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Abstract Tempered fractional diffusion equations (TFDEs) involving tempered fractional
derivatives on the whole space were first introduced in Sabzikar et al. (J Comput Phys
293:14-28, 2015), but only the finite-difference approximation to a truncated problem on a
finite interval was proposed therein. In this paper, we rigorously show the well-posedness
of the models in Sabzikar et al. (2015), and tackle them directly in infinite domains by
using generalized Laguerre functions (GLFs) as basis functions. We define a family of GLFs
and derive some useful formulas of tempered fractional integrals/derivatives. Moreover, we
establish the related GLF-approximation results. In addition, we provide ample numerical
evidences to demonstrate the efficiency and “tempered” effect of the underlying solutions of
TFDEs.
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1 Introduction

The normal diffusion equation 9; p(x, ) = Bf p(x,t) can be derived from the Brownian
motion which describes the particle’s random walks. Over the last few decades, a large body
of literature has demonstrated that anomalous diffusion, in which the mean square variance
grows faster (super-diffusion) or slower (sub-diffusion) than in a Gaussian process, offers a
superior fit to experimental data observed in many important practical applications, e.g., in
physical science [14,17-19], finance [10, 16,24], biology [4,12] and hydrology [3,7,8]. The
anomalous diffusion equation takes the form

3 p(x, 1) = p(x, 1), (1.1)

where 0 < v < 1land 0 < p < 2 (cf. [17] for a review on this subject), whose solution
exhibits heavy tails, i.e., power law decays at infinity. In order to “temper” the power law
decay, the authors of [22] incorporated an exponential factor e ~**! into the particle jump
density, and showed that the Fourier transform of the tempered probability density function
p(x, t) takes the form

_ A A
Flplw. 1) = e P @A @D o

where 0 < p <1, ¢ =1 — p, D is aconstant and

(A £ iw)* — AH, O<pu<l,

A
AN ) = : o
A i)t — A — LiopurH ™', 1< p < 2.

(1.2)

Moreover, they defined tempered fractional derivative operators Bij;‘ through Fourier trans-

form: .7 [8i:;u](w) = Ai‘)‘(a))ﬂ [u](w), and derived the tempered fractional diffusion
equation:
du(x, 1) = (=DFCr{pdh + qo" Mux, 1), pek—1,k, k=1,2.  (1.3)

It is believed that tempered anomalous diffusion models have advantages over the normal
diffusion models in some applications in geophysics [15,30] and finance [5].

It is challenging to numerically solve the tempered fractional diffusion equation (1.3),
partially due to (i) the non-local nature of tempered fractional derivatives; and (ii) the
unboundedness of the domain. In [22], a finite-difference method was applied to (1.3) on a
truncated (finite) interval. In [28], the authors considered tempered derivatives on a finite inter-
val and derived an efficient Petrov—Galerkin method for solving tempered fractional ODEs
by using the eigenfunctions of tempered fractional Sturm—Liouville problems. In [11], the
authors used Laguerre functions to approximate the substantial fractional ODEs, which are
similar to those we consider in Sect. 3, on the half line. In order to avoid the difficulty of
assigning boundary conditions at the truncated boundary, we shall deal with the unbounded
domain directly in this paper.

Since the tempered fractional diffusion equation is derived from the random walk on
the whole line, one is tempted to use Hermite polynomials/functions which are suitable
for many problems on the whole line [25]. Unfortunately, due to the exponential factor in
the tempered fractional derivatives, Hermite polynomials/functions are not suitable basis
functions. Instead, as we will show in Sect. 3, properly defined GLFs enjoy particularly
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simple form under the action of tempered fractional derivatives, just as the relations between
generalized Jacobi functions and usual fractional derivatives [6]. Hence, the main goal of
this paper is to design efficient spectral methods using GLFs as basis functions to solve
the tempered fractional diffusion equation (1.3) in various situations. However, Laguerre
polynomials/functions are mutually orthogonal on the half line, how do we use them to deal
with (1.3) on the whole line? We shall first consider special cases of (1.3)withp =1, ¢ =0
or p =0, g = 1. In these cases, we can reduce (1.3) to the half line, and the GLFs can be
naturally used. For the general case, we shall employ a two-domain spectral-element method,
and use GLFs as basis functions on each subdomain.

The rest of the paper is organized as follows. In the next section, we present the definition of
tempered fractional derivatives, and recall some useful properties of Laguerre polynomials.
In Sect. 3, we define a class of generalized Laguerre functions, study its approximation
properties, and apply it for solving simple one sided tempered fractional equations. In Sect. 4,
we develop a spectral-Galerkin method for solving a tempered fractional diffusion equation
on the half line. Finally, we present a spectral-Galerkin method for solving the tempered
fractional diffusion equation on the whole line in Sect. 5. Some concluding remarks are
given in the last section.

2 Preliminaries

Let N and R be respectively the sets of positive integers and real numbers. We further denote
={0}UN, R*:={xeR:x >0}, R :={xeR:x <0}, Ry :=R*¥U{0}.
2.1

2.1 Usual (Non-tempered) Fractional Integrals and Derivatives

Recall the definitions of the fractional integrals and fractional derivatives in the sense of
Riemann—Liouville (see e.g., [20]).

Definition 2.1 (Riemann—Liouville fractional integrals and derivatives) For a,b € R or

a = —00,b = oo, and u € RT, the left and right fractional integrals are respectively
defined as
X u(y) u(y)
Lu(x) = dy, JJjux) = / ,
o P Jo (x—ytzn=n 70 P Jx (y—x)t=w
x € A:=(a,b). 2.2)

Forreal s € [k — 1, k) with k € N, the left-sided Riemann—Liouville fractional derivative
(LRLFD) of order s is defined by

1 / u(y)
Th—sdek ), Gyt

and the right-sided Riemann-Liouville fractional derivative (RRLFD) of order s is defined
by

aDiu(x) = X €A, (2.3)

1)k u
Diu(x) = F((k )s) 5 / o _)f)yv) rdy. xeA. (2.4)
From the above definitions, it is clear that for any k € Ny,
dk
D =D \Df = (—1)DF, where DF:= 5 (2.5)
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Therefore, we can express the RLFD as
aDiu(x) = D u); Diu(x) = (=DM u(x)). (2.6)

According to [9, Thm. 2.14], we have that for any finite @ and any f € L'(A), and real
s >0,
DYoL f(x) = f(x), ae.in A. 2.7

Note that by commuting the integral and derivative operators in (2.6), we define the Caputo
fractional derivatives:

CDSu(x) = L DRu)): SDju(x) = (=D I~ {Dru(x)). (2.8)
For an affine transform x = Af, A > 0, on account of

t —1 t
oG = ! v A vs)
L) Jo (& —s)l=r C(w) J, (it —as)l-r
ATRO T u(y) _
= dy = 275 1M0(x),
FG0 Jo G ppir @ =7 i)

and % = A%, we derive from Definition 2.1 that

o) = A7 u(x),  GDiv(at) = A5,Diu(x), s, w, A > 0. (2.9)
Similarly, we have the following identities for the right fractional derivative:
o) = A7 v(x),  Dju(ae) = A5 ,Di,v(x), s, pu, A > 0. (2.10)
2.2 Tempered Fractional Integrals and Derivatives on R

Recently, Sabzikar et al. [22, (19)—(23)] introduced the tempered fractional integrals and
derivatives on the whole line.

