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Abstract In this paper, we consider the product eigenvalue problem for a wide class of
structured matrices containing the well-known Vandermonde and Cauchy matrices. A peri-
odic qd-type reduction method is developed for computing eigenvalues of products of these
rectangular matrices so that no subtraction of like-signed numbers occurs. Consequently, all
the eigenvalues of such a product are computed to high relative accuracy in a preferable com-
plexity. Error analysis and numerical experiments are provided to confirm the high relative
accuracy.
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1 Introduction

The study of high-accuracy computations is an active research topic of great interest in
recent years. For the eigenvalue problem of a single matrix, high-accuracy algorithms have
been constructed for a few classes of matrices such as diagonally dominant matrices [1,
2], tridiagonal matrices [9], acyclic matrices [6], certain sign regular matrices [17,19,20],
matrices with rank-revealing decompositions [11,12] and structured matrices [5,7,8,10,22].
However, there are many situations in which one need to find eigenvalues of a product of
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two or more matrices. Indeed, the product eigenvalue problem arises in many applications
and has been extensively studied, see [29,30] and the references therein for an overview.
Since accuracy is always lost when explicitly forming the product, a variety of algorithms
such as LR-type algorithms [18,28], Jacobi-type algorithms [15] and QR-type algorithms
[4,14,21] have been developed for a product of two or more matrices by implicitly working
with the factors. Our interest of this paper is the high-accuracy computation for the product
eigenvalue problem of large numbers of structured matrices.

Structured matrices such as Vandermonde and Cauchy matrices frequently appear in vari-
ous areas of modern computing [23,26,27]. In this paper, we are concerned with a wide class
of structured matrices containing Vandermonde and Cauchy matrices.

Definition 1 [16] Let A € R™*" If

rankA[s +1:i+ 1|1 :j] <rankA[s :i|l:j], Vi>j, i—j+1<s<i,
rankA[l :i|ls+1:j+ 1] <rankA[l:i|s:jl, Vj>i, j—i+1=<s<],

then A is called a consecutive-rank-descending (CRD) matrix. Here, denote by A[i : jlk : /]
the submatrix of A € R"*” having row and column indexes in the ranges i through j and k
through /, respectively.

We will show that Vandermonde and Cauchy matrices are special CRD matrices in Section
2 later. Recall that single Vandermonde and Cauchy matrices are badly ill-conditioned [24].
So, it is an interesting challenge to accurately find eigenvalues of products of these badly ill-
conditioned matrices. When dealing with the product eigenvalue problem, the currently used
algorithms are QR-type algorithms. However, it is known that QR-type algorithms destroy
matrix structures. Thus, we turn to an alternative approach, i.e., LR-type algorithms. One
advantage of LR-type algorithms over QR-type algorithms is that they can preserve matrix
structures, but the disadvantage is the possible instability in floating point arithmetic. In fact,
the works by Parlett and Fernando [13,25] have brought a further for LR-type algorithms.
Indeed, its variants such as qd-type algorithms have been developed to successfully achieve
the desirable high relative accuracy for the eigenvalue problem of single matrices [3,13,25].
Therefore, our main contribution of this paper is to compute all the eigenvalues of products
of rectangular CRD matrices with high relative accuracy by developing a periodic qd-type
reduction.

The rest of the paper is organized as follows. In Sect. 2, we provide the unique representa-
tion for the class of CRD matrices, and we then verify that the well-known Vandermonde and
Cauchy matrices are special CRD matrices. In Sect. 3, we provide a qd-type algorithm for
updating the representation of the product of two specific CRD matrices under the assumption
that no breakdown occurs. In Sect. 4, the periodic qd-type method is developed to efficiently
reduce a product of rectangular CRD matrices into the tridiagonal from by implicitly working
with its factors. In Sect. 5, we identify the subset of these products for which no subtraction of
like-signed numbers occurs throughout the reduction process. Consequently, all the eigenval-
ues of such a product are computed to high relative accuracy in a preferable complexity. Error
analysis is provided to illustrate the high relative accuracy. In Sect. 6, numerical experiments
are presented to confirm the high relative accuracy.

2 The Unique Representation

In our work [16], the unique representation for (p, ¢)-diagonal consecutive-rank-descending
matrices has been derived, and CRD matrices are just special (0, 0)-diagonal consecutive-
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rank-descending matrices. Therefore, the unique representation for CRD matrices is directly
obtained as follows. Here, I,, € R"*" is the identity matrix.

Theorem 1 [16] A € R"™™ (n > m)is CRD ifand only if A € R"*™ is uniquely represented
as

A=B|By...B,_1DC,_1...C2Cy, (1)

where D = diag(p;;) € R™™, B; € R"™" and C; € R™™ (1 <i < m — 1) are the
following

1 10
01
.o ’ 1. 0
B, = 0 1 , Ci= L prm—iv1 s
Pn—i+1,1 1
- 1. Pim
Pni 1 1
and B; € R (m <i < n — 1) is bidiagonal of the form
1
01
B/ R
B =" . Bl = o1 )
Iifm Pn—i+1,1 1
Pn—i+m,m 1

all the nontrivial entries p;j (1 <i <nand1 < j < m) satisfy that

[pl] 1> ] = PDsj s =1 )

pijzo,i§j=> pis=0 Vs=>j.

The case n < m for a CRD matrix A € R"*"™ is dealt with only by transposing the matrix
A. Therefore, any CRD matrix A € R"*™ is represented by these nm independent elements
pij (1 <i <mnand1 < j < m) satisfying the fact (2), and thus, we store these elements as
the parameter matrix P = (p;;) € R"*™. Notice that the parameter matrix of AT is just the
matrix PT. It must be pointed out that

detA[l,...,i1 S
detA[l, i 7 0 i=J;

o detAli—j+1,nillyesj]  detAlimj,oi=2]1,j—1] C
Pij =\ GtAli—j+L.i—1L.j—11  ~detAli—j,...i—1[L,.. 7] #0, i>]; 3)

detA[l coosilj =i+l jl detAll,oi=1]j=isny j=2] S

QetA[L,....i—1j—i+1,...;—1] = QetA[L,...ilj =T, j—1] #0, j>1i;

provided that the involved minors are nonzero. Thus, one immediately verifies by the formula
(3) that Vandermonde and Cauchy matrices are special CRD matrices. Here, set the convention

[T -=1ifj<i.
j—l]n,m

Corollary 1 [19] A Vandermonde matrix A = [x; ;=1
(1 <i < n)is CRD of full rank whose parameter matrix P = (p;;) € R""™ is the following:

with nonzero distinct nodes x;

[Tz (i — x0), ifi=j;
i—1 - e

pij = iziojn o= i > 4)
Pij = Xi, ifi <j.
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n,m
Corollary 2 [19] A Cauchy matrix A = [x__,l_yj] ] with distinct nodes x; and distinct
i i j=

nodes y; is CRD of full rank whose parameter matrix P = (p;;) € R"*™ is the following:

1 i—1 (6 =x0) (Vi —=yK) 7= 7

xi+yi l_[k=1 Cei+y) Qi+xe) ifi=j,

) Xty il Xi =Xk J=1 xic14yk i i
pij = Xit+y; nk:i*j+1 Yi1—xg—1 LIk=1"xity ifi>, S

Vj—itxi 71i—1 Yji—Yk i—1 yj—1+xk e :

yj+xi Hk:j*l“rl Vi—1=yi—1 L k=1 "yidx ifi<j.

To perform our error analysis later, the standard model for the floating point arithmetic is
adopted:

filxoy) = (x o)1+ ), 8] <, o€ {4+, —, * /,

where u is the unit roundoff. Thus, if x and y are initial (thus exact) data, then x —y and x + y,
as well as their products and quotients, are computable to high relative accuracy [5,7,19].
This means that all the parameters of (4) and (5) are accurately computed for these given
initial nodes, which is very favorable for our high-accuracy computations later.

3 A qd-Type Updating Method

In this section, we provide a qd-type algorithm for updating the representation of the product
of two specific CRD matrices under the assumption that there is no breakdown, i.e., there is
no division by zero.

A nonsingular bidiagonal matrix and its inverse are CRD matrices. We first consider how
to update the representation of the product of these matrices. For a nonzero vector «, denote
sign() = 1 or — 1 if all its nonzero elements are positive or negative, respectively. In
addition, sign(«) = 0 if « is a zero vector.

Lemma 1 Let L, U, € R"™" be nonsingular of the following:

1 10
b1
e 1o
L= L1 1 , U = dr—y uy , 2<r<n. (6)
L1 )
.o dn—1 uy
Iy 1 dy
Then in the absence of breakdown,
1 10 -1
I 1
o L 1o
UL =L0 " = b2 1 -ttty : (M
b1 1 . .
‘. _ Jnfl '{n
I 1 dy
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where with the convention u,_1 = 0,
Loy=L ifr>2
r—1 = d_’ s
zj =dj —ljuj. Vr=lsj=n ®)
R ZI' _' _ X X _' _ 1. . .
t_‘l_z]ﬁ’ d]—tjdj+1, lj+1—t]lj+1, lfj <n,
n = Zn,
Moreover, the transformation (7) is subtraction-free if and only if sign(d;lju;) = —1 or 0

for all r < j < n. Consequently, in this case no breakdown occurs for the transformation

(7).

