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Abstract A new Levenberg—Marquardt (LM) algorithm is proposed for nonlinear equations,
where the iterate is updated according to the ratio of the actual reduction to the predicted
reduction as usual, but the update of the LM parameter is no longer just based on that ratio.
When the iteration is unsuccessful, the LM parameter is increased; but when the iteration is
successful, it is updated based on the value of the gradient norm of the merit function. The
algorithm converges globally under certain conditions. It also converges quadratically under
the local error bound condition, which does not require the nonsingularity of the Jacobian at
the solution.

Keywords Levenberg—Marquardt method - Trust region method - Nonlinear equations -
Local error bound - Quadratic convergence

1 Introduction

We consider the system of nonlinear equations
F(x) =0, (1.1)

where F(x) : R® — R" is continuously differentiable.
The Levenberg—Marquardt method (LM) is one of the most well-known iterative methods
for nonlinear equations [5,6,15]. At the k-th iteration, it computes the trial step

de = = T+ DI F, (1.2)
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where Fy = F(xg), Jr = J(x¢) is the Jacobian at xg, and Ay is the LM parameter introduced
to overcome the difficulties caused by the singularity or near singularity of Ji.
Let
min ¢ (x) = [[F ()| (1.3)
XeR"

be the merit function of (1.1). Define the actual reduction of the merit function as
Aredy = | Fil® = IF (o + d) I,
the predicted reduction as
Predy = || Fil* — || Fie + Jede ),
and the ratio of the actual reduction to the predicted reduction
Aredy,
ry=———.
Pred;
In classical LM methods, one sets

X +dy, if ry. > po,

Xk, otherwise, (14)

Xk+1 = {

where po > 0 is a constant, and updates the LM parameter as

cork, if ry < pi,
M1 =1 M, ifrg €[p1, pal, (L.5)
CiAk, if rg > po,

where pg < p1 < p2 < 1,0 < ¢ < 1 < ¢g are positive constants (cf. [7,9,13,16,17]).

It was shown in [14] that, if the LM parameter is chosen as 1y = | Fi 2, then the LM
method converges quadratically under the local error bound condition, which is weaker than
the nonsingularity of the Jacobian at the solution. It was further proved in [4] that the LM
method converges quadratically for all A, = || Fx (8 € [1,2]) under the local error bound
condition. In [1], Fan chose

he = il Fell, (1.6)

and updated px according to the ratio ri as follows:
CoMks ifre < p1,

M1 = 1 Mk, ifry € [p1, p2], (.7
max {cy g, m}, if rg > pa,

where m > 0 is a small constant to prevent the LM parameter from being too small.
Recently, Zhao and Fan [18] took the LM parameter as

M= el T Fell, (1.8)

where the update of jx is no longer just based on the ratio . When the iteration is unsuc-
cessful (i.e., ry < po), ik 1s increased; but when the iteration is successful (i.e., 7 > po),
k41 1s updated as

. P1
COMk s if | J] Fell < o
. P1 P2
= /’Lkv lf”JTFk” 6[75 7]7 19
Mk+1 k I%{ 1 (1.9)

max {c1 ek, m}, if | ] Fill > e

@ Springer



1148 J Sci Comput (2018) 74:1146-1162

It was shown that the global complexity bound of the above LM algorithm is O (¢~2), that
is, it takes at most O (¢ ~2) iterations to derive the norm of the gradient of the merit function
below the desired accuracy ¢.

The logic behind the updating rule (1.9) follows from the fact that the LM step is actually
the solution of the trust region subproblem

min | Fx + Jid|?
deR"
sito|ld]l < Ak = |ldk]l. (1.10)

So, the step size computed by solving (1.10) is proportional to the norm of the model gra-
dient || JkT F||l. Hence, the trust region, a magnitude of the inverse of i, should also be of
comparable size.
In this paper, we present a new LM algorithm for (1.1), where the LM parameter is
computed as
e = 1kl Fiell®, (1.11)

We update the iterate x; according to the ratio ry as classical LM algorithms. When the
iteration is unsuccessful, we increase 14 ; otherwise, we update (x41 by (1.9). We show that
the new LM algorithm preserves the global convergence of classical LM algorithms. We also
prove that the algorithm converges quadratically under the local error bound condition.