Definition 2.2 (Tempered fractional integrals) For » € R, the left tempered fractional
integral of a suitable function u(x) of order 1 € R™ is defined by

A 1 x ef)»(xfy)
—ool¥ u(x) = / u(y)dy, x eR, (2.11)
e T Jooo = pyin

and the right tempered fractional integral of order .« € R is defined by

L 1 00 e—k(y—x)
I u(x) = / u(y)dy, xeR. (2.12)
e r ), G-—or Y

It is evident that by (2.2) and (2.11)—(2.12), we have
ool = 0T = 18 2.13)
and
CoolBPux) = e M I e un)), I u(x) = eI e uln)). (2.14)

As shown in [22], the tempered fractional derivative can be characterized by its Fourier
transform. Recall that, forany u € L? (R), its Fourier transform and inverse Fourier transform
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are defined by

* i [ .
33[14](60) = / M(x)eilwx dx; u(x) = F [}\[ ](a))](X) 27_[ / f[u](w)elwx do.

—00 —00
(2.15)
There holds the well-known Parseval’s identity:

foo u(x) v(x)dx = %/ Flul(w) Fv](w) do, (2.16)

where v is the complex conjugate of v. Let H (x) be the Heaviside function, i.e., H(x) = 1
for x > 0, and vanishing for all x < 0. Then we can reformulate the left tempered fractional
integral as

A —Ay _ _ 1 —A _
ool u(x) = F(u)/ u(x —y)dy= T )/ YT eV H(y) u(x — y)dy

= (K * u)(x), where K (x) := x*"le ™ H(x)/T ().
2.17)
Note that K (x) is related to the particle jump density (cf. [22, (8)]). Using the formula:
F[K](w) = (A +iw)™H, and the convolution property of Fourier transform (see, e.g., [23,
26]), we derive

ﬂ[_oolfc"ku](w) = Z[K *ul(w) = Z[K(w) Zul(w) = (A + i) *Ful(w). (2.18)
Similarly, the Fourier transform of the right tempered fractional integral is
ﬁf'[xl&)“u](a)) = —iw) " Flul(w). (2.19)

In view of (2.18)—(2.19), Sabzikar et al. [22] then introduced the left and right tempered
fractional derivatives as follows.

Definition 2.3 (Tempered fractional derivatives) For 1 € R, the left and right tempered
fractional derivatives of order ;1 € R™ of a suitable function u(x), are defined by

F[—oDi u](@) = (A + i) Zul(w), ﬁ[ngg*u](w) = (A —iw)* Ful(w), (2.20)
that is, for any x € R,

—ooDEru(x) = FT O+ i)  Flul@)](x), D u@)=F " [(h — i) Z[ul(@)](x).
(2:21)

Introduce the space
WA (R) = [u e L*(R) : /(Az + )M |<9[u](w)|2dw < oo}, w, A eRT. (222
R

Thanks to the Parseval’s identity (2.16), the above tempered fractional derivatives are well-
defined for any u € Wf ’Z(R). Moreover, one verifies from (2.18)—(2.21) that

ool DR u(x) = u(x), SN DE U = u(x), Vue WHR);

. . N ; (2.23)
CooDEA TR u(x) = u(x), DRI u(x) = u(x), Yu e L*(R).

Similar to (2.14), we have the following explicit representations (see [13, Lemma 1 and
Remark 2]).
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Proposition 2.1 Foranyu € W){l’z(R), with . € RY, the left and right tempered fractional
derivatives of order n € [k — 1, k) with k € N, have the explicit representations:

—ooDEFu(x) = e M DM u(n)), (D u(x) = e Disfe M u)),  (224)

where _ooDY and DY, are the Riemann—Liouville fractional derivative operators in Defi-
nition 2.1. Alternatively, we have

—oa D u(x) = (4 D Lo u ()} = (L + DYF {e Lo I M u (0} )

DE ) = = D (IS u@)) = (0 — DY {H I e M u)}).
(2.25)

We collect below some useful properties (see [22]).
Lemma 2.1 Given A > Oand € [k — 1, k), k € N, the tempered fractional derivative
CeoDEPu(x) = oD Ry (x),  DEMu(x) = (DEALIS ). (226)

In addition, we have

ool () = L IR TP ux), T ) = (1 T (), (2.27)
oo DEP () = _ooD oDy u(x), (Db u(x) = <D DL u (), (2.28)
(oDl 1, v) = (u, xDA™ ), (DA™, v) = (1, —0oDI), (2.29)

where 1, v > 0.

Remark 2.1 For a suitable function f(x), x € RT, its reflection g(y) = f(—y), y € R~
satisfies

%% g(y) _er AT(y — )l f—nyde =T e ooe‘“(y—i—t)“_lf(t)dt
Y L' Jco rw J-y
AX e
= re(m / e =0T f(0d = I8 ().

(2.30)
k k

. . d .
Hence, we can use (2.26) and derivative relation oF = (=D F to obtain the tempered
y X
derivative relation

—ocDY Pt f (=) = D F(x), y=—x,x eRT. (2.31)

[m}

2.3 Laguerre Polynomials and Some Useful Formulas

Forany a € R and j € Ny, we recall that the rising factorial in the Pochhammer symbol and
the Gamma function have the relation:

F'a+))

(@o=1; (@j:=a@+1)---(a+j—-1)=——, for j>1 (2.32)
I'(a)
Recall the hypergeometric function (cf. [1]):
(@) x/
1Fi(a:bix) =Y ﬁf‘, a,b,x e R*, —b¢N. (2.33)
; i J:
j=0 """/
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If b —a > 0, then | Fi(a; b; x) is absolutely convergent for all x € R. If a is a negative
integer, then it reduces to a polynomial.
The Laguerre polynomial with parameter « > —1 is defined as in Szego [27, (5.3.3)]:

(@4 Dy
-, 1

L () = =

Fi(—nma+1;x), n>1, xeR", (2.34)
and L(()“) (x) = 1. Note that
(@ + D

L) =

(2.35)

and the Laguerre polynomials (with « > —1) are orthogonal with respect to the weight
function x*e¢™*, namely,

o B Fn+a+1)
fo Ly () Ly (x) x%e ™" dx =y Spn, v = Torn @3
They are eigenfunctions of the Sturm—Liouville problem:
x %' D(x* e DL (1)) + 1 L (x) =0, Ay =n. 2.37)
We have the following relations:
L®(x) = DL®(x) = DL, (x), (2.38)
xDL@ (x) = nL@ (x) — (n + )L, (), (2.39)
n—1
DL®(x) = =L ) = =Y L ). (2.40)
k=0
In particular, foro = —k, k =1,2, ... (See Szego [27, (5.2.1)]),
_ 'n—k+1)
k k ky (k)
LP k) = (=1) Wx L” (x), n>k.
For notational convenience, we denote
b 'n+14a) 2.41)

" T Thn4+1+4+a—b)

We present below some formulas related to Laguerre polynomials and fractional integrals
and derivatives, which play an important role in the algorithm development and analysis later.
We provide their derivations in “Appendix A”.

