared with the one in [34], the presented dual mesh is simpler. This idea comes from
the staggered discontinuous Galerkin method [14]. The central DG method is defined on
the presented unstructured overlapping meshes and is used to solve the two-dimensional
conservation laws.

The second objective of this paper is to design high order maximum-principle-satisfying
central DG methods on the presented unstructured overlapping meshes for the two-
dimensional scaler conservation law:

U+ V-FU) =0, Ux,y,0)=Uo(x,y) ey

with M = max, y Up(x, y) and m = min, y Up(x, y).
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The unique entropy solution to (1) satisfies a strict maximum principle [8]. That is the
entropy solution U (x, y,t) € [m, M] for any x, y and ¢. This property is also desired for
numerical schemes solving (1), for instance in some applications where U represents a volume
ratio, and it should always be in the range of [0, 1].

Many high order numerical schemes, which can be used to solve the conservation law
(1), do not in general satisfy the strict maximum principle. Therefore, much effort has been
devoted to this issue. Various maximum-principle-satisfying numerical methods have been
presented for solving the conservation law (1). One important breakthrough was made in
[35], where the authors proposed a very general framework to achieve maximum principle
especially for high order methods. There a sufficient condition was first given to ensure that
the cell averages of the numerical solution, which is from a high order finite volume WENO
method or a DG method on structured meshes with the Euler forward method in time, satisfy
the maximum principle. A linear scaling limiter was then designed and applied to enforce this
condition without destroying the local conservation and accuracy. For higher order temporal
accuracy, strong stability preserving (SSP) time discretizations were used, and they can be
expressed as a convex combination of the first order Euler forward method and therefore
keep the maximum principle property. Then, the scheme is extended to the high order finite
volume WENO method and the DG method on unstructured meshes in [37]. Based on the
work in [35], two authors of the present paper have designed a maximum-principle-satisfying
central DG method on structured overlapping meshes in [20]. Therefore, we will extend the
method to unstructured overlapping meshes in this paper, based on the works in [20,37].

Thirdly, we are interested in the high order positivity-preserving scheme for the compress-
ible Euler equations. For this conservation law system, the entropy solution in general does
not satisfy any maximum principle, but physically, the density and the pressure of the fluids
should be positive. Such property is important for the well-posedness of the equations, and
the violation of numerical schemes can lead to instability and the breakdown of the simula-
tion. With the success in [35], the authors further developed high order positivity-preserving
DG methods on structured meshes to compressible Euler equations in [36], which preserve
the positivity of density and pressure. A simpler and more robust strategy was later pro-
posed in [33]. Then the authors extended the high order positivity-preserving DG methods to
unstructured meshes in [37]. In [20], two authors of the present paper extended the positivity-
preserving techniques in [33,36] to compressible Euler equations by using the central DG
method on structured overlapping meshes. Our development with the central DG methods in
[20], together with the successful analysis in [37], motivates us to examine both theoretically
and numerically the central DG methods on unstructured overlapping meshes in this paper
for solving compressible Euler equations while preserving positivity of density and pressure.

This paper is organized as follows. In Sect. 2, we present the central DG methods defined
on unstructured overlapping meshes for the conservation laws, and prove the L? stability of
the present method for a linear hyperbolic equation. Then, we develop a maximum-principle-
satisfying high order central DG method for the two-dimensional scalar conservation laws
in Sect. 3. In Sect. 4, we construct and analyze positivity-preserving central DG methods for
two-dimensional compressible Euler equations, employing the positivity-preserving limiting
techniques similar to those in [5,20,33]. In Sect. 5, numerical experiments are presented,
which are followed by some concluding remarks in Sect. 6.
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2 Central DG Methods on Unstructured Overlapping Meshes

In this section, we extend the central DG methods on structured overlapping meshes in [24]
to unstructured overlapping meshes for solving the two-dimensional conservation laws:

U, + V- -F®U) =0, (2)

where U € R™*! ig a conservative variable, m > 1 is an integer, the flux function F(U) and
its divergence are defined by

3f11(U) + 3f12(U)

Fi(U) V-F1(U)

F»(U) V- F,(U) "%‘;U) T 3f22y(U)
F(U) = : , V-FU) = ' =

F,,(U) V- F,(U) Um® | 20

with F; (U) = (f;1(U), fin(U)) € R™2,i=1,2,....m

2.1 Unstructured Overlapping Meshes

Since the central DG methods evolve two copies of numerical solutions on unstructured
overlapping meshes, we first define the unstructured overlapping meshes. The primal mesh
(denoted by 7€) is a triangulation of the computational domain £2. Then we take an interior
node in each triangle and connect the node to the three vertices of the triangle. Noting that
we have chosen some points outside the domain to make sure all cells on the dual mesh
are quadrangle. This is to simplify the dual mesh. This operation generates the dual mesh
(denoted by 7°). Like the DG method, a few ghost cells (triangles) have been added along
the boundary of the domain in order to impose the boundary conditions. Those chosen points
outside the domain actually are the interior points of the ghost cells. The solutions on these
ghost cells are given according to the boundary conditions. Although parts of elements in the
dual mesh are outside of the computational domain, all elements in the dual mesh are covered
by the primal mesh together with the ghost cells. Thus the numerical solution on all elements
in the dual mesh can be directly obtained from the central DG scheme without any special
treatment provided that the solutions in all ghost cells are given according to the boundary
conditions. To avoid too small cells generated in the dual mesh, the interior node should be
chosen as far away from the edges of the triangle as possible. In general, the geometric center
of the triangle or the center of the inscribed circle of the triangle can be chosen as the interior
node. In the simulation, the geometric center of the triangle in the primal is chosen as the
interior node in order to generate the dual mesh.

For sake of understanding the unstructured overlapping meshes more clearly, a simple
illustration has been shown in Fig. 1, where the computational domain §2 is the triangle
A1A3Ajz and is partitioned into 4 small triangles: A1 AgAs, A¢A2A4, A4A3As and A4AsAe.
The primal mesh is given by

= {A1A6As, AgA2A4, A4A3As, A4AsAg).