The paper is organized as follows. In Sect. 2, we present the new LM algorithm for (1.1).
The global convergence of the algorithm is also proved. In Sect. 3, we study the convergence
rate of the algorithm under the local error bound condition. Some numerical results are given
in Sect. 4. Finally, we conclude the paper in Sect. 5.

2 The LM Algorithm and Global Convergence

In this section, we first give the new LM algorithm, then show that the algorithm converges
globally under certain conditions.
The LM algorithm is presented as follows.

Algorithm 2.1 (A Levenberg—Marquardt algorithm for nonlinear equations)

Step 1. Givenxgp € R*",up >m > 0,0 < po<pr<p2<l,c0>1,0<c; <1l,&>
0,k :=0.
Step 2. If ||JkT Fi|l < e, then stop. Otherwise, solve

UL T+ amDd = —J Fy with ap = || Fel|? 2.1
to obtain dy.
Step 3. Compute r; = ?:23’; .

If ri > po, set xx41 = xx + dy and compute pg1 by (1.9);
Otherwise, set x;41 = x; and compute jgy| = CoMk-
Setk := k 4 1 and go to step 2.

To study the global convergence of Algorithm 2.1, we make the following assumption.

Assumption 2.1 F(x) is continuously differentiable, both F(x) and its Jacobian J(x) is
Lipschitz continuous, i.e., there exist positive constants L and L, such that

() = JWII < Lilly — x[l, Vx,y € R" 22)
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and
IF(x) = FO)Il < Lally — x|, Vx,yeR" (2.3)

Due to the result given by Powell [10], we have the following lemma.

Lemma 2.1 The predicted reduction satisfies

2.4)

I Fell> = 1| Fi + Jidicl1* = 19T Fiell min { fldg |,
[FARA

1] Fil }

for all k.

Lemma 2.1 implies that the predicted reduction is always nonnegative.

In the following, we first prove the weak global convergence of Algorithm 2.1, that is,
at least one accumulation point of the sequence generated by Algorithm 2.1 is a stationary
point of the merit function ¢ (x).

Theorem 2.1 Under Assumption 2.1, Algorithm 2.1 terminates in finite iterations or satisfies

liminf || J] Fi| = 0.
k— 00

Proof We prove by contradiction. Suppose that there exists a constant T > 0 such that

| Fell > T, Vk. (2.5)
Define the index set of successful iterations:

S ={k :rc > po}.

We discuss in two cases.
Case I. S is infinite. Since || F (x)|| is nonincreasing and bounded below, it follows from
(2.3) and (2.4) that

+00 > Y (IFell* = 1 Fr1 1%)

keS
> po(lFell* = | Fi + Jide|l®)
keS
. 17T Fell
> pollJE Fellmin { [lde ||, —%—
% I17E Tl
. T
> pot min { ldll, Lz} : (2.6)
keS 2
So,
lim d; =0. Q.7
keS k—o0
Note that dy = 0 for k ¢ S, we have
lim dy = 0. (2.8)
k—o0
Since || Jk|| < L and || Fe|l < || Foll, by (2.1), we have
Ui — +00. 2.9
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On the other hand, it follows from (2.3) and (2.4) that
Aredy — Predy
Pred;

F G+ dol? = | Fe + Jrde ||
Pred;
_NEc+ Tedi | O (ldi 1) + O(lldi||*)
N v min{|ldil, 7/L3}
—0. (2.10)

So, rp — 1. Thus, py is updated by (1.9) and ||JkT Fi|| > p2/p for all sufficiently large k.
Hence, ux = max {c;u, m} for all large k. Note that 0 < ¢; < 1, there exists a positive
constant ¢ such that

Mk < ¢

for all large k. This is a contradiction to (2.9).
Case II. S is finite. Then there exists a k such that
re < po. k =k 2.11)

According to the updating rule of x; in Algorithm 2.1, we have dy — 0. By the same
arguments as (2.10), we get ry — 1, which contradicts (2.11). The proof is completed. O

Based on Theorem 2.1, we can further prove the strong global convergence of Algorithm
2.1, that is, all limit points of the sequence generated by Algorithm 2.1 are stationary points
of the merit function ¢ (x). We first give an auxiliary result (cf. [3, Lemma 2.7]).