Lemma 2.2 For u € R, we have

oI x L (x)} = RO TR xR LOT () o > —1; (2.42)
oD YL@ (x)) = hEH x*TELOTW (x), @ > p— 1, (2.43)
and
T e L@ ) = e LY (), a>p—1; (2.44)
Dhole ™ L@y = e LYW (), a> —1. (2.45)

Moreover, we have that fork € Nand o > k — 1,

T(n+k+1 _
ntk+ 1) ok @b

k —
D x¥e L (0} = Fn+1) n+k

(x)e ™. (2.46)

@ Springer



J Sci Comput (2018) 74:1286-1313 1293

3 Generalized Laguerre Functions

In this section, we introduce the generalized Laguerre functions (GLFs), and study its approx-
imation properties. In what follows, the operators ol¥ ’)‘, oD% ** on the half line should be
understood as 0 in place of —oo in (2.11) and (2.24)—(2.25).

3.1 Definition and Properties

We first introduce the GLFs and their associated properties related to tempered fractional
integrals/derivatives.

Definition 3.1 [GLFs] Forreal « € R and A > 0, we define the GLFs as

X %M L(_a)(ZAx), o <0,
LMy =" 3.1
e Ly~ (2Ax), a >0,
forall x e RT and n € Ny.
Remark 3.1 It’s noteworthy that Zhang and Guo [29] introduced the GLFs
—a,—bx (-~ 7
(. B) x4 TNL TV (Bx), a < —1, 1>y =[~al,
%aﬁ (x) = b @ l a (3.2)
e 2L (x), a>—1, 1>1,=0,

where the scaling factor § > 0. It is seen that we modified the definition in the range of
0 < «a < 1 (with B = 2)). This turns out to be essential for the numerical solution of FDEs
of order 1 € (0, 1), as we shall see in the subsequent sections. ]

We next present the basic properties of GLFs. Firstly, one verifies readily from the orthog-
onality (2.36) and Definition 3.1 that for € R and A > 0,
||

o0
VY
A L:Sla,)n)(X),Cngh)(X) x%dx = )/,101|,)L5nm1 VILOKL)\ — (ZA‘)’IW’ 3.3)

where %! is defined in (2.36).
We have the following important (left) “tempered” fractional integral and derivative rules.

Lemma 3.1 For u,v, A, x € R(J{, we have

O LTV () = hy TRLTY T (), (34
DL ) = Ayt LT (), v = 3.5

and
oD AL () = (<2 LR (0, ke No, 39

where h®" is defined in (2.41).

Proof We obtain from (2.11) and (2.24)—(2.25) (with replacing —oo by 0) that
OUALITVM (x) = eI LT (1)) = eI (x LY (20x)),

and

oDEA LV () = e DE (M LM (1)) = e M oDE {xV LY (24x)).
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Thus, from (2.9) and Lemma 2.2, we obtain (3.4)—(3.5).
Using (3.5) and the derivative relation (2.40) (with « = ), we obtain

ODfYL—H(’)L»CSL_M'A) (x) = ODI;,)LODfYL,Aﬁi(l—M,A) (x) = e Dk {ekxhif,uﬁt(lo,k) (x)}
= nor DM LO 20x)) = (20 R P, 20x) e
This leads to (3.6). O

Similarly, we have the following rules of the (right) “tempered” fractional integrals and
derivatives.

Lemma 3.2 For u,v, A, x € R(J)r, we have

JEP L0 (x) = @) TEFLYTEN (x), v >, (3.7
JDEFLOP () = QLI (). (3.8)

Proof ldentities (3.7) and (3.8) can be easily derived from (2.9), (2.10) and Lemma 2.2. O
We highlight the fractional derivative formulas, which play an important role in the forth-
coming algorithm and analysis.
Theorem 3.1 Letk e Nandk —v <0,
Frn+v+1)
'n+v—k+1)
'h+k+1) L k=v.2)

—o DMLY ()} = LR ), 3.9)

k[ p(—v,0 _ k
D&Y {qu v )(x)} = (-1 NCEST nik (%) (3.10)
Proof From Lemma 2.2 and relations
—ocDf*u = e DM MU}, (DEMu = e (—DFDF e u}, 3.11)

we obtain that for k — v < 0,
—oeDEH LM ()} = e DM 22 7V (2ax) VLY (20) )

(2.43) Fn+1+v) P HFLEP 2px)eH = Fn+1+4+v) Lk=v.2)

Ty —%k<D =0~ L, (x),
mn+v—k+1) F'm+v—k+1)

and
DEHLYP (1)} =M (= DFDF{ 20 @A) LY (2hx)e )
e46), gy L+k+1) , 4 o _
SOV TGy Y e @0 (3.12)
Fn+k+1)

—(—Dk £&k=v.2) (.

(=D NCEST (x)
This ends the proof. O

Another attractive property of GLFs is that they are eigenfunctions of Sturm-Liouville
problem.

Theorem 3.2 Lets, v, x € Rar and n € Ny. Then,

x" DS VDS LV () = a0 LTV (), v =5 20, (3.13)
and
x VDM DA L0 0y = 4 L0 (x), (3.14)

where the corresponding eigenvalues 1,," = (20\)*hy”* and 1", = (21)° Ry,
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Proof Due to (3.5) and (3.8),
oDYF LTI P () =y LTV (), GDILY TP () = @ LYY ().
It’s straightforward to obtain that
xUXDé,O}L {x_\‘f\)OD;,)L ‘c’(,lfv,)n) (X)} — hx,sxvxDé,o)» {xsfvﬁglev,)\) (x)}

= WSV DEA LY TSP (x) = 1) hYS £V (x).

Similarly, we have
x—UODi,)\{xS+VxDé,O)\ ESIU,)L) (x)} — (Z)L)SX—VOD;,X{xs—‘rv‘cgls-‘r\),)\) (x)}
= @) x "D LTV TN (x) = @) Ry L0 (x).

This ends the derivation. m]

Remark 3.2 The above identities can be viewed as an extension of the standard Sturm—
Liouville problem of generalized Laguerre functions (cf. (2.37)) to the tempered fractional
derivative. We derive immediately from (3.13), (3.14) and the Stirling’s formula (see (3.23))
that for fixed s and v,

AT =a" = 0(@w)’), n> 1.

n,—

When s — 1 and A = 1/2, it recovers the O(n) growth of eigenvalues of the standard
Sturm-Liouville problem. O

3.2 Approximation by GLFs

3.2.1 Approximation by {L’,(,fv')h)(x) D> O}Zio

Denote by Py the set of all polynomials of degree at most N, and define the finite dimensional
space
FyH®R) = {xVe ™ p(x) : pe Py}, NeN. (3.15)

Define the Lz)(]R*) with the inner product and norm:
(o= [ faods LI =(F Do (3.16)

where w (x) be a generic weight function and g is the conjugate of the function g. In particular,
we omit w when w = 1.

