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Abstract In this paper, the block-centered finite difference method is introduced and ana-
lyzed to solve the compressible wormhole propagation. The coupled analysis approach to
deal with the fully coupling relation of multivariables is employed. By this, stability analysis
and error estimates for the pressure, velocity, porosity, concentration and its flux in different
discrete norms are established rigorously and carefully on non-uniform grids. Finally, some
numerical experiments are presented to verify the theoretical analysis and effectiveness of
the given scheme.
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1 Introduction

A wormbhole is a phenomenon in which a worm-like hole is generated and propagated in
the subsurface formations due to the injection of acids into a supercritical acid dissolution
system. To enhance oil production rate, matrix acidization technique was introduced and
applied widely. In this technique, we injected acid into matrix to dissolve the rocks, thus
a channel called wormhole [1-6] is established. Usually such channel is formed with high
porosities. Though this channel, we can easily push oil and gas components in the reservoir
to the surface. It is crucial to point out that the advancement of the chemical reaction front
does not propagate uniformly along the injection direction. Actually, the heterogeneity of
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porosity and permeability in the subsurface formations plays an significant role in promoting
the non-uniformity of the chemical reaction front. All in all, the chemical reaction front tends
to advance in certain directions more that other directions, thus a wormhole pattern is formed.

There are many numerical simulations for wormhole propagation due to its significant
role in subsurface reservoir management. Zhao et al. [7] presented the theoretical and numer-
ical analyses of chemical-dissolution front instability in fluid-saturated porous rocks by
combining the finite element method and the finite difference method. In 2015, the new
Darcy—Brinkman—Forchheimer framework was introduced to simulate the wormhole form-
ing procedure by Wu et al. [3]. Besides, Kou et al. [1] developed a mixed finite element-based
fully conservative methods to simulate the wormhole propagation. Recently, Li and Rui [8]
have researched the characteristic block-centered finite difference method for simulating
incompressible wormhole propagation.

Block-centered finite differences, sometimes called cell-centered finite differences, can
be thought as the lowest order Raviart—-Thomas mixed element method [9], with proper
quadrature formulation. In [10], Wheeler presented the mixed finite elements for elliptic
problems with tensor coefficients as cell-centered finite differences. And in 2012, a block-
centered finite difference method for the Darcy—Forchheimer model was considered [11].
In [12-15] block-centered finite difference methods were developed. A parallel CGS block-
centered finite difference method for a nonlinear time-fractional parabolic equation has been
studied [16]. Recently, Li and Rui [17] applied this method to the nonlinear time-fractional
parabolic equation. The applications of the block-centered finite difference methods enable
us to approximate pressure, velocity, porosity, concentration and its flux in different discrete
norms with second-order accuracy on non-uniform grids, which is the superconvergence.
Also the block-centered finite difference methods can guarantee local mass conservation.
Besides, the applications of the block-centered finite difference methods enable us to transfer
the saddle point problem to symmetric positive definite problem.

As far as we know, there is no block-centered finite difference method for compressible
wormhole propagation. Before analyzing the convergence of our block-centred finite dif-
ference method, we develop estimates of the mixed finite element method with quadrature
applied to linear parabolic equations. Using these estimates, we obtain the superconvergence
of the pressure, velocity, porosity, concentration and its flux in different discrete norms. In
fact, in our proposed scheme, there are at least three issues in theoretical analysis for the com-
pressible wormhole propagation: the first one is to estimate and bound the porosity which can
change during time evolution, the second one is the complication resulted from the introduced
auxiliary flux variable and the last one is the fully coupling relation of multi-variables. To
resolve these issues, we introduce some usefully lemmas and consider the coupled analysis
method. Recently, we have applied this method to the incompressible wormhole propagation
in [8]. But for compressible wormhole propagation, due to the appearance of the term %
in the mass conservation equation, the same technique can not be used. Compared with the
error analyses in [8], the error estimates in this paper is more complex which should be taken
the time difference of approximate velocity and auxiliary flux into consideration. Moreover,
stability results are proven rigorously and carefully which are not given in [8]. The error esti-
mates are deduced rigorously and carefully in this paper, and we carry out some numerical
experiments to verify the theoretical analysis and effectiveness of the given scheme.

The paper is organized as follows. In Sect.2 we give the problem and some preliminaries.
In Sect. 3 we present the block-centered finite difference algorithm. In Sect. 4 we demonstrate
stability estimates for the discrete scheme. In Sect.5 we demonstrate error analysis for the
discrete scheme. In Sect. 6 some numerical experiments are carried out to verify the theoretical
analysis and effectiveness of the given scheme.
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Through out the paper we use C, with or without subscript, to denote a positive constant,
which could have different values at different appearances.

2 The Problem and Some Preliminaries

In this paper, we consider the usual differential system used to describe compressible worm-
hole propagation [1]

¢

L4+ 4V.u= Q,teld 1

8t+8t+ u=f, xeQ,rel, (1
K

u:—&Vp xe, tel, 2)
"

a(d)Cf)

+ V- (ucy) = V- (@D Vey) = keay(cs —cf) + frep + frer, ()

8¢ _akeay(cy —cy)

, XEQ, 1€, (4)
ot Ps

where €2 is a rectangular domain in R2. J = (0, f], and 7 denotes the final time. p is the

pressure, u is the fluid viscosity, u is the Darcy velocity of the fluid, f = f; + fp, fp and
f1 are production and injection rates respectively. y is a pseudo-compressibility parameter
that results in slight change of the density of the fluid phase in the dissolution process. ¢y is
the cup-mixing concentration of the acid in the fluid phase. c; is the injected concentration.
The diffusion coefficient D is shown as

D(x,u) = dyI + oy [u|E + oy |u|EL, 3)

where E(u) = [u;ju j/|u|2] is a 2 x 2 matrix representing projection along the velocity
vector and E-(u) its orthogonal complement. d,, is the molecular diffusivity, the diffusion
coefficient o; measures the dispersion in the direction of flow and «; that transverse to the
flow.

k. is the local mass-transfer coefficient, a, is the interfacial area available for reaction per
unit volume of the medium. The variable ¢ is the concentration of the acid at the fluid-solid
interface, and the relationship between ¢ s and ¢, can be described as follows.

YT Ltk ke
where k; is the surface reaction rate constant. The first term in the right hand side of Eq. (3)
represents the transfer of acid species from the fluid phase to the fluid-solid interface [2]. ¢
and K are the porosity and permeability of the rock respectively, the relationship between
the permeability and the porosity is established by the Carman—Kozeny correlation [18]

K ¢ <¢(1 - ¢o))
Ko ¢o \o(l — )
where ¢ and K are the initial porosity and permeability of the rock respectively. In Eq. (4),

« is the dissolving power of the acid and p; is the density of the solid phase. Using porosity
and permeability, a, is shown as

(N

)

8
ap  ¢o\ Koo’ ®
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where ag is the initial interfacial area.
The boundary and initial conditions are as follows.

u-n=0, DVcy-n=0, xecdIQ, e/,

p(x,0) = po(x), X e, o
cr(x,0) = cro(x), xeQ,
¢ (x,0) = ¢o(x), xeQ,

where n is the unit outward normal vector of the domain 2. For the physical quantities, we
assume that0 < cpp <land0 <c¢; < 1.
Let N > 0 be a positive integer. Set

At:f/N, t, =nAt, for n <N.