Lemma 2.2 Letb,ay,...,ay > 0. Then,
N N
> “minfaj, b} > min{ > "a;.bt. (2.12)
j=1 j=1

Theorem 2.2 Under Assumption 2.1, Algorithm 2.1 terminates in finite iterations or satisfies

lim ||J Fell = 0. (2.13)
k— 00

Proof Suppose by contradiction that there exists T > 0 such that the set
Q={k: |} Fll =7} (2.14)

is infinite. Given k € 2, consider the firstindex [y > k such that ||Jl: Fi, |l < 5. The existence
of such [ is guaranteed by Theorem 2.1. By (2.2), (2.3) and || Fx|| < || Foll,
T
2SI Fll = W Fill < 1 Fie = Jy gl
<V Fe = JE Rl + 1] Fe = B R < (Ll Foll + L) lxi — x .
which yields
T
lxk —xpll > ————5—.
T2 Foll + L)
Define the set
Sk ={j:k=j<lx,xjr1 # xj}.
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Then,

<l —xll < Y g —xpall < Y Idjll. (2.15)

jESK J€Sk

It now follows from (2.4), (2.15) and Lemma 2.2 that, for all k € 2,

IF = 1F 12 =D AF 1> = 1 Fa )

2(Ly ||F0|| +L3)

J€Sk
17T
> pollJ] Fjlmin { |1d; ], —L
= 177511
>me{nd I ]
JESk
=25 min 4 37 ;1 5
JE€Sk
SN R S——
2 2Ll Foll + L) 2L3
_ pot?
4Ll Foll + L3)
>0. (2.16)

However, since {|| Fi||} is nonincreasing and bounded below, | Fell? — | F7, |2 — 0. This
contradicts (2.16). So, the set 2 defined by (2.14) is finite. Therefore, (2.13) holds true. The
proof is completed. o

3 Local Convergence

We assume that the sequence {x;} generated by Algorithm 2.1 converges to the solution
set X* of (1.1) and lies in some neighbourhood of x* € X*. We first give some important
properties of the algorithm, then show that the algorithm converges quadratically under the
local error bound condition.

We make the following assumption.

Assumption 3.1 (a) F(x) is continuously differentiable, and || F (x)|| provides a local error
bound on some neighbourhood of x* € X*, i.e., there exist positive constants ¢ > 0 and
by < 1 such that

[FQoIl = cdist(x, X*),  ¥x € N(x*, by) = {x: x —x™|| < bi}. 3.1

(b) The Jacobian J(x) is Lipschitz continuous on N(x*, by), i.e., there exists a positive
constant L such that

1) = JI < Lilly = xll, Vx,y € N&™, by). (3.2)

Note that, if J(x) is nonsingular at a solution of (1.1), then it is an isolated solution,
so || F(x)]|| provides a local error bound on its neighborhood. However, the converse is not

@ Springer



1152 J Sci Comput (2018) 74:1146-1162

necessarily true. Please see examples in [14]. Thus, the local error bound condition is weaker
than the nonsingularity.
By (3.2), we have

IF(y) = F(x) = J@)(y =0l < Lilly — x>, ¥x,y € N(x*,by). (3.3)
Moreover, there exists a constant L, > 0 such that
IF(y) = F(Il < Lally — xIl, Vx,y € N(x*, by). (34
Throughout the paper, we denote by X, the vector in X* that satisfies
l*r — xi|l = dist(xg, X*).

3.1 Some Properties

In the following, we first show the relationship between the length of the trial step di and the
distance from xj to the solution set.

Lemma 3.1 Under Assumption 3.1, if xy € N(x*, b1/2), then

ldill < eallxXe — xkll (3.5)
holds for all sufficiently large k, where c) = \/m is a positive constant.