To characterize the approximation errors, we define the non-uniformly weighted Sobolev
space

AT (RYY = [u e L2 ,(RY): oD u e L2, (RY), k=0, .. m] m e Ny, (3.17)

equipped with the norm and semi-norm
i 12
. 2 ko 12 : A
lulag, = (ll2-+ 32 NPy 4ulZ ) ™ by, = 10Dy o, (3.18)
k=0

where the weight function w®(x) = x¢.
Consider the orthogonal projection n;“ : Li_u (RT) — f}\’,’)\(Rﬂ defined by

"M —u, $)yr =0, Yo € Fyt(RD). (3.19)
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Then, by the orthogonality (3.3), u and its L?-orthogonal projection can be expanded as

o0 N

u() =Y 4, LN @), ) =Y LS (), (3.20)

n=0 n=0

where

i = (u, L") v

Theorem 3.3 For A, v > 0, we have that for any u € AL”J(RU withm < N + 1,
Iy = ullys < ¢ QANYT" oDV ull (3.21)
and for any k < m,
ko[ —V.h
JoDy* (y " u = )|

where ¢ =~ 1 for large N.

< ¢ @AN)Z [oDY P i, (3.22)

Proof By (3.20), we have

o0

w—my" ) = Y iy £ ).

n=N+1
By the orthogonality (3.3) and (3.6),

n,

o0
oDy £ “ik — (—an (hz,u)zfo (L®, (220)) e P ok (r)dx = (@ PPy

where we denoted d::,’} := (21)% k)Y and used the fact:

o0
*) (®) ~2%x Vi _
/0 L, ., 2 )L, (2Ax)e dx = (2)»)1{"'1 Skem = yn k(Skm,
Thus we can obtain
o0 9 o
v, v, k,
Iy —ule = Y @yt g tu =l = D ndy 0y
n=N+1 ' n=N+1
Am Z(”ndrlz}r);z 2 i'llnf)’;l
Then one verifies readily that
J/M 2
s N+1
ey = ull < — s [
(dN+1 m) yN+1 —m "
dv,)\ 2 k,\
’n—u,)\ u| N+1,k )’N+1—/<
N A’;,A =\ g oA A’V"A'
N+1,m yNJrlfm
Recall the property of the Gamma function (see [1, (6.1.38)]):
0
Fx+1) =27 xx‘H/zexp(—x—l—F), V>0, 0<6<1l. (3.23)
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One can then obtain that for any constants a, b, and forn > 1,n+a > landn+b > 1,

I'(n+a) < ya.ba=b

CE vy nt Y, (3.24)

where )

ab a—b 1 (a —b)
Y= . 3.25
Un eXP(Z(n+b—1)+12(n+a—l) n ) (3.25)
Therefore,
VA

( N+1m) yN+1 —m ( ) ( To+ ) (3.26)

VA 2 A
(dN+1,k ) VN+1  _ CVIT(N 4+2—m) < (@ayk—my2=m2—k k=
. ,

A A _

d1‘<f+1 m Virvn+1 ~ @W"T(N+2-k)
where v2""? ~ [ and v27™%* % & 1 for fixed m and n > N > 1. Then (3.21)~(3.22)
follow. ]
3.2.2 Approximation by {EE,U’)‘) (x):v> 0}50:0

Introduce the non-uniformly weighted Sobolev space:
B ®Y) = {ue L2.®RY) : \Due L2, ®RD), 0=s=<r| rerf, (27
endowed with the norm and semi-norm
lall, = (2 + 1wy ) Wl o= D P uler. (328)

Consider the orthogonal projection IT}y" : L2, (R*) — ]—'O *(R), defined by

(My'u—u, ¢),, =0, VpeFy ®Y, v>-1L (3.29)
Theorem 3.4 Let A, r,v > 0. Foranyu € B;_/\(R+) with0 <s <r < N, we have

| DS 1 = u}|| s < € QAN)T [xDE2u ] s (3.30)
where ¢ =~ 1 for large N.
Proof Note that by definition,

o0
u— H})\,)“u = Z ﬁ,lﬁfl”’”(x), iy = (u, L,g”’)‘))wv/y,f’)‘
n=N+1

Then by (3.8), and the orthogonality,
DS LY PN = M@V LTV = QAP y) T,

we can derive

‘H}}\}}‘u —u

i o0
2 n A
BS-A:H 2 in@L > @) @0y,
" n=N+1 el

Z(u ) (2)\)2" U+r)»

|u
v+r)\
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Then,
o yv+s,k oo
v,A 2 _ ~2 ARSI 2s—2r PN+1 ~2 2r . v4ra
My u—ulp = Y ap@0»y ™ <@ =5 3 an@n¥y
n=N—+1 YN+1 n=N+1

where by (3.24)—(3.25) and an argument similar to (3.26), we obtain

v+s,A
Yn+1~ _ QAO)'T(N+v+s+2) <c(r) TN,

ywtht QAN +v+r+2) ©

Consequently, we have
DS 1 — ullypes < ¢ QAN)T |ulpy -
This ends the proof. O

3.3 A Model Problem and Numerical Results

In what follows, we consider the GLF approximation to a model tempered fractional equation
of orders € [k — 1,k) withk € N :

oD u(x) = f(x), xeRY, A>0; u0) =0, j=0,1,....k—1, (330

where f € L*R1)isa given function. Using the fractional derivative relation (2.7), one can
find

k
u(x) = OIj;”Xf(x) + Z ci xS Tle™H,
i=1
where {c;} can be determined by the conditions at x = 0. In fact, we have all ¢; = 0, and

e

—Ax x
F(s)/o (x—1)* 1 f(r)dr =

s 1
u(x) = oIS* f(x) = al [ (A=1)*~Le =D £ (xp)dr.
L) Jo
(3.32)
We see that if f(x) is smooth, then u(x) = x*F(x), where F(x) is smoother than f(x).
With this understanding, we construct the GLF Petrov—Galerkin approximation as: find uy €

]_.;VA (R+) (defined in (3.15)) such that

D un,vn) = (fivy), Yoy € f,%A(Rﬂ- (3.33)
We expand f and upy as
00 N
f) =Y ALOP@), uy =Y 4L (x). (3.34)
n=0 n=0
Using the derivative relation (3.5), we find immediately that &, = f,/hy* for n =
0,1,..., N, which also implies (DS*uy = nl(\),”\f.

Moreover, we can show that the numerical solution uy is precisely the orthogonal pro-
jection in the following sense:

Uy —u, wy)y—s =0, Vwy e Fy RY). (3.35)
To this end, we first show

(uy —u, DZoy) = DS uy — oDS*u, vy) =0, Vuy € Fy ' (RY).  (3.36)
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L2 Error L2 Error
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5 _ e -8
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ke) = -10
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-12
5 10 15 20 25 10 20 30 40 50
N N

Fig. 1 Convergence of the GLF approximation to (3.31) with f(x) = e *sinx.

Indeed, thanks to u(j)(O) =0forj=0,...,k— 1, we have
oDSMuy — u) = e DM (uy — u)} = e M IE TS oD (M (uy — w)).
Then,
(0D uw — oDy u, vy) = (o1 oD (™ (un = w), e oy )

= (e“(uN —u), (—l)kaxl’;gs’*vN) = (uny —u. D vn),
s0 (3.36) is valid. In addition, thanks to Lemma 2.2 and (2.10), we have
DLOM (x) = e, DEfe LY 20x) ) = @A) e LY 2hx) = 1) xS LT (x).

Hence, (3.35) is valid.