Let L™ (2) be the standard Banach space with norm

1/m
lvllzm (@) = (/ |v|md9) :
Q

For simplicity, let

(fo2) = (f )12y = /Q fedS

denote the L?(€2) inner product, ||v]leo = lv]l L (). And W;(Q) be the standard Sobolev
space

k .
W, () = {g: llglwse) < ook

where
1/p

lglhweey = | D 101700y | (10)

| <k

Let S = L2(Q) and V = H(Q,div) = {v € (L2(Q))%, V-v € L*(Q)}. And V° is
denoted as the subspaces of V containing functions with normal traces equal to 0.

Let 1, be the quasi-uniform partition of €2 into rectangles in two dimensions with maximal
mesh size h. The lowest-order Raviart—Thomas—Nédélec (RTN) space on rectangles [9,19]
is considered. Thus, on an element D € [ 5, we have

Vi(D) = {@x + Bi, oy + )7+ e B e R i =12,
Sp(D) ={a: a € R},

and Vg is denoted as the subspaces of V), containing functions with normal traces equal to 0.

Next the standard nodal basis is used, where the nodes are at the centers of the elements
for Sy, and the nodes are at the midpoints of edges for Vj,. Moreover, the grid points are
denoted by

(x,-+1/2,yj+1/2), i =0,...,Nx, j =0,...,Ny,
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and the notations similar to those in [20] are used.

xi=<xi7%+xi+%)/2, i=1,..., Ny,

hf=x 1 —=x_1, i=1.. Ny
Wy =i == () /20 =1 N
y,—(y,,l +yj+%)/2, J=1....Ny,

hy=Yyi1 =1 J=1. Ny,

h’,VH y;+1—y;—(hf+h']+1)/2, J=1...,Ny,
h—rrl;’%x{hf,hi}

Letg; j, 8ivd > 8ijtl denote g(x;, y;), g(xl.+%, vi), g(xi, yj+%). Define the discrete
inner products and norms as follows,

Nx N)'

(frm =) D hihlfijei),

i—1 j=1
Ny—1 Ny

fohe= 20 D h St 8t o

i=1 j=I1
Ny N}'71

(- 8)y = Z Z hfhj Jij+18ij+1

i=1 j=I
WPy =@ r)e + @, rY),.

For simplicity from now on we always omit the superscript » if the omission does not cause
conflicts. Define

[dxg],+ J (gl+1 j gi,j)/h{c 1

[dyg]i,jJr% = (8ij+1 — 8, 1)/h J

[Dyglij = (g,'+%,j - g,',%,j) /h,’ )

[Dyg]i,j = (gi,j+% - gi,j—%) /hy7

gl = (g — &15") /.
Then we present some lemmas used in the following estimates.
Lemma 1 [20] Lert q,j, lx+1/2, and le_]/z be any values such that wf/z,j =
WX 41/2, = Wi = W Ny+172 = 0, then

(q’ wax)M = _(dxq» wx))h
(q7 Dywy)M _(dyq7 wy)y'
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For any r € (H?(2))?, let # denote the projection operator of r onto Vy,, that is

(V-F,w)=(V-r,w), Ywe Sy, (11

with approximation properties [21],
I = #l < Clrllyy hs (12)
IV-@r—nl §C||V'r||W21(Q)h~ (13)

Moreover, by the definition of 7 and the midpoint rule of integration, the L°° norm of the
projection is obtained by

IF —rllLe@) < Chilrllwz, o)- (14)

In Eq. (3), define ¢ = —¢D(x)Vcys, we can get the estimates which is necessary for the
derivative and analysis of our numerical scheme [22].

I1&" —u"llrm < Ch?, (15)

14" —¢"llrm < Ch*. (16)

Next we define an interpolant operator which is similar to that in [21]. Define I1; p from
the values of p; j fori = 1,2,...,Nyand j = 1,2,..., Ny as follows. For points (x, y),
assuming x € [x;, x;+1], ¥y € [y}, ¥j+1], then, IT; p(x, y) can be evaluated by

Xi+1 — X X — X Yj+1—Y
I , — . + .
np ) (p,,] <xi+l —xi) Pit.d (xi+l —xi>) (yj+l - yj)
Xip] — X X = X Y=
* (pi’jJrl <Xil+1 —xz'> TPt (Xi+1 —lxz'>> (yj+1 —jyj>.

For j =1,2...N,, we set

(2h +h3) p1j — hipaj
hy + h3 '

Oyp(xiy2,y) =

This is a two-point extrapolation, and by Taylor’s expansion, we can obtain that
[(Mp — p)(x1y2. 3 = O(R?).

For points (x, y), assuming x € [x1/2, x1], y € [y;, yj+1], then, ITj p(x, y) can be evaluated
as the bilinear interpolant between py_ ;j, p1,j+1, Hpp(x12,y;), and I1 p(x1/2, yj+1). And
for these points, we can obtain that |IT;, p — p| < Ch? by interpolation theory. Moreover, for
points (x, y), such that x € [xy,, xn,+1/2], ¥ € [y}, y;j+1] as well as points (x, y), where
x € [xi,xiv1l.y € .yl orx € [xi, xiv1l,y € [yn,, YN, +1/2], we can define I1; p
similarly. Lastly, we can define ITj, p(x;,2, y1,2) using three-point extrapolation:

Iy p(x1/2, y172) = Opp(x1, y172) + pp(x1y2, y1) — pit
= P12+ p1j21—pira1+ Ch?.

We can easily obtain that [(IT,p — p)(x1/2, y1,2)| < Ch? by Taylor’s theorem. Hence,
for points (x, y), assuming x € [x1,2,x1],y € [y1/2, ¥1], [1pp(x, y) can be evaluated as
the bilinear interpolant between py. 1, I1p p1/2,1, Ipp1,1/2, and I, p12,1/2. We can define
Oy p1y2.ny+172: Tnpne+1/2.172, T PN +1/2,Ny+172 similarly. And in the other three corner
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regions, the same approximations can be obtained. Thus we can get the following lemma.

Lemma 2 [21] Suppose p is twice differentiable in space, then we have the estimate that
IMhp = plloc < CH%.

Lastly, we make the following assumptions which are similar to Kou et al. in [1].

(H1) p, cf € W2(0, T; Wi ().
(H2) Dy(x) € W3,(Q), ¢ € C'(0, T; C*(Q)).
(H3) There exist four positive constants K, K*, D, and D* such that

K. <KX ¢)<K*, D,<Dyx)<D* forxeQ, ¢eR, 1=12 (7)

(H4) K(¢)~is uniformly Lipschitz function of ¢.
(H5) y, a, ps, u, ke and ky are all given positive constants, and 0 < ¢o« < ¢po < ¢ < 1,
0 < ap« <ap < ag.