Proof Since x; € N(x*, b1/2), we have
%k — x* I < %k — xiell + llxk — x| < 20l — x| < by,
So, X € N(x*, b1). Thus, it follows from (1.9) and (3.1) that the LM parameter A satisfies
e = el Fell? = mll% — xel)?. (3.6)
Note that dj, is also a minimizer of

min [|Fx + Jid |* + rclld))? 2 o (d),
deR"

by (3.3) and (3.6), we have

or (dy)
ldi]> < =2
Ak
- % Xk — xx)
=T
| Fe + Je Gk —xo 1>
= + 113k — xi?
Ak
L3 —xel*
< A - d?
Ak
< (L2 m™ " + DF — el
So, we obtain (3.5). ]

Next we show that the gradient of the merit function also provides a local error bound on
some neighbourhood of x* € X*.
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Lemma 3.2 Under Assumption 3.1, if xy, € N(x*, b1/2), then there exists a constant c3 > 0
such that
17 Fell = el — xxl 3.7)

holds for all sufficiently large k.
Proof 1t follows from (3.3) that
1Fic + Je(@r = x| < Lill3 — ).
Thus,
IFI? + 2 — x0T I Fi+ G — 20" TG = x0) < L% — xel*

So,
I Fell® + 2Gr — x0TI Fie < L3 1Fe — xell*.

By G.D. 2= 2 oy 4 - T
cNxx — xxll” — Lyllxe — xell™ < 2M1xx — xe I Frll.

Hence, (3.7) holds for sufficiently large k. The proof is completed. O

Lemma 3.3 Under Assumption 3.1, if xy, € N(x*, b1/2), then there exists a positive integer
K such that
rk = po, Vk=K.

That is, g is updated by (1.9) when k > K.
Proof 1t follows form (3.4), (3.5) and (3.7) that

. 17T Fyll
Predy > ||J{ Fell min { ||di]l,
WA
_ . 62_103
= c3llf = el min{lidi . == lldi 1}
2

= 1O (llxx — xkl1)-
This, together with (3.3), (3.4) and || Fx + Jidk|| < || Fx|l, gives
Ared; — Predy,

—1l =
Ik =1 Pred;
A Jde O ldi1?) + Ol |I*)
- Pred;
- O (1% — xk DO ld|I*) + O(ldll*)
- ldil O (llxXk — xill)
= O(lldkID
— 0.
So, rp — 1. Therefore, we obtain the result. O
Let
Ci = max{py, ¢ 'mL>|| Fol}, (3.8)
cy =Ly + L[ Fol (3.9)

be two positive constants.
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Lemma 3.4 Under Assumption 3.1 and c; < (1 + 64czc3_1)’1, ifk > K and ,uk||JkTFk|| >
C\, then
it I Fiest | < sl Fiell (3.10)

Proof By (3.2) and (3.4),

I8 Feat = 1 Filll < Finl = 15 Flll + I Fiell = 19 Felll
<Nkt 1M Fest = Fiell + I Fclll Tt — Jill
<(L3 + Lyl Fol) lldk |
=cyldi |-

It then follows from Lemmas 3.1 and 3.2 that
1 Bl < 198 Fell + calldiell < (1+ cacacy DI Fell. (3.11)
Since k|| J] Fell > Ci, by (3.4) and || Fx|| < || Foll, we have

- P2
1T Fell”

T mLy m
Mk willJg Fell ZT”FOHZEHJ]( Fill.

So, i > Z"—l It then follows from k > K, Lemma 3.3 and the updating rule (1.9) that
Mk+1 = C1 M-
By 3.11)and c; < (1 + C4czc§1)_1, we have
1t 19y Firt | =c1mell Iy g Fegr

<c1(1+ csecy Dkl I Fiel

<l gy Fell.
The proof is completed. O

Let
Co = max{uk IJ§ Fx ||, co(1 + cacacy HC1)

be a positive constant.
The next lemma shows that p|| JkT Fx|| is upper bounded.

Lemma 3.5 Under conditions of Lemma 3.4,
wellJ Fill < G2, Vk = K. (3.12)
Proof We discuss in two cases.
Case 1 ug ||J£FK I <co(1+ C4czc;1)C1. Then, we must have
k11751 Frall < co(l + cacrcy HC. (3.13)

Otherwise, suppose
pret gy Franll > co(l + eseacs DC (3.14)

It follows from (3.11) and ug 41 < coug that

(1 + cacae; O < uk I E L Frarll < (1 + cacacy D 1TE Fill. (3.15)
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This gives
nxllJEFell > Ci.