Thanks to (3.35), we derive from Theorem 3.3 the following estimate where the conver-
gence rate only depends on the regularity of the source term.
Theorem 3.5 Let u and uy be respectively the solutions of (3.31) and (3.33). Then for
oD f e L2,,(I) withm € Ny, we have

_s4m _s+m
e = unlly—s < ¢ @AN)"2 oDy ullom = ¢ @AN) T2 oD fllom,  (3.37)

where ¢ =~ 1 for large N.

We provide some numerical results to illustrate the convergence behaviour. We take
f(x) = e *sinx and then evaluate the exact solution by (3.32). Note that as OD?’)‘ f =
e D™ (™ £}, a direct calculation leads to

vy )\_—)\mm —kkk_mm —k ok
e DM fy=e xZ(/{)A’” D f_l;)<k>xm Dff.

k=0
We infer from (3.37) that the spectral accuracy can be achieved by the GLF approximation.
Indeed, we observe from Fig. 1 such a convergence behaviour.

4 Application to Tempered Fractional Diffusion Equation on the Half Line

In this section, we apply the GLFs to solve a tempered fractional diffusion equation on the
half line.
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4.1 The Tempered Fractional Diffusion Equation on the Half Line

Consider the tempered fractional diffusion equation of order ; € (0, 1) on the half line:

Bruu(x, 1) + oD ulx, 1) — Mu(x, 1) = f(x,1), (x,1) € RT x (0, T],
u(0,1) =0, lim u(x,t) =0, 0<t<T, 4.1)
X—> 00

u(x,0) = up(x), x e RT.

This equation models the particles jumping on the half line R™ with the probability density
function (see [22, (8)]):

fe(x) = C;lx_“_le_)‘xl(g,oo)(x), 0<p<l.
Remark 4.1 Note that (4.1) can be viewed as the TFDE (1.3) on the half line with
8ﬁ,’iu = ()D?’Au —2Mu, 0<u<l.
Indeed, we can show that for ;« € (0, 1) and real A > 0,
()Dfr‘”\u = e‘“oDﬁ{eMu(x)} = e_M_OODﬁC‘{e“ﬁ(x)}, x eRT,

where it = u forx € R and it = 0 for x € (—o0, 0). Moreover, we have
y[ef)\x_ooD?{ekxﬁ(x)}](w) :/ D—ool)lciﬂ{e)‘xﬁ(x)} e*()wHw)xdx
R
=0+ ia))/ 7001)16—M{€)be~{(x)} o~ O-Fio)x 4.
R

=(A + iw) / iI(x) (1o e PHO gy
R

= G +iw) Flil) 2 F[ Dt (@).

This implies ii € W{L’Z(R) and the extended tempered fractional derivative oD""*u can be
understood in the sense of the original definition in [22].

4.2 Spectral-Galerkin Scheme

Observe from Remark 4.1 that the identities (2.29) are also valid on RT. A weak form of the
problem (4.1) is to find u(-, 1) € W/*/**(R*) such that

(Bu (-, 1), 0) + @y (uC, 1),0) = (f(.0),0), Yve W R, 0<1<T,
(u(,0),v) = (uo,v), Vv e W}‘f/z’z(]R"')
4.2)
where the space Wi‘ / 2’Z(JRJ“) consists of all functions whose zero extensions are in W)‘f /2.2 (R)
(cf. (2.22)), and the bilinear form reads

a5 @, v) 2 = DL u, DI 0y — (u, v). 4.3)

The semi-discrete Galerkin approximation scheme is to find uy (-, 1) € }"K,”\(RJF) such
that
By (1), v) +ap s (un G0, 0) = (FC. 0, v), Yo e Fyt@®D), (4.4)
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with
N
uy (x,0) = " ug(x) = Y e L7 (x),
=0

where the projection operator 71;””\ isdefined in (3.19) with max {0, u—1/ 2} < v < 1.Note
that the boundary condition u#(0, ) = 0 is automatically met, and we choose the parameter
v is to better fit the singularity behavior of the solution near x = 0.

Remark 4.2 We show in next section (see Theorem 5.1 and Remark 5.1) the positivity of the
bilinear form, that is, for any 0 # v € W/{L/z’z(R"'), ay.»(v,v) > 0. Then we can show the
stability of the solutions of (4.2) and (4.4) as in (5.9) (with RT in place of R). Moreover,
we can conduct the error analysis of the semi-discrete scheme by using the approximation
results in Sect. 3, and following a standard argument for usual diffusion equations. O

4.3 Numerical Algorithm

Now, set

N
un (1) =Y ) @), @u(x) = L7 (x). (4.5)
n=0

We derive from the scheme (4.4) that
d
MEC(D + Ac(t) =1f(t); ¢(0) =cop. 4.6)
where for fixed r > 0, vectors

c(t) = (co(), c1(0), ...,en)", €0 = (co0(t), co1(), . ..con®)’,

1) = (fo), fi0), ... fn@®)",  fu) = (frgn), O<n<N.

Note that for any u, v € }"X;’\(R*), there exists

%))

2,0 2,0
(DL > u, D v) = (DB u, v).

The mass matrix M and the stiffness matrix S can be computed by Laguerre-Gauss quadrature
formula. In fact, by using the tempered fractional derivative relations (3.5), it’s straightforward
to obtain that form,n =0,1,2,..., N,

Mun = (@n, om) = (E;_v’x)v l:fn_v'x)),

4.8)
App = du((ﬂm Om) = h:'“(ﬁfﬁ_v’)\), ﬁ,(n_v'k)) — )\-Man,

where hy* =T(n+ 14+ v)/T(n + 1+ v — ) was defined in (2.41).

4.4 Numerical Results

Typically, we test three cases as follows.

—Ax

(1) Choose the exact solution to be u(x,t) = xe ** cos (¢). By a direct calculation, the

source term is given by
I'2)

Fx, 1) = —xe M sin(r) + (m

7 — )J‘x)e’” cos (7).
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164 L?-norm
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Fig. 2 Left u = x exp(—Ax) cos(z). Right f = cos(x) exp(—x) sin(z)

Ugo(x.t) L2 Error

——t=10,v=1/3
——t=10,v=2/3
—e—t=10,v=1

0.4
0.35
0.3
0.25
0.2
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0.1
0.05

-0.05
0 5 10 15 20 25 1.3 14 1.5 1.6 1.7

x log, (N)

Fig. 3 TFDE with f = 0, A = 2/3, u = 2/3. Left Profiles of the solutions at different time. Right
Convergence behavior for different v at r = 10.

Figure 2 (left) illustrates that the error decays to zero rapidly for the spectral method built
upon the GLF basis with v = —1 and N = 50, and the third-order explicit Runge-Kutta
method in time with A = y = 2/3 and time stepping size & € (1073, 107 ").

(ii) Set f(x,r) = cos(x)e ¥ sin(¢), and choose A, p as above. Figure 2 (right) verifies that
the solution is singular even though f(x, t) is a smooth function. Here, we compare the
error with an reference “exact” solution computed with N = 100.

(iii) Consider f(x,t) = 0, and let © = 2/3, A = 2/3 in (4.1). Figure 3 (left) exhibits
the evolution of the tempered fractional diffusion model with the initial distribution
uog(x) = xe *. Figure 3 (right) shows the convergence rate of the scheme, where the
error is compared with the reference solution u1o(x, #) with different v at t = 10.