In Fig. 1, points By, B2, B3, B4 are the interior nodes of the four triangles in the primal mesh,
points Cq, Ca, ..., Ce are the chosen nodes outside the domain, these points are used to
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3

Fig. 1 Unstructured overlapping meshes for the central DG methods. Solid line: primal mesh; dashed line:
dual mesh

generate the dual mesh 7°, which includes 9 quadrangles, namely,

TP = [A|C1A6B), BiA¢BsAs, A1 B1AsCe, AcC2A2Ba, BrArC3Aq,
ByA4ByAg, B4AyB3As, B3A4C3A3, B3A3C5As}

The triangles G1AgA1, G2 A2Aq, G3A4A2, G4A3zAs, G5A5A3 and GgA | As are the ghost
cells used to impose the boundary conditions. Noting that points Ci, Ca, ..., Ce are the
interior nodes of the six ghost cells, respectively.

Associated with each mesh, we define the following discrete spaces:

WC = {(v=(v,v2,....0m) " :vjlgc € PYKS),i=1,2,....,m, VK€ e T},
WP = (v=(v,v2,....00) :vilgp € PYKP),i=1,2,....,m, VKP e TP}.

Two copies of numerical solutions are assumed to be available at t+ = #,, denoted by
U™* € W*, and we want to find the solutions at t = f,+; = t, + At, the superscript ‘*’
denotes C and D throughout this paper. For simplicity, we present the schemes in the case
of the forward Euler method for time discretization. High order time discretizations will be
discussed afterward.

2.2 Central DG Methods for Conservation Laws
For the conservation laws (2), the fully discretized central DG method with the forward Euler
method for time discretization is to look for U"+!* € W* such that for any V* € W*|g~

with any K* € T*,
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/ UC . VCaxdy =/ (QU”’D+(1—G)U”'C)-Vcdxdy
K€ K€
+At/ [F(U”’D) : VVC]dxdy
KC
—Atf [(F(U”*D) ‘ngc) -Vc]ds. 3)
AK€
f U thP . vPxdy :/ <9U"’C+(1—0)U"'D)-V0dxdy
KD KD
—l—At/ [F(U”’C) . VVD]dxdy
KD

—At/ [(F(U"’C)~nKD)~VD] ds. @
dKPD

where ngx = (nig+, npg+) denotes the outward unit normal vector of cell K*, 6 =
At/tpax € [0, 1] with 1,4, being the maximal time step allowed by the CFL restric-
tion. The product “-” is defined by U - V = Z?’Zl U;Vi, F-VV = Z;"ZI(F,- -VV) =
SIS + fiofh), Fom) -V = Y0 (B -V = Y0 (fiim + fan2) Vi

2.3 High Order Time Discretization

In order to match with high order accuracy in space, strong stability preserving (SSP) high
order time discretizations will be used [12] in the numerical tests. In this paper, we use the
third order Runge—Kutta method

Ul = U" + Atc U™

3 1
u® = U Z(U(l) + Arc(UMy)

1 2
Ut — 5Un + §(U(2) + AtL(UP)). ®)

Here £(U) denotes the spatial operator.

When central DG methods are applied to nonlinear problems, nonlinear limiters are often
needed for some problems with strong shock. In this work, we use the total variation bounded
(TVB) corrected minmod slope limiter [7].

2.4 L2 Stability for Linear Hyperbolic Equation

Although the central DG method on unstructured overlapping meshes can be defined for the
nonlinear equation (2), we cannot prove a L2 stability for it when applied to the nonlinear
equation (2). Thus in this subsection, we only study the L? stability for the linear hyperbolic
conservation law

U+ V- -FU) =0, (6)

where F(U) = (U, U).
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The central DG method for the linear equation (6) can be defined by: Find U"+t!* ¢ W*
such that for any V* € W*|g+ with any K* € T*

/ UHCYC gy = / (60" + (1~ 6)u"€) VEaxay
KC K€
+ At/ [(U”’D, unPy. VVC] dxdy
KC
—At/ [P, vmP) ngeryvelas. @)
aKC
/ U"+1’DVDdxdy:/ (GU"’C+(1—0)U”’D) VPdxdy
KD KD
+Az/ [(U”~C, U VVD] dxdy
KD
yy / [(@€, umC) -ngn)VP]ds. ®
aKD

where

WE = {v:v|gec € PFKC),VKC e TC),
WP = {v:v|gp e PYKP),VKP e TP},

We now take the limit At — 0 to get the semi-discrete version of the central DG method:
Find U*(-, t) € W* such that for any V* € W*|g« with any K* € 7*

9 1
/ (—Uc> VCdxdy = / (UD - UC) vCdxdy
xC \ 0t Tmax JKC

+/ [(UD, uPy. vvc] dxdy
KC

—/MC [((UD, uPy. an)Vc]ds. )

3 1
f <—UD> vPdxdy = / (UC - UD) vPdxdy
kD \ 0t Tmax JKP

+/ [(UC, Uc). VVD]dxdy
KD

—/ [((UC, Uc) -nKp)VD]ds. (10)
aKPD

Theorem 1 The numerical solution US and UP of the central DG method (9)-(10) satisfies
the following L? stability condition
1d
2dt Jo

((UC)2 n (UD)2) dxdy = — /9 (UD - Uc)zdxdy <0 (1D

Tmax
with compactly supported boundary condition.

