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Abstract This paper focuses on the optimal error estimates of a linearized semi-implicit
scheme for the nematic liquid crystal flows, which is used to describe the time evolution of
the materials under the influence of both the flow velocity and the microscopic orientation
configurations of rod-like liquid crystal flows. Optimal error estimates of the scheme are
proved without any restriction of time step by using an error splitting technique proposed
by Li and Sun. Numerical results are provided to confirm the theoretical analysis and the
stability of the semi-implicit scheme.
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1 Introduction

In this paper, we consider the following hydrodynamics system modeling the flow of nematic
liquid crystal material (see [28]):

u, — pAu+ (u- Vyu+ Vp + Adiv (Vb © Vb) =f, (1.1)
b; — yAb+ (u- V)b — y|Vb|’b = 0, (1.2)
divu=0, [b=1. (1.3)

atx € Qand ¢t € [0, T] for some positive constant 7 > 0. Here Q C R? is a bounded
and convex domain with a smooth boundary d2. The unknown u(x,?) : Q x [0, T] —
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R? and p(x,1) : 2 x [0, T] — R represent the velocity and the pressure of the flows,
respectively. The unknown b(x, 1) : Q x [0, T] —> S, where S is the unit circle in R2,
represents the macroscopic molecular orientation of the liquid crystal material. The vector
f: Qx[0, T] — RZ represents a body force on the flow. The constants ., A and y denote the
viscosity, the competition between kinetic and potential energy, and the microscopic elastic
relaxation time for the molecular orientation field, respectively. The term Vb © Vbisa2 x 2
matrix whose (i, j)-the entry is given by (V;b) - (V;b) for 1 < i, j < 2.Itis noteworthy that
if b is a constant map, the system (1.1)—(1.3) reduces to the incompressible Navier—Stokes
equations [35]. If u = 0, the system (1.1)—(1.3) reduces to the heat flow of harmonic maps
[8]. In addition, the above system (1.1)—(1.3) should be completed by an appropriate initial
and boundary condition. For the sake of simplicity, we consider the following initial and
boundary conditions:

u(x,0) =up(x), b(x,0) =bo(x), in<, (1.4)
u(x,7) =0, dpb(x,t) =0, onad x [0, T], (1.5)

where n denotes the unit outward normal vector on 92. Here, we require that the initial
vector functions ug and by satisfy the compatibility condition div ug = 0 and |bg| = 1.

The system (1.1)—(1.3) was firstly derived by Lin [28] as a simplified version of Ericksen—
Leslie model for the hydrodynamics of nematic liquid crystal flows developed by Ericksen
[10,11] and Leslie [22]. It is the macroscopic continuum description of the time evolution of
the materials under the influence of both the flow velocity u and the microscopic orientation
configurations b of rod-like liquid crystal flows. There have two major difficulties in studying
the above system. One is the presence of div (Vb ©® Vb) such that the system (1.1)—(1.3)
becomes a strongly nonlinear coupled system. The other comes from the nonlinear constraint
bl = 1.

The mathematical analysis for (1.1)—(1.5) was initiated by Lin and Liu [29,30]. The
nonlinear constraint [b| = 1 was relaxed by introducing a Ginzburg—Landau penalty function
(1- |b|2)b/<92 to replace [Vb[2b in (1.2), where ¢ > 0 is a small penalty parameter. For
Ginzburg-Landau approximation problem, Lin and Liu [29] proved the local existence of
the strong solution and the global existence of the weak solution. It also has been shown that
the global strong solution exists in the case of the large viscosity w. The partial regularity for
the suitable weak solution was proved in [30]. Some regularity criterions for the global weak
solution were studied for 3D bounded and smooth domain [15]. However, as pointed in [29,
30], since the estimates and arguments heavily depend on ¢, it is still an open and challenging
problem to study the limiting case as ¢ tends to zero. Recently, some new theoretical analysis
for the original problem (1.1)—(1.5) have been studied. For example, Xu and Zhang [37]
proved the global existence and regularity of weak solution for 2D Cauchy problem if |[ug]| ;2
and ||Vbo|| 2 are small enough. For 3D model in a bounded and smooth domain, Li and Wang
[27] established the existence and uniqueness of the local strong solution with large initial
data and the global strong solution with small initial data. For the compressible nematic liquid
crystal flows, Huang et al. [21] proved the local existence and uniqueness of strong solution
provided that the initial data are sufficiently smooth and the pressure is a local Lipschitz
continuous function with respect to the density function.

The numerical methods for Ginzburg-Landau approximation problem have been investi-
gated in some previous works. For example, the first numerical method was studied by Liu
and Walkington [31], where Q3 Hermite finite element was used for the approximation of the
director. To avoid using Hermite finite element, a mixed finite element method was subse-
quently studied in [32]. In their works, the fully nonlinear implicit schemes were proposed.

@ Springer



J Sci Comput (2018) 74:979-1008 981

Although these schemes are unconditional stable, however, one has to solve a nonlinear
problem by Newton’s iteration scheme at each time step. Becker et al. [6] studied a new
[bl> — 1
&2
in [6] was nonlinear at the step of solving w numerically, and allowed them to establish a
discrete energy law. With the help of this energy law, the authors showed the unconditional
convergence of the numerical solution to the solution of Ginzburg—Landau approximation
problem as & and 7 tend to zero. But no error estimates were derived in [6]. Motivated by
Becker-Feng—Prohl, Girault and Gonzélez-Santacreu [14] introduced the auxiliary variable
w = —Ab to design a semiexplicit Euler scheme where the Ginzburg—Landau penalty func-
tion was explicitly discretizated. But the error estimate derived in [14] heavily depends on

mixed method by introducing w = —Ab +

b. The fully discrete scheme proposed

OV 52). Other mixed FEM fully discrete schemes were developed by Gonzdlez-Santacreu
[7,16] in views of a fully explicit time integration of the potential term and the projection
time-stepping method for Navier—Stokes equations [9,35]. Based on a saddle-point strategy,
Badia—Gonzdlez—Santacreu suggested a fully implicit scheme and a semi-implicit scheme
for Ginzburg-Landau approximation problem in [3]. We observe that no error estimates are
derivedin[3,7,16]. The reader is referred to [2] for a survey of numerical methods on nematic
liquid crystal flows and the Ginzburg—Landau approximation.

Instead of using the Ginzburg-Landau penalty function to relax the nonlinear constraint
[b] = 1, there have some existing works in studying the fully discrete schemes which directly
approximate the original system (1.1)—(1.5). Becker et al. [6] investigated a fully discrete
scheme which was conditionally stable under the time step restriction 7 < O(h%). The
constraint |b| = 1 are derived in the sense of L>-norm by the convergence of the numerical
solution as % and 7 tend to zero. The same approximation also has been used for Landau—
Lifshitz equation in [12]. Inspired by the projection time-stepping method for Navier—Stokes
equations [9,35] and Landau-Lifshitz equation [36], a time-stepping/projection scheme for
the approximation of (1.1)—(1.5) is proposed by Prohl [33]. However, the error estimates
derived in [33] are not optimal.