3 A Block-Centered Finite Difference Algorithm

In this section, in order to solve the nonlinear system (1)—(8) efficiently, the block-centered
finite difference algorithm is considered.
Using Eqgs. (6)—(8), nonlinear system (1)—(4) can be transformed into

op | 3¢
L4+ T4V.ou=f 18
Vor T TV uST (15
K
e K@y, (19)
W
3Cf ap -1 kcks
o, T Vg, ~@D)Tw-q+ Vgt fiep + PRy frer,  (20)
d 1—
9 _ ry( ¢)Cf’ oD
at 1 —¢o
(xaokcks . . . .
where ry = —————, and taking notice of assumption (H5), we obtain 0 < rp, <ry <
ps (ke + ks)
e

To obtain superconvergence, we shall also consider only molecular diffusion [23,24] in the

following. Denoted by {Z", W", ", 0"} ,]:’:0, the block-centered finite difference approxima-

tions to {p", u", c’}-, q”}flv=0 respectively are as follows, where Z", ¥" € S, W", Q" € Vg.

(yd;Z" +d;®" +V - W' w) = (f",w), Yw € Sy, (22)
H 0
7W”,v> =", V-v), Wev, (23)
<K(Hh®”) ™
@"d V", w) — (yU" ' d, 2", w) — ((©"D) ', W" - T1,Q", w) + (f1¥", w)
kek
+ (V0" w) + ——— (a,(@V", w) = (fc}, w), Yw e S, (24)
ke + ks
(M,0"D) Q" v)yry = (W", V -v), Vve V). (25)
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For the calculation of the discrete porosity ®, we use the following scheme.

.y .(1_(9%)7
[ er,; = g, 26)
! 1—¢o.ij "/
where U = max {0, min{w"!, 1}}.
Set the boundary and initial approximations as follows.
Wi =Whhip, =0 1=J=N,
w; 1/2:Wz Ny+1/2—0 I <i<Ny,

Q}/z’f = Q)?\;;-H/ZJ =0, l<j= Ny»

n .

i,1/2_Q1N+1/2_0 1 <i <Ny, 27)
Z°=pol,,1<z<Nx, 1<j<N,y,
\If,oj—cfo,,,1<z<Nx, 1<j <Ny,
O) =¢oij, 1 <i<Ny, 1<j<N,

The difference method will consist of three parts: firstly, if the approximate concentration
v i ! and porosity Sl ' n=1,..., N are known, Eq. (26) will be used to obtain a new
porosity @” Secondly, by dlfference scheme (22)-(23), an appr0x1mat10n Z" to the pres-

sure will be calculated using @” and the approximate velocity Wl 1172, and Wl ) +1 /2 will
be evaluated; Finally, a new concentratlon \IJ” will be calculated usmg wi +1 2.j le ]1 1/2°

d;Z}; and ©] ., then we get the appr0x1mat10ns 0 Y12, and Ql iy +1 2 It is easy to see
that at each time level, the difference scheme has an exphc1t solution or is a linear system
with strictly diagonally dominant coefficient matrix, thus the approximate solutions exist
uniquely.

Remark 1 For the case that D is defined by Eq. (5), the block-centered finite difference
approximations have a little difference in Egs. (24) and (25). Here we define § = —Vcy,
q = ¢D(u)q, then denoted by {W", Q" Q”}n o the block-centered finite difference approx-
n}N

imations to {c"} i q.q o Tespectively are as follows:

(@”d,\I’”, w) — (y@nildtZ", w) — (l'[hW” . Hhén, w) + (f,”\IJ", w)

+(V-0" w )+k +k (ay (@MW, w) = (f/'cf, w), Yw e Sp, (28)
~n 0
) = \I/nv V : 3 V V 3 29
(Q v)TM ( v) = (29)
(Q".%) 7y = MEODATWHQ" W7, W e V), (30)
where (-, -)7 is the trapezoidal rule defined by
Ni—1 Ny
t.2r = Z Zh1+1/2 (fi)fi-l/Z,j—l/Zg;C+l/2,j—l/2 + fi)fi-1/2,j+1/2gf+l/2,j+1/2)
i=1 j=1
Ny N\_]

+ Z Z hih Wiy ) (fz 1/2, ]+l/2gl 1/2.j+12 T fz+1/2 ;+1/2gz+1/2 ;+1/2)-
i=1 j=I1

Here we use the trapezoidal rule to maintain symmetry in the case that D is not diagonal,
which is similar to that in [10].
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4 Stability Analysis for the Discrete Scheme

In this section, we will give the analysis of stability for the scheme (22)—(26).
For the purpose of theoretical analysis, we first analysis a priori bounds for the discrete
solution ©.

Theorem 3 Assuming that 0 < ¢ox < ¢o < ¢y < 1, then the discrete porosity O} jis
bounded, i.e.,

b0+ <O ; <1, 1 <i <Ny, 1<j=<Ny,, n<N.
Proof The proof is given by induction. It is trivial that ¢, < 92 ;j < 1. Suppose that
$o. <O} <1 k<N,

next we prove that @f." ; also does.
rp 0! |
For simplicity, set ,Bk_l = %At, where ' = max {O, min{\IJ”_l, 1}} . Then Eq.
— @0
(26) can be transformed into the following.
k—1 k—1
e P 9
ij — k—1 k—1"
L+ B 148

(3D

By Eq. (31), we can easily obtain that ®f." ; < 1. Equation (26) can also be calculated as
k k—1 k—1 k
Of -0 =4 1-01), (32)
thus we have that @f{ P> ®f.";1. Then the proof ends. O

Theorem 4 The approximate solutions of (22)—(25) satisfy

m

Wm 2
K (T1,0m) 70

1Z™ 13 + |

m
< CY A"+ Cllpollyy + ClluollFy + Cry>. m < N, (33)

n=1

m
1™ 13y + 19" 17 + D ATIQ" 174y

n=1
m
2
= € (g0l s+l -+l rollyy + 157 ) +C 2 At (17513 + 14" 1) - m < N.
n=1

(34)

Proof Taking notice of Eq. (23), we have

K n _ . 0
(d, (71((11,1@")“, ),v)TM = (2", V-v), WeV,. (35)

Setting w = d,; Z" and v = W" in Egs. (22) and (35) respectively, we have
yld;Z" ||%,I + (V - W, dtZ”) = (f", d,Z”) — (a’t@”, d,Z”), (36)
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and

"
di| ————w" ), w" =(d,Z"',V -W"). 37
(’(K(Hh@)") ) >TM (’ ) &7

Then using Cauchy—Schwarz inequality, we have

In
d. 7" 2 d w" ’Wn
I ”M+< t(K(m@") ) >TM
< Cllf"l3 + Cldi©™ 13 + %”dzzn”?v]- (38)