Proof Let T = {K : K = KN KP n2,VvK€ € TC, KP e TP}, which is in fact
a refined triangulation of the computational domain. Taking the test functions V¢ = U€

and VP = UP in (9) and (10) respectively, summing up over K € e 7€ for (9) and over
KP e TP for (10), and then combing them together, one has
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1d C\2 D\2
5Z/Q((U 2+ U ))dxdy
_ 1 D C C C D
- rmaxfg(U —vu )U dxdy+TmaX/Q<U )U dxdy
+ Z (/ wP,uPy. VUC dxdy / (uP,uPy. an)UC] )
KC BKC
KCeTC
+ Y </ We, U VUD dxdy / (UC,US) -ngn)U ]
KD aKD
KPeTD
1 / ( D c
=— u~-U ) dxdy
2
+ </ [(UD uP) VUC]dxdy—I—/ [(UC UC) VUD]dxdy>
K

KeT
1
= / (UD UC) dxdy + Z/ V. (UCUP, UCUP)dxdy
Tmax J KeT
-3 (/ [((UCUD, UCUD)~nK)]ds>
KeT K
1 D C 2
__ /(u ~UC) dxdy <0 (12)
Tmax JQ
O
C 2
( -U ) dxdy,

which is directly related to the difference of the two numerical solutlons U€ and UP.

3 Maximum-Principle-Satisfying Central DG Method

In this section, we will present a high order central DG method satisfying the maximum
principle on unstructured overlapping meshes for the scalar conservation law (1).

3.1 Preliminaries and First Order Scheme

As shown in Fig. 2, let el.c, i = 1,2, 3 denote the edges of K€ = A1A2A3, K€, i =1,2,3
be a partition of K¢, K ic share the edge eic with K€ and make sure the numencal solution
U™P be a smooth polynomial within KC i =1,2,3. Similarly, let e ,i=1,2,3,4denote
the edges of KP = B;ByB3Ba, K ,i=1,2,3,4be apartition of KD KD share the edge
ei with K2, make sure U™ be a smooth polynomial within KlD, i =1,2,3,4. Note that
the point O in the left picture of Fig. 2 is the geometric center of the triangle K ¢ and the point
Qin the right picture of Fig. 2 is the intersection of the diagonal line of the quadrangle K .
Let n represent outward unit normal vector of edge e ik € be length of edge eiC, i=1,2,3
and |K ¢ | denote the area of cell K€ . Similarly, let nl represent outward unit normal vector
of edge eP, 1P be length of e”,i = 1,2, 3, 4 and |K | denote the area of cell K.
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Fig. 2 Illustration for notations on a cell K C = A1 A3 Az in primal mesh (left) and a cell K D= B1B>B3By
in the dual mesh (right)

A first order central DG scheme with & = 1 for (1) can be given by

3 1KC) At
n+1,C __ i n,D C n,Dy _C
UKC - Z |KC|UKiD - |KC]| Zli F(UKiD) n (13)
i=1 i=1
4 D 4
n+1,D K"l nc At Dy Cy D
UKD _Z|KD|UKI.C - |KD|Zli F(UKI.C)'ni : (14)
i=1

i=1

Herein, U[';CC (resp. U 1"(1? ) is the numerical solution on element K€ (resp. K ).

Lemma 1 For the first order central DG scheme defined in (13)-(14), if UKC , Ulrél? €

[m, M], VK€, KP, then U"'H € and UI":L_,I’D will belong to [m, M], VKC, KL, under the
CFL condition
alpax At < Smin, (15)

with a = maxy . [F'(U) - 0|, Lygx = max{lic,ljl.),i =1,2,3,j =1,2,3,4, VK€, KD},
smin = min{|KE], [KP] i =1,2,3,j=1,2,3,4, VK, KP}.

Proof Since U"Jrl € can be viewed as a function of UI';‘L?, i =1,2,3, we have

8Un+1C |KC| At

i Cy/crrn.D C

S = (ke el T =0 (1o
KD

i

Thus Uy ¢ 1:€ 2 monotone increasing function of U’ i = 1,2, 3. Substituting U;é’l? =

KD ’
d(d = m, M) into (27), one gets U"Jrl € = d, therefore we get U"+1 € ¢ [m, M]. Similarly

we obtain U"+l D cm, M. O
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3.2 High Order Scheme

A high order scheme satisfied by the cell average of a central DG method for (1), with first
order Euler forward time discretization, can be given by

Un+l,C — (1 _ Q)U” C

s Un'Ddxdy

IKCI

o Z/ F"™?) nf a7

~n+1,D n,D ,C
Uh? =1 =005 + —5 XD U” dxdy
At &
- FWU™C) . nPds, (18)
w2, ,

where UZCC (resp. UZ’DD ) denotes the cell average over K€ (resp. K) of the numerical
solution U™¢ (resp. umby.

Since these integrals on edges in (17)—(18) are always approximated by the (k + 1)-point
Gauss quadrature in the implementation of the central DG method, the scheme satisfied by
the cell average (still denoted by U ntl,C UI’?;LD ) for (1) becomes
Fn+1,C 7€ 4
e L e / U™Pdxdy

A Bkl
C n,D Cc
~ Tx0] o 2 wsFU) nf 19

i=1 p=1

Ut =1 -0 +

n,C
KD /;(DU dxdy

|KP|
4 k+l

|KD| ZZlDwﬂF(U (20)
i=1 p=1

where w,g B=1,2,. k + 1 are the (k 4 1)-point Gauss quadrature weights on the interval
[— 2 2] and satisfy Zﬂ 1o =1, U:C’l; is the value of U"™P evaluated at the B-th Gauss

n,C n,C : D
point on edge ei s Ug Ly is the value of U™* evaluated at the B-th Gauss point on edge e;”.