By Lemma 3.4, we obtain
k1 1TE 1 Fratll < wkIJE Frll < co(1 + cacacy HCy.

This is a contradiction to (3.14). So (3.13) holds true.
By induction, we can obtain

il Fill < co(1 4 cacacsHCr, Vi = K. (3.16)
Case 2 jix || JL Fx |l > co(1 + cacae; ' )Cy. Note that cg > 1, we have
nkllJg Fxll > Ci.
So, by Lemma 3.4,
tki 1T Frall < wx 1% Fill. (3.17)

If g1 lJE, Fr+1ll > co(l + cacae; ' )Cy, then by Lemma 3.4 and (3.17),

tk+2ll g 2 Fraall < k1l E o Frall. (3.18)

Otherwise, if (g1 ”JI?-HFKH I <co(l+ C4c2c§l)C1, then by the same arguments as in
case 1, we have

tx 2l JE o Fraall < co(1 + cacacy HCy. (3.19)

In view of (3.17)-(3.19), we obtain

tr 2l IE o Fraall <max{ug1IJE i Frtll, co(l + cacacs HC1}

<max{ug || I Frll. co(1 + cacaey HCr}. (3.20)
By induction, we can prove that, for all k > K,

el L Fell < max{pi—1 17 Fiztll, co(1 + eacacy HC1)

< ...

<max{ug |JE Fxll, co(1 + cacac; HC1)
=C,.

The proof is completed. O

Let
C3z = C;ILQCZ.

The following lemma shows that 1 || Fx || is bounded by Cs.

Lemma 3.6 Under conditions of Lemma 3.4,
willFell < Cs (3.21)

holds for all sufficiently large k.
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Proof 1t follows from (3.4) that
1 Frell < Lallxx — xll-
This, together with (3.7), gives
I1Fll < e5 " Lall I Fill
Thus, by (3.12), we obtain (3.21). The proof is completed. ]

3.2 Quadratic Convergence

Based on the above lemmas, we study the quadratic convergence of Algorithm 2.1 under the
local error bound condition, by using the singular value decomposition (SVD) technique.
Suppose the SVD of J (xi) is

- S 7
= (Uk.1, Uk,2)< “ O) ( -kfl)
k.2
- Uk,l 2_:k,l V]{];] s
where X_Jk,l = diag(ox,1, ..., 0k,r) Withox,1 > 0k 2 > -+ > 0k > 0, and the correspond-
ingly SVD of J; is
Ji = Uy VI

Zk,1 v/
= (U1, U, ’
(Uk,1, Uk 2) < 21{2) <ka2

= Uk,lfk,leT,I + Uk,zzk,szT,z,

where Ek,l = diag(ak,l, ey Uk’,) with okl = -+ = Oy > 0, and 2](,2 =
diag(ok,y+1, ..., 0kn) With o, > -+ > ox, > 0. In the following, if the context is
clear, we neglect the subscription k in X ; and Uy ;, Vi, (i = 1, 2), and write Ji as
Jr=U1 %4 VlT + UzEzVQT.
By the theory of matrix perturbation [12] and the Lipschitzness of Ji,
Idiag(Z1 — 1. o)l < I1Jk — Jill < Ly l5 — xil-
So, B
121 — 20l < Lillxe —xkll and [ Z2]] < Lyllxk — xll- (3.22)
Since {x;} converges to the solution set X*, we assume that L1||x; — x¢|| < ,/2 holds
for all sufficiently large k. Then, it follows from (3.22) that
1

IS < ————— <
Oy — Ll”Xk _ka

"l\)

(3.23)

)

.
Lemma 3.7 Under Assumption 3.1, if xy € N(x*, by /2), then we have

(a) |U\UT Fell < Lollxk — xell;
(b) |ULUT Fell < 2Ly ||% — xilI%;

where L1, Ly are given in (3.2) and (3.4) respectively.
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Proof (a) follows fror_n (3.4) directly.
Denote F(xx) by Fi. By (3.3) and (3.22),

IU2US Fell =IU2U5 (B — Fo)l
<N02U7 I — x|l + Li| U207 |15 — xell*
<|UUT U V] + U S VD) 13k — xicll + L[5 — x|
<IZa 1% — xill + L[l %% — xi |1
<L |I% — x|
The proof is completed. O

Now we can give the main result of this section.