In this paper, we will propose a linearized semi-implicit finite element scheme for the
approximation of the original system (1.1)—(1.5) and prove the optimal error estimates of
this scheme. The derivations of the optimal error estimates are based upon the recent works
by Li and Sun [23,24] (also see [20,25]), where the error estimates are split into the temporal
error, the spatial error and the projection error by introducing a corresponding time-discrete
parabolic system (or elliptic system). A key issue is that the regularities of the solutions to the
discrete parabolic system need to be proved such that the uniform boundedness in different
norms hold. With this boundedness, we can show that the spatial error analysis are bounded by
Ch? forsome o > 0and C > 0 independent of & and 7, from which the time step restriction
can be removed. Meanwhile, optimal error estimates in the discrete L>°(0, T'; LZ(Q))-norm
and L (0, T; H' (£2))-norm for u and in the discrete L°°(0, T'; H' (€2))-norm for b are estab-
lished without any time step restriction.

The rest of the paper is organized as follows. In Sect. 2, we introduce some notations and
recall some known results for the nematic liquid crystal model (1.1)-(1.5). The uncoupled
and linearized semi-implicit Euler finite element scheme and the main results in this paper are
presented in Sect. 3. Meanwhile, the discrete parabolic system corresponding to the original
system is introduced. Moreover, from the regularity of (u, p), the lowest-order P; — Py
stabilized finite elements are used to approximate the velocity and the pressure in (1.1). The
temporal error and the spatial error are shown in Sects. 4 and 5, respectively. The regularities
of the solution to the discrete parabolic system are established in Sect. 4. The numerical results
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are presented in Sect. 7 to confirm our theoretical analysis. The conclusions are summarized
in final section.
2 Preliminaries
Standard Sobolev space notations are used in this paper [1]. We use the boldface Sobolev
spaces H™ (), W™P(Q) and L”() to denote the vector Sobolev spaces H™ ()2,
wmr ()% and LP ()% form € Nand 1 < p < 400, respectively. In particular, (-, -)
denotes the L2 (€2) inner product. The symbols C, Cy, C1, C3, ... are used to denote a generic
positive constant which may depends onu, p, b, fand p, A, y and is independent of the mesh
size h and the time step .

For the mathematical setting of the nematic liquid system model (1.1)—(1.5), we introduce

the following spaces:

H={uecl*Q), dvu=0inQ, u-n=00nd%}, V=H\(Q), X=H(Q),
Vo={ueV,divu=0inQ), M = L3(Q) = {g € L}(), / gdx = 0},
Q

H(div, Q) = {u € LX), divu € L>(Q)}.

It is well known that the norm ||Vv||;2 is equivalent to the standard H' norm for anyveV
due to Poincaré inequality. Define the following continuous bilinear forms a(-, -) and d(-, -)
onV x Vand V x M, respectively, by

a(u,v):,u/ Vu-Vvdx, Vuvey,
Q

d(v,q) = /quivvdx, VveV,geM,
and a trilinear form on X x X x X by
b(u,v,w) = /Q(u~V)v-wdx, Vuv,weX.
Integrating by part, it is easy to check that

b(u,v,v) =0, YueVyveX 2.1)

Corresponding to (1.1), we recall Stokes operator A. Introduce the orthogonal projection
operator Py from L2(Q) onto H which satisfies (cf. [35])

Paul| 1 < Cllulln, VueH'(Q). (2.2)
Then Stokes operator A is defined by (cf. [35])

Au= —PgAu, YueD(A)=VynH Q). (2.3)
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Now, we recall some known inequalities frequently used in this paper [1,35]:

IVl < CHVVI2@ <7 <6), [Vl < CIVISIVVIGG, YveV, @4
I¥llg2 < ClIAVII2, [Vl < CIVILSIAVILY, Vv e D(A), 2.5)
IVl < CIVIp @ <7 <6).  [Vllgs < CIVI NI, YveX,  (26)
||V2V||Lz < C||AV||;2, Vve HZ(Q) with dpv]3q = 0, 2.7
IVl < CIVILS (VIR + TAVIEDYA, Vv e B2(Q) with davlae =0, (2.8)
IV¥l12 < CAIVVIEENAVILE +11VVI2). ¥ v e BA(Q). 2.9)

Next, we give a regularity result for the solution to the problem (1.1)—(1.5) established in
[21].

Theorem 2.1 Let ug € D(A) and by € H3(Q) with lbg| = 1 in Q. For given f €
L®0, T: H) N L*0, T; L*(2)), then there exists some T* < T such that the problem
(1.1)—(1.5) admits a unique local strong solution (u, p, b) satisfying

u e L*(0, T*; W»*(Q)) NL>®(0, T*; D(A)), (2.10)
u, € L*(0, T*; V) NL®(0, T*; H), (.11)

b e L0, T*; H>(Q2)) N L*(0, T*; H*(Q)), (2.12)
b, € L®(0, T*; H'(Q)) N L*(0, T*; H*(Q)), (2.13)
p e L®0,T* H' (Q) N M). (2.14)

Remark 2.1 Although the authors investigated the compressible nematic liquid crystal model
in [21], the regularity results derived in [21] also hold for the incompressible nematic liquid
crystal model (1.1)—(1.3) with the initial and boundary conditions (1.4)—(1.5). The regularity
(2.14) for the pressure is not derived in [21] because the pressure p depends on the density in
the compressible nematic liquid crystal model. But it can be easily proved by using (2.10)—
(2.12) and inf-sup condition.

Remark 2.2 We require that the initial value ug and 7 is the solution to the following Stokes
problem

—uAuy + Vi = £y, in 2,
divug =0, in , (2.15)
ug =0, on 082,

where fy = f(x, 0) € H. Then by the regularity result for Stokes problem [35], the solution
(ug, ) belongs to D(A) x H'(Q) N M.

Suppose that ug € D(A) satisfies (2.15). Under the following non-local compatibility
conditions:

Vpo = (nAug + fo — (ug - V)ug — Adiv (Vbg © Vbg)), on aQ,
V(y Abgy + (ug - V)bg + y|Vbo|*bo) -n =0, ondS2,
where py € H' () N M is the weak solution to

Apy = div (fg — (up - V)ug — Adiv (Vby © Vb)), in Q,
onpo = (nAug + fo — (ug - V)ug — Adiv (Vbg ® Vby)) - n, on 9€2,
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the following regularities can be derived:
u, € L®(0, 7% V) NL*(0, T*; D(A)), Vp, € L2(0, T*; L*()), (2.16)
u, € L0, T V)N L*0, T*; H), b, € L2(0, T*; L*(Q)) (2.17)

under f; € L°°(0, T; V) N L%(0, T; H), where V,, is the dual space of Vy. The proof of
(2.16)—(2.17) is given in Appendix.