Note that the numerical solution U™ (resp. U™P) is a piecewise polynomial over the
cell K€ (resp. K Dy "and thus in the central DG method, (19)-(20) can be rewritten as

n+1,C _ ‘n,C D
Ut =1 —0uys + |KC|Z/ U™Pdxdy
3 k+l

At
~ ke ZZZ%ﬁ(UQ%)«f. 1)
i=1 p=1 !
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4
_ - 0
n+1,D __ _ n,D n,C
Uep '~ =0 =0)Upp +—| | ;:1 /K,.DU dxdy

A Ak
D ,C D
~ %P DD P epFW) . (22)
i=1p=1
Next, we will reformulate the right hand sides of (21) and (22). To do this, we define
seven mappings g; (§.n)(i = 1,2,3) and f; (€, n)(i = 1,2,3,4) from a square [}, 3]* to
Kl.c (i =1,2,3) and KiD (i = 1,2,3,4), respectively. It can be observed from Fig. 2 that
C=0AjAif1(i=1,2,3)and KP = OB;Bi;1(i = 1,2,3,4), herein we used A4 = A
and Bs = Bj. Thus the seven mappings are defined as follows:

1 1 1 1 1
81(5’77):<5+77>A1+<*+5> <§—77>A2+(§—§> (5‘”)0’

1 1
e (Lor) e (o) (1= s (-

(s )(;
g%(Sn)—(+n)As+( )(% >A1+<%—€><%—n)0,
BN O 0 T
=19 (e (1) ()
f3($,n)=(%+n>33+(%+5><1 )Bﬁ(% s)(%— )Q,
e (o) () (o

Then, let {ng, B = 1,2, ...,k + 1} be the Gauss qudrature points on [—%, %] with weights
wg,B=1,2,...,k+1,and {§O,, a=1,2,..., N} be the Gauss-Lobatto qudrature points
on [—%, %] with weights @y, ¢ = 1,2, ..., N, where N is the smallest integer such that
2N — 3 > k. Therefore, for a two-variable polynomial p(&, n), if the degree of p(&, n) with
respect to its first variable is not more than £ and the degree with respect to the second variable
is not more than 2k + 1, the following quadrature rule is exact:

N k+1

/ / pE. mdedn =" dgwppEa. 1p) (24)

a=1g=1
Utilizing (23) and (24), one has

1
/KC U"*D(x,y)dxdyzlef U (it ))‘ ;”(f D agan
i 2 YT

7 n,D 1
| U™ (gi(§, 1) (5 - n) d&dn

N k+l

Z U D(g, (gou 77/3)) (* - T]ﬂ) Wy g

a=1p=1

=2’K,-C
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N—1 k+1
_2’1(0

D (gi(Ea, np)) (* — 77,3) Wgwp

a=1 =1

k+1
+2 ‘KC ZU" D(giEn, np)) (* - ms) ONwB

N—1k+1
C
—2.1( (*—Uﬂ)wawﬁUKcaﬁ
a=1 p=1
k+1 |
+2|k¢ (5 = nﬂ> onepUeh, (25)
p=1

Note that U™ P (g (€, n)) is a polynomial of degree not more than k with respect to its two
variables, and thus U™ P (g; (£, n))2 ’Kﬂ (% — 1) is a polynomial of degree not more than
k and k + 1 with respect to its two variables, respectively, therefore the third equality in
(25) holds exactly. Since g; (§N, ng) is the B-th Gauss point on edge el.c, we have used
U™ (gi(En, np)) = U:(;Dﬁ in the fifth equality, we also set U™ (g; (84, ng)) = UL

K l_C a,B°
Similarly, one gets

1 1

T afi (&,
f U™ (x. y)dxdy =/ / U”%ﬁ(&n))‘y dedy
KiD —2v72 (Sa 77)

1
2 1
=2|k? U”’C(fi(é, n) (5 ~ n) dédn

N— 1k+1
:2‘1(,-”‘ DY U Sfias np)) (*—’Iﬂ>waa’ﬂ
a=1 p=1
k+1
+2‘KiD

a 1
U™C(fi(En, np)) (5 — n,g) dOnwp
p=1

N—1k+1 1
=2‘KD Z<7—nﬂ>waa)ﬁUKDaﬂ
a=1 =1

k+1
1 .
+2 ‘KiD Z (E — Uﬂ) wNwﬁU:[’,’Cﬁ (26)
p=1 '

where we used U™ € (f; (Eq. ng)) = Ulz;g,a,ﬁ and U™ (f; (Ey, ng)) = UZDC;S due to the fact

that f; (éN, ng) is the B-th Gauss point on edge eiD.
Plugging (25) and (26) into (21) and (22), respectively, one obtains

3 N—1k+1 20 |KC‘

7n+1,C _ 7n,C
Ugc _(1_0)UKC +ZZZ |KC| (2 nﬂ>w°‘wﬁUKCa/3

i=1 a=1 =1
3 k1 c
20 K| At ¢ Dy .C
+ZZ( KC| (2 n,z)wNw,gU ¢y |KC|Z w,gF(UZé’ﬁ).ni
i=1 =1
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N—-1k 129|KC‘<

3 +
—n,C A n,D
=A=-0URE+>.> > Tl 5—:7,3) bupURe, 4
i=1

=1 a=1 =1
k+1 1
+229 <§ — 77,3) UA)NCU/SH;?-
p=1
27)
01D wp NN N 2K
U —(1—0)U,§D+ZZZ T (— 19)dapUis , o
i=1 a=1 =1

i% 20[KP| (1 s At F(Unc) n?
= ON®
xop (5 =) OvenUis = eyt s

i=

._.
h:

i ~
= 9)U |KD| (5 U,B)wawﬂUKu’mﬁ
i=1 a=1 =1
k+1
+) 26 (E - )7,3) dywgHY (28)
p=1
where
3 C C
KF| IE At
HC:Z<’ Llgnb d F(U":" ) - n ) (29)
B C C 1 ~
SR8 " 28 (= ng)anlKTT 6
L (kP 1P At
HP = LignC i FWU"Cy.nP). (30)

Let Sy = {(éa,n,g) ta=1,2,...,N,8 = 1,2,...,k+ 1}, Skc = U?zlgi(Sk),
S,? = U?_] fi (Sk), then we have the following theorem from the analysis above.