The second term in the left hand side of Eq. (38) can be estimated by

"
d 7Wn , Wn
( ' (K(nm") ) >TM

W Atill w17

di K (I1,0m) ™t K (I1,0n—1) Wl
1 Iz

+ =14 <7> w", W") . (39)
2 < "\ k(m,0m) ™

Noting Theorem 3, we can easily obtain
— o
|d:©] ;| < ¢: ry < Cry. (40)

Combining Eq. (38) with Egs. (39) and (40), we have

M 2
— 2w
K (I1,0m) 1701
< ClS" 3y + CUW" Gy + Cr2 (41)

y 1
S,z 13, + ol

Multiplying Eq. (41) by 2A¢, summing for n from 1 to m, m < N and applying Gronwall’s
inequality, we have

m
M 2
Atld, Z")3 —W"
V; 12" 3 + 1l gy W "
m
< CY ALl f" I3+ ClluolFy + Cry?. (42)

n=1

Taking notice of that
z! =7, +AtZd, b 1<i<N, 1<j<N,, 1<n<N,

and using Cauchy—Schwarz inequality, we obtain that

2
2 2 "
() =2(2)) +2<Az2d,zgfj>

52(22) +2TAtZ(dtZk) J1<i=No1<j<Ny, l<n<N.
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Then multiplying both sides of Eq. (43) by £,k ;, and making summationon i, j for 1 <i <
Ny, 1 < j < Ny, we have that

n
1Z"115 < 202°17 + 2T At Y |di Z* |17, (44)
k=1
Thus we have
2
n
M ke Ty
m
< CY ALl "3+ Clipolly, + ClluolFy + Cr. (45)
n=1

We now turn to prove Eq. (34). From Eq. (25), we have
(@, ((MO"D)'Q"), vy = (d V",V -v), Vv e V). (46)
Setting w = d; V" and v = Q" in Egs. (24) and (46) leads to
(®"d, ", ") + (V- Q", d,v")
= (ffc},dv") + (yG"‘ld,z", di¥") + ((©"D) T, W" - I1,Q", d, ¥")

kcks n n n
— (FIUN d "y — P (ay (MW", d, W™y, 47)
and
@ ((I,0"D)'Q"), Q1M = (d¥", V- Q™). (48)

Combining Eq. (47) with Eq. (48) and using Cauchy—Schwarz inequality, we have
ol W[5 + (@ (M1,0"D)"'Q"). Q") 7

o
< Clfrcha, +Cld Z" 13, + CIY" 13, + 4*

+ (@"D) ', W" - 11,Q", d, V") . (49)

lld, w13,

The second term in the left hand side of Eq. (49) can be estimated by
(:((M,©"D)7'Q"). Q")

1 _ At _ _
= 4/(11,6"D) 1(.2”||%M+7(nh®" D) d, Q" 17

1
+5 (@ (@M0"D)7HQ", 0") 7, - (50)

To estimate the last term in the right hand side of Eq. (49), we give the following hypothesis
first. Suppose that there exists a positive constant C* such that

MW" loo < C*. (D

Then we have
o«
2
< Cllfyeily, + Clldi Z" 13 + CIE™ 13, + ClIQ" 15 y,- (52)

1 _
lld w13, + 5@ 1(11,0"D) "oy
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Multiplying Eq. (52) by 2At, and summing for n from 1 to m, m < N, we have

m

b0« > Atlld, V" |3, + [(TT,0"D) "' Q™17

n=1
m

m m
< C Y AlfFeflG +C Y AtlldiZ" 3 +C Y Aty

n=1 n=1 n=1
m
+C Y ALIQ 7y + CIlIT,O°D)  gol17 (53)
n=1

Next we give the estimates for ||\W” ||%,,. Setting w = V" and v = Q" in Egs. (24) and (25)
respectively, we have

(®ndt\l_,n’ \I_,n) + (V . Qn’ \I_,n)
— fncn, ny 4 )/Gnildtzn, ) 4 (@ﬂD)—ll—[hwn . nhQn, ph
1%1

1N ny _ kcks n n n
— (ffwn, ") kc+kx(av(®)\ll,\11), (54)
and
(I,0"D)'Q", Q") m = (¥", V- Q™). (55)

By the similar estimates with the above equations, we can easily obtain

m
1™ 13+ C Y AIQ" 17y

n=1

m m
<Y afred+c > ardz" R,
n=1

n=1

m
+C Y A3, + Clicsoll3y (56)

n=1
Combining Eq. (53) with Eq. (56) and using Gronwall’s inequality lead to

m m

D ALY A+ I 15 A 10 T p + D ALIQ 17y

n=1 n=1
m

m
<Y atfre +C Y ard z"
n=1

n=1
+Cligoll7p + Cliepolly- (57)
Taking notice of Eq. (42), we have

m m
D A" G+ I G+ 19 1 + D ALIQ" 17y

n=1 n=1

m m
SCY AR +C D Al
n=1

n=1

+C (g0l Far + NollFar + lesollyy +757) (58)
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Then the proof ends. O

5 Error Analysis for the Discrete Scheme

In this section, to give the error estimates, we consider the following elliptic projections first.
Let Z" € Sy, W" € V9 be defined by

(V-W' w)=(V-u",w), YweS, (59)

w n _ n . 0
(mﬂ ,v)TM =Z",V-v), WeV,. (60)

And ¥" € Sy, Q" € VY be defined by

(V-Q"w)=(V-q",w), Ywe S, (61)
("D 'Q V1w = (¥", V-v), WeV). (62)
Set
Ef =W-W, EJ=W-—u,
EN=Z-2, E}=Z-p,
Ei:Q—Q, E; =Q—q. (63)
El, =V -W, EJ=W¥-c,
Ey=0 —¢.

Assume (H1)-(H5) hold, it’s shown by Dawson et al. in [21] that preliminary functions
defined by Eqgs. (59)—(62) exist and are unique. Besides, the error estimates are illustrated in
Lemma 5.