Theorem 3.1 Under Assumption 3.1, the sequence generated by Algorithm 2.1 converges to
some solution of (1.1) quadratically.

Proof By the SVD of Jg,
_ 2 —1 T 2 -1 T
dy = =Vi(Z] + D)7 21U Fe — Vo (25 + M D)™ 2U; Fy,

and
Fi + Jedy = MUy (S1 -+ D)~ U] Fet M Ua (25400 7' U Fi

It follows from (3.4), (3.23), Lemmas 3.6 and 3.7 that
I Fx + Jidell <mell I 1 E 201U Fiell + 1U2UF Frell
4L%C3

- 52
Oy

- 2 - 2
lxXk — xxll” + 2L 1 || Xk — x|l

= 2
<csllxk — x|,

2
where ¢c5 = 41‘62263 + 2L is a positive constant. So, by (3.1), (3.3) and Lemma 3.1,

cllxp+1 — xk+1ll < N Frtrl
2
< 1 Fx + Jidi |l + Lilldil
- 2 2= 2
< csllxk — xill” + Lics ||l xg — x|l

< collFx — xel?, (3.24)

where cg = ¢5 + c%Ll is a positive constant.
Note that
%k = Xkl < N%k1 — X1l + Nkl (3.25)

By (3.24),
Xk — xill < 2|ldkl

holds for all sufficiently large k. Combining (3.5), (3.24) and (3.25), we obtain
ldi 11l < O]l

The proof is completed. O
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Table 1 Results on the first singular test set with rank(F’(x*)) = n — 1

Pk = el Fll with (LD g = gl F 1 with (L7 g = el F I with (1.9)

Prob n X0 NE/NJ/NF+NJ*n NF/NJ/NF+NJ*n NF/NJ/NF+NJ*n
1 2 1 16/16/48 16/16/48 16/16/48
10 19/19/57 19/19/57 19/19/57
100 22/22/66 23/23/69 23/23/69
4 4 1 18/18/90 18/18/90 18/18/90
10 20/20/100 20/20/100 20/20/100
100 24/24/120 24/24/120 24/24/120
5 3 1 8/8/32 8/8/32 8/8/32
10 8/8/32 8/8/32 8/8/32
100 8/8/32 8/8/32 8/8/32
6 31 1 156/124/4000 68/35/1153 737/368/12145
8 10 1 9/9/99 9/9/99 9/9/99
10 24/24/264 24/24/264 24/24/264
9 10 1 5/5/55 5/5/55 5/5155
10 6/6/66 6/6/66 6/6/66
100 10/10/110 10/10/110 10/10/110
10 30 1 771217 7171217 771217
10 9/9/2719 9191279 9/9/279
100 10/10/310 10/10/310 10/10/310
11 30 1 31/13/421 45/18/585 37/14/457
12 10 1 15/15/165 15/15/165 15/15/165
10 17/17/187 17/17/187 17/17/187
100 21/21/231 21/21/231 21/21/231
13 30 1 11/11/341 11/11/341 11/11/341
10 15/15/465 15/15/465 15/15/465
100 19/19/589 19/19/589 19/19/589
14 30 1 14/14/434 14/14/434 14/14/434
10 20/20/620 20/20/620 20/20/620
100 26/26/806 26/26/806 26/26/806

Remark 3.1 If the Levenberg—Marquardt parameter is chosen as Ay = || Fx 1%, where ik
is updated by (1.9) and § € (1, 2], the algorithm converges superlinearly to some solution of
the nonlinear equations with the order §. The proof is almost the same as above, except that
we have || F + Jrdk || < csl|Xk — x¢||° instead of || Fx + Jidk |l < cs|%x — x| in the proof
of Theorem 3.1, which then yields ||di+1] < O (|ldi|I®).