Theorem 2 For the scheme defined in (17)—(18), assume UKc , UZ’,? € [m, M],VK€, KP. If

U™C(x,y) € [m, M1,¥(x,y) € S§,VKC and U"P(x,y) € [m, M],V(x,y) € SP,VKP,
then UI";EI’C and UI';JBI’D will belong to [m, M1, VK€, K, under the CFL condition

1 .
alpax At <20 (5 - nk+l> WN Smin (€21))

Proof On the one hand, U:_C’l; € [m,M],i =1, 2,3 imply that H ﬂc is a monotone increasing

function of U ﬁ i = 1,2,3 and belongs to [m, M] under the CFL condition (31) and

Lemma 1.
On the other hand, Y"3_, \KC| =1, &y =1and Zk+1 (3 —np)dewp = 5 in (27),
thus

3 N-Tktl 59 |KC] k+1 |
(1—9)+ZZ XC] <2 nﬂ)wawﬂ+229(§—nﬁ>wNwﬁ_1

p=1

“n+1,C UILD HE

can be viewed as a convex combination of U™ KC » Ugc o p Hp o =
£aa,

therefore, U
L,2,....N—1,8=1,2,...,k+ 1.
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. . - ,C YD
Substituting Uye = Ul'étcyayﬂ = Hf =dd=mMa=12..N-1f=
1,2,...,k+ 1into (27), one gets U ,’;ﬂc = d, therefore we have the maximum principle
U;‘EI’C € [m, M]. Similarly we obtain U?{)LD € [m, M. O

3.3 Maximum-Principle-Satisfying Limiter

In this subsection, we will give a maximum-principle-satisfying limiter which modifies the
central DG solutions U™€ and U™ P, with their cell averages in [m, M1, into U"€ and ™D
such that the modified solutions will satisfy the sufficient condition in Theorem 2, while
maintaining accuracy and local conservation (see [35] for the analysis on accuracy). This
limiter is almost the same as the one for DG methods [37], as long as it is applied to U"€
and U™ P separately. This limiter is given as follows. On each mesh element K*(x = C, D),
we modify the solution U™* into

M—Ug:

r 71, %
Mg — Uy

m—Ugt
ol

U =oU™ —Ug!)+ Uglo =min{1,| N
mg — UK*

with My = max y)esr U™ and my = miny yyesr U™*

To achieve better accuracy in time and satisfy the maximum-principle, SSP high order time
discretizations will be used [12]. Such discretizations can be written as a convex combination
of the forward Euler method, and therefore the proposed schemes with a high order SSP time
discretization are still maximum-principle-satisfying. In this paper, we will use three-order
TVD Runge—Kutta method for the time discretization. The maximum-principle-satisfying
limiter is implemented in each stage of the Runge—Kutta method. When the nonlinear limiter
is also used, it is implemented before the maximum-principle-satisfying limiter.

4 Positivity-Preserving Central DG Method

In this section, we will design a positivity-preserving central DG method for solving two-
dimensional compressible Euler equations based on the analysis in Sect. 3,

U, +V-FWU) =0, (32)
where

U = (p, pu, pv, pE) ",
FU) = (F(U), G)),

-

F(U) = (pu, pu* + p, puv, pEu + pu)
.

G(U) = (pv, puv, pv* + p, pEv + pv) .

Here p denotes the density, # and v are the velocity components in the x and y direction,
respectively, p is the pressure and E is the total energy. For a closure of the system, we use
the following equation of state:

L oo, 2
p=w—-1p E—E(u +v9) . (33)
where y are the ratio of specific heats of the fluid.
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We define an admissible set
P

1
H={U= ﬁﬁ S p >0, p(U)z(y—1><pE—§p<u2+v2>>>o ,

pE

which is a convex set [35].

4.1 First Order Scheme

A first order cental DG scheme with 6 = 1 for (32) can be given by

3 ol 3
nl,C K| P CRU™PY . nC
Uke _ZIKZCI KD_WZI Ugp) - mis (34
Un+1,D _ |KD| nC lD UnC 35
KD _Z|KD| KE KD|Z F( KC) n (35)

i=1

Herein, U'I'(CC (resp. U'I'(’g) is the numerical solution on element K€ (resp. K ?).

Lemma 2 For the first order cental DG scheme defined in (34)—(35), if U';(g , U" Demn

VKC, KP, then U';(tl’c and U';('ZI‘D will belong to H, VKC, KP, under the CFL condition
&lmaxA[ < Smin> (36)

where a = ||(|(u, v) -n| + ¢)||co» ¢t = Y P/ p- bnax and syin are same as the ones in Lemma
1.

Proof The scheme defined in (34) can be rewritten as

3 c c 3 c
n+1,C _ K| np Al IK; |
UKC _Z(|K[C|UKI.D - |KC£|F( Z |KC| @37
i=1

i=1

where
Atl€
D i n,D nC
H; = UK,.D |K.C|F(UK,~D> n;, (38)
1
Thus U';;El’c is a convex combination of H;, i = 1, 2, 3. Then we only need to prove H; € H.

For the sake of convenience, we drop the superscript and the subscript of U"’g and nc,

l

Atl C
and let T = —¢
1K1

H =U- tF(U) neH,n= (n,ny)isan arbltrary unit vector.
By a direct computation, one has

€ 'H and we want to prove

pq
H, =U—¢FU) n= | "M (39)
pVg — Tpny
pEq —tps
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where s = (4, v) -n, ¢ = 1 — vs. Then one gets

p(H;) = pq, (40)
(pug — Tpn1)* + (pvg — Tpny)?
pH) =@ -1 (qu —Tps— )
rq
y—1 1 21'2
= 1 — 41
pq( 2y qZ) 41)
Since U € H gives p > 0 and p > 0, then
y—1lect
HeHsg>0and [—— <1
2y ¢q
S0<t1c<g. 42)

Herein, we used ,/’/2—;1 < lduetoy > 1. Note thata = ||(|(«, v) - n| 4 ¢)||~ and the CFL
condition aly,,x At < Spin, wehaveatr < landthusg > atq = t(a—arts) > t(a—|s|) >
tc > 0. Therefore, H; € H holds and thus U';(JE]’C € 'H. Similarly, we obtain U"Jrl b
e H. m]

Remark 2 The proof of this lemma is along the same lines as in Remark 2.4 of [36], where
the authors prove the positivity-preserving property of the first order DG method for the
one-dimensional compressible Euler equations. In another work [37], they claim the proof in
[36] can be extended to the first order positivity-preserving DG scheme on triangle meshes
for two-dimensional compressible Euler equations. The CFL condition (36) is different from
the one in the first order positivity-preserving DG scheme for two-dimensional compressible
Euler equations [37], and deduces that the time step is about half of the one in the DG method.