Proof Comparing the entries in both sides of LU, = U, L, we have with the convention
u,_1 = 0 that

L = l_rfldrfl» if r > 2,

j+ljuj:dj+l_j+1uj+1, Vr—1<j<n-1,

QU

djljv1 = djaljs,

dy + lyuy = dy,

from which the formula (8) is derive(_i with z; 11 # O forall r — 1 <j=n-1 because
of the absence of breakdown. Thus, d; # 0 for all j. So, U~ Iy = LU,_l. Moreover, for

allr < j <n,z; =dj —ljuj is subtraction-free if and only if sign(d;l;u;) = —1 or
0. Consequently, in this case no breakdown occurs because |z;| > |d;| > O for all r — 1
<j=n o

The following result is obtained by a straight computation.

Lemma2 Let U, € R"™" (2 < r < n) be as in (6), and let D = diag(p;;) € R"*"™ be
diagonal of full rank. Then

U'pD=D0"", )

where D = diag(p;;) € R™"™ with p;; = pd-—f/_jforr —1<j <min{n,m}and p;; = pjj

otherwise; and U, € R™™ is bidiagonal with unit diagonal whose (j — 1, j)th entries
ujpjj
Pj—1,j—-1

min{n, m}, ifd; > O, then sign(p;;) = sign(p;;) and sign(u;) = sign(u;p;j_1,j-1pjj)-

uj = forr < j <min{n, m} and u; = 0 otherwise. In particular, forr —1 < j <
Lemma 3 Let U, C € R™™ be the following:
r1 0 A 1

10 1 ¢

Ur 1 u, ,C= 1 ¢ ,2§r§m~

L um 1 em
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Then in the absence of breakdown,

M1 e -1 0 -1
1 ¢t 10
-1 ~rr—1 . - 7
U~ ' C=CU7 ., = 1 G Vit g1 , (10)
1 ¢cn T
L 1d = 1=
where with the convention u,_; = 0,
j=Cj U,
L_tj:(), Ej:Zj, ifuj_1:0, Vrsjfm. (11)
Zj - - .
l‘j:ﬁ, uj=tjuj_1, Cj:l‘jCj_l, 1fuj_17é0,
Moreover, the transformation (10) is subtraction-free if and only if sign(cju ;) = —1 or 0 for

all r < j < m. Consequently, in this case no breakdown occurs for the transformation (10).

Proof Comparing the entries in both sides of CU,| = U, C, we have that

{cr:_ur"‘cr; o i Vitl<j<m,

Cj—jUj =uj_1Cj, uj+cj=uj+cj,

from which the formula (11) is derived under the assumption that there is no breakdown.
Moreover, forallr < j < m,z; = cj —uj is subtraction-free if and only if sign(cju ;) = —1
or 0. Consequently, in this case no breakdown occurs because |z;_1| > |uj_1| > 0 for the
caseu;j_| #0(r < j<m). O

Our main result of this section is the following:

Theorem 2 Let A € R"™™ be CRD of full rank, and let U, € R"*" (2 < r < n) be as in
(6). Then in the absence of breakdown, A" = U~ VA is CRD of full rank.

Proof Let A= B|By...B,_1DCy_1...C2Cy beasin (1), and let P = (p;;) € R"*" be
its parameter matrix satisfying the fact (2). In the absence of breakdown, we recursively get
by using the transformation (7) that

A'=U""B;...B,_1DCp_1...C1 =B{U "'By...B,_1DCpy_1...Cy
=...=B|...B,_ ,U'DCy_y...Cy, (12)

where each B,’( (1 < k < n—1)has the same form as that of By, whose corresponding entries
pt{,i—n-s—k = 0ifand only if p; j—4x = O foralln —k <i <n. So,

pij=0,i>j= p;;=0, Vs>i 13)
Further, by the transformation (9),

A'=B|...B,_ U 'DCp_y...C; =B]...B,_D'U'Cp_y...Cy, (14)

where U, € R™ ™ is upper bidiagonal with unit diagonal, D’ = diag(py,) € R"™™ is
diagonal with

P 70, V1 <k < min{n, m}. (15)
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Finally, in the absence of breakdown, we recursively get by using the transformation (10)
that

n—1

=...=B|...B._\DC, .. c;_lc,_z...cl (16)

A'=B{...B,_ DU 'Cp_...Ct=B{...B,_D'C),_ U Cpr...C,_1Cr5...Cy

where forall | <s <m —r+ 1,07, Cuos = C,, U7, (here, U,y = In). C,
bidiagonal different form C,,_; only in the entries pl/.l for r—1<i<min{m—1 n} and
Jj =i +s, which are computed from the entries p;; of C,_y by the formula (11) as follows:

Zj = Pij —uj,

i;=0, plfj=zj, ifuj_1 =0, (17)

tj = Zzi , P,j =1jpi—1,j—1, Mj =tjuj—1, if'ftj—l #0,
here, denote by u; and u; the (j — 1, j)th entries of Urﬂ,l and l~]r+s, respectively. For
showing the fact (2), let plfj =00fC,,_ forsomer—1<i <min{fm—1,n}and j =i+s,
then it need to prove p;’iH = O0with j +1 < m. Noticethat 1 <s <m —r+ 1. If
s=m—r+1,then j+1 > m.So,assumethat] <s <m—r+1landj < m. According
to (17), there are the following cases to be considered.

— For the case uj_1 = 0, we have that u; = 0 and 0 = P,/'j =zj=pij—uj.Ifu; #0,
then by the formula (17), tj11 = Z’Z—:" = ZI’;'I is a breakdown. So, we must have that

1

u;j =0, and then, p;; = 0. Thus,
pij =0 = p;jy1 =0bythefact 2); u; =0 = u;y = 0by the formula (17).
Hence, for the next transformation U, +;Cm 1 =C! s 1U
have by the formula (11) that pl._i+] Dij+1 —jy1 =0.
— For the case u; | # 0, we have 0 = plfj = tjpi—1,j—1, which means that t; = 0 or
pi-1,j—1 = 0.
- Ift; =0, then z; = p;; —u; = 0. Assume that u; # 0. Then by the formula (17),
tit1 = Z’z—j’l is a breakdown. So, we must have u; = 0, and then, p;; = 0. Thus,

+S+], since u; = 0, we

pij=0= pijy1=0;, u;=0= u;jr; =0
Hence, for the next transformation U, +sCm i1 = Cm o lUr Jrls L1 since u; =
tjuj—1 = 0, we have by the formula (11) that pl j+1 = Pij+1— ujy1 =0.
—If pi—1,j-1 = 0andt; # O, then p; Lj = 0 by the fact (2). Hence, for the next

transformation U,HCm - C’ e 1U since u; = tjuj_1 # 0, we have

r+s+1’
by the formula (11) that
/ - Dij+1 — Ujt]
Piiv1 =lj41pi-1,j = ———————pi_1,; = 0.
i j+1 J i—1,j Pty — il i—1,j
Hence, we conclude that
pij=0,j>i= p;;=0, Vs> (18)

Thus, we get that A’ is of the form (1) satisfying the fact (2) because of the facts (13), (15)
and (18). Therefore, by Theorem 1, A" is CRD of full rank. O

By applying a transpose transformation, we immediately get the following result.
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Corollary 3 Let A € R"™™ be CRD of full rank, and let L, € R™™ (2 < r < m) be
nonsingular whose transpose is as in (6). Then in the absence of breakdown, A’ = AL~ Ujs
CRD of full rank.

Therefore, we have Algorithm 1 for updating the representation of the product of two
specific CRD matrices.

Algorithm 1 The algorithm computes the parameter matrix P = (p; ) of A = U'A
(2 <r < n), where A € R"*" is CRD of full rank, and U, € R"*" is as in (6).
1: First, compute the elements plfj (i > j) of (12) by the formula (8).

2: Further, compute the elements pl{j (i = j) of (14) by the formula of (9).
3: Finally, compute the elements pl/.j (i < j)of (16) by the formula (11).

Observe that the formulas of (8), (9) and (11) cost at most 6, 3 and 4 arithmetic operations,
respectively. So, the cost of Algorithm 1 is at most

6(n—r+2)(n—1)4+3-(min{m,n} —r +2)+4- (min{m,n} —r +2)(m —r + 1)

n n
< Y 12j+ (minfm,n} —r +2)@m —4r +7) < Y (4m + 12)).
j=r—1 Jj=r—1

4 The Periodic qd-Type Reduction Method

In this section, we provide a periodic qd-type reduction for a product of rectangular CRD
matrices of full rank

A=A1Ay...Ag, where A; e R">*M+l 1 <i <K, ny =ng+i, (19)

under the assumption that no breakdown occurs. First, we illustrate the reduction for K = 3
where each factor is a 4 x 4 CRD matrix of full rank, i.e.,

X X X X yyyy 27272
X XXX yyyy 72222
X XXX yyyy 2222
X XXX yyyy 2222

A=A1AA3 =

Denote by x;;, yi; and z;; the parameters of Aj, A2 and Az, respectively. For the first stage,
we perform the following operations.