4 Numerical Results
We test Algorithm 2.1, where the LM parameter is computed by Ay = x| Fx||> with g

updated by (1.9), on some singular nonlinear equations, and compare it with other two LM
algorithms, where Ay = || Fi|l and Ay = il Frell? with g updated by (1.7), respectively.
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Table 2 Results on the second singular test set with rank(F/(x*)) =n — 2

Wk = pkll Fill with (1.7)

Pk = g Il Fl1* with (1.7)

Wk = pkll FilI? with (1.9)

Prob n X0 NE/NJ/NF+NJ*n NF/NJ/NF+NJ*n NF/NJ/NF+NJ*n
1 2 1 12/12/36 12/12/36 12/12/36
10 14/14/42 14/14/42 14/14/42
100 18/18/54 18/18/54 18/18/54
3 2 1 38/26/90 211/138/487 260/180/620
10 30/15/60 37/15/67 19/12/43
100 34/18/70 39/16/71 22/16/54
4 4 1 15/15/75 OF 15/15/75
10 18/18/90 OF 18/18/90
100 22/22/110 OF 22/22/110
5 3 1 15/15/60 15/15/60 15/15/60
10 16/16/64 16/16/64 16/16/64
100 16/16/64 16/16/64 16/16/64
6 31 1 3200/2621/84451 e 1288/665/21903
8 10 1 9/9/99 9/9/99 9/9/99
10 23/23/253 24/24/264 24/24/264
9 10 1 5/5/55 5/5/55 5/5/55
10 8/8/88 8/8/88 8/8/88
100 10/10/110 10/10/110 10/10/110
10 30 1 7/7/217 7171217 7711217
10 10/10/310 9/9/279 9/9/279
100 10/10/310 11/11/341 22/18/562
11 30 1 30/13/420 36/14/456 65/44/1385
12 10 1 15/15/165 15/15/165 15/15/165
10 17/17/187 17/17/187 17/17/187
100 21/21/589 21/21/589 21/21/589
13 30 1 11/11/341 11/11/341 11/11/341
10 15/15/465 15/15/465 15/15/465
100 19/19/589 —/—/— 19/19/589
14 30 1 14/14/434 14/14/434 14/14/434
10 20/20/620 19/19/589 19/19/589
100 26/26/806 25/25/775 26/26/806

The test problems are created by modifying the nonsingular problems given by Moré,
Garbow and Hillstrom in [8], and have the same form as in [11],

F(x) = F(x) — J(HAATA)TAT (x — x%),

where F(x) is the standard nonsingular test function, x* is its root, and A € R™ K has full
column rank with 1 < k < n. Obviously, F(x*) = 0 and

J(x*) = T — AATA)~'AT)
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Table 3 Results on the first singular test set with rank n — 1

Pk = g Il Fill with (1.7)

Wi = pell Fill? with (1.7)|

Wk =kl FilI? with (1.9)

Prob n X0 NEF/NJ/NF+NJ*n/t(s) NE/NJ/NF+NJ*n/t(s) NEF/NJ/NF+NJ*n/t(s)
9 3000 1 1/1/3001/0.3 1/1/3001/0.3 1/1/3001/0.3
10 2/2/6002/20.3 2/2/6002/19.3 2/2/6002/19.5
100 8/8/24008/147 8/8/24008/131 8/8/24008/128
10 3000 1 18/9/27018/593 27/9/27027/714 20/9/27020/562
10 20/11/33020/645 29/11/33029/848 20/11/33020/623
100 10/10/30010/415 10/10/30010/415 10/10/30010/426
13 3000 1 11/11/33011/220 11/11/33011/220 11/11/33011/218
10 15/15/45015/289 15/15/45015/302 16/16/48016/298
100 19/19/57019/388 19/19/57019/393 19/19/57019/379
14 3000 1 14/14/42014/386 14/14/42014/302 14/14/42014/270
10 20/20/60020/588 20/20/60020/446 20/20/60020/412
100 26/26/78026/789 26/26/78026/584 26/26/78026/557

Table 4 Results on the first singular test set with rank n — 2

Ik = kI Fi Il with (1.7)

Wk = pell Fi Il with (1.7)|

Wi = pkll Fi I with (1.9)