4.2 High Order Scheme

A high order scheme satisfied by the cell average of a cental DG method for (32), with first
order Euler forward time discretization, can be given by

0 = 1 —0)UsE + U"’Ddxdy

K¢ |KC|

e Z / FU™P) - nf “3)

/KD U"Cdxdy

Uk = =000 +

4
At
—r 2 [, FU ) nPas, (44)
i=1°""%
n,C

where U”; KC (resp. U" P D) denotes the cell average over K€ (resp. K?) of the numerical
solution U"-€ (resp. U™ Dy,

Theorem 3 For the scheme defined in (43)—(44), assume UKC , UKD € H, VK€, KPD. If

UC(x,y) € H.V(x,y) € S, VK€ and U"P(x,y) € H,Y(x,y) € SP.VKP, then
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ﬁ';:;l’c and l_I'I':;)l’D will belong to H, VK€, K, under the CFL condition

1 .
lmaxAt <26 (* - nk+l> WNSmin (45)

Proof By using same techniques as in Sect. 3, we can rewrite the scheme (43) as

3 N—1k+1 29|KC|

I-Jr;;LC:(l—Q)I_J +ZZZ KC| (2 n/j)a)aa)ﬁU wp

i=1 a=1 =1
k+1 1
+> 20 (5 - n,g) dywgHS.
p=1
(46)
where
3 | C C
KE| I€ At
Hf = v - i FUP ) -nf ). (47)
P ;(IKCI ef.p 20(% — np)an|KC| ef pl

Under the CFL condition (45), Hg defined in (47) is a formal first order positivity preserving
scheme as in (34), therefore HC eH.

Note that Un+l € is a convex combination of Ur;(g , U wp’ Hg Since H is a convex
set, one obtains U"H'1 € e H. Similarly, U”Jrl Dy .

4.3 Positivity-Preserving Limiter

In this subsection, we will give a positivity-preserving limiter which modifies the cental DG
solutions U™€ and U™, with the cell averages in the set H, into U™ and U2, such that
the modified solutions will satisfy the sufficient condition in Theorem 3, while maintaining
accuracy and local conservation (see [36]).

Following [5,20,33,37], the positivity-preserving limiter is given as follows.

(a) First, we enforce the positivity of density. In each element K*, x = C, D, we modify the
density p™* into p™*,

N

) ,*ZaK(pn,*_ n*)+ —n* ag = min {1 |(pn*_8)/(-n*_pn,*)|}.

(x,y)eSk K

Here ¢ is a small number such that 5* > ¢ for all K*. In our simulation, ¢ = 10~'3 is
taken. We now define U"*(0™*, (pu)™*, (pv)™*, (0E)"™™*).

(b) Second, we enforce the positivity of pressure. For each (x, y) € S%, we define

it p(0"*) > 0

1,
3(x,y) = { p@U"*) otherwise.

PO —pns)’
With this, the newly limited numerical solution is given as

*= B (U —U) + U, B = min (5(x, ).
(x,y)eSk
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Similar to the discussions in Sect. 3.3, for higher order temporal accuracy, high order
SSP time discretizations will be used [12]. With their intrinsic structure of being a convex
combination of the Euler forward method, and the admissible set H being convex, SSP
temporal discretizations will keep the positivity-preserving property of the overall methods.
When the solutions contains non-smooth structures such as strong shocks, nonlinear limiters
are often needed to further improve the numerical stability. In our numerical experiments,
a total variation bounded (TVB) corrected minmod slope limiter [7] is applied for some
examples and it is implemented before the positivity-preserving limiter.

5 Numerical Examples

In this section, numerical experiments are presented to demonstrate the performance of
the proposed methods for solving conservation laws. The time step is set according to the
theoretical analysis. Since the numerical results on the primal and dual meshes are similar,
we only show the numerical results on the primal mesh.

5.1 Scalar Conservation Laws
5.1.1 Linear Equation

In this test, we solve the linear transport equation u; + uy + u, = 0 with initial condition
u(x,y,0) =sin(2r(x +y)) € [—1, 1] and periodic boundary condition. The computational
domain is [0, 1] x [0, 1]. The coarsest primal mesh used in this test consists of 128 similar
triangles, which is shown in Fig. 3. Then we refine the mesh by dividing the each triangle into
four smaller identical triangles for the purpose of the accuracy test. The L? and L errors
and orders of accuracy for p att = 0.1 are listed in Table 1 without the maximum-principle-
satisfying limiter and in Table 2 with the maximum-principle-satisfying limiter. The results
show that the central DG methods with and without the limiter on the unstructured overlapping
meshes are (k + 1)st order accurate for P¥ with k = 1, 2. To demonstrate the effectiveness
of the maximum-principle-satisfying limiter, we plot time series of the maximum value and
the minimum value of the numerical solution u# with or without the maximum-principle-
satisfying limiter in Fig. 4. It can be seen from Fig. 4 that most of the time the maximum
value and the minimum value of the numerical solution are outside of the domain [—1, 1]
when the limiter is not used in the simulation, even though the mesh is refined. However
these values are always in the domain [—1, 1] when using the limiter.