3 Main Results

In this paper, we assume that €2 is a bounded and convex domain with a smooth boundary 9€2.
Let T}, be a family of quasi-uniform triangular partition of 2. The corresponding ordered
triangles are denoted by K1, Ko, ..., Ky . Let h; = diam(K;),i = 1,..., M. Then we
denote by & = max{hy, ha, ..., hy} the mesh size. For a triangle K ; with two nodes on the
boundary, we use K j to denote the triangle with one curved edge with the same nodes as K ;.
For interior element, we simply set I?j as K j itself. Let Q = U’lw Kjandx = G(X) bea
map from §2, to  such that G and G~ both are Lipschitz continuous, and G is the identity
mapping for interior element K j, and G maps K ; onto K ;j smoothly for K ; at the boundary
[13,38]. For a given partition of 2, we define

Xp = {vi € C(Q), v € P2(K), VK € Tj},
Vi, = {w, € C(Qp), w, € Pi(K), VK € Ty and w;, = 0 on 92},

My, = {gn € L*(Q1), qn € Po(K), ¥ K € T, and / gn(X)|det(Jg)|dX = 0},
Q2

My, = oy € LX), én € Pi(K), VK € T and / dp () |det(Jg)|dX = 0},

2,

where Jg denotes the Jacobian of G, and P,(K) denotes the space of the polynomials on
K of degree at most r for every K € Tj and a nonnegative integer 7. For x € £, we
define an operator Gx on Xj; by Gxvj(x) = v (G:l(x)), and an operator Gy on Vj, by
Gywp(x) = wy, (AG_l(x)), and an operator Gy on My, by Gyrqn(x) = gn(G~1(x)), and an
operator Gj; on M h by Giion(x) = ¢n (G™! (x)). Then the finite element spaces are defined
by

X = (Gxvi: v € Xn), Vi ={Gywy: Wy € Vi),

o~ ~ ~

My ={Gman : gn € My}, My ={Ggdn : ¢ € Mp}.
It is clear that X is a finite element subspace of X and V}, is a finite element subspace
of V. Moreover, there holds / Gumqn(x)dx = / Gii¢n(x)dx = 0. Thus, M), and /VIh

Q Q

both are finite element spaces of M. For any v € X, we define Hgv = Gx l'[;,g;lv, where

ﬁh : C(R2) — }?h is the Lagrange interpolation operator. Then for any v € H3 (), (cf.
[13,26])

|V — TIOV|| 2 + AV = TIOV] | 1 < CR3||v]| . (3.1)

Similarly, For any w € V, we define R2V = gvﬁhg;lw, where ﬁh 1 C(Rp) — Vh is the
Lagrange interpolation operator. Then for any w € H>(Q2) NV, (cf. [34])

|lw — RYW|2 + h||V(w — R)W)|[ 12 < Ch*||W|[52. (32)
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Observe that P; — Py finite element space for velocity and pressure does not satisfy the
so-called discrete inf-sup condition. Here, we use a stabilized technique proposed by Bochev
et al. [4] for Stokes problem. Introduce the generalized bilinear forms defined by

BWh, s Vi, qn) = a(Wy, Vi) — d(Vi, 1) +d(Wh, qp),
By (Wi, i Vi, qn) = B(Wi, tis Vi, qn) + oG (g, qn),

for all (wy, ry), (Vi,qn) € Vi x My. Here o > 0 is the stable parameter. The stable term
G (ry, qp) is defined by

G@rp,qn) = (rp — yrp, g — Thqr), Y ru, qn € Mp,

where I1; is a continuous projection operator from M), to Mh.

Suppose that the solution (u, p, b) satisfies the regularities (2.10)—(2.14) and (2.16)—(2.17)
in [0, 7] forsome T > 0.Let0 =19 < t; < --- < ty = T be a uniform partition of the
time interval [0, T'] with time step T = T /N and t, = nt for0 <n < N. Let

u' =ux, 1), p'=pk, ), b'=bkx,1), " =fx,1).

gn—H _ gn

For any sequence {g”}flvzo, denote D, g"t! = forO<n<N-1.

T

Under the above notations, we propose a linearized semi-implicit Euler finite element
scheme for the nematic liquid crystal model (1.1)—(1.5), which is to find BZ+1 € Xj and
U PPy € Vi x My forn = 0,1, ..., N — 1, such that

(DB, gn) + ¥ (VBIT V) + by (UL B gp) = y(IVBLIPBE, ¢n), ¥ ¢ € Xy,

(3.3)
(DU v + Br(Up PP vy, gn) + by (U7, UL vy
— (VBT O VB, V) = 1 vy, Y (Vi qn) € Vi x My, (3.4)
with B = I1%by € X;,, U) = R)uy € V;, and
1
bp(u,v,w) = f (u-V)v-wdx + 5 / (divua)v - wdx. 3.5)
Q Q

The emphasis of this paper is to show optimal error estimates for the semi-implicit Euler
scheme (3.3)—(3.4). The main result derived in this paper is presented in the following theo-
rem.

Theorem 3.1 Suppose ug € Vo N H*(Q), bg € H>(Q) with |bo| = 1, f € L®(0, T; H) N
L0, T; LY(Q)) andf, € L*(0, T; V) N\L*(0, T; H). Then the finite element semi-implicit
discrete system (3.3)-(3.4) exists a unique solution (Uy, P;',B}) € Vi x My x X, for
n = 1,...,N. Moreover, there have two constants hg > 0 and 19 > 0 such that when
h < ho and t < 10, the following optimal error estimates hold:

2 2
Og}ffXN (116" — Byl + 111 — By [*l1 2 + [lu" — Upll12) < Co(r + 1), (3.6)
max _||Vu" — VU}||2 < Co(t + h). 3.7)
0<n<N

To prove Theorem 3.1 by using the temporal-spatial error splitting method proposed by
Li and Sun in [23,24], for B® = by and U’ =upandn = 0, 1,..., N — 1, we define B"*!
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and (U"*!, P"+1) to be the solutions of the following discrete parabolic (or elliptic) system
corresponding to the time-dependent system (1.1)—(1.5):

DTB”+1 _ )/AB”+1 + (Un . V)Bﬂ“rl — ylan|2Bn (3.8)
with homogeneous Neumann boundary condition 3,B"*!| = 0 on 9%, and
DfUn—H _ MAUn-H + (Un . V)Un—H + VP”+1
+adiv (VB"T o VBY) =t divU"T! =0, (3.9)

with homogeneous boundary condition U"+! = 0 on 9<2.

Remark 3.1 For given U" with div U" = 0 and B”, the existence and uniqueness of the weak
solution B"*! to the linear elliptic problem (3.8) with Neumann boundary condition follows
from Lax—Milgram theorem by using b(U", B!, B”H) = 0. For given U", B" and Bt
the existence and uniqueness of the weak solution (UL, prtly (o the linearized Navier—
Stokes equations (3.9) with homogeneous boundary condition follows from the classical
existence and uniqueness theorem for steady Navier—Stokes problem [35].

Let us denote
E) =R)U° —U°, &), =RIU -1, E)=m9B"-B° e, =n)B°—BY,
andforl <n <N,

eg=u"-U" ¢ =p"—P' e =b"—-B",

e =R U}, ¢, = 04P" — Pl €}, =TjB" — B,

El =R,U" —U", E"=Q,P"—P", Ej=IB"-B"

where Ry, Qp, and I} are projection operators defined in Sect. 5. The proof of (3.6)—(3.7)
is based upon the following error splitting in some norm || - ||:

" — ULl < lleyll + BRIl + lleg,ll,
I[b" — Byl < llepll + [[Epll + eyl
n n n n n
1P = Pyll < llepll + HELI + [lep -
Here ||eg|[, [lepl. ||e’p’|| are temporal errors, and ||e, [, ||ep, |1, ||e;h|| are spatial errors, and
[1Eqll, [Eg . ||E;§|| are projection errors.