Prob n X0 NF/NJ/NF+NJ*n/t(s) NE/NJ/NF+NJ*n/t(s) NE/NJ/NF+NJ*n/t(s)
9 3000 1 1/1/3001/0.4 1/1/3001/0.3 1/1/3001/0.3
10 2/2/6002/21.3 2/2/6002/20.3 2/2/6002/20.1
100 10/10/30010/200 9/9/27009/169 6/6/18006/103
10 3000 1 18/9/27018/591 29/10/30029/831 20/9/27020/620
10 20/11/33020/696 29/11/33029/1039 20/11/33020/604
100 25/15/45025/903 34/15/45034/1270 10/10/30010/364
13 3000 1 11/11/33011/203 11/11/33011/229 11/11/33011/202
10 15/15/45015/303 15/15/45015/299 16/16/48016/306
100 19/19/57019/402 19/19/57019/402 19/19/57019/374
14 3000 1 14/14/42014/398 14/14/42014/367 14/14/42014/308
10 20/20/60020/441 20/20/60020/444 20/20/60020/454
100 26/26/78026/579 26/26/78026/599 26/26/78026/597

has rank n — k. A disadvantage of these problems is that F(x) may have roots that are not
roots of F(x). We create two sets of singular problems, with J(x*) having rank n — 1 and
n — 2, by using

AerR™, AT =q,1,...,1

and
X2 r_ (1111 .1
Ak A _<1—11—1~-~:|:1 ’
respectively. Meanwhile, we make a slight alteration on the variable dimension problem,

which has n 4 2 equations in n unknowns; we eliminate the (n — 1)-th and n-th equations.
(The first n equations in the standard problem are linear.)
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We set pg = 0.0001, p; = 0.25, p» = 0.75,¢c0 = 4,c1 = 025, up = 1078, m =
10=8, ¢ = 1070 for all the tests. The stopping criterion is || JkT Fy|| < e or when the number
of iterations exceeds 100(n + 1). The results for the first set problems of rank n — 1 with
small scale are listed in Table 1, and the second set of rank n — 2 in Table 2. We also test the
algorithms on some large scale problems. The results are given in Tables 3 and 4.

The third column of the table indicates that the starting point is xg, 10xg, and 100xo,
where x( is suggested by Moré, Garbow and Hillstrom in [8]; “NF” and “NJ” represent the
numbers of function calculations and Jacobian calculations, respectively. If the algorithm
fails to find the solution in 100(n + 1) iterations, we denote it by the sign “—", and if the
algorithm has underflows or overflows, we denote it by OF. Note that, for general nonlinear
equations, the calculations of the Jacobian are usually » times of the function calculations.
So, for small scale problems, we also present the values “NF+n*N” for comparisons of the
total calculations. However, if the Jacobian is sparse, this kind of value does not mean much.
For the large scale problem, the computing time is also given.

From Tables 1 and 2, we can see that Algorithm 2.1 works almost the same as other two
LM algorithms for small scale problems. From Tables 3 and 4, we can see that Algorithm
2.1 outperforms the other two algorithms for most large scale problems.

5 Conclusion and Discussion

In traditional LM algorithms for nonlinear equations, both the iterate and the LM parameter
are updated according to the ratio of the actual reduction to the predicted reduction of the
merit function (cf. [1,2]). In this paper, we proposed a new LM algorithm for nonlinear
equations, where the LM parameter is taken as Ay = x|l Fx||> with 1 being updated by
(1.9). Though the iterate is still updated according to the ratio of the actual reduction to
the predicted reduction, the update of w; is no longer based on it. When the iteration is
unsuccessful, uy is increased; otherwise it is updated based on the value of the gradient norm
of the merit function as in (1.9). We proved that all limit points of the sequence generated by
the algorithm are stationary points of the merit function under standard conditions. Since the
updating rule of 1; changes, the analysis of the convergence rate in this paper is quite different
from those in [1,3]. We developed new techniques to prove the quadratic convergence of the
algorithm under the local error bound condition.

We also discussed the LM parameter as Ay = will Fill®, where py is updated by (1.9)
and é € [1, 2). We found that the algorithm converges with the order §, by using the similar
analysis in this paper. We conjecture that the convergence rate is quadratic for any § € [1, 2).
This will be our future study.
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