5.1.2 Diagonal Advection of a Gaussian

In this test, we consider the advection equation u; + uy + u, = 0 in a square domain
[—1, 1] x [—1, 1], the initial condition is an axisymmetric Gaussian shape u(x,y,0) =
e’75((x’x0)2+(y =30 € [0, 1], the boundary conditions are Dirichlet. The Gaussian is initially
located at xg = yop = —0.5 and moves diagonally at speed +/2. This problem is solved until
time ¢ = 0.5 with 8192 similar triangles on the primal mesh which is obtained by refining
the mesh shown in Fig. 3 three times. The numerical results at # = 0.5 are shown in Fig. 5,
the exact solution is also plotted in the same picture for a comparison. It can be seen that the

numerical solution matches well with the exact solution.
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Table1 The L” and L™ errors Mesh L2 error Order L° error Order

and orders of accuracy of u at

t = 0.1 without limiter for linear pl

transport equation
128 5.44E—02 - 1.36E—01 -
512 1.39e—02 1.97 3.37E—02 2.01
20438 3.49E—03 1.99 8.77E—03 1.94
8192 8.74E—04 2.00 2.14E—03 2.03

P2
128 3.64E—03 - 6.78E—03 -
512 4.82E—04 2.92 1.23E—03 2.46
2048 5.68E—05 3.08 1.55E—04 2.99
8192 7.10E—06 3.00 1.93E—05 3.01
2 oo

Table2 The L~ and L crrors Mesh L2 error Order L error Order

and orders of accuracy of u at

t = 0.1 with limiter for linear pl

transport equation
128 7.12E—02 - 1.86E—01
512 1.89E—-02 1.92 4.98E—02 1.90
2048 4.29E—03 2.13 1.44E—02 1.79
8192 1.02E—03 2.08 3.52E—03 2.03

P2

128 1.17E—-02 - 3.42E—-02 -
512 7.72E—04 3.93 1.86E—03 4.20
2048 7.38E—05 3.39 2.16E—04 3.10
8192 9.17E—06 3.01 3.56E—05 2.59

Fig.3 The coarsest primal mesh
(128 elements) for the accuracy
test
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t

t

Fig.4 Comparison between the numerical solutions with or without the maximum-principle-satisfying limiter.
Top: using 128 cells in the primal mesh; bottom: using 8192 cells in the primal mesh; blue line: results without

the limiter; red dashed line: results with the limiter (Color figure online)

0.4 1
0.3
0.8
0.2
0.1 0.6
> 0 >
0.1 0.4
-0.2
0.2
-0.3
-04 0
204 -0.2 0 0.2 0.4 2

X

-0.5 0 0.5 1

Fig.5 Diagonal advection of a Gaussian. Left: the contours of the numerical results at# = 0.5; right: x-profiles

(y = 0), dots: numerical solution, solid line: exact solution

5.1.3 Burgers Equation

We consider the Burgers equation
2 2
u u
_— _— = 0
u'+(2)x+(2)y

u(x,0) = 0.5 + sin(w (x + y))

with smooth initial condition
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Table3 The L2 and L errors

. Mesh L2 error Order L error Order

and orders of accuracy of u at

t = 0.05 without limiter for pl

Burgers equation
128 9.72E—02 - 1.17E-01 -
512 3.15E-02 1.62 4.70E—02 1.32
2048 8.25E-03 1.94 1.34E—02 1.81
8192 2.10E-03 1.97 3.64E—-03 1.88

P2
128 8.90E—-03 - 1.41E-02 -
512 1.46E—03 2.69 4.01E-03 1.81
2048 2.25E—-04 2.70 6.69E—04 2.58
8192 3.38E—-05 2.73 1.01E-04 2.73
2 0

Table 4 The L” and L™ errors Mesh L2 error Order L error Order

and orders of accuracy of u at

t = 0.05 with limiter for Burgers pl

equation
128 9.84E—02 - 1.18E-01 -
512 3.60E—02 1.45 5.68E—02 1.05
2048 9.29E-03 1.97 1.53E—02 1.89
8192 2.29E-03 2.01 3.73E-03 2.04

P2

128 1.07E-02 - 1.42E—02 -
512 1.66E—03 2.69 3.99E—-03 1.83
2048 2.65E—04 2.64 6.73E—04 2.57
8192 4.18E—05 2.67 1.05SE—04 2.68

and periodic boundary condition.

The computational domain is [—1, 1] x [—1, 1]. The mesh used in this test is same to
the test in Sect. 5.1.1. We present L and L™ errors and orders of accuracy for u at t =
0.05 in Table 3 without the maximum-principle-satisfying limiter and in Table 4 with the
maximum-principle-satisfying limiter. The results also show that the central DG methods
on the unstructured overlapping meshes are (k + 1)st order accurate for P* with k = 1, 2.
Numerical and exact solutions at t = 0.62 (at the time the solution becomes very sharp) are
plotted in Fig. 6, it can be observed the numerical solution is agree with the exact solution.

5.2 Euler Equations
5.2.1 Accuracy Test

In this test, we solve the Euler equations with initial conditions given by
p(x,y,0) =1+0.99sin2r (x +y)), u(x,y,0)=v(x,y,00=1, px,y,0 =1

The computational domain is [0, 1] x [0, 1] and the boundary condition is periodic. The
mesh used in this test is same to the test in Sect. 5.1.1. The L? and L® errors and orders of
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0 0

Fig.6 Numerical solution at = 0.62 for the Burgers equation. Left: numerical result; right: exact solution

Table5 The L2 and L errors

and orders of accuracy of p at Mesh L2 error Order L error Order
t = 0.01 without limiter pl
128 5.65E—02 - 1.42E—01 -
512 1.50E—02 1.91 3.82E—02 1.89
2048 3.68E—03 2.03 1.04E—02 1.88
8192 9.15E—04 2.01 2.62E—03 1.99
P2
128 4.00E—03 - 1.13E-02 -
512 7.37TE—04 2.44 2.14E—03 2.40
2048 1.33E—04 2.47 3.07E—04 2.80
8192 1.72E—-05 2.95 4.50E—05 2.77

accuracy for p at ¢+ = 0.1 are listed in Table 5 without the positivity-preserving limiter and
in Table 6 with the positivity-preserving limiter. The results show that the present methods
are (k + 1)st order accurate for P¥ approximation with k = 1, 2. We can observe from both
tables that the errors are different only on the coarsest mesh with P! approximation. This is
due to the fact that negative value of density appears on the coarsest mesh when using P!
approximation and the limiter is implemented in the computation. While for the refined mesh
or when using P? approximation, no negative value of density appears on these meshes and
thus the limiter is actually not implemented.