— First, according to the form (1) of Ay, i.e., A = B; B B3DC3C,C1, it can be rewritten
as

1 xi2 1 1 1 —x12

A] _ B]BZB3D 1 x23 1 x13 1 1 —x13

1 x34 1 x4 1 x14 1 —x4
1 1 1

—

1 —x12 -1

I —x13
I —xus
1
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1 1 L —xi2
1 X23 1 1 —X
= | BiB2B3D "
1 x34 1 x4 1 —xi14
1 1 1

X000 [ 1-xn -1
XX I —x3 — A 571

x'x'x'x 1 —xi4 B N

x' x x'x 1

this means that A/ is obtained form A only by setting its parameters x> = X3 = xj4 =
0. So,

A= A1ArAs = A\ (ST Ar) A,

where by Theorem 2, A, =: Sl_lAg is CRD of full rank whose parameters are still
denoted as y;;.
— Further, using a similar argument, the updated CRD matrix A, can be rewritten as

Yy 000 1=y -1

/ / ’ ’

Yoy'y'y L =3 VS|
Az_ AN 1 —y - AZSz ’

V' yy yi4

VoYY 1

where A} is obtained from A; only by setting its parameters yj» = y13 = y14 = 0. So,

A=A ArAs = AAL (S, ' As),

where by Theorem 2, A3 =: S, 1A3 is CRD of full rank whose parameters are still
denoted as z;;.
— Finally, the updated CRD matrix A3 can be rewritten as

-1

1 —zi3 YA
1 —z14 - A3S3 ’
1

0

(=]

1

N M

Ay = ,

N\ N\ N\

Zz
7z
7z
7z

~N

where Ag is obtained from A3 only by setting its parameters z13 = z14 = 0. So,
S3TASy = 551 (A AL ALSTH Sy = (S5 A)) AL AL,

where by Theorem 2, A =: S5 1A’1 is CRD of full rank whose parameters are still
denoted as x;; with x;; = 0 (j = 2, 3,4) not being disturbed. So far, the product
A = A1 A>Aj3 has been reduced by a similarity transformation into the form:

For the second stage, we perform the following operations.

— First, taking into account the form (1), A’3 can be rewritten as

1 —1 700

r_ |z 1
A3_ —z31 1
—z41 1

~
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where A is obtained from A} only by setting its parameters zo; = z31 = z41 = 0. So,
A = AJALAY = A(AL W AY,

where by Corollary 3, A) =: AW, ! is CRD of full rank whose parameters are still
denoted as y;; with y;; = 0 (j = 2, 3, 4) not being disturbed.
— Further, the updated CRD matrix A can be rewritten as

1 71
r_ |y 1
A2_|: -y 1 :|
—ya1 1

where A’2’ is obtained from A’2 only by setting its parameters y1 = y31 = y41 = 0. So,
Al = AL AL AL = (A\ Wy AL AL,

where by Corollary 3, A| =: A|W, ! is CRD of full rank whose parameters are still
denoted as x;; with x;; =0 (j = 2, 3, 4) not being disturbed.
— Finally, the updated CRD matrix A’ can be rewritten as

] 1 _1 X// 0// O// 0// 1
A xTx"x" x - W
Al = —x31 1 0 X” x//x - 1 )
—x41 1 0 x" x" x"

where A7 is obtained from A/ only by setting its parameters x3; = x4 = 0. So,
WIA W = Wi (W ATAS AW = AT AL AW,
where by Corollary 3, Ay =: A W]_l is CRD of full rank whose parameters are still

denoted as z;; with z;1 = 0 (i = 2,3,4) and z;; = 0 (j = 3, 4) not being disturbed.
Thus, the product A = A| A3 A3 has been reduced into the form:

00 0[O0 00 o
A,,A,, _ x//x//x//x// ()y 'y OZ/Z Z//
1472 0 x" x" x" 0y y"y” 0z7"z"7" |
0 x" x"x" 0y y 077"z

When proceeding with the analogous operations on rows/columns 2 to 4, we conclude that
A = A1A3Aj3 is reduced by similarity transformations into the tridiagonal form:
x000 y000 2200
xx00 0y00 0zz0
0xx0 00y0 00zz
00xx 000y 000z
For the general product (19), let r = min;<;<k {n,}, then by performing the above reduc-

tions on rows/columns 1 to r, we conclude that the product A = A1 A, ... Ak is reduced by
similarity transformations into the form

T = A\ Ay A Al

X y y z 2z

Y xox Yoy Yoy .z |0
- vy P N
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where if ny =ng41 = r, then

oz
x 0.0
, X x 0--0 , z
Al = ) € RMxm A = . . 2| e RrKK
X xOO .
0 00
and if n, = r for some 2 <t < K, then
y
y 0.0
1= . | RN (t£2), Al = |: :j| € R+ (1 £ K).
. . y0..0

0 0

So, the product A = A1 A» ... Ak has been reduced by similarity transformations into

T 0
T:[OO], (20)

where if n; = r, then
T’:A’l[lzr]-(A’z[lzr]... ’Kfl[l:r])-A’K[I:r]
x y y zZz
X X y y
= .. . . e R™,
X X y y z
and if ny > r, then

T'=A[ll:r+11:r]- (A5 ir] AL irD - AL ir|lir + 1]
y y

X
X x y y z z
| .. .| e perDxE+D
X X : E R ' Z.z
X y

y

According to the analysis above, we finally have Algorithm 2 (here, denote by
Ui(xi, ..., xp) € R™ the unit bidiagonal matrix with the (r — 1, #)thentry x, fori <t < n)
to reduce the general product (19) into the tridiagonal form (20), which costs the arithmetic
operations of at most

r K—1n.41 NK41 K n ni
DAD DY i+ 120+ D @Gra+12j)+ DY @Gn +12) + Y (ng +12))
i=1 | t=1 j=i j=itl 1=2 j=i J=it1

~ O(r(niny +nan3 +---+ngng41)).

So, the complexity of our periodic qd-type reduction is very preferable when r is small.

Observe that the matrix 7’ of (20) is tridiagonal of the factored form. Consequently, all
the eigenvalues of the product A are obtained by applying various tridiagonal eigensolvers
such as LR-type algorithms to 7'. More interestingly, it turns out that our method can achieve
the high relative accuracy, as shown in the next section.
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Algorithm 2 The algorithm reduces the product (19) into the tridiagonal form (20) by virtue
of the parameter matrices P; = (pl-(]t.)) € R">*"+1 of the factors A; € R+ (1 <t < K
andn; = ng41).

1: fori =1 :minj<;<g {n;} do

2: fort=1:Kdo

3 if # < K then ® ®

4 A1 = Wit (=g =Py )17 Argr by Algorithm |
. o _ . 0O _

5 Piit1 = = Pingyy =

6 else &) )

7 Al = [Uiga(=pjilgs oo fpl.,nKH)]*lA] by Algorithm 1

(K) _ _ (K) _

8: Piivo =" = Ping = 0

9: end if

10:  end for

11: fort=K:—1:1do

12: if # > 1 then ® ®

13: AL = Wiy - =py) 171 AT by Algorithm 1
. (€5 R () B

14: Pigr1i="""=Py,; =0

15: else m m

16: Ak = Wit2(=pjy i os =Py, P17 AL by Algorithm 1
. [ _ M _

17: Piya;="1"=Py; =0

18: end if

19:  end for

20: end for

5 Accurate Eigenvalue Computations

In this section, we first identify the subset of the general product (19) for which no subtraction
of like-signed numbers occurs throughout the periodic qd-type reduction. We then compute
all the eigenvalues of such a product to high relative accuracy. Error analysis is presented to
illustrate the high relative accuracy.

5.1 The Subtraction-Free Algorithm 1

Lemma4 Let A= BBy ...B,_1 € R"" be CRD whose parameter matrix P = (p;;) €
R"™ " and each factor B, € R"™*" (1 <t <n—1)isasin(1), andletU € R"*" be bidiagonal
whose diagonal entries d; > 0 (1 < j <n)and (j — 1, j)thentriesu; (2 < j < n). Then
the qd-type transformation

U'A=B{B,...B,_U™!
is subtraction-free if and only if
sign(u; P[j|1:j—1)=—lor0, V2<j<n. @21)

Consequently, in this case no breakdown occurs such that each B/ (1 <t < n — 1) has the
same form as that of B; all of whose corresponding entries p| g satisfy that

sign(pfj) = sign(pjj), Vi > j, (22)
and U’ is bidiagonal whose diagonal entries d} >0(1 <j <n)and (j — 1, j)th entries

u’j:uj(2§j§n).
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Proof We use induction on the total number of the factors in A to prove the result. By
Lemma 1, the qd-type transformation U ! By = BiU ~1is subtraction-free if and only if

sign(dy pn1ty) = sign(pyiu,) = —1or 0; (23)

and consequently, no breakdown occurs such that U e R™" is bidiagonal whose diagonal
entries d; and (j — 1, j)th entries u; are the following:

di=d;>0,1<j<n-2,
‘?nzdn_unpnl > 0, (;n—l = dZ‘;]dn >0,

uj=uj, V2=<j<n,

dn—i
dy

and B has the same form as that of B with the corresponding entry p), =
that

Pn1 such

sign(py;) = sign(pn1). (24)
Notice that B; ... B, is CRD whose parameters p;; (0 < i — j < n — 2) satisfy the
fact (2). Hence, by applying our induction assumption, the qd-type transformation
U'By...By_1=By...B,_U"!
is subtraction-free if and only if
sign(ujP[jll:j—1))=—1lor0, V2<j<n-—1; sign(u,P[n|2:n—1])=—1or0;
(25)

and consequently, no breakdown occurs such that each B; (2 < ¢ < n — 1) has the same form
as that of B; all of whose corresponding entries p; J satisfy that

sign(p;;) = sign(pij), Yi > jand (i, j) # (n, 1), (26)

and U’ € R"*" is bidiagonal whose diagonal entries d;. >0(l<j<n)and (j —1, j)th
entries u’] =u; (2 < j < n). Therefore, the fact (25) together with the fact (23) implies that
the qd-type transformation A’ = U~ ! A is subtraction-free if and only if the fact (21) holds.