Lemma 5 Assume (H1)—(HS) hold, then there exists a positive constant C independent of
h and At such that

N EE™ s + NEF™ s + IES™ |7 < C (At +h%), m < N. (64)
I EZ" I + N EE™ I + IES ™ 7w < € (At +h%), m <N. (65)

Lemma 6 The approximate errors of discrete porosity satisfy

m
1EG 13 = €3 ar (1EGIR + 1E&" "I, ) + € (a2 +1%), (66)
n=1

m m
S arld By = €0 A (ISR + IEL" ™ 13,) + C (A2 +4%), m = N, 67
n=1 n=1

where the positive constant C is independent of h and At.
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Proof Subtracting Eq. (21) from Eq. (26), we can obtain

n e n 4N
r¢>,i,./<1 ®i,j>§n-1_’¢,i,./<l ¢i,,-) . a9} ;

d,E} . . = . o4 —=L _det.
s 1—¢o.i. " T—doiy; 00 M 9
b (2 O) oty s U a1
- 1— o i T Cfi 1—¢oi; fisj A
<z> iJ f iJ n
WEq) ij + Ry, (68)
n
where R = —- dtqb

Bt
Multiplying Eq. (68) by E
Jj < Ny, we have that

i ]hj‘hy and making summationon i, j for 1 <i < N,, 1 <

@/, )y
ma1-em ,_ (1 — ")
¢ n—1 n—1 n ¢ n—1 n n
=|— (V¥ — ,E —_ — ,E
( 1— ¢o ( ‘r ) ¢)M+< 1— ¢o (C Cf) ‘)

r$C; n n
(1_¢ Ey Ey +< 17E¢)M' (69)
M

The term in the left side of Eq. (69) can be transformed into

IEZIZ, —IE; I3, Ar
o —nthd)nM (70)

(dE} E})y =

Taking notice of Lemma 5, the first term in the right side of Eq. (69) can be estimated by

rn(l _ @n) 1 *
(“’1_¢ (O =) By ) = 2 (UG + BRI + 1E IR
0 M

*
< 2 (NE&" 3 + IR ) + € (A% +hY). (71)

—n—1 _ _
where we used the fact that [U"~ " — c;. < en-1 = c’} I,

Noting the smoothness assumption (H 1), the second term in the right side of Eq. (69) can
be bounded by

ri(l — o) 7
¢ —1 )
(1_% (C'} - C?) : EZ) = SIEGIG, +CAr, (72)

M

Combing Eq. (69) with Eqgs. (70)—(72), multiplying by 2At, and summing for n from 1 to m,
m < N, we have

m
IE} ||M§||E¢,||M+CAtZ||EA" "3+ CAY IE NG+ C (AP +hY) . (73)

n=1 n=1

Recalling the initial condition on T° gives Eq. (66).
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;i and making summation on i, j

On the other hand, multiplying Eq. (68) by d, E ¢ i

for1 <i < Ny, 1 <j < N,, we have that

rf(l—-—em ,_
2 _ [0 n—1 1
”dTE;l&”M_ <1_¢0 (\IJ - Tl ) th¢>
M
(1 —em
(B - )-am)
M

rncﬂ
(1"1; E¢,th¢> + (R 4iE}) (74)

M

Similarly we can obtain that

ZAtl|d,E¢||M CZAt||E¢|IM —l—CZAtHEA” "3, 4+ C (A% +n%).

n=1 n=1

Then the proof ends. O

Lemma 7 The approximate errors of discrete pressure and velocity satisfy

y Z Atlld Ep" |3 + ”W EF" 70
n=1
m m
Z (||E;||%4 + ||th$||%4) +CY AHES Ty
n=1 n=1

+C (AP +h%), m <N,
where the positive constant C is independent of h and At.

Proof Subtracting Eq. (59) from Eq. (22), we have that

ap" dg"
(vdiZ" + 0", w) + (V- Eg",w) = (y zi ;ﬁ ,w). (75)

We can get the following equation by subtracting Eq. (60) from Eq. (23).

M M An 0
— W, — WwW”", =(E", V. , Y V;. 76
<K(Hh@") V>TM (KW)* ”>TM (£37.9 ). wevi. a0

By Eq. (76), we have that

H n_ M n _ Ao . 0
(dt (K(nh®n)w K(df')w > ,v)TM = (d,Ep , Vv v), Vv e V. 77

Setting w = d,E,’;\’" andv = E4"

in Egs. (75) and (77) respectively, we have

n

Gl
VI Ep" 13 + (V- . diEp) =y ( .

- dtpn7 thl‘?,n> -V (th[B;,n’ th?'n)

a n
— (@ Eg dEp") +( gﬁ —d¢" A EX ”) (78)

and

R T I " An B An o mAn
<dt(K(Hh®")W K(d’")w)’Eu >TM_(thp VB ) (79)
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By Cauchy—Schwarz inequality, the first term in the right hand side of Eq. (78) can be

estimated by

ap" 4
y ( o " d,E,f,"”> < ClPWyge nt o oo () AT + g||d,E;}’”||%4.

The second term in the right hand side of Eq. (78) can be estimated by
)4
y (aEp" dE") < ClldiER" Iy + S IdiEp " Iy

Easily we have
14
(di By diE") = ClERI, + 1 " Iy

and

ot
The term in the left hand side of Eq. (79) can be transformed into

<d, < H w" — M wn) i Elxlé,n)

K(Hh®n) K(d’”) M

- (4 () - £7)
K(Hh®”) ™M

(o (e ~ ) ™) 57),,,
K(I1,®")  K(¢") ™

The first term in the right hand side of Eq. (84) can be estimated by

I A.n An An 2
d | ———EA") EA = S — I
(’(K(nh(an) u ) u )TM ’”K(n on) Ealirm
At w

7m” "l

)EI/IA.I’!’ EI/IAV!)

(e
2 K (I1,6m) ™
The second term in the right hand side of Eq. (84) can be bounded by

(i~ )4
K(M,0") K¢ Y rm

(a5 )
K(I1,0m)  K(¢") ™

I n A.n
d,W", E
* <(K<nh®"> s )

™™

"
( —dig", d,EA”)<C||¢||Ww(,,, Loy A+ 5 ||d,E“||M.

(80)

81)

(82)

(83)

(84)

(85)

(86)

Then, we prove the boundedness of || W" || 0, Which is necessary in the following estimates.

By the triangle inequality,
W lloo < IW" —a@"[loo + [l&" — u" oo + [[4"[|oo-

Taking notice of the inverse assumption and the triangle inequality, we have
~ —1 ~
W' —@"[looc < Ch™ |W" —&" 7
< Ch™ (IW" —u" i1 + " — " ll7a1)
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Then using Eqgs. (14), (15) and Lemma 5, we obtain

IW"loo < CH™" (IW" —u" ll7ar + 0" — & 7a) + 10" — 4" loo + 10" [l
< Ch7'(h?* + AD) + |u" || < Cy, (87)

where i, At are selected such that 2~ ! Ar is sufficiently small and similar to the derivation
of Eq. (87), we can obtain that
d:W" oo < Ca. (88)

Noting the definition of Iy, the first term in the right hand side of Eq. (86) can be bounded

by
( ( ) ’ )

- (4 (R ~ wmam ) ¥ 54)
K(Hh®n) K(Hh¢n) ™

+ (dt ( n — — :un )W", Elﬁ\,n)
K(Ilpo")  K(9") ™
PuKk 2 2 Any2
SC‘i IEGIh + ITThd" — @™ M3 ) + CIES " 70
3¢8l2 Loc(l"’],I";LOO(R)) ( ¢ ) v
(K"
+C H (Nt E 13y + 1 (Mg = 91 ) - (89)
8¢ L% (R)

By the boundedness of ||d; W" ||, the second term in the right hand side of Eq. (86) can be
bounded by