5 Tempered Fractional Diffusion Equation on the Whole Line

In this section, we present a multi-domain spectral-element method for the tempered fractional
diffusion equation on the whole line originally proposed by [22].
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5.1 Tempered Fractional Diffusion Equation

Consider the tempered fractional diffusion equation of order u© € (k — 1, k), k = 1, 2 on the
whole line:
du(x, 1) + Aru(x, 1) = f(x,1), xeR, 0<1<T,

u(x,0) = up(x), x €R; lim u(x,r)=0, 0<t<T, 6.
|x|—o00

where p, ¢ are nonnegative constants such that p + ¢ = 1, and f, ug are given functions.
Here, we denote N N
Ay = (=D* M palt + gt u, (5.2)

where the involved fractional operators are
@) forO<pu <1,

s
oy

M= oD — Au, 0" = DI — A (5.3)

s

@) forl < u < 2,

o
8+,x

u= _oonj’ku — w1 u — A, a“’)ﬁu = xD’;g,)\u+uk“_18xu —2Mu. (5.4)

We refer to Definition 2.3 for the tempered derivative operators.
A weak form of (5.1)isto find u(-, ) € Vf(R) for0 < ¢t < T, such that

{8t(u(-, 0,0) + i@, 0,v) = (f(,0),v), Yve V' R), 0<r<T, (5.5)

(-, 0), w) = (up, w), Yw e V/'R),

where (-, -) is the inner product of L2(R) as before. The space VA“ (R) and the bilinear form
aﬁ,’;(o, -) are defined as

(i) for0 < ;< 1, and u, v € V/*(R) = W//*(R) N L2(R) (cf. (2.22)),
alyr @, v) = (oD u, (DR 0) 4 (:D* u, —oDL M 0) =1 (u, v), (5.6)
(ii) for 1 < pu <2, andu, v € V/*(R) = W' "2(R) N HI(R),

A _ -1 1A 1A —1,A
apa W, v) == plcooDY™ " u, xDv) — g («Dgu, —oo DY 0)

5.7
+ M, v) + (p — QuAP " (Bu, v).

Note that in (5.7), yDsd u = u — dyu (cf. (2.25)).
Importantly, we can show that the involved bilinear form is strictly positive, so the well-
posedness of (5.5) folows.

Theorem 5.1 Forany (0 # v € VA”(R) with u € (0, 1) U (1,2) and . > 0, we have
s
aﬁ’q (v,v) > 0. (5.8)

If ug € L%*(R) and f € LR x (0, T)), then the problem (5.5) has a unique solution
u e L0, T; V(R)) such that

t
||u<~,r>||iz(R)se’(||uo||iz(R)+ fo ||f<~,s)||iz(R)ds), VO<t<T, (59
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Proof We first consider 0 < p < 1. Using (2.20) and the Parseval’s identity (2.16), leads to
(—ooDl* 0, (DEPH) = / O+ i) | Zv](@) [ do
R
- / (% + )10 Fv](0) [ dw (5.10)
R

where © (w) is the argument of A + iw, i.e.,

®(w) = arccos (A/VA2 +w?), if >0, O(w)=—arccos(A/VA2+w?), if w<O.
(5.11)
It is evident that ® () is odd in w. In fact, for real function v, |37 [v](w) |2 is an even function

in w, thanks to the property .7 [v](w) = % [v](—w), which can be derived from the definition
(2.15) straightforwardly. Thus, we derive from (5.10) that

o0
(cooD¥* 0, DI Hy) = 2[0 (12 4+ )7 cos(u® (@) | Zvl@)[do.  (5.12)

For notational convenience, we denote

K@) == (A2 + )7 cos(uO(w)). (5.13)
Noting that
0 (w) = L, cos® = L, sin® = L,
A2+ w? Va2t o? Va2t o?
we find
K@) = po2 +o?)'T <L cos(U®) — sin(u@))
Va2 o? NF (5.14)

= (2 + )T sin (1 — o).

As © € (0, 7/2), K, (w) is ascending with respect to w, when u € (0, 1). Consequently,
for u € (0, 1),
Ku(w) > K, (0)=1", Yo >0. (5.15)

Combing (5.12) and (5.15) leads to

oo
(LoDl >, DA H) =2/0 Ky (@)| ZIv](@)]*de

o0
2 2
> 200 [ 71010 P = 20

where in the last, we used the property |.# [v]1(@)|? is even in w. As p +q = 1, we obtain
from (5.6) and the above that

2, 2,

(v, v) = (DY > 0, (D) — 10122 g > 0. (5.16)
For 1 < u < 2, we can follow the same derivation and show that

oo

(cooDf M0, DY) =2 / Ky ()| Z[v](@)[*do, (5.17)
0
but by (5.14), we have IC;L (w) <0, so

Ku() < K, 0) =21, Yo > 0. (5.18)
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Observe that |
W, v) == / v (x)) dx = 0. (5.19)
2 Jr

From (5.7) and (5.17)—(5.19), we obtain
ay(v.v) = =(coDi™ M0 DI V) + W 0] 72, > 0. (5.20)

This ends the proof of (5.8).
Next, taking v = u in (5.5), we obtain from the Cauchy—Schwarz inequality that

d 2 A
”l/l(, t)”LZ(R) +a;7L:q (M(, t)? M(', t)) = (f(s t)v M('7 t))

2dr (5.21)
= IfC DI 2@nllut, Dll2mw)s
which, together with (5.8), implies
d 2, < 2 2 YOo<r<T 5.22
G D2y < M Do + 17 GO agry, YOSI<T. (5.22)

We immediately obtain (5.9), which implies the uniqueness of the solution. The existence
follows form the equivalence of uniqueness and existence for linear problems. O

Remark 5.1 We see from the proof that the same result is valid for u € (0, 1) and u(x, 0) =0
on the half line R™ through zero extension. Therefore, we can show the stability of the model
in the previous section (see Remark 4.2). ]

5.2 A Two-Domain Spectral-Element Method

An interesting observation of the model in [22] (i.e., (5.1)) is its solution might have a limited
regularity across x = 0. This motivates us to use the Laguerre polynomial approximations
on (—o0, 0) and (0, c0), respectively. Thus, we decompose the whole line as

R:AIUA27 Al :(_O0,0), A22[07 OO),

and denote u p ; (x,t) :=u(x,1) | A J= 1, 2. Introduce the approximation space:
' J

ViR i={p e CR) : p(0) = p, pla, e Pyi(Ad), (523)
and define
£ (Zx), x <0 0 x<0
) = e = () = 15 T =1 >0,
P (x)=e ", by (x) = {0, x>0, Py () = L M), x>0,
(5.24)

where Lﬁ,_l’)‘) x) = e’)‘xxLﬁll)(ka). One verifies readily that
VAR) = span{p* () ¢y, (). 0<m < Ni—1; ¢/(x). 0<m<Ny—1}. (525)

Then, our semi-discrete spectral-Galerkin method is to find un (-, t) € VI’\\, (R) such that

{(B,uN(~, 1), v) +ag,}j‘(u1v(-, 0,v) =(fC¢.0,v), Yve Vi (®), (5.26)

(MN(, 0)7 v) = (I/l(), U)? Yv e V]{‘](R)

@ Springer



1306 J Sci Comput (2018) 74:1286-1313

We provide below some details of the algorithm.