Consequently, the facts (24) and (26) imply that the fact (22) is true. ]

Lemma5 Let A = Cy—1...C2Cy € R™™ be CRD whose parameter matrix P € R™*™
and each factor C; e R™*™ (1 <t <m — 1)isasin (1), and let U € R™*™ be bidiagonal
with unit diagonal whose (j — 1, j)thentriesu; # Oforalll < j < handuj = 0 otherwise.
Then the qd-type transformation

U'A=C),_,...CjC]

m—1-

is subtraction-free if and only if

{sign(ujP[l—1,...,j—1|j])=—1or0, Vi<j<h o

sign(P[l—1,...,hlj) =s;, Vh+1=<j <m.

Consequently, no breakdown occurs such that A’ = U~V A is CRD whose parameter matrix
P’ satisfies that

sign(ujP/[l— L...,.j—=1jh=—-1,VI<j<h
sign(P'[l —1,....hlj) =s;. Vh+1<j <m; (28)
P’[i|j] = P[i|j], otherwise;
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Proof We use induction on the total number of the factors in A to prove the result. By

Lemma 3, the qd-type transformation U ~'C,,_ = C 1 U~!"is subtraction-free if and only
if

sign(ujpj—1,j) =—lor0, VI<j<h (29)

and consequently, no breakdown occurs such that U € R”*™ is bidiagonal with unit diagonal
whose (j — 1, j)theentries #; (2 < j < m) are the following:

. Pj—1,j —Uj
0= j=1J J

j= uj—1, [ +1=<j <minf{h + 1, m}; otherwise u; =0,
Pj-2,j—1 —Uj—1

from which it follows that

sign(it;) = —sign(pj—1,j —uj) =sign(u;), [ +1=<j < h;
N . . . (30)
sign(p+1) = —sign(pp p+1 — Up+1) = =sign(ppp+1), if h+1 < m;

and C/, _, has the same form as that of C,,_; with the corresponding bidiagonal entries
Pi_1y = Pi—1g—u #0,
/ Pi—1j—Uj . :
Py = W}U—Z,]’—la Vi+1<j<min{h+ 1, m},

/ _ . . .
Pj_1j=Pj-1j otherwise,
from which it follows that

sign(uip;_, ;) = sign@ui(pi—1,1 — 1)) = —1,
sign(ujp}flj):—loro, Vi+1<j<h, (31)
sign(p}l,hH) =sign(ppp+1)or 0, if A+ 1 <m.

Notice that Cy,, 5 ... Cy is CRD whose parameters p;; (j —i > 2) satisfy the fact (2). There
are the following cases that we need to consider.

— For the case pj p+1 # 0, we have by the fact (30) that
uj #0, I +1=<j<h+1; otherwise u; = 0.
Thus, by our induction assumption, the qd-type transformation
A'=U0"'Cps...C1=C, ,...C}
is subtraction-free if and only if

(32)

sign(@;P[(l+1)—2,...,j=2|j)=—1or0, VI+1<j<h+1;
sign(P[(l+1)—=2,...,(h+2)=2|j) =sj, VE+2 =< j<m;

and consequently, no breakdown occurs such that the parameter matrix P’ = (p; j) of

A" satisfies that
sign(@; P'I[+1D)—2,....j=2[jD=—-1, VIi+1<j<h+1;
sign(P'[+1)—2,...,(h+2)=2|jD =sj, Vh+2=<j<m; (33)
Pz{j = pij (j —i # 1), otherwise.

Therefore, the fact (32) together with the facts (29), (30) implies that the qd-type transfor-

mation A’ = U~ A is subtraction-free if and only if the fact (27) is true. Consequently,
the fact (33) with (30), (31) implies that the fact (28) is true.
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— For the case pj p+1 = 0, we have by the fact (30) that
u; #0, [+ 1< j < h; otherwise u; = 0.
Thus, by our induction assumption, the qd-type transformation

A'=U0U""Cpy...C1=C, ,...C]

m—2

is subtraction-free if and only if

{Sign(ﬁjP[(l—i—l)—Z,...,j—2|j])=—lorO, Vi+1<j<h (34)

sign(P[(+ 1) —2,...,(h+ ) =2|j) =5, Vh+1<j<m;
and consequently, no breakdown occurs such that the parameter matrix P’ = (p; j) of
A" satisfies that
sign(i; P'I1+1) = 2,...,j=2[jD=~1, VI+1<j<h
sign(P'[A+1)—=2,...,(h+1)=2|j) =s;, Y+ 1< j <m; (35)
pl{j = pij (j —1 # 1), otherwise.
Notice that by the fact (2), ps 41 = 0 implies that pj; = O for all j > h + 1. Therefore,
the fact (34) together with the facts (29), (30) implies that the qd-type transformation

A’ = U~ A is subtraction-free if and only if the fact (27) is true. Consequently, the fact
(35) with (30), (31) implies that the fact (28) is true.

The result is proved. O
By Lemmas 4 and 5, we identify Algorithm 1 to be subtraction-free as follows.

Theorem 3 Let A € R"™™ be CRD of full rank with the parameter matrix P € R™", and
let U € R™" be bidiagonal whose diagonal entries d; > 0(1 < j < n)and (j — 1, j)th
entries uj (2 < j < n) are the following:

sign(uj)=g; #0, [, <j<h,, r=12,...,t; otherwiseu; =0,
here, I, 1 — h, > 2 forall 1 < r <t — L Denote sign(P[j|j]) = wj forall 1 < j <
min{n, m}. Then the qd-type transformation A’ = U~ A by Algorithm 1 is subtraction-free
if and only if
sign(P[jll:j—1]) =—gjor0, VI, <j < hy;
sign(P[l, —1,...,j —1|jD) = —gjwjqwjor0, VI, < j<h,; r=12,...,
sign(P[l, —1,...,h.|jD) =s;, VA, +1 < j <m;

~

here h). = min{h,, n, m}. Consequently, in this case no breakdown occurs such that A’ is
CRD of full rank whose parameter matrix P’ € R""™ satisfies that

sign(P'[l — 1,...,j — 1|j]) = —gjwj—1w;, V1. < j <hl;
sign(P'[l, — 1,...,h|j)=s;,Vh. +1<j<m; r=12,...,¢t.
sign(P'[i|j]) = sign(P[i|j]), otherwise;

Proof Denote by U;, € R™" (1 <r < t) the bidiagonal matrix whose diagonal entries d 5
(I <j<mn)and (j— 1, j)thentries u; (2 < j < n) are the following:

Jj =dj, [, —1=<j=<h; otherwiseczj =1;
uj=uj, I, < j < h,; otherwise t; = 0.
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Consider that [,y 1 — h, > 2foralll <r <t —1.Then U = U, ...U,U,,. Hence, the
qd-type transformation U 1A = UITI Ulgl . Ulle is subtraction-free if and only if the

sequence qd-type transformations A,_1 = Ulr_lA, (denote A, = A)forr =1t,...,2,1 are
subtraction-free. Therefore, we conclude by Lemmas 4, 2 and 5 that the result is true. ]

Remark 1 In Theorem 3, all the diagonal entries of U have been assumed to be positive.
Clearly, a general case can be easily dealt with by choosing a signature matrix S such that
all the diagonal entries of SU are positive.

5.2 The Subtraction-Free LR Algorithm

Given the LU factorization Ty = LgUy, the basic LR algorithm is performed as follows:

T = Ly Ug,
kT k=0,1,... (36)
Tiv1 = Ly TiLy = ULy,
Lemma 6 Let T € R"*" be nonsingular as follows
1 )
L1
T=LU= L. . (37)
I dp—1 up
ln 1 dn

Then in the absence of breakdown, the LR transformation

1 L?] us
_ - b 1 ..
UL =LU =: o , (38)

dy—1 Un
Iy 1 dy

where with the convention l, 11 = up+1 =0,

djt Vi<j=n. (39)

{m =di, dj =zj+1ljriujq1,
liy1 = =14, zj41 = £z,
J d; J J d; J

Moreover, the transformation (38) is subtraction-free if and only if sign(dlj 1 1uj1+1) = 1 or 0
forall 1 < j < n — 1. Consequently, in this case no breakdown occurs such that for all
1 < j < n, sign(d;) = sign(d;), sign(d;lj+1uj+1) = sign(djd;+1) or 0, and [j41 = 0 if
and only ifl; 11 = 0.