5.2.2 Riemann Problem

In this test, we shall investigate the performance of the central DG methods on unstructured
overlapping meshes for the problems with shocks. We consider two Riemann problems with
initial conditions given by

(0.5313,0.1,0.1, 0.4), x>05,y>0.5,
(1.0222, —0.6179,0.1, 1), x <0.5,y > 0.5,
(01,0 P) =1 (08,0.1,0.1, 1), x <05,y <0.5,
(1,0.1,0.8276, 1), x>0.5,y <0.5.
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2 o]
Table6 The L~ and L™ errors Mesh L2 error Order L error Order
and orders of accuracy of p at
t = 0.01 with limiter pl
128 5.74E—02 - 1.42E—01 -
512 1.50E—02 1.94 3.84E—02 1.89
20438 3.68E—03 2.03 1.04E—02 1.89
8192 9.15E—04 2.01 2.62E—03 1.99
P2
128 4.00E—03 - 1.13E-02 -
512 7.37E—04 2.44 2.14E—-03 2.40
2048 1.33E—04 2.47 3.07E—04 2.80
8192 1.72E—05 2.95 4.50E—05 2.77
1 1 1
0.9 0.8
0.8
0.8 0.6
0.7 0.4 0.6
0.6 0.2
0 0.4
0 0.5 1
1
02 08 08
B 0.6 0.6
-02 04 04
-0.4 0.2 02
0 0
0 0.5 1 0 1

Fig. 7 The contours of the numerical results at # = 0.2 for the first Riemann problem. Top left: density; top
right: pressure; bottom left: velocity component u; bottom right: velocity component v

and

(1.0,0,0.3, 1.0),
(2.0,0,0.3,1.0),

(01,0, P) =1 (1 039, 0, —0.8133, 0.4),
(0.5197, 0, —0.4259, 0.4),

x> 05,y >0.5,
x <05,y >0.5,
x <05,y <0.5,

x> 0.5,y <0.5,

The computational domain is [0, 1] x [0, 1] with 131072 similar triangles on the primal mesh
which is obtained by refining the mesh (shown in Fig. 3) five times. The boundary condition
is outflow. The numerical results at t = 0.2 for the first Riemann problem are shown in Fig. 7.
The numerical results at t = 0.3 for the second Riemann problem are shown in Fig. 8. These

results match well with the ones in [1].

@ Springer



1384 Journal of Scientific Computing (2019) 79:1361-1388

0.8

0.6

0.4
! ! 0.2
0.8 0.2 0.8 0
0.6 0.1 06 —— -0.2

0.4 0.4 -0.4
-0.6

-0.8

0.2 0.2

0 0
0 0.5 1 0 0.5 1

Fig. 8 The contours of the numerical results at # = 0.3 for the second Riemann problem. Top left: density;
top right: pressure; bottom left: velocity component u; bottom right: velocity component v
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Fig.9 The primal mesh (3604 elements) for the double rarefaction problem

5.2.3 Double Rarefaction Riemann Problem

In this test, we consider a double rarefaction Riemann problem [36], with the initial condition

as
( u. v )_ (77_170s0'2)sx§05
PP =(7,1,0,02), x>0

on the computational domain [—1, 1] x [0, 0.2]. The primal mesh used in the test includes
3604 elements as shown in Fig. 9. The exact solution contains vacuum, and thus we use
positivity-preserving limiter in this example. Since no shock occurs in the problem, we do
not use the TVB limiter. The left column of Fig. 10 reports the numerical density and pressure
which is in good agreement with the exact solutions shown in right column of Fig. 10. It can
be observed that both the low density and low pressure are captured well.

5.2.4 Shock Diffraction Problem

In this test, we consider a shock diffraction problem where shock passing a sharp convex
corner, which has been a benchmark problem in computational fluid dynamics and was tested
in many works [30,37]. Standard numerical methods often result in negative density and/or
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0 -1

Fig. 10 The numerical results at t = 0.6 for the double rarefaction problem. Top left: numerical density; top
right: exact density; bottom left: numerical pressure; bottom right: exact pressure

negative pressure, and it is important to utilize positivity-preserving methods to simulate this
example. The initial condition is given by

(o1t v. py = | (T:04113,407795,0,30.05945),  x <05,y > 6,
P U P) = (14,0,0, 1), otherwise,

on an irregular computational domain[0, 13] x [0, 11] — [0, 1] x [6x, 6] which is divided
into 27086 triangular elements on the primal mesh, the part of mesh is shown in Fig. 11.
We use inflow boundary condition at {x = 0, y € [6, 11]}, reflective boundary condition at
{x € [0,1],y = 6} and {x € [0, 1], y = 6x}, and outflow boundary condition elsewhere.
The primal mesh is shown in Fig. 11, with 27086 elements. In Fig. 12, the computed density
and pressure at ¢ = 2.3 are plotted, and no negative pressure or density is encountered during
the simulation with the presented positivity-preserving central DG methods.

6 Conclusions

In this paper, we have developed a family of high order accurate central DG methods
defined on unstructured overlapping meshes for the conservation laws in two-dimensional
spaces, including the maximum-principle-satisfying central DG methods and the positivity-
preserving central DG methods. The maximum-principle-satisfying limiter and positivity-
preserving limiter are implemented locally. Some numerical experiments are carried out in
this paper, which demonstrate the validity and accuracy of proposed method. Therefore, we
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Fig. 11 Part of the primal mesh (27086 elements) for the shock diffraction problem
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Fig. 12 The numerical results at ¢+ = 2.3 for the shock diffraction problem. Left: density; right: pressure

will extend the present method to other problems in the future works, such as MHD equations
[28], attraction-repulsion system with nonlinear diffusion [23] and Biot’s equations [2].
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