(( I _ 13 )dtwn’ Ef,n)
KI1,0")  K(¢") ™

Ik
o | (VR + 16" = 971 ) + CIEL "Wy 00)

Combining the above equations and noting Lemma 5, we obtain

=|

L (R)

_r
K (I1,0m)

<cC (||Eg 1%, + ||d,Eg||§w) + CIEL 3y + C (A2 + 1Y), (91)

y 1
SN ES" I3+ i ES" 13y

Multiplying by 2A¢, and summing for n from 1 to m, m < N, we have

m

A2 H A,
yZAtHthp "l + HI((I'Ih@’”)EH m

2

n=1 ™

m m
=Y A (1B, + N Ely ) +C Y AtIES" Iy
n=1 n=1

+C (A +h?). (92)

Then the proof ends. O
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Lemma 8 The approximate errors of discrete concentration and flux variable satisfy

m m
Gox Y AL EL" 3 + IEL™ 15 + 1 (TR0" D) EQL " |74 + C Y ALIES " 17

=1 n=1
m m
<Y ar(IERIG, + 1 ERI3,) +C Y Atldi Ep™ I
n=1 n=1
m
+C Y A (IEM By + 1EL" 1)
n=1
+C (AR + 1Y), ©3)

where the positive constant C is independent of h and At.
Proof Subtracting Eq. (61) from Eq. (24), we have that

(©"d ", w) — (YU d, 2", w) — ((©"D) W - 11,Q", w)

+ (VB w) + (e w) + keks (au@mwr, w)

ket ks
ac" aph
Sy (w4
kok
o jr‘k (au(qb")c;, w), Vw € S). (94)
C s

And subtracting Eq. (62) from Eq. (25), we can obtain

(MDY Q"v) ), = (@' DY'Q0) = (E4"Vov), We V) ©9)
By Eq. (95), we have that

(@ (MO D" = @"D)7'Q") v),), = (GEL" V-v). WweVl,  (©6)
Setw = d; Eé‘/’" andv = Eé"” in Egs. (94) and (96) respectively, we have

(0"diEL" ™) + (V- B d EL")

_ ¢n% — @', W" d EA,n _ N 8p
N ot =T e GAFT

n

—n—1
—yu" d,Z",th;f_‘f’”)

+ (@D W Q" — @"D)'u - " 4 EA")

keks n\\ ny.n A,n
~ e (@@ —a@ne) dEL)
— (frew =, diEL"), ©7)

and
(@ (me'D)~'e" - @Dy '), E(’;"”)TM = (EL"V-ELT). ©8)
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By Cauchy—Schwarz inequality, the first term in the right hand side of Eq. (97) can be
estimated by

ot

ac ac’.
_ / A, Q f A,
= (((j)" — @")—a[ ,d,ECf"> + <O" <8t —d,c?) ,d;ECf">

- (@"d,Eﬁ?”, d,EQ?”)

ac’t
<¢"f — ©"d,W", th;.“;")

2 2 2 2 2
S C”Cf||Wf0(]7LN(Q))||Eg||M + C”@”LOO(J;LOQ(Q))||Cf||W200(];LOO(Q))At

%o
+ ClION o ;oo I B 3y + 3 M EE 1y (99)

The second term in the right hand side of Eq. (97) can be estimated by

P e
y (d}% _v" ]d,Z",d,ECAf’”>

a1y Op" a1 (3"
(-5 ) o (7 (3 ) )

_y (W’H (th;“' + d,E,lf*") ,d,ECAf’”)

< ClPIyooqy, oy (IES" I + NEE I3y + e Wyee .y oien) A1)

= ®o
+ CIW T ;v @ 1P W0 g, oy A + 0 I EL 1y
+ CIT g, oecay (I 1y + 14 EE" 1) (100)

The third term in the right hand side of Eq. (97) can be estimated by

(@D MW" M,Q" — @"D) " - ¢, 4, EL")
= (@D 'MW (Q" — ¢, d,EL")
n ((@”D)’l(nhW” —u") ", d,Eg.‘}_’”)
+ ((®—" — 6D " - ¢, d,E?f’”) (101)

The first term in the right hand side of Eq. (101) can be estimated by

(©D)'mW" - (M,Q" — q"). d, EL")

_ ®o
< CINO" D) W 7o) (IT1hQ" ~TIag" I3, +1TTha" — g"13,) + I " I3
®o
= € (IEG " Woar + 1 E§ " ) + S0 B 1 + O, (102)
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The second term in the right hand side of Eq. (101) can be estimated by
((@ilD)—l(nhwn _ un) . qn’ th?f,n>
_ %o
< ClO" D) 'q" [ Foo(qy (ITTAW" — TTpu" |3, + [ TTHu" — " [|3,) +

14
$o
< CUER " a1 EG" I70) + 7 I EL" 1, + Ch. (103)

A,n 2
ld EA™ 13,

The last term in the right hand side of Eq. (101) can be estimated by

n

u -q
@n¢n

n
%o
IEGIR, + 3 IS 3y

((®—n _ (f)_n)D_llln . qn’ dIE:lf,n> <C

Lo(Q)
(104)

Recalling that 0 < a,(®") < ap and |a,(¢") — a,(O")| < lﬁ?po |Egl|, we can estimate the
second to last term in the right hand side of Eq. (97) by

kaS ny n n n An
e (@@ne) —aene aef)
kcks n n n A.n kckf n n n A,n
< o (@@ —au@e) diEL") + =7 (@) — v, d gL
< CI BRI, + S B, +C (A8 + 1Y), (105)
The last term in the right hand side of Eq. (97) can be estimated by

%o
[y =" diEL™) < CIEL" I3 + l—jlld,Ef[:" I3 +C (A + 1% (106)

The term in the left hand side of Eq. (98) can be transformed into
(@ (me'D)'Q" - ¢"D) ' Q") )
- (o (merwe) ),

+ (dt (m,e"D)~' — (¢"D)"HQ"), Eg;"")m : (107)

™™

The first term in the right hand side of Eq. (107) can be estimated by

(dt ((nh(a"D)*lEg‘»") , E{f’")TM

1 _ At L —
= 2O D) EG Iy + —- (MO D)~ d £ 17y

1
+5 (dmedEN EST) (108)
2 a 4 Jrm
The second term in the right hand side of Eq. (107) can be bounded by
npn—1 _ cnpny—1 A,n
(@ (meD)™ —¢">)HQ") S
_ —1 —1 A,
= (¢ (oD = @"D) ) Q" EG)
+ (me ™ - @Dy HaQ £g ) (109)
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Similar to the derivations of Egs. (87) and (89), the first term in the right hand side of Eq.
(109) can be bounded by

(@ (me D~ —@D>)Q Ef)
< Clld,(MROD) ™ || e gn-1 . oo ) (||E:,§ 3 + Mg — ¢" ||ﬁ4) + CIES 17

+ ClI(TTHODG) ™ | oo -1 . oo (my) (||th:;,||%4 + lld, (T — ¢")||%4) . (110)

Similar to the derivations of Egs. (88) and (90), the second term in the right hand side of Eq.
(109) can be bounded by

(Mo~ - ¢"D) HaQ" £4")

< CIIODE) gt i reqey (113 + 10" = @13, ) + CIES" Iy
(111)

™™

Combining Eq. (97) with Egs. (98)—(111), we can obtain

®o 1 _
SN EE 1y + Sd (TR0 D)~ EG 17y

< C (NEpWs + 14 Eg I3, ) + € (NEL" Iy + N B 1)
+C (IEG ™ ar + NES" 1301 )
+C (A +h%). (112)
Multiplying by 2A¢, and summing for n from 1 to m, m < N, we have

m
Gox ) ArldiEL" I3 + (T, ©"D) ™ EL™ 17,

n=1

m m
=y A (1B + 1diEg I3, ) + € 3 ar (IEA™ I3, + Id 1, )

n=1 n=lI

m
+C Y A (IES By + 1ES" 1)

n=1

+C (A2 + 1Y), (113)

Next we give the estimates for ||E?f’” |13, Taking w = E?f’" andv = E{?’” in Egs. (94) and
(95) respectively, we have

A, A, A, A,
(0" diE&" EL") + (V- Egn EL™)

n

ac’ 9 _
_ n f QN n An| _ nopP _ n—1 n A,n
- (4, L0 Bl ) <ycf R N PN )

+ ((@”D)ilnhwn . l-[hQn _ (¢”D)7lun . qn’ E:if,n)

_ kf —fk (@ @)W —a, @)}, EL")
= (47 (v =) 87, -
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and

(medyen ggn)  —(@D7'QLES") = (E4"V-Ef). 1s)

™

By the similar estimates with the above equations, we can easily obtain

m
IEL™ 3 + C Y Atl(T,0"D) " Eg" 7.,
n=1
m

=Y ar(IES B+ 1di g 13 + 1 EgI,)

n=1

m
+CY AHES 7y + C (A% + 1) (116)

n=1

Combining Eq. (113) with (116) and using Gronwall’s inequality, we have

- m
¢0* Z At”th?f’n”?M + ”ECAf’m ”%VI + ||(Hh®mD)7l Eé"m”%M +C Z At”E(;\n”%‘M

n=1 n=1
m m
<CY At (||E;||%4 + ||d,E:,§||%4) +C Y AtldEyN" |y
n=1 n=1
m
+C Y AHIES 17y + C (AP + 1Y), (117)
n=1
Then the proof ends. O

It remains to testify induction hypothesis (51). This proof is given through two steps.
Steps 1 (Definition of C* ): Using scheme (22)—(23) for n = 0 and Eq. (87), we can get
the approximation W' and the following property.

IWHleo < 1ES oo + 1WH oo < CHTYES za + 1W 0o

< Ch+h™'AD + | Wleo < C.
Thus define the positive constant C, independent of /2 and At such that
C* = max{[[W'{loo, 211 W" loc}.

Steps 2 (Induction): By the definition of C*, it is trivial that hypothesis (51) holds true for
I = 1. Supposing that ||TT,W/'=!||, < C* holds true for an integer / = 1,..., N — 1, by
Lemmas 6-8 with m = [, we have that

IES 7 < Ch* + Ar).

Next we prove that || T, W/ |, < C* holds true. Since

IWHlso < IE& oo + 1W oo < CRTYES I7a + W oo

< Ci(h+h7"AD + W o (118)

Let At < C4h? and a positive constant 71 be small enough to satisfy

*

C
Ci(1 + Cyhy < T
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Then for i € (0, h1], Eq. (118) can be estimated by

IWloo < C3(h+h™"AD + |W | oo

*

C
< C3(hy + C4hy) + -
< C*.
It is obvious that
I W oo < W oo < C*,

then the proof ends.
Based on the above lemmas and using Gronwall’s inequality, we have the main error
estimates below.

Theorem 9 Suppose (H1)—(HS) hold then there exists a positive constant C independent
of h and At such that

IZ = p)" Il + W =)™ ll7p + 1V =)l + 1@ — )" llTm

m 12
+ (C > o At@Q-g)" ||2TM) 1O — )3,
n=1

< C(At+h%), m<N.

Remark 2 In our future work, we will consider the case that D is defined in Eq. (5). By using
the similar technique in [10], it is supposed that the superconvergence rate O (h% + At) is
obtained for concentration of the acid and rate O (h3/% 4+ Ar) for its flux in certain discrete
norms. Besides, Examples 5 and 6in the next section are presented to verify that the block-
centered finite difference method is still effective for the case that D is not diagonal.

6 Numerical Examples

In this section, some numerical experiments using the block-centered finite difference method
have been carried out.

We test Examples 1 and 2 to verify the convergence rates. The time step is refined as
At = 1/Nf = 1/N)2, to show the convergence and

D=1021 Ko=1, T =0.5,
a:kC:k.Y:M:flzl,
ap=0.5, p; =10, y =0.1,

where I is an identity matrix. In Example 1, the domain Q2 = (0, 1) x (0, 1) is uniformly
divided by the rectangles decomposition. The numerical results are listed in Tables 1 and 2.
Moreover, as to report the features of the block-centered finite difference method vividly,
Figs. 1, 2, 3 and 4 are given with N = 20, ¢ = 0.5 for Example 1. And in Example 2,
set 2 = (—1,1) x (=1, 1). The initial spatial partition is a 5 x 5 grid. Then the grid is
refined by dividing each edge into two equal parts and the nonuniform meshes are used
which are generated from the corresponding uniform mesh by adding a random in both x and
y directions (cf. Fig.5). The numerical results are listed in Tables 3 and 4.
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Table 1 Error and convergence rates of Example 1 on uniform grids

Nx x Ny |z — p“LOO(LZ) Order |W — u“LOO(LZ) Order Y — Cf”Loo(Lz) Order

5x5 1.09E—2 - 1.72E—-2

- 8.41E-5 -
10 x 10 2.84E-3 1.97 4.45E-3 1.95 2.18E-5 1.95
20 x 20 7.06E—4 2.01 1.11E-3 2.00 5.33E-6 2.03
40 x 40 1.76E—4 2.00 2.78E—4 2.00 1.32E—6 2.01
80 x 80 4.41E-5 2.00 6.94E—5 2.00 3.30E-7 2.00

Table 2 Error and convergence rates of Example 1 on uniform grids

Ny x Ny ”Q_q”LOO(LZ) Order HQ—Q||L2(L2) Order ”®_¢”LDO(L2) Order

5x5 5.06E—6 - 1.67E—6 - 3.74E-7 -

10 x 10 1.51E—6 1.82 4.72E-17 1.74 9.75E—8 1.94
20 x 20 3.83E—7 2.00 1.18E—-7 1.98 2.42E—8 2.01
40 x 40 9.59E-8 2.00 2.94E-8 2.00 6.04E—-9 2.00
80 x 80 2.40E-8 2.00 7.35E-9 2.00 1.51E-9 2.00