Proof Comparing the entries in both sides of (38), we have with the convention /,,+1 =
Up+1 = 0 that
dy =dy + huy,
diljt1 =djplj4, ji=12....n—1,
divi+Ljyuj =djyr + Lioujio,
from which it follows that

21 =dy —huy =dy, di = z1 + huy,
7 djt1
L1 ="3"1j+1:
7 7 djt
gipt =djpr = ljujro =djpr = Lipuje = =572,

djt1 =2zj11 +1ljoujy0,
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So, the formula (39) is derived. MoreoYer, by the formula (39), since z1 = d; # 0
with sign(z;) = sign(d;), we have that d; = z; + 121,_[2 is subtraction—f{ee if and only if
sign(z1louy) = sign(dilruz) = 1 or 0. Consequently, d; # 0 with sign(d;) = sign(z;) =
sign(dy) such that 7o = dzzl # 0 with sign(z2) = sign(dz). So, assume that z; # 0
with sign(z;) = sign(d;) for some 1 < j < n — 1. Then L?j = zj +1ljtujqy is
subtraction-free if and only if sign(z;jlj+iuj+1) = sign(djljriujy1) = 1 or 0, and con-
sequently, d; # O with sign(d;) = sign(z;) = sign(d;) such that z; 4| = df%lzj # 0 with
J

sign(z;41) = sign(d;41). Notice that d, = z,. Thus, we conclude that the LR transformation
(38) is subtraction-free if and only if sign(d;lj1uj11) = lorOforall 1 < j <n—1.
Consequently, no breakdown occurs such that forall 1 < j < n, 51gn(d ) = sign(d;), and
s1gn(d lj+1uj+1) = sign(d;jdj4+1) or 0 because d; l]+1 =dj1ljy1 and sign(ljjujyy) =
sign(d;) or 0. Clearly, l; 41 = Oifand only if /; | = 0. O

Now, we identify the basic LR algorithm to be subtraction-free as follows.

Theorem 4 Let T € R"*" be as in (37). Then the basic LR algorithm of T is subtraction-
free if and only if sign(ljy1ujy1) = sign(d;) = sign(d;y1) whenever ljyu 1 # 0 for all
1 < j <n — 1. Consequently, in this case no breakdown occurs.

Proof By Lemma 6, the first LR iteration of (36) is subtraction-free if and only if
sign(djljt1uj+1) = 1 whenever ljyjujy1 # 0O for all j; and then, the second LR itera-
tion of (36) is subtraction-free if and only if sign(d;d; 1) = 1 whenever [ ju ;| # 0 by
considering that l_jH = Oif and only if /; 1| = 0; and afterwards, the rth (r = 3, 4, .. ) iter-
ation of (36) must be subtraction-free by considering sign(d i) = sign(d;) for all j. Notice
that the facts sign(d;lj1uj+1) = 1 and sign(d;dj;+1) = 1 imply that sign(lj41uj41) =
sign(d;) = sign(d;41). O

5.3 Computing Eigenvalues with High Relative Accuracy

Now we are ready to show that our eigensolver of combining Algorithm 2 with the LR
algorithm can achieve the high relative accuracy for computing all the eigenvalues of the
product A = AjA;...Ax € R™" of (19). For simplicity, assume that each factor A,
(1 <t < K) is square of full rank, which can be generalized to the rectangular case by
taking account into Theorems 3 and 4.

Before proceeding, we remark that if there exists 2 < r < nsuchthat P[1:r —1|r] =0
forall 1 <t < K, then by the fact (2), P;[1 : r — 1|r : n] = 0 such that

A(t )
A = 1 e R™", whereAYl)eRrxr, Vi<t<K,
A(t ) A(f)
21 422
consequently, the eigenvalue problem of the product A is split into two subproblems of the
products A1 = ]—L 1 A(1 and Ay = ]—L 1 A ) A similar splitting fact holds if there exists

2 <r <nsuchthat P[r|l : r—1] =0 for all 1 <t < K. Hence, assume that for all
2 <r <n,thereexist 1 < t(r) r < K such that

Poll:r—1r] #0and P [r|l:r—1] #0. (40)
1 2

Now, we identify the subset of these products for which the periodic qd-type reduction
method is subtraction-free. Recall the convention H;’ -=1ifh <.
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Theorem 5 Let A = Ay ... Axk_1Ag € R™™", where each factor A; € R"" (1 <t < K)
is a nonsingular CRD matrix with the parameter matrix P, € R™*" such that the fact (40) is
satisfied. Then the periodic qd-type reduction method, i.e., Algorithm 2, is subtraction-free
to reduce A into a tridiagonal matrix whose basic LR algorithm is subtraction-free if and
only ifforall1 <t <K,

sign(P,[j|1:j — 1) = £},

sign(Pi[1 : J—uny—#% Vi<j<n, @n

sign(P,[j]j1) = w’,
where
l_[l 1“’51)1“’([) L,

SR =TI w w i £ ) £ 0 for < b, .
s O O e ) () V2=zj=n (42)
Vg2 1_[1 g Wi W) 1fs,‘sj2 £ 0fort; < 1y,
(l ) (tz) __ pymax{t,rn—1} (O] (l) e (1) £(02)
s f77 = Hizminfi 41 wio1w; s 35,007 #0,
Proof We use induction on the total number % of the eliminated rows and columns of the

factors to prove the result. If 4 = 0, then A itself is of the tridiagonal form with A = LU,

1
]_pjjl

(2 < j<n)and U € R™" is bidiagonal whose diagonal entries d; = 1_[1 1p(1) (1=

j < mand (j— 1, j)thentries u; = d;_1p{%) (2 < j < n). Because of the fact (40),
l[j #0and u; #0forall2 < j < n. Thus, by Theorem 4, the basic LR algorithm of A is
subtraction-free if and only if

where L € R™*" is bidiagonal with unit diagonal whose (j, j — 1)th entries /

sign(lju;) = sign(d;j_1) = sign(d;), V2 < j <n,

ie,forall2 < j <n,

K 1) (K 1 !
51gn(p“ lp§ )1] = f].( )s;. )1, sign(d;j_1d;) = nw;)lw() 1,
=1

this means that the result is true for the case 7 = 0. Now assume that the result is true for the
case that the total number of the eliminated rows and columns is less than /. Notice that for
the periodic qd-type method, the eliminations on columns of Ay ... Ax_1 Ak are equivalent
to the eliminations on rows of (A ... Ax_1Akx)T. So, without loss of generality, assume
the first elimination of the method is performed on the first row of the factor A; for some
1 <t < K. There are the following cases to be considered.

— The case 1 <t < K. For the parameter matrix P, = (plt)) e R™ " of A,, if p(') =0
forall 2 < j < n, then all the off-diagonal entries on the lth row of A, are zero, and SO,
there is nothing to be eliminated. Thus, by the fact (2), we assume that

Pl #0, P #0(h=2); pil=0,Vj>h

LetU = Us(—p{3. ... —pj) € R™" with sign(p{’)) =5\ # 0 (2 < j < h). Then
the elimination of these nonzero entries is performed by the perlodlc qd-type method as
follows

Al A1 A A4 Ak = Ay ...A,,1A;A;+1 ... Ak, (43)
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where A} is a nonsingular CRD matrix obtained from A, only by setting its (1, j)th
(2 < j < h) parameters to be zero, i.e., the parameter matrix P,’ c R"™" of A; is the
following:

P/[1]j1=0,V2<j<n; P/iljl= Plil|j], otherwise;

and the qd-type transformation A, | = U ~1A,11 is computed by Algorithm 1. Thus,
by Theorem 3, the elimination of (43) is subtraction-free if and only if the fact (41) with
(42) is satisfied for the parameter matrix P, € R"*" as follows:

sign(Pljlj) =wi™, V1<) <h,

sign(Pljll:j— 1) = £ =5 or0, v2<j<h
(44)
sign(Pr1[1:j —1[jD) = s("H) Et)witﬂl)wyﬂ) or0, V2<j<h,

sign(Pr1[1 : hlj]) = (’“’ L Vh+1<j<n,

and consequently, A] 41 is a nonsingular CRD matrix whose parameter matrix P/ 1 €
R™" satisfies that

sign(P/,,[1: j = 11jD) =57V =5 Pwi™D 0, v < j <,

sign(P/,,[1: hlj]) = “”“ sV Vht1<j<n, 45)
sign( z+1[’|1]) = 51gn(P,+1[i|j]), otherwise.

In particular, the fact (40) is satisfied for the product A; ... A} A; 1Ak

— For the sufficiency, it need to show that the fact (41) with (42) holds for all the factors
of Ay... A At 11 . Ak . Consider that the fact (41) with (42) has been satisfied
for all the factors A' (I < i < K). Because of the connections between P; and

P’ (j=tt+ 1) it remains to show that the fact (42) is satisfied for all s/(tH)

(2 <j<h)of P t+l’ which is proved as follows: forall 2 < j < h,
(r) G+ () (1) (1) (t+1) r+1 ) (1) i g®
s;0s; =s; 08w w, =[1[Z S Wi w; sj #0forr <t,
rt+1) (ry _ @) (+1) (l+1) (r) @) (l) e ()
s; s =8 ww =[1- o w;Lyw;, if s # Oforr > 141,
f(r) /(tJrl) f(r) (I) ;fjll)w(prl) 1‘[;‘-&-1 wﬁl)lw(l)* if f(r) # Oforr <t+1,
/(t+1) (r) () (l+l) (l+1) (r) @ @) (r)
s; U = sy f =TIz H_ij ywj, if f7 #O0forr > 1+ 1.

So, we conclude by the induction assumption that the sufficiency is true.
— For the necessity, by the induction assumption, the fact (41) with (42) is true for all

the factors of A ... A/ A; Iy . Ak, and in particular,

P/[1]j1=0,V2<j<n;

sign(P/j|1: j— 1) =sign(PLjI1: j— 1D =", 2<j<n
sign(P/[1: j — 1j]) =sign(P[2: j — 11D =s1", 3<j<h;
sign(P/[1: j — 1) =sign(P[1: j — 11D =s{", h+1<j<n;

sign(P/[j1j]) = sign(P[jlj) =w}’, 1<j<n,
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/(1)

where if 577 # O for some 3 < j < h, since s

0 S+ D D
and s J J = Wi w;

51gn(p ) = v(t) # 0(2 < j < h) implies that

/(t+1) — S;t)w;fjll)w;l+l) 7& 0

, we have that s j @ _ s;.t), which together with

sign(P[1:j —11j) =s" #0, ¥2<j <h.