Ni1—1 Nr—1
un(x, 1) = (OP* () + Y ¢ (DG, () + Y o (D (),
n1=0 ny=0
N1 Nyt (5.27)
un(x,0) = cfd* () + Y o b )+ D b (6).
n1=0 ny=0

Let H (x) be the Heaviside function as before. Thanks to the tempered fractional derivative
and integral relations with GLFs, and a reflected mapping from positive half line R to
negative half line R™, we can derive the following identities (see “Appendix B”):

DT () = =20 H(x), DIy (x) = (1 + DLOM (—x)H (=),

Qr)S e, x <0,
__ D¥*o*(x) = et 00 ,—2t
oo DY @™ (%) e N x>0,
ri-s)/),
_ s—1 (s—=D, AX
D ey QA (ny + l)ofnLlJ(rO])( §M)e - x <0, (5.28)
—ooyx ¥ny = o ny+1 "1+1( At —x))e dr. x>0,
r(a—s)J, T
DEGE ) =~ + DLLY, (0 H (),
['(ny +2)

~oDY () = C(ny+2— S)XI_Sqllz_s’M () H (x).

Then (5.26) leads to the linear system of ordinary differential equations:

M%E)(t) +ACH) =F@). (5.29)
where
Co=(0.C 0. ¢, Fo=>/0TF o Fro),
C W= (gWerMeeeercy, ). CHO = (T, cF D ey )

F )=y fi O iy O) . Fro = (50 O o)
fO=e", fuO=00), LEO=eL), 0<nm<N-—1i=12,

and the matrices

(k%) (x,—) (6, +) (%) 4 (k=) G, 1)
Mlxl M1><N1 M1><N2 Alx] A1><N1 A1><N2
— (=) Ap(=—) (=+) _ (=%) A (=) (=+)
M = MN1><1 MN1><N1 MN]XNZ ’ A= AN1><] AN]XN] AN]XNZ ’ (530)
(+.5) np(+.-) (+,+) (%) A (+,2) (+,+)
MN2><1 MNzXN] MN2><N2 AN2><1 AN2><N1 AN2><N2

with the entries
b) . . b, .
MEDG+ 1+ D =@ g0, AL+ 1) +1) =al? @b o).

ab=x%—+, ¢d=1,N,N, O0=i=<c—-1 0=<j=d-1,
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Fig.4 Left f(x,1) = (1 +x2) "\ Right f(x,1) =cost e

and 8 (0) is determined by the initial data.

The derivation of the tempered derivative relation (5.28), and of the entries of the matrix
A can be found in “Appendix B”. Base on the semi-discrete scheme (5.29), we further use
the third-order explicit Runge-Kutta method in time direction with step size & = 1073 to
numerically solve the problem.

5.3 Numerical Results

We solve (5.1) with Cz7 = 1 and ug = 10e>"! as the initial distribution by using the
proposed method. We first test its accuracy. In Fig. 4, we plot the convergence rate of the
spectral method at T = 5 with fixed time step & = 1073, We choose a slow decay f (x, 1) =
(1 + x»~!, and an exponential decay f(x,f) = cost e_xz, respectively. Observe from
Fig. 4 an exponential convergence for the latter, but an algebraic convergence for the former.
In fact, we expect the solution with f(x,t) = cost e decays exponentially in space.
Indeed, as the Fourier transform of the Gaussian e_“‘2 is invariant, so we can use the model
by using Fourier transform and then solve the resulted equation. However, the solution with
fx, 1) = (1 + x2)~! should decay very slowly. As a result, we observe a very different
convergence behavior.

Next, we examine behaviors of the solution under various situations. In Fig. 5, we plot
the snapshots at different times of the tempered fractional diffusion with p = 1/3, ¢ = 2/3
and p = 3/4, g = 1/4, respectively. The case with p = g = 1/2 is plotted in Fig. 6.

e The parameters p and g reflect the directional preference of the particle jumping. More
precisely, if p > ¢, the particles tend to jump to the right, and if p < ¢, the particles
tend to jump to the left, see Fig. 5. In particular, p = g produces a symmetric profile in
the case of f(x,t) = 0, see the left in Fig. 6.

e The parameter A determines the probability of the jump distance of the particles. A larger
A indicates a shorter jump distance, see the right of Fig. 6.

e To compare with the usual fractional diffusion equation, i.e., . = 0, , we plot in Fig. 7
the particle distributions of the usual fractional diffusion and the tempered fractional
diffusion with initial distribution uy(x) = 10e=* at time r = 10. We observe that the
tail of the tempered fractional diffusion behaves like lx|H=Le=Axl for large |x| while
that that of the usual fractional diffusion behaves like |x|~#~1.
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U (x.t), p=1/3, =213, 1=2, u=9/10. Ug(x.D), P=3/4, q=1/4, 1=2, u=9/10.
10 = 10
9 — =2 9
8 - 8
7 —t=16 7
6 6
5 5
> >
4 4
3 3
2 2
1 1
0 0
-1 -1
-10 -5 0 5 10 -10 -5 0 5 10
X X
Fig.5 Left p=1/3, g =2/3.Right p =3/4, q = 1/4.
u30(x,t), A=5/2, p=q=1/2, n=9/10. u30(x,t), p=q=1/2, u=1.4.
10, 3
—t=0 —t=2, =1
9 —t=2 —t=2,1=2
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Fig.6 Left p=q=1/2, A=5/2.Right p=q=1/2, t =2.
p=q=1/2, u=1.2, t=10
3 ; .
- - -Fractional Diffusion
—— Tempered Fractional Diffusion
- ]
20
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6 Concluding Remarks

We presented in this paper efficient spectral methods using the generalized Laguerre functions
for solving the tempered fractional differential equations on infinite intervals. Our numerical
methods and analysis are based on an important observation that the tempered fractional
derivative, when restricted to the half line, is intrinsically related to the generalized Laguerre
functions that we defined in Sect. 3. By exploring the properties of generalized Laguerre
functions, we derived optimal approximation results in properly weighted Sobolev spaces. In
Sect. 4, we developed a spectral-Galerkin method for solving a tempered fractional diffusion
equation on the half line. Finally, we presented a spectral-Galerkin method for solving the
tempered fractional diffusion equation on the whole line in Sect. 5. More importantly, we
rigorously showed the well-posedness of the tempered fractional model in [22]. Also to the
best of our knowledge, this is perhaps the first attempt in solving this model directly on
infinite intervals, and also show the well-posedness of the models in [22]. Indeed, a finite-
difference approach on a truncated domain was employed in [22]. Moreover, our numerical
results demonstrated some expected properties and behaviors of the underlying solution of
such a tempered diffusion model.