Surface for exact solution

Surface for numerical solution
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Fig. 2 The velocity figures for Example 1. Left the exact solution u. Right the numerical solution W
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Fig. 3 The concentration figures for Example 1. Left the exact solution ¢ ¢. Right the numerical solution W/
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Fig. 4 The porosity figures for Example 1. Left the exact solution ¢. Right the numerical solution ®
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Fig. 5 The non-uniform mesh generated from the 20 x 20 uniform mesh for Example 2
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Table 3 Error and convergence rates of Example 2 on nonuniform grids

Nx x Ny |z — p“LOO(LZ) Order |W — u“LOO(L2) Order Y — Cf“Loo(Lz) Order

5x5 7.42E—1 - 8.29E-2 - 2.22E-2 -

10 x 10 1.45E—-1 2.36 2.46E-2 1.75 5.27E-3 2.08
20 x 20 3.75E-2 1.95 6.70E—3 1.88 1.52E-3 1.79
40 x 40 9.23E-3 2.02 1.71E-3 1.97 3.80E—4 2.00
80 x 80 2.30E-3 2.00 4.30E—4 1.99 9.49E—-5 2.00

Table 4 Error and convergence rates of Example 2 on nonuniform grids

Nex Ny 1Q=dleog2  Order  |Q—dlj2g2 — Order |0 =@l o2 — Order

5x5 3.73E—4 — 1.64E—4 - 2.00E-3 -

10x 10 1.13E—4 2.12 3.76E—5 1.73 5.00E—4 2.00
20 x 20 3.22E-5 1.81 1.02E-5 1.88 1.29E—-4 1.95
40 x 40 8.07E—6 2.00 2.58E—6 1.98 3.23E-5 2.00
80 x 80 1.94E—6 2.06 5.87E-17 2.14 8.07E—6 2.00
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Fig.6 The distributions of porosity for Example 3. atime = 5x 10%s,btime = 1x10%s, ctime = 1.5x 100,
dtime =2 x 10%s
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Fig.7 Thedistributions of porosity for Example 4. atime = 5x 10° s,btime = 1 x 100 s,ctime = 1.5x 100 S,
dtime =2 x 100s

Example 1 Here the initial condition and the right hand side of the equation are computed
according to the analytic solution given as below.

p(x,t) = tcos(mx)cos(wy),
cr(x. 1) =tx*(1 = x)*y*(1 — y)?,
d(x,1)=1— e—817012x2(l—x)zyz(l—y)ze"'*'y"’l—(x+y+1).

Example 2 Here the initial condition and the right hand side of the equation are computed
according to the analytic solution given as below.

px, 1) =t(x + 1D2(x — D}y + D*(y — 12,
cr(x,1) =t (sin(”z—x)sin(ﬂ—zy) 4 1) ,
ox,t)=1-— e_?%tZ(Si"(L;)Jin(%)+l)e"+-v+3—(x+y+3).

In the following examples, Q = (0, 1) x (0,1), J = [0,2 x 10°], Ar =2 x 10*. the
physical parameter is more realistic which is taken from the data in [1,3]. The the initial
concentration of acid flow is zero. The initial pressure is 10° Pa. The parameter y is set to
0.01. Besides, some properties of acid flow in porous media, the injection and production
flow rates are listed as follows:
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Fig.8 The distributions of porosity for Example 5. atime = 5x 10° s,btime = 1 x 100 s,ctime = 1.5x 100 S,
dtime =2 x 10%s

w=10"2, py =2500, ap=0.5,
a=ke=0.1, ¢; =10, ks =1.

= 1, x:1/160,f | -1, x=159/160,
=10, otherwise. ' =)0, otherwise.

Example 3 Inthisexample, D = 10~ I. The distributions of initial porosity and permeability
are listed as follows:

¢0o =04, Ko=10"° (x,y) = (1/160,41/160),
0 =0.6, Ko=1075, (x,y) = (1/160, 121/160),
o =0.2, Kog= 1077, otherwise.

Example 4 Tn this example, D = 10~ 1. The initial porosity in the porous medium also
obeys the uniform distribution and the range is from 0.05 to 0.35. The initial permeability of
the porous media comply with the uniform distribution and the range is from 107> to 10~
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Fig.9 The distributions of porosity for Example 6. atime = 5x 10° s,btime = 1 x 100 s,ctime = 1.5x 100 S,
dtime =2 x 100s

Example 5 In this example, d,,, = 1079, o = 1073, o = 10~*. The distributions of initial
porosity and permeability are listed as follows:

¢o =04, Ko=10"% (x,y) = (1/160,41/160),
¢o=0.6, Ko=107, (x,y) = (1/160,121/160),
$0=0.2, Kog= 1077, otherwise.

Example 6 In this example, d,,, = 1072, oy = 1073, o, = 104, The initial porosity in the
porous medium also obeys the uniform distribution and the range is from 0.05 to 0.35. The
initial permeability of the porous media comply with the uniform distribution and the range
is from 107> to 1074,

The distributions of porosity for Examples 3—6 are calculated at the end of 25th time step,
50th time step, 75th time step and 100th time step respectively. We show the distributions of
porosity in Figs. 6, 7, 8 and 9. These results are computed on the grid of 80 x 80 cells.

From Figs. 6, 7, 8 and 9, we can see that the average porosities in all frameworks are
increasing, which reveal that the matrix is eaten by the acid. Moreover, it can be observed
that at the beginning of the development, all frameworks demonstrate the formation of some
small fingers. As time elapses, some major fingers appear. However, compared Figs. 6 and 7
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with 8 and 9, we can see that the framework curves are thinner when the effective dispersion
tensor D, is diagonal.

From Tables 1, 2, 3 and 4 and Figs. 1,2, 3,4, 5, 6,7, 8 and 9, we can see that the block-
centered finite difference approximations for the pressure, velocity, porosity, concentration
and its flux have the (A2 + At) accuracy in discrete norms. These results are in consistent
with the error estimates in Theorem 9. As shown in Figs. 6, 7, 8 and 9, the heterogeneity of
porosity and permeability in wormhole formations also has great effect on the field, which
promotes the non-uniformity of the chemical reaction. Those examples vividly show that
the block-centered finite difference method is capable of effectively simulating wormhole
propagation.

7 Conclusion

In this paper, we have developed a block-centered finite difference method for compressible
wormhole propagation during reactive dissolution of carbonate, which is effectively applied
to enhance oil and gas production rate. The coupled analysis approach to deal with the fully
coupling relation of multivariables is employed. Based on this method, stability analysis are
established rigorously and carefully. Using estimates of the mixed finite element method
with quadrature applied to linear parabolic equations, we obtain superconvergence of the
pressure, velocity, porosity, concentration and its flux in different discrete norms on non-
uniform grids. Finally, some numerical experiments are presented to verify the theoretical
analysis and effectiveness of the given scheme.
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