For showing that the fact (41) with (42) holds for all the factors A; (1 < i < K),
because of the connections between P; and P; (j =t,t+1),itremains to show that

the fact (42) is satisfied for all sy) (2 < j < h) of P;, which is proved as follows: for
all 2 < j < h, by considering that s;(““l) # 0, since
1 l D .
sﬁr)s;(”r ) = ]_[ffrlH wﬁ)lw() if s(.r) #0forr <t,

s}(t+1)s;-r) | | wﬁ)lw(), if s(r) #Oforr >1+1,

fj(r)s;(z'H) = ]_[f'H 51) 1w(l), if f(r) #Oforr <t+1,

s;-(tH)f;r) l_ll —+2 wy) lwy), if fj(r) #0forr >1t+1,

we have that

;r) ) ]_[l =1 wil) lw(l) if s;r) #0forr <1,

I 1

s;l)s](.r) [T/= wﬁ)lw(), if s(.r) #Oforr >1t+1,
! l

£ =TT, w it f“ #O0forr <r+1,

s](.t)f;r) l_[l 1l wﬁl)lw(l), if f(r) #O0forr >1t+1.

Therefore, we conclude that the necessity is true.

— The case t = K. For the parameter matrix Px = (le)) c R" " of Ak, if pik) = 0 for
all 3 < j < n, then all the (1, j)-th (3 < j < n) entries of Ax are zero, and so, there is
nothing to be eliminated. Thus, by the fact (2), we assume that

Py #0, i) A0 =3 pl =0,V >h
Let U = Us(=pi3 . ..., —p{,) with sign(p{) = s 3£ 0 (3 < j < h). Then
the elimination of these nonzero entries is performed by the periodic qd-type method as
follows
U N A1... Ak 1Ag)U = AjAy ... Ag 1 A, (46)

where A’ is a nonsingular CRD matrix obtained from Ag only by setting its nonzero
(1, j)th (3 < j < h) parameters to be zero, i.e., the parameter matrix P,’( € R of A’K
is the following:

Pell]j1=0, V3 <j<n; Pgliljl= Pglilj], otherwise;
and the qd-type transformation A’ = U~ A} is computed by Algorithm 1. Notice that

all the (1, j)-th (2 < j < n) entries of A are zero, this means that Pi[1]j] = O for all
2 < j < n. Thus, by Theorem 3, the elimination of (46) is subtraction-free if and only
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if the fact (41) with (42) is satisfied for the parameter matrix P; € R"*" as follows:
sign(Pi[j[1:j— 1) = f{” =5 or0, ¥3<j <h,
sign(Pi[1:j — 11D = s = 5w wiloro, v3<j<n A7)
sign(Py[1 : h|j])—S ,Vh+1<j<n,

and consequently, A is a nonsingular CRD matrix whose parameter matrix P{ € R"*"
satisfies that

sign(P{[1:j —11jD) =5/ = 5w w0, v3<j<n

31gn(P [1:h|j]) = /(1) (.1), Vhi+1<j<n, (48)
51gn(P1 [iljD = s1gn(P1 [i]7]), otherwise.

In particular, the fact (40) is satisfied for the product A} A, ... Ax_1 A%

— Forthe sufficiency, it need to show that the fact (41) with (42) holds for all the factors of
AlAy ... Ag_1 A% . Consider that the fact (41) with (42) has been satisfied for all the
factors A; (1 <i < K). Because of the connections between P; and PJ’. (j=1,K),

it remains to show that the fact (42) is satisfied for all s/(]) B<j=<h)of Pl’ , which
o O _

is proved as follows: for all 3 < j < h, by considering that 1_[1 (W s w; = =1,we
have that
(D) _ (K)o (M) () @ (1) @ (1)
SpUSp=sp wi s ws = wilw; ME S Wi W

=[]- 2wﬁl)lw(l), 1fs(r) #0forr > 1,

(1 K) () 1) ,(r) 1 (1) (1) /
()f(r) .( )wﬁ, ()fr () nzr 4 1w()

=[1- wy)lwm, if f(r) ;éOforr > 1,

(K, (D) (1) () (1) (1)
s; fi =s; W, w; f w; W,

Therefore, we conclude by the induction assumption that the sufficiency is true.
— For the necessity, by the induction assumption, the fact (41) with (42) is true for all
the factors of A A, ... Ax_1 A%, and in particular,

Pp[lj1=0,¥3<j<n; Pp[l]2]= Pg[1]2];
sign(Pgljl1:j — 11) =sign(Pgljl1:j— 1) = f{*), 2<j <n;
sign(Pg[1:j — 11j]) = sign(Pg[2: j — 1]j]) = s}
sign(Pgl1: j — 11j1) = sign(Pg[1: j — 1]j]) = 5

sign(Py L)1) = sign(Pk[j1j) = wi, 1<j<n,

, 35 j=<h

m,h+1§j§m

where if sj(K) # 0 for some 3 < j < h, since s = s(K)wﬁl)lw(l) # 0 and

s;(l)s}(K) = HIKQ El) 1w§l) we have that s, g (K) H1K1 ;[)lw(l) = 1, which

together with 51gn(p(K)) = s;K) #03<j< h) implies that

sign(Pg[1:j —11j) =5 #£0, V3<j<h.
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For showing that the fact (41) with (42) holds for all the factors A; (1 <i < K),
because of the connections between P; and P’ (j = 1, K), it remains to show that

the fact (42) is satisfied for all s( ) B=<j< h) of Pk, which is proved as follows:
for all 3 < j < h, by considering that 5; "M # 0 and ]_[ - w;l) lw(l) = 1, since

s}(l)sﬁr) =[], w 51) 1w(l) if s](.r) #0forr>1,
SO =2 wwl it £ #0forr > 1,
S;(l)f}l) _ (1) (1)’ if f(l) £0,
we have that
(r) (K) 1_[1 il wy)lw , if s(r) #£0forr > 1,
fj(r)s;K) =TT, w? w, if f,(’) #0forr > 1.
Therefore, we conclude that the necessity is true.

The result is proved. O

Remark 2 It must be pointed out that according to the proof of Theorem 5, the condition
(40) can be removed for the sufficiency.

Corollary 4 Let A= Ay...Ax_1Ag € R"™" where each factor A, e R"" (1 <t < K)
is a nonsingular CRD matrix whose parameter matrix P; € R"*" satisfies that

Pl:r—1|r] #0and Pi[r|l :r—1]1#0, V1 <r <n.

Then Algorithm 2 is subtraction-free to reduce A into a tridiagonal matrix whose basic LR
algorithm is subtraction-free if and only if forall 1 <t < K,

sign(P[j1:j — 1) = f,".
sign(P[1:j—1j) =5, ¥Y1<j<n,
sign(P[j]j1) = w,
where
Hzlil wﬁ” 1w([) 1,
f(t)s(f):wy) w@, Vi<t<K, Vi<j<n.
(K) f,-“),

s =ff vi<i<k—1; s

Corollary 5 Let A = A AZT Aok AzTK € R"™ " be the product of Vandermonde matri-
ces A, = [(xl.(t))j_l]?’]'?:1 (1 <t < 2K) with 0 > x](t) > xg) > oo > x\. Then

Algorithm 2 is subtraciion-free to reduce A into a tridiagonal matrix whose basic LR algo-
rithm is subtraction-free.

Proof By the formula (4), the parameter matrix P, € R"*" of A; (1 <t < 2K) satisfies
that

sign(P[jI1:j =11 =1,
sign(P[1:j—11j)=-1, V1<j<n
sign(P[j1j]) = (1)1,
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Thus, we conclude by Corollary 4 that the result is true. O

Beside of the example by Corollary 5, more examples can be given for the periodic qd-
type reduction method to be subtraction-free. Fox example, by the formula (4), the parameter
matrix of a Vandermode matrix A = (x/ _1) € R™ js nonnegative if 0 < x; < xp <
) €

- < Xp; and by the formula (5), the parameter matrix of a Cauchy matrix A = (X =

R™ ™ ig positive (or all the diagonal and off-diagonal parameters are negative and positive,
respectively) if x; < x2 < -+ <X, y1 < y2 <+ < Yu, X1 +y1 > 0(orx, + y, < 0). So,
any product consisting of these Vandermonde and Cauchy matrices is our desired example. In
what follows, we illustrate how to specifically compute all the eigenvalues of such products
to high relative accuracy.