Appendix A: Proof of Lemma 2.2

We first prove (2.42)—(2.43). Recall the fractional integral formula of hypergeometric func-
tions see [2, P. 287]: for real b, u > 0,

_ re+w [* 1,
Pl Fi(as b x) = —0* P Fi(as by o) dr RT. (Al
x 1Fi(a; b+p; x) FOT0w Jo (x—1) 1Fi(a; byyde, x € (A.1)
Taking a = —n, b = a + 1 and using the hypergeometric representation (2.34) of the

Laguerre polynomials, we obtain

Frn+a+u+1)
F'(n+a+ DHT(R)

X
xOFHLET () = / (x — O L@ (1) dr,
0

which yields (2.42), i.e.,
OUAx L (x)} = A ™H x* T LEFW (),

Then, performing ¢D¥ on both sides and taking o + 4 — «, we derive from the relation
(2.7) that foro — pu > —1,

F'm+a+1)

DX Y L@
oDy {(x® Ly (x)} Fnto—pntl)

XOTHLETIO (x) = XOTRLETIO (x).

= 7{}7 =
hn M, =

This leads to (2.43).
We now turn to (2.44)—(2.45). According to [20, (6.146), P. 191 ] (or [21, (B-7.2), P. 307]),
we have
Jhole LT () = e LW (x), a > —1, u>0.

Similarly, from the property: Db, I5 u(x) = u(x), we derive
+Dhole ™ LW (x)} = e L (x).
Finally, we prove (2.46). Noting that
1Fi(a;c;x) = e" 1 Fi(c —a; ¢; —x), (A2)
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(cf. [2, P. 191]), we derive from (2.34) and (A.2) that

1
xaL,(f)(x)efx — xau |

Fi(—nia+1;x)e™

1 1
uxa lFl(n—l—a—f— I, +1; —x) = mx“ 1 Fi

(n+a+lia+1;—x)

n! n!
@t Dy (o D (=) xite
=— ;) TENT T (A3)

Then acting the derivative D on (A.3) and using the identities (2.34), (A.2) again, we obtain

o0

(@4 Dy s (n 4o+ 1D (—=1)J Dyt
N Z (@+1); H

Dk{xalea)(x)e—x} p
! )
00

_(a+1)n2(n+a+l)j(—l)-/ F(4+a+1) xitek
- (@+1); FG+a—k+1) !

n!
j=0

_ k@t Dy T+l i(n+a+1)j(—x)/’
B nt T@—k+1D) o @—k+D; j!

—k+1
:xa*kwlﬂ(n_f_a—{—l;a—k-i-l;—x)

k)! —k+1
_ i+ )xa—k(“ + )n+k1Fl(_n_k;a_k+l;x)efx
'n+k+1) a—k 7 (@—k)
_ 1 WHEt D) ek
F'n+1) * ok

(x)e ™.

This ends the proof.

Appendix B: Derivation of (5.28) and the Entries of A
Derivation of (5.28)
e forx eR7,0<s <1,

—Ax X AT AT
5, _ 1=, 1. e e*" (20 )e
_ooDjr ¢)*(X) = —ooIX S _ooDx ¢*(x) = T—s) /700 g dr

eyt 2)»6_“ [ee) eZA(x—t) B (zx)sexx o0

= dr = e~ (A1) d(2A1)
r(—-s)Jo 15 rad—s)Jo
— (ZA)Sekx!
_ _ _ (3.10) _
—ooDS M (1) = oIl DL (1) U= ool M = (g + DLYT (—x))
@44)

(n1+ D)LY (—2hx)e 7

—o DY () =0
(B.1)
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o forx e RT,0<s <1,
21e2T —vet 20N
3 Ds,k * - Ilfs,)xi DI,A * _ € / d T=x—t
00Dy @™ (x) 00tx oDy ¢7 (x) I'(l—s)J_o (x—1)° ’ I'a—s)

00 e—2M
—dr,
X r

—oDY Py () = _ooly T oDy (x)

(3.10) e

L —s)
/0 —(m + DL, (—210)e?
-0 (x—1)*

rmamt e mib L Ly Q0 — x))e .

ra-—s) J, 15
@9 e [+ DLY ()

dr

Ao+ 1—s,1 1L,A +
—ooDy" 9y (¥) = ool oDy, (1) 7= rad-s)Jo (—1° ar
I'(ny +2) 15 pU=s.2
=== ylmspl=sh)
Tmt2—g" Fm @
(B.2)
The entries of matrix Awith 1l < u=1+s < 2.
2 2 —2M —(2A 2 oo ,—2At t
(—ooDy 9" DL 9*) e / / drdx (24) ¢ / 1dxdt
“Tr-—y) r(1 —5) 5 Jo
—@20)?% [ —(21)°
G 1= g=2ht g T22M L rl—se—fdrz(s— D21,
rad—s)Jo I'(l—ys)

(B.3)

Since
o) ©) ©0)
D{(2Ax)L,,) (2hx)} = 2h(n2 +2)L, )| (2hx), i.e. f L,y (2hx)dx
0
1
=0 (L) @hr),
then,
—2r(n2+ 1)
( Ds A¢ , xDl /\¢nz) - F(l — S) / / n2+1(2)»x)dx
—22 1 e M
= F((lnz +) ) ; / LY @hx)dx dr (B.4)
- 0 ’ 0
—2x(na 4+ 1)

1 —s 7 (D) —2At
Tl LY, @ dr.
(2 + 2T (1 —5) 2+1(2A0)e

Similarly, we have
( OODY)\¢nlaxDl A Jr)
) At
1 1 L, (2)»(t x))e 2
_mt Don+ D) f / 141 dr L, 2hx)dx

ra-—s)
(ny + D(n2 + 1) s
:ﬁ i t B m/o L(O) 1(2)‘X)L(O)+1(2)»(f—x))dxdt
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X==t$ (nl—lt(ll)w\/ 1 s —thf L(O) 1(2)\1%-)11(0) 1(2)\1(1 _%-))d%-dt
=) 0

(B.5)

The entries of matrix A with0 < u =s < 1.

S, gk 2Ax
(—coDY* 9™, ¢*) = 21)° / dx+r(1_€)/ /

Ly e M 1 R 2
20)5™ ldxdt = Q1) 4+ —— tiSe My
= @ F(l—s)/ /0 xdi = (24) +r(1—s>/o ¢

72M
derdx

2X)5 1 00
T2 ()8 L =S Tdr = 2 —s)@20)* L.
F(l =) Jo B6)
Owing to
D{2Ax)’LE 2ax)} = (22)*(n2 + 2)x LY 21x),
ie.,
Lo ! @
/(; XLy, ix)dx = n2+2t L (ZM)
we obtain that
[eS) 0 20T
2\e
NS D AN =/ : / dr xL{) 2ix)e ™ d
(cocy"¢ ¢"2) 0 F=9) [ Gy ¢ *hy (A0 dx
— 20
= / / dth,(ll)(2)\x)dx=7
F(l—s) 2 rd—s)
S (B.7)
/0 — / xL,glz)(zxx)dx dr
2

- = LY 2ae M dr.
(n2 +2)I'(1 =) Jo

Similarly, we have
0)
Sh = o n+1 Ly
(oD 00, o2} = F(l—s)/ /

o (2x(r —x))e M

dr xL) (22.x)dx

__ m+l [% ,—se—2M/ xL(')(ZAx)L(O) (At — x))dxds
r{—s) 0 -
x=t§ Nl +1 ootz_s —2xt ! SL(])(Z)LI‘S)L(O) xt(1 — £))deds
= 41_,(1 —S) 0 e o ny ni+1

(B.8)

The above equations are enough to calculate out the matrix A due to some symmetric prop-
erties of the entries.
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