Before the proof of Theorem 3.1, we recall the following inverse inequality which holds
forv, € Vyorvy, € Xj, [5]:

m—l+2min{ﬁ— L o

¥l o < Ch 2 vpllwna, V1<giqa<o0, 0<m=<Ll (3.10)

Finally, a discrete version of Gronwall’s inequality established in [19] is frequently used
in this paper.

Lemma 3.1 Let ag, by, ci and yy, for integers k > 0, be the nonnegative numbers such that

n n n

an+TY b <TY war+ty ck+B  forn=0. (3.11)
k=0 k=0 k=0

Suppose that Ty, < 1, for all k, and set o, = (1 — ty) L. Then

n n n
an+erk < exp <TZ)/ka> (T ch—l—B) forn > 0. (3.12)
k=0 k=0

k=0
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Remark 3.2 1f the first sum on the right in (3.11) extends only up to n — 1, then the estimate
(3.12) holds for all T > 0 with o = 1.

4 Temporal Error Analysis

In this section, we begin to estimate temporal errors e, eﬁ and e” for1 < n < N.Meanwhile,
some regularities of solutions B” and (U", P") to the discrete parabolic system (3.8)—(3.9)
are derived. For0 <n < N — 1, we take t = (n + 1)t at (1.1)—(1.5) to yield

DTUHH _ ,U,Alanrl + (un+l A V)unJrl + Vanrl

+ adiv (Vb @ vp' Ty = g1t R 4.1
Drbn+1 _ J/Abn+l + (un-H . V)bn+l — )/|Vbn+1|2bn+1 _ Rll1)+l’ 4.2)
divu' =0, pt=1, (4.3)

with boundary conditions u"t! = 0 and 9,b" 1! = 0 on 92, where

] 1 41 n+1 1 In+1
Ry =~ (s = t)du(s)ds, RYT = — (s — )0 b(s)ds.
I 4

n

It follows from Holder’s inequality and (2.17) that

N—-1 N—-1
T Y IR, + 7 ) IR, < 0P (4.4)
n=0 n=0

Subtracting (3.8) from (4.2), and (3.9) from (4.1), (4.3) leads to
DreﬁH _ yAeﬁ’L] — (VB2 - | VB 2B — Rg“
— (" V)b — Ut V)BT, (4.5)
and
Dre:;_H _ MAeﬁH + veZH — (" ! — . vyt
—A(div (VBT © Vbt —div (VB"T © VB)) — RIFL divelTl =0 (4.6)

with boundary conditions e{‘,‘“ =0and 8neﬁ+1 =0onof.
First, we prove the following temporal errors.

Lemma 4.1 Suppose that the solution (u, p, b) to (1.1)—(1.5) satisfies the regularities (2.10)—
(2.14) and (2.16)—(2.17) in [0, T]. For 0 < n < N — 1, there exists some t| > 0 such that
when T < 11, there hold

m m 2
C
max <||ezl||?q]+||Vezl||iz+72||ell§||iyz+TZ||Ael;||iz>S07—'2’ (4.7)

0<m<n+l Pt Pt 16
m
| max <||Dre;;“||§,1 +lley .+ ||Dfe,€||i,2) <C 4.8)
B k=1
| max (HVDTegniz +1 ; ||ADfe’;||iz> <C. (4.9)
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Proof Due to u’ = U° = ug and b® = B® = by, the inequalities (4.7)—(4.9) obviously
hold for m = 0. Suppose that (4.7)—(4.9) hold for m < n, then we need to show that these
inequalities also hold for m < n + 1. Multiplying (4.5) by e"+l and integrating over €2, we
obtain

1
5 Delley HI7 + 5 ||e"+1 —epliz. +y1IVey I
< )/|(|Vbn+1 |2bn+1 _ |VBI‘L|2BH I‘l+1)| + |(Rn+1 Vl+1)|

+ p@" T e et — pU, B e =+ b+ . (4.10)
Rewrite |Vb"H [2p"+! — |VB"|2B" as
|Vbn+l|2b}’l+l _ |VBn|2Bn
— (Vbn+1 _ Vbn) 3 (Vbn+1 + Vbl‘l)bl‘lJrl + |Vbn|2(bn+l _ bn)
+ VD" %€ 4+ 2(Ve} - VB")b" — 2(Ve] - Vb")e]. + | Ve el — |Vef|*b".
By using (2.12), (2.13), (2.6), (4.7) for m < n, Holder’s inequality and Young’s inequality,
I is bounded by
I < y(IVD"™ 4+ VB[ + [[VD [[7o) D" — b o [ ]] 2
+J/(||Vb"||Loo||e 2+ IIVb”IILooIIb”IILocIIVeblle)Ileb+ 2
+ J/IIVb"IILooIIVeblleIIEbIIHzIIe”“IILz
+y(leyllg + IIb”IILoc)IIVebI|L4||e"“||Lz

< Ca(llep ™12, + llepll7, + 1) +

2
o Tllep 1.

where C> > 0 is independent of Cy. Moreover, we use

wel _ympe oy [ 2 2112
||b —b ||H1 - || bt(t)dt”H] =T ||bt||L°O(0,T;H1(Q))' (411)
In

From Holder’s inequality and Young’s inequality again, we estimate I, as
I < Ca(lley 172 + IIRGTHI72).
An alternative to I3 is
I = (b —u", bt eﬁ“) +b@" —U", b, eﬁ+1)|.
Then, from (2.11) and (2.12), we get

1 1 1
I < (' ="l 2 + [leg ][ 2)1VD [l |leg T 2

< Collef 12, + el 2, + ),

where we use

t”
ntl 2 ! A2 < 220112 412
[|u —u ||L2 = u (1) t||L2 =T ||ul||LOC(0,T;H)~ (4.12)
In
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Then combining these estimates for /1, I> and I3 into (4.10), we obtain
1 1 1
D.|lep* ||L2+ IIe"Jr —ehlleJrJ/IIVeWr || 2

Y
<Cz<||e"+‘|| + Ilepll7, + [legl] z+||Rn+1||L2+T2)+§||eﬁ||21
CzC
+ =l 7 (4.13)

Testing (4.6) by el*! yields

IDE T+ ol — el VeI
< bU" U et — bt u et (R €t
+ AV o vt — VB o VB, Vet = Iy + s + 6. (4.14)
From Holder’s inequality and Young’s inequality, 14 satisfies
14 — |b(en+l unJrl’ n+1) b(e n+1)|
< (€l Il 2 + ||e"+1||Lz||Vu"+1||Lz>||Ve”+1||Lz

| /\

ENVe I, + Caller 2 + Calleh I ™ s
Similarly, it is easy to show that
Is < Co(lleg 117 + [IRGHIZ2).
We rewrite Ig as
Is = M(Verﬁ-l o Vanrl Ven+1) +A(Ve”+1 o V(anrl — b, Veﬁﬂ)
_)L(Vbn-b-l o) V(bn+1 b, Ven+1) —H»(Ve"“ o Ve{,’, Veﬁ-H)
— MVD"T o Vep, velth)
Then I¢ is bounded by
Is < MIVep 12 AIVD" oo [[VeR T Iz + AlVep 4l V™ — ™)1 Vel ]2
+ AV Lo [V O™ = b |2 (Ve 12 + Al Vep ] 4l Vep 1141 Vel ] 2
+A||Vb"+1||Loo||Veﬁ||Lz||Ve"+ Il
||Ve”+‘ 172 + Co(lIVep 12, + [1Vepl172 + VD™ —bM)|17,)
- 62||V(b"+1 — b3 1lep T 17,2 + Cal b = b7 |7, | VB 7,
+ Col|Vepll2llepll gl 117,
||Ve"+‘||L2 + Co(IVep T2, + |IVepl[7, + 72)

+1 +1 ! CoC +1
+ G lep 2, + Catl|Vep | 2/ b (D[3,,dr + ——— || pt2,,
tn
where we use (4.7)—(4.8) for m < n and
1 5 Int1 2 It 5
6"+ b2, = ”/, b, (1)d1] % < r[ [Ib, (1)1 dt. 4.15)
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Combining these estimates into (4.14), we obtain

1
112 1 2 +1,2
Delleg 1. + —llegt — el + ul Ve 17

12 2 12 12 +1p2 2 2
< Calleg 172 + Callleyl 72 " 10 + IR, + [1Vep I, + [1Vepll72+77)

Int1 CoC1C>
+czr2||eﬁ“||";,z+Czr||Veﬁ“||iZ/ 1B () dt + ==l 17.

t"
(4.16)

Testing (4.5) by —Aeﬁ“ and using a similar argument for (4.13), we can get
De||Vey 1T + vllAey 17

Y
< Ca(llepl12 + [1€ehlZ, + [IREF 2 + 1) + §||eg||§,l

C,C2
=Tl e (4.17)

Taking sufficiently small t to satisfy
T max{4Ca|[b|l12¢ 7. 52), 2C0C1C, Czcgt} <y,

and summing up the inequalities (4.13), (4.16), (4.17) and using discrete Gronwall’s inequal-
ity (see Lemma 5.1 in [19]), there exists some C3 > 0 and 711 > 0O such that when 7 < 7y,
there holds

n+1 n+1
g™ 115+ et 172+ D llefl7. + 7 ) [IVehll7, <expTC3)T?  (4.18)
k=0 k=0

Then temporal errors of the director in (4.7) hold if we choose Cp > 4 exp(T C3).
For 1 < k < N, by the definition e’g, we have

DBl i < |IDeefllgi + [1D8 | i, i =1,2.
Following (2.13) and (4.18), we get

max_(||D:B"||g1 + [IB"[| 52 + [|IVU"||;2) < C.
1<n<N

For0 <n < N — 1, rewrite (3.8) as
—]/AB"+1 — F"
where F* = y|VB"|?B" — (U" - V)B"T! — D.B"*!. Then we have
IF" [+ < yI[IVB"B"|| 4 + [|(U" - V)B" || 4 + || DB" || 4
< C|IVB"||s||VB" || L12|[B" ||z + C|[U" || 6| VB || 112
+ C|IDB" |y < C,

where we use Sobolev imbedding H>(Q) ¢ WHP(Q) for any | < p < +oo. Thus, by
classical regularity theory of elliptic problem, we have |[B"*! [lw24 < C, which implies
[IB"!|| 100 < C if we use Sobolev imbedding W>#(2) ¢ W!*°(Q). In this case, VF" in
L2-norm can be bounded by
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IVE" |2 < y[[IV(VB"PB")|| 2 + [[V((U" - V)B"™)[| 2 + || VDB | 12
< CI[B"[[3,1.6 + CIIB" || ;12| VB" || L |[B"|| Lo + C||VU"|| 12| VB" || 1o
+ CIIU || 4| B" | y24 + Cl DB |1 < C.

Thus F" € H' (). From classical regularity theory of elliptic problem, again, we obtain

max ||B"||;3 < C. (4.19)
1<n<N

The above estimate with (2.12) implies that

1<n<N || b|| = ( )
lesting (46) by Aeﬁ 1, we get

1 1
QDfHVeﬁ*‘Hiz + gnwﬁ“ — Vepll2, + ullAeit3,
< |b(u”+1, un+1’ Aeﬁ“) _ b(Un, Un+1, Ae:’i+l)| + |(R:;+17 Ae:ll+1)|
+ IA(div (Vb @ Vbt — div (VB! © VB"), At
=51+ I3+ Io. (4.21)

An alternative to 7 is

I = |b(lln+l, eﬁ“, Ae:’t]+1) _ b(un+1 _ un7 e:LlJrl7 AeﬁJrl) +b(un+1 _ un, un+1, Aeﬁ+l)

—b(ej. ept AT + b(el, u' T AT,
which can be bounded by
I < (" oo + 0" VeRT | 2| A€ ] 2
IV oo [T — w2 || A€l T2
+ L€l e IVeRT  allAept |2 + IV [ oo llef] 21| Aeg T2
< %HAeﬁ“niz + Co(IVeER 17, + [T — |7, + [leh]]72)

+ Ca(ll€ 2 IVeR T2, + [ VeR ]2, el 12,).

From Young’s inequality, we bound /3 as

w
Is = Z AT 17, + Cal IRGTHIZ,.

An alternative to Ig is
Iy = A(div (Ve ™ © Vb, Ael™) + a(div (Ve[ ™ @ V(b" ! — b)), Aelt!)
— A(div (VD" 0 V(T — b)), Ael T + Adiv (Vep T © Ve, el
— A(div (VBT O Vep), Ael™|
=13+ I3+ 15+ 13+ 15.
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By Holder’s inequality and (4.20), all terms in the right-hand side of the above inequality
can be estimated, respectively, by

I3 < Ca(llef™ 12 11" 1 + 11Vep 121" gl Ael T ]2,

1§ < Ca(llef ™ 2 16" = b s + (Ve 21D — b7 [ go) || Al 2,

13 < C4(IIb"F Y gl VD™ — VB[ 12 + D" sl D" — b7 2) || A€l 2,

I3 < Ca(ller ™z llepll s + llepll g llep o) 1 A€t 2,

15 < Ca(llpl 21D 1 s + VR 21" )| Ae ™| 2.
Combining these estimates into (4.21), and using Young’s inequality and the discrete Gron-

wall’s inequality, we conclude that there exists some Cs > 0 and 712 > 0 such that when
T < T2, there holds

n+1
Ve 117, + 1) 1lAeklI7, < expTCs)T?. (4.22)
k=0

Thus, (4.7) holds if we choose Cy > 4 max{exp(7T C3), exp(T Cs)}. As adirect result of (4.7),
we have

max ||D.ell||,2 < C. (4.23)

0<m<n+1
From the arguments in estimating /; to /3, we have

Iy (VBT 2p"+ ! — VB 2B") — REH — ("t )b — (U - V)B"T)|[2 < C.

In terms of (4.23) and H? regularity for linear elliptic problem, it can be shown ||eﬁ'H g2 <
Cj. Thus, we complete the proof of

m m m m
max e 2 < (Cq, max B 2 = max b" —e 2 < C. 4.24
o max ey 12 < Ci o max 1B || & o max Il b a2 < 4.24)

Other estimates in (4.8) and (4.9) are from (4.7) by a simple calculation. ]
For 0 < n < N — 1, in order to estimate ||e’;,+1|| 12 by the inf-sup condition, we need

to estimate || D e "!||,2. Testing (4.6) by r D, e *! and using a similar proof for (4.21), we
can easily obtain

N—-1
Ty IIDegM3, < CT (4.25)
n=0

As a direct consequence of (4.7) and inf-sup condition, we immediately obtain

N-—1
Y etz < ¢t (4.26)
n=0

Other regularities of B” and (U", P") are derived in next lemma.
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Lemma 4.2 Under the assumptions in Lemma 4.1, we have

m
max (r ]; ||DTB’€||§{2> <C, 4.27)
m
 max. (||VDTU’”||L2 +1 Z ||ADTU"||iZ> <C, (4.28)
k=1 .
omax, <||AU'"||L2 + P + rkZO ||AUk||i4> <cC. (4.29)

Proof Following (2.13) and (4.8), we get
m
k2
max (r;o DB ||H2> <cC.

This completes the proof of (4.27). The proof of (4.28) can be easily completed by using
(2.16) and (4.9). From (4.19), we have

|ldiv (VB"™! © VB")[|2 < C||V*B" || 12| VB | + C[|V*B" || 12| [VB" ||
< CIIB" |51 IB"||y3 < C,
and
|Idiv (VB"™ @ VB")|| 4 < Cl|div (VB"T! © VB")]| >
+C||div (VB"*! © VB")[|)
< C +||V(div (VB"! © VBY)||
+ B s B s < C,

172

IV (div (VB! © VB")|| 5

P<c

By using f € L>(0, T; H) N L2(O, T; L4(Q)), we derive

m
m k)2
max <||AU 1,2 +rk§_0||AU ||L4) <C

from the regularity result for steady Navier—Stokes equations. For 0 < n < N — 1, the
estimate for P"*! is derived from (3.9) by

VP2 < CHAU | 2 + CIIDAU" | 2 + CIIAU |2 [ VU 2
+ Clidiv (VB"*! © VB")||2 + ClI#")|,2 < C.

Observing || pll;2 < C||Vpl|2 for any p € M, we complete the proof of this lemma. O

S Spatial Error Analysis

In this section, for 1 < n < N, we begin to estimate spatial errors €[, , ey, and e;h under
the regularities of U”, B” and P" derived in Lemma 4.2. In order to derive the spatial error
estimates, we need to introduce the following projection (Ry, Q) : VX M — V, x M,
defined by

By (RpwW, Qnr; Wi, rp) = B(W, 13 Wp, 1) (5.1
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for each (w,r) € V x M and all (wy,, r,) € V, X M. According to Theorem 4.1 in [4], it
is easy to check that (Rp,w, Qpr) is well defined. By the definition of 55, and B, there holds

B (Rpw, Qpr; Wy, rp) = Br(W, r; wy, rp) — aG(r, rp). (5.2)

For 1 < n < N, by a classical argument as in [17] the following approximation properties
hold:

IU" = RyU" || 2 + h|[VU" — VR, U"|| > < CR?||AU"| 2, (5.3)
ID:U" =R, DU |2 < CHY|ADU"|| 2, (5.4)
ID:U" — Ry D U"|| 12 < ChI|DU" || 1, (5.5)
|P" = @y P"[| 12 < Chl[P"|| 1. (5.6)

For given 1 <n < N and U"~! € V, define [T/B" € X, by

y(V(IT}B" —B"), Vwy) + y (TI}B" — B", w;) + b, (U"~ ', TI}B" — B", w;) = 0,
Vw, eXj.

From the classical finite element theory for elliptic problem [5], we have

|IB" — TT}B"[| > + h|[B" — TB" || ;51 < ChY|B |3, (5.7)
ID;B" — TI: D, B"|| ;2 < Ch%||AD,B"||2, (5.8)

form =0,1, 2 < p < +o0, ||TIB"[|ymr < C|[B"||wnr, (5.9)
for2 < p <6, [|B" — TI!B" ||y, < Ch|[B"||y2p. (5.10)

Multiplying (3.8) by ¢, € X;, and (3.9) by (vi, gn) € Vi, x My, and subtracting the
resulting equations from (3.3) and (3.4), respectively, we get

(Dee o) + vy (Ve Vou) = (DEFT, ¢n) — (VERT, V)
+ by (UL, BT @) — by (U, TIHIB L )
+y(IVB"|°B" — |VB}|’B}, ¢n), (5.11)
and
(D€t vi) + Bu€y et vi, an)
= (D-ELTY vy) + by (UL, U vy) — by (U7, UM vy
+ (VB © VB" — VBT © VB], Vvy), (5.12)

where we use the definitions of HZ and (Ry,, Op).
The main results in this section are summarized in the following lemma.

Lemma 5.1 Under the assumptions in Theorem 3.1 and Lemma 4.1, for0 <n < N — 1,
there exist some ho, > 0 and tp > 0 such that when h < hy and t < 1y, there hold

m 2
C,
m 2 k (12 074
o;n?gﬂ (”ebh”LZ + TkE_O ||Vebh||L2) =< 716}1 ) (5.13)
2 k 112 0,4
OE&‘;‘L‘H (||ezlh||L2 + l'kE_O ||Veuh||L2> =< Rh ) (5.14)
CO 2
ma Ve < —h". 5.15
05m§i§+1|| bhllL> = 4 ( )
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Proof Since €2, = R)U’ — UY) = 0and e), = MYB? — B} = 0, the inequalities (5.13) and
(5.15) obviously hold for m = 0. Now, we suppose that (5.13) and (5.15) hold for m < n.
Then we need to show that these inequalities also hold for m < n + 1. By inverse inequality
(3.10), we have

CoCe
4 o < h. 5.16
O?rr?én [leps 1o < ( )
Taking ¢, = e’”'] in (5.11) leads to
1
5 Delle 17 + —||e”+1 ez + VeI,

< (DB, eﬁ21)|+y|(Eﬁ“ bl
+ |bh(Un,BZ+l egh-b-l) bh(Un H"+1Bn+1 n+1)|
+ V|(|VB"|QB'1 |VB |2]3rl7 e;’l);li-l)| — -]1 + J2 + J3 n J4_ (517)

By using (5.7), (5.8) and (4.19), it is easy to bound J; and J, respectively, as

Ji < et 2 + C7h*|| DB )2

1
2+ CrlIDER 17, <l 172+
L H

I 12

and
T < lepi 1172 + CoIIER T IZ, < llepf 1172 + Coh*.
From (3.5), (5.3), (5.9) and (5.14) for m < n, J3 satisfies
= by (B — ¢!, HZHB”“, eﬁh+1)|
(ERN 2 + 1R, 12 1B™ [yl Vep 12

f||v oI + Cr(h* + 1€, 117).

IA

I/\

We rewrite J4 according to the following equation:
|VB"|°B" — |VB}|’B]
= |VB"? (ep, —Ep) —2V(ep, —Ep) - VB (e, —Ep) +2V(ep, — Ep) - VB'B”
+ Ve, — EpI* (€, — Ep) — V(€ — EPB" = Jj + -+ Jj.

Then from the following estimates:

y(Ji et < vIIVB||3llen, — Epllzllep 112 < Cr(h® + llefy, |12 lept 1.2
y(Ji. e < yIIVB"||L| |V (e}, — Epllz2llef, — Epllrlleps [
< C7C6Coh(h* + || Vep, |1 2)llep 1.2
y(Ji et < y||VB”||Loo||B"||Loo||V(ebh —Epll2llep 12
< C7(h? + || Vep,ll2) et 11 2
y(Ji et < v, — Eplll Ve, — Epll2l1V(el, —Epllsllep " |l.s

< C7C6Coh(IIVel, 12 + B2 (™' Vel, 1l 2 + WIIVeR
< C1CECER (> + (1Vef, 11 )N lel ] 2
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v ey < yIIB || lIV (el — EDI 11V el —EDllslles s
< C1(IVelyll 2 + B3 Ve, 1 2 + B Vep T
< C7C6Col*P(IVel, |12 + hD)IIVeL 2,

J4 can be bounded by
4
Ja = ZIIVe I, + Callep II72 + (v CECTAY + CECTR' ) (h + 11V e, 1172)-

For sufficiently small / such that (y Cg C§h4/ 34 Cg Cg h'%3) < y /4. Then combining these
estimates into (5.17) leads to

+1 +1 +1
D:|lep, I|L2+*|Ie" —epull +yIIVep 117,

<clo<h4+h4||DfB"+1||Hz+||euh||L2>+cn||e"“||Lz+ IVep,ll7..  (5.18)

Taking v;, = e”Jrl and g; = e”Jrl in (5.12) leads to

lD el 112, + —||e"+1 —emyll72 + ulIVep 12, + el — el 17,
< |(D7Eﬁ+l n+1)|+|bh(Un,Un+l n+]) b (U" Un+1 n+1)|
+ (VB o VB" — VB! © VBE, Vel = Js + Jg + J7. (5.19)
From (5.4) and (4.28), J5 is bounded by
Js < 1€ 12, + Crol[DEST 12, < eI, + Ciah*||AD, U

| |L2 .
An alternative to Jg is
Jo = |bn (B — ey,

+ by (B — el U el

E:ll+l n+1) bh(Un ﬁ;lrl’En+l)

Then we have

1 +1 1 +1
Jo < 11y — eyl 2 [IVEG I s lleg e + AU 2 [[EG T 1211 Ve ] 2

+ 1EL — ey 12 VU [ allel 16 < —||Ve"“||L2 + Cra(h* + 1€l 1125).
Observing the following identity
VB""' © VB" — VB! © VB!,
= V(€] n+1 Engl) O VB — Ven+1 O V(el, —El)
+ VE’;“ O V(el, —E)+ VB o Ve, —El)
=0+ 2+ 5+ 0,
and using the following estimates:
2(J7 . Veut) < A|IVB"| |||V (e — E"“)||Lz||Veﬁ,tl||Lz
< Crolh® + [ 1Vep 1) Vel 2
A7, Ve < MIVep <1V (el — )||Lz||Ve"“||Lz

-2 1 1
< Cioh™?[lepy 11211V ey, — Epllz2 11 Vel
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CoCsC12
= e Vel
A3, VELT) < AIVERT I 4 lIVER] s + [IVER T 211V, o) IVl T 2
< Co(IVER T | 4l IVER [ 4 + CERT2IVER [ 2 el |1 2) Vel T

< CaCE(h* + lef, |1 )1 Vel ] 2
A7 Ve < MIVBT |||V (epy, — Ep)ll 211 Vel
< Cra(h? + |IVel, 1) 11VeL ] 2,
we estimate J7 as

B < —||Ve"“||L2 + Cra(h* + IVep, 12, + [IVepr 12, + e, 112)

+ Ci3CClleR 17 2.

Combining these estimates into (5.19) leads to

+1 +1 +1
D:|ley, ||L2+*I|e" — e ll72 + ulIVey 117

< Cra(llef 1132 + 1t + R ADLU 12, + (el 172)

+ Ca(lVey 112, + Ve 12, + ey l12) + C1zC3C2lIe 2., (5.20)

To prove (5.15), we set ¢, = Dreﬁ;lrl in (5.11) to get

1
5||Dfeﬁ;1|| 2+ Df||Ve"“|| 2+—||Ve"+‘ Ve, |17,
— (DrEngl Dreg/—,:rl) _ )/(En+l, Dreg/—,:rl)
+0n (U B, Dee ) — by (U7, B, Deeg)
+y(VB"[’B" — |VB},’B},, D)
=Js+ Jo+ Jio + J11. (5.21)

By the similar arguments for J; and J, we have

> + Cah*|| DB 2

1 1
Jg < §||Dre;1,t |52

17

and
1
Jo < §||Dreﬁ7{1||Lz + Crah*.

An alternative to Jyg is

_ n n n n+l1 n . n n+1
Jio = bp(Ey — €un> €on> Drebh ) — by (U", €pn» Drebh )

+ by (B — ey TT'B™ T, Deel™) = )+ I8 + Jiy,
which are estimated, respectively, by
1 +1
Jio < |IEg — eﬁhIImIIVeﬁhllellDreﬁh 72
-2 n+1
< Ciah ™" ||Ey — eyl 2llehy 1211 Drepy 112

_ CoCsC14

e — (h* + 1€l 1 2)| | Do 12,
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n+1 +1
Jio < U 1o || Ve, 211 Dl 2 < CrallVeR, |21 Drepi 2,
1 1 1
Tio < |EE — €l 12| VIT T B | Lo || Do |2
<C En Bn-‘rl D.e n+1 <C h2 D.e n+1
< CiallEL — €0yl 2 [IB" | s [1 D€l 1 2 < Cra(h? + [1€l, 11,211 D€l 2.

Then Jjg is bounded by

Jio < %HDTeﬁ;lan +Cus <h4 ol C(igg e&”iz) .
To estimate Jj1, we rewrite it as
|[VB"|*B" — |VB] B}
= |VB" (e, — E}) — V(e}, — El) - VB"€}, + V (e}, — E}) - VB"IT}B"
+ Viey, — Ep) - Vey,ep, — Ve, —Ep) - Vebh I, B"
— V(ep, — Ep) - VITB €}, + V(ep, — Ep) - VIT}B"I1}B"
=Jh 4+ J].
Then all terms in Jj; are bounded by
v (11 Deeyi) < y[|VB" [ llely, — Epll 2l 1Deeh ]2 < Crah®||Deef ]2
J/(Ju,Dreﬁthl) < yIIVB"||L=]|V(ey, — Ep)ll 2llepy,llL=]|Dre ZLL [l2

- CoC6C14

- 4

< YIIVB" || ||T}B" |||V (e}, — Ep)I 21| Deefy ]2

< Cra(h® + [|IVep, 121D e 1 2,

YUy, Deepiry < y11Vep, llollef, |11V (el — Epll2 1 Deef 1 2
- ClCiCu4

h(h* + Ve, l1.2) 1 Deep ] 2,

y (Ui, Deeh)

A

B2 (h* + 1| Vel |21 D€l 2,

- 16

Y (i1, D€y < y|IVe, |l oo [|TTEB" | oo ||V (efy, — Bl 21| Deef ]2
= @h(lﬂ +11Vep, )l D€l 2,

YR Do) = ylleg L~ IVITB 11V (e, — EDIl 2|1 Deeif !l 2
= %h(hﬁnwbhnmnm o 2

y (1. Do)

A

< YIITIB" || oo || VITEB" || 1o ||V (], — EDII 21| Deefr 1,2
< Cra(h* + Vel |21 D€l 2.

cic?
For sufficiently small £ such that 6 =076 p2 - 1, then Jp; satisfies

1
I = SlIDceg T + Cralh + 11Vep,1172).
Combining these estimates into (5.21) leads to

IDcep 112, + Do |[Vep 12, + || Vept! — Vep, 117,
< Cia(h* + h* | DB 2, + (| Vep, |17, + CisCICallel,12,).  (5.22)
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Summing up three inequalities (5.18), (5.20), (5.22), for sufficiently small t such that
rmax{Cy;, C13C5C2, C15C3CE) < 1,

then from discrete Gronwall’s inequality we derive

m
ey, 1172 + llep 172 + [1Vepy 172 + 7 Y (11Vel,ll72 + [1Vel, 1172) < CisexpT Cip)h*,
k=0

which proves Lemma 5.1 if we take Cg > 16C16 exp(T Cy7). m]

6 Proof of Theorem 3.1

First, we show the existence and uniqueness of the solution to the finite element discrete
system (3.3)—(3.4). For 0 < n < N — 1, an alternative to (3.3) is

B ) + v (VBIT, V) + thy (UL, BT, ¢)
= (B}, ¢n) + yT(IVB}I’B}, ¢n), ¥ ¢ € Xy
Taking ¢ = BZ+1 in the above equation leads to

By By + o (VBT VBT + o0, (U, BT BT

= [IB 12, + yr I VB2, = min{L, y o) BE 3.

Then, the existence and uniqueness of BZH for0 <n < N — 1 follows from Lax—Milgram
theorem. The existence and uniqueness of the solution to (3.4) can be shown by using Lax—
Milgram theorem for UZH and Theorem 4.1 in [4] for P,:’H. Error estimates ||b" — B || 41
and ||u” — UZ ||12 follow from the error splitting and (4.7), (5.3), (§.7), (5.14) and (5.15). By
inverse inequality (3.10), (4.7) and (5.3), we derive

[IVu" — VU2 < [|Velll 2 + [IVEL| 2 + Ch ™V |ek, 112 < Co(t + h)
for sufficiently large Cp. On the other hand, by using
[IBy 1o < [ITT;B"||r 0 + |ley, |z < C|IB"||z< + Ch < C,
we have
11— B} 212 = [[Ib"* — [B}[| 2 = |[b" — B} | 2][b" + B ||, < Co(r + h?)

for sufficiently large Cy. We completes the proof of Theorem 3.1 if we take 79 = min{z;, 12}
and hg = hy.

7 Numerical Results

In this section, we present the numerical results by using the linearized semi-implicit scheme
(3.5)-(3.6) to verify the optimal error estimates derived in Theorem 3.1. All programs are
implemented by the free finite element software FreeFem++ [18]. We consider the nematic
liquid crystal model in the unit circle = {(x, y) : x2 + y2 < 1}. The initial data are taken
as

u =0, f=0, by= (sin(a),cos(a)), a=m(x>+y>)>.
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Fig. 1 The FEM meshes of the
unit circle with M = 50

Table 1 Numerical errors and convergence rates at 7 = 1 for r = 9/M 2

T =9/M? b, 1) — B {11 11— B} 12112 Rate
M =50 3.34614E-01 5.78705E—01

M =100 7.96421E—02 2.0709 1.36172E—01 2.0874
M =150 3.20721E-02 2.2432 5.62595E—-02 2.1796
Table 2 Numerical errors and convergence rates at 7 = 1 fort = 1/M 2

T =1/M? IIb(-, 1) = B} |l 1 11— B} 12]],2 Rate
M =50 2.65892E—02 5.15313E-02

M =100 6.53797E—03 2.0239 1.34739E—02 1.9353
M =150 2.51260E—03 2.3585 6.07014E—03 1.9666
Table 3 Numerical errors and convergence rates for different ¢

T [Ib(-, 0.5 — By || ;71 llu(-, 0.5) — U/ |12 11— B} 2|12
1.00 x 1073 8.97006E—02 2.08193E—01 1.38704E—01
5.00 x 1074 4.30171E—02 9.69920E—02 6.54445E—02
2.50 x 1074 2.08904E—02 4.64736E—02 3.18394E—02
125 x 1074 1.01993E—-02 2.25480E—-02 1.58644E—02
6.25 x 1072 4.97587E—03 1.09681E—02 8.12155E—-03
Rate 1.0430 1.0616 1.0235

Parameters are set as« = A = y = 1 and 4 = 1. We take a uniform triangular partition
with M nodes on 9$2. Then a class of uniform meshes of the unit circle is made by a mesh
generator in FreeFem++; see Fig. 1 for illustration.

Since no exact solution exists, to verify the optimal convergence rates, the reference solu-
tion is taken as the numerical solution corresponding to M = 300. The time step 7 is required
to satisfy t = O(1/M 2). Therefore, from the error estimates derived in Theorem 3.1, we
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Fig.3 Evolution of director fields: 7' = 0 (top left), T = 0.6 (top right), T = 1.5 (bottom left), T = 2.74375
(bottom right)

have the second-order convergence rate for the errors |[b"” — B || ;1 and [|1 — |B}, 1?[1,2. To
verify the optimal convergence rates, we use several mesh pairs M = 50, 100 and 150 with
different time step ¢ = 9/M? and 1/M?. The numerical results are displayed in Tables 1
and 2, from which we can see that the numerical convergence rates for orientation of molec-
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Fig.4 Evolution of velocity fields: T = 0.1 (tfop left), T = 0.6 (top right), T = 1.5 (bottom left), T = 2.74375
(bottom right)

ular coincide with the ones predicted by theoretical analysis in Theorem 3.2, although the
numerical errors with T = 9/M? seem not very accurate.

To confirm the temporal error is of the first-order convergence rate, we take the reference
solution corresponding to T = 3.125 x 1076 and M = 120. For different time step 7| =
0.5t; fori = 1,2,4witht| = 1073, the numerical errors of velocity, director and pressure are
displayed in Table 3. It can be observed that the semi-implicit scheme gives the convergence
rates of