For the product A = Ay ... Ax_1Ax € R"*" with parameter matrices P; = (plt)) of
the factors A; (1 <t < K) satisfying the fact (41) with (42), the periodic qd-type method is
subtraction-free to reduce A into a tridiagonal matrix 7 € R"*" as follows:

T=A,...Ax_1Ax = LDU, (49)

where let P, = (ﬁ(t)) be the parameter matrix of A; (1 <t <K),thenD = diag(d;;) with
dii = 1_[1 1 p ) and sign(p;; )) = 51gn(p( )) foralli and/, L and U are lower and upper bidi-
agonal with unit diagonal whose bidiagonal entries /; = pi l._ jandu; = pl._ 1.;» tespectively;

and sign(/;u;) = 1 or O for all i. Consequently, let X = diag(xy, I—[%:1 Xiy oo [ 11y xi) €
R where

max{sign(l;), sign(u;)}, if I; # 0 or u; # 0, .
X = . 1 <i=<n,
1, otherwise,
a
then by the fact ]_[l 131gn(pl Lie 1p”)) = ]_[ 1s1gn(pl Lie 1p“)) = 1foralli,

)
ILIDIU, if TIK, sign(p!)) =1,
—|LIIDIU). if T, sign(p()) = —1.

here, | - | is interpreted componentwise. Further, |L|| D||U| has the same eigenvalues as those
of the symmetric tridiagonal matrix

T'=(D'UY(D'U'y= BTB, D' = diag (\/|dii|> , (50)

where U’ is bidiagonal with unit diagonal whose (i — 1, i)th entries u; = /| pl(ll) | ﬁl(Kl) |

(2 <i < n). So, all the eigenvalues of A are positive or negative squares of singular values
of B according to Hl | sign( p(l)) = 1 or —1. Itis well known that all the singular values of
a bidiagonal matrix is accurately computed by the dgds algorithm [13]. Therefore, we have
Algorithm 3 to compute eigenvalues of the product satisfying (41) with (42).

5.4 Error Analysis

In this subsection, error analysis is provided to illustrate the high relative accuracy of Algo-
rithm 3. We first show that for the product (19) satisfying the fact (41) with (42), all its
eigenvalues are determined by its parameters to high relative accuracy.

Theorem 6 Let A= A ... Ax_1Ax € R be the product of nonsingular CRD matrices
A; € R™" (1 <t < K)whose parameter matrices P, = (p(t)) € R™™" satisfy the fact (41)
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Algorithm 3 The algorithm computes eigenvalues of A = A;...Ag_1Ax € R"™" with
parameter matrices P, = (p; )) of the factors A; (1 <t < K) sat1sfy1ng (41) with (42).

1: First, A is reduced by Algorithm 2 into the tridiagonal matrix 7 of (49).

2: Compute singular values of the bidiagonal B of (50) by the dgds algorithm. Then all the eigenvalues of A’
are obtained as the positive or negative squares of these singular values according to ]_[lK: 1 sign( pill) )=1
or —1.

with (42), and let A € R"*" be obtained from A by replacing one of these parameters p( )

wzthpl(j) —plt)(l+6(t))(1 <i,j<nandl <t < K), where |6()| <eand2e < 1. Then

for the descending-ordered eigenvalues \; and A; of A and A, respectively;

- €
A — il < [Ail, Y1<i<n.
€

1—

Proof According to the fact (41), let X = diag(x, ]_[321 Xjyoons ]_[;5:1 xj) € R, where
forall1l < j <n,

f(r) [TZ 1wﬁl)lw(l), if f(r) #0 forsome 1 <r < K;
xj= sV, w? w?, if £ =0forall1 <1 < K, buts'” 0 for some 1 <r < K;
i =S Himrwymgwys 1t g7 = ==K buts; sr=k
1, otherwise;

and thus, let Z, = XY, = diag(zy)) € R"™" where Y, = diag(]_[;:1 wﬁ.l)) e R™7 for all
0 <t < K with the convention Yy = I,,. Then
ZoAZg = (ZoA1Z\)(Z1A2Z)) ... (Zxk 1Ak Zk) = A1A, ... Ag,

where foreach 1 < < K, since A, = By...B,-1DC,_1...Cj is as in (1) satisfying the
fact (41), we have

Ay =Z1AZy = |Bi|...|Buoi(Zi—1 D)Cp—y ... C1 Z;
= |Bi|...|By—1l|ID|(Z;Cp-1...C1)Z;
= |Bil...|Bu—1lIDIICp—1l] ... |C1[(Z: Zy)
= |Bi]...|By—1lIDI|Cy—1]...1C1l,

because the following statements hold by using the fact (42):
— first, for any fj(t) #02 < j<n),

1 1 l 1 I 1 1 l
0D fmx]l—[w;)lw() £ (f(r)l_[wﬁ)lw()>l_[wﬁ)1w()

such that
Zi4BiZi 1 =1B|,V1<i<n-—1;
— further, for any wy) (I <j<n),
-1 .
wy)z;t ) = Zy), Vi<j<n
such that

Z;—1D = |D|Zy;

@ Springer



J Sci Comput (2018) 75:1229-1261 1253

— finally, for any sj(-t) #02=<j=<n),

!
@ @ @) _ (t) @) (l) (t) (r) (l) @) @ 0
Sjotj-1% = xfnw ( 1_[ j)l_[wjl =1,
=1
such that
Z:,CiZ; = |Ci|, V1 <i<n-—1.

The fact l_[z lwy) lw(l) = 1 implies that [T/ 1w(l) =[5, wﬁl) for all j. So, Zx =
(l_[1=1 wl )) . X, and thus,

K
X 'Ax = (1_[ wi”) -Alziz...AK = ﬂ:(A]Az...AK)

where each A, (1 <t < K)isa nonsingular CRD matrix whose parameter matrix P =
( plt) [) € R? " This means that A;A> ... Ag is just a product of nonnegative bidiagonal
matrices. Therefore, we conclude by [19, Theorem 7.2] that the result is true. |

Now we are ready to show the high relative accuracy of Algorithm 3 as follows.

Theorem 7 Let A= A ... Ax_1Ax € R™" be the product of nonsingular CRD matrices
A; € R (1 <t < K) satisfying the fact (41) with (42), and let ).; and A; be its descending-
ordered exact and computed eigenvalues by Algorithm 3, respectively. Then
0QKn)p .
i —dil < — P hl i=1.2....m.
1—O0QRKn)u

Proof For the first stage of Algorithm 3, let 7 and T be the exact and computed tridiag-
onal forms obtained from A without any subtractions of like-signed numbers in O (Kn>)

Eigenvalues of the product of matrices

10 T T T T T T
o0, o Alg.3
o $$$ + eig
10 I <) i
(5]
@
$$
107 %s 1
Ot ++t++++++++++4+ +
10—100 OO |
o
C)O
10—150 OO |
@]
o
10720 Oo i
()
10—250 o) ]
o

10_300 1 1 1 1 1 1

0 5 10 15 20 25 30 35

Fig. 1 The computed eigenvalues of the product in Example 1
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Relative errors when computing eigenvalues

10 T T T T T T
o Alg.3
. +
+ el
9 +
150
10 + 7
+
+
+
10"t |
+
+
+
+
10% + + _
+
+
+
o +
10 F ++++++ 4
000000d5500000000000000000000 O

10’50 L L L L L .

0 5 10 15 20 25 30 35

Fig. 2 The relative errors for the computed eigenvalues of the product in Example 1

Eigenvalues of the product of matrices

10 T T T T T T
O  Alg.3
<) + svd
(&)
150
10 ®
(€]
(&)
100 @
10 ®
(&)
b+
O+
1050 O:)+
L + i
C)O+ +
+
o +
o T+
0 (oY) + +
10" O + b
OO ++
+ 4+
%o
o
10 . . . . . 0
0 5 10 15 20 25 30 35

Fig. 3 The computed eigenvalues of the product in Example 2

arithmetic operations, respectively. Consider that every single subtraction-free arithmetic
operation causes at most y relative perturbation in at most one parameter of the factors of A.
So, by Theorem 6, all the descending-ordered eigenvalues A; (T') and X; (T') satisfy that

3
M (T) = 2i(T)| < N OCKn A (D], xi(T) = 2i(A), i=12,....n

— 0QKn3u

Further, for the second stage of Algorithm 3, let B and B be the exact and computed bidiagonal
matrices obtained form 7 without any subtractions of like-signed numbers, respectively; then
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%0 Relative errors when computing eigenvalues
10 T T T - - -
O Ag.3
+ svd
N +
20 +
107 +1
+ 4y + + 4+
+
10
10" +y
+
10°
+
+F
10—10 | N +

®6Q , 0000000000004555,0000000 ©
1 0*20

10 15

20

25
Fig. 4 The relative errors for the computed eigenvalues of the product in Example 2

30

150 Eigenvalues of the product of matrices
10 T T T T
i O Alg.3
@ +  eig
10'® Lo
o
o)
0
10° + 9 1
10 F 1
el
10 b (2%% 1
107100 % |
o)
10_150 L L L L
0 20 40 60 80 100
Fig. 5 The computed eigenvalues of the product in Example 3

3
01(B) — 01(B)| < - Al

by [8, Theorem 2], all the descending-ordered singular values o; (f?) and o; (B) satisfy that

-0

In addition, the dgds algorithm computes each singular value of B with a relative error not
exceeding O (n?)u [13,25]. Therefore, we conclude that the result is true.

0i(B), of(B) = |n(D)|, i

120

i=1,2,.

)

m}
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Table 1 The relative errors for 13—l ] =]
computing nonzero eigenvalues i Aj e by Algorithm 3 ran by eig
in Example 3

1 —4.8724e+139  8.4661e—015 4.3416e—016
2 —1.2781e+118  7.3602e—015 6.4850e+000
3 —4.8453e+101 3.0792e—015 1.7106e+4-017
4 —7.3031e4+087  5.6854e—015 2.0035e+026
5 —8.6151e+075  6.1553e—015 8.0932e+031
6 —2.8816e+065  3.4083e—015 4.3360e+039
7 —3.7381e+055  3.9325¢—015 1.4411e+047
8 — 1.4449e+4-048 1.1230e—-016 3.6239e+054
9 —6.9586e+040  4.4475e—015 6.6380e+059
10 —1.0817e4+034  2.9844e—015 9.6114e+064
11 —5.4507e+026  4.1605e—015 1.5851e+070
12 —8.3721e+019  5.6752e—015 1.0319e+077
13 —6.4044e+012 1.3723e—015 7.1694e+-083
14 —5.5881e4+005  4.5832e—015 3.8750e+089
15 —4.3688¢—002  3.4942e—015 2.6230e+096
16  —3.1274e—009  6.6123e—015 5.6140e+102
17 —2.0928¢—016  4.3584e—015 1.8387e+-109
18 —1.3072e—023  6.6319¢—015 8.8989%¢+114
19 —7.7185e—031 6.4678e—015 5.2738e+121
20  —4.2582e—038  5.8844e—015 9.4070e+127
21 —2.323%9e—-045  4.5523e—015 1.7237e+135
22 —1.1738e—052  4.4242e—015 2.7974e+142
23 —5.5002e—060  2.2108e—015 2.7510e+149
24 —3.5171e—067  3.3721e—015 6.6886e+155
25 —8.5208e—075  4.7242e—015 1.0864e+163
26  —1.5318e—081 1.0697e—015 1.0389e+169
27 —1.9844e—088 1.2656e—015 1.9823e+175
28 —4.3120e—096 1.7358e—015 8.9878e+182
29 —1.6576e—105  3.5045e—016 2.3786e+191
30 —1.8062e—115  2.2464e—015 1.8034e+201

6 Numerical Experiments

In this section, we provide numerical experiments to confirm the high relative accuracy of our
proposed method by measuring the relative error |A; — A;|/|A;| of the computed eigenvalues
i, where A; is the exact descending-ordered eigenvalue by Mathematica with 200-decimal
digit arithmetic. All the tests are conducted by MATLAB 7.0 in double precision arithmetic.

n,n

2

Example 1 Consider the product A = B® with B = [xiiyj]

, where the descending-

i,j=1

ordered vectors x = (x;),y = (y;) € R™" are randomly chosen by the command rand.
Set n = 30. The spectral condition number k> (B) = 7.3453¢ + 049 by Mathematica. We
compute eigenvalues of A by Algorithm 3 and Matlab command (eig(B))®, respectively.
The absolute values and relative errors of the computed eigenvalues are plotted in Figs. 1
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300
L O Alg.3
+ eig
10250 N i
H+
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10 | 5
C)O
[e)

10%° | .

10° | E

1 0—50 | i

-100 . . . 1 . . .
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10

Fig. 6 The computed eigenvalues of the product in Example 4

and 2, respectively; where the maximum relative errors by Algorithm 3 and (eig(B))® are
8.6766¢ — 013 and 6.5770e + 179, respectively.

n,m

Example 2 Consider the product A = (BBT)3 with B = [(—x,- . IO)j_l]l. =1 where the

ascending-ordered vector x = (x;) € R!” is randomly chosen by the command rand.
Set n = 100 and m = 30. Then k(B) = 2.5298e + 036 by Mathematica. We compute
eigenvalues of A by Algorithm 3 and Matlab command (svd(B))®, respectively. The absolute
values and relative errors of the computed eigenvalues are plotted in Figs. 3 and 4, respectively;
where the maximum relative errors by Algorithm 3 and (svo’t(B))6 are 1.5229¢ — 014 and
2.4737e + 023, respectively.

Example 3 Consider the product A = AjAyA3A1A5A¢ € R"*™M | where

naz,n3

| j—17]men2 2\t s
Ay=|(— A= (= Ay =[ne=
! (”l—i+1> . ? (m) . 3= [ ij=1

i,j= LJ

1 =1

n4 n4,ns n6 ns,ne nl ne,nj
A4=|:7. , ] ,A5=[ - ] »A6=|:. ] .
i+ Jj—11 = =t —Jlij=1 L+ =1

By the formulas (4) and (5), the fact (41) with (42) is satisfied. Setn; = 100, ny = 30, n3 =
40, ng =50, ns = 60, ng = 70. Then k(A1) = 1.7796e + 042, k2 (A2) = 1.9307¢ + 060,
k2 (A3) = 4.0401e + 109, kp(A4) = 3.9278e 4069, k2 (As5) = 1.5132¢ 4085 and kp(Ag) =
1.4911e + 095 by Mathematica. Notice that 70 eigenvalues of A are zero. We compute
eigenvalues of A by Algorithm 3 and Matlab command eig(A), respectively. The absolute
values of all the computed eigenvalues are plotted in Fig. 5. As observed, these 70 zero
eigenvalues are not correctly computed by eig(A). The relative errors for computing 30
nonzero eigenvalues are reported in Table 1, which confirms that all the eigenvalues of A are
computed by Algorithm 3 to high relative accuracy.

and
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Table 2 The relative errors for
computing nonzero eigenvalues

in Example 4

i Py ”l%‘ by Algorithm 3 Mli;i til by eig
1 6.6697e4+259  6.9205e—014 0

2 1.1167e+209  8.0081e—015 3.1584¢+030
3 1.0489e+176  1.4342¢—014 3.3624¢+063
4 42646e+150  6.8175e—016 6.2668¢+078
5 44801e+129  1.9239e—015 1.1570e-+096
6 43630e+111  8.5675¢—016 4.6432e+110
7 675724095  1.1757e—014 1.7433e+126
§  5.9600e+081  5.2303e—015 8.8005¢+136
9 1.5994e+069  1.0779e—014 1.4047¢+149
10 8.9595¢+057  7.4672e—015 9.3269e+159
11 87307¢+047  2.4160e—015 8.7218e+166
12 1.4460e+039  4.1803e—016 4.5678¢+174
13 3.0661e+031  3.2314e—015 2.5934¢+181
14 41342e+024  3.2465¢—015 7.3640¢+187
15 1.8062¢+018  7.0866e—016 3.0872e+192
16 132324012 2.5831e—015 7.1353¢+197
17 1.4289¢+006  5.0514e—015 1.3590e+202
18 22126e+000  8.0284e—016 774134207
19 5.0581e—006  2.1770e—015 5.9630e+212
20 1.6060e—011  4.6275e—015 6.2198e+217
21 43162e—017  3.8552e—015 1.5661e+223
22 6.9029¢—023  1.5326e—015 6.2890e+228
23 63271e—029  2.1262e—015 2.5401e+234
24 3.1936e—035  2.6781e—015 1.3179¢+240
25 85503e—042 0 6.1700e+244
26 1.1847e—048  7.6948e—016 9.8083¢+250
27 82274056 0 1.2125¢+258
28 2.6994e—063  7.7982e—015 7.6503e-+264
29 3.7202e—071  1.5134e—015 9.7380e+271
30 1.6077e—079  2.0501e—015 1.1712e+280

Example 4 Consider the product A = AjArA3A1A5A¢ € R where

|: 7 -

Al = ( - )

ny—i+1 o
i,j=

and

Ag = [(=ns — )7

@ Springer

np,np

nag,ns
ij=1

1

-1
As= || ———
> |:<n5—i+1

By the formula (4), the fact (41) with (42) is satisfied. Set ny = 70, no = 30, n3 =
40, ng =40, ns =50, ng = 60. Then kp (A1) = 8.3931e + 042, k2 (Ap) = 1.9573¢ + 078,
ko (A3) = 9.2919¢ + 068, k2 (Ag) = 4.0401e + 109, kr (As) = 6.2048e + 089 and k> (Ag) =

A2 =[(=n3 = )T A

ij=1°

)Ai_1i|"5»"6

i,j=l1

n3,ng

=[G

i,j=1

;A = [(=n1 = IS,

)
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" Eigenvalues of the product of matrices
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Fig. 7 The computed eigenvalues of the product in Example 5

120 Relative errors when computing eigenvalues
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Fig. 8 The relative errors for the computed eigenvalues of the product in Example 5

3.0557e + 175 by Mathematica. Notice that 40 eigenvalues of A are zero. We compute
eigenvalues of A by Algorithm 3 and Matlab command eig(A), respectively. The absolute
values of all the computed eigenvalues are plotted in Fig. 6. As observed, these 40 zero
eigenvalues are not correctly computed by eig(A). The relative errors for computing 30
nonzero eigenvalues are reported in Table 2, which confirms the high relative accuracy of
Algorithm 3.

Finally, we show the accuracy of our method even though the fact (41) with (42) is not
satisfied.
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. n,n
Example 5 Consider the product A = B® € R"*" with B = [(n’—_’w)f’l]' - Set n = 30.
1

Then k> (B) = 7.9202¢ + 037 by Mathematica. The fact (41) with (42) is not satisfied for
A. Nevertheless, Algorithm 3 computes eigenvalues of A with more accuracy than those by
the command (eig(B))°, especially for eigenvalues with small magnitudes. All the absolute
values and relative errors of the computed eigenvalues are plotted in Figs. 7 and 8, respectively.
The maximum relative error by Algorithm 3 is 2.5882¢ — 011, whereas the maximum relative
error by (svd(B))® is 3.1404¢ 4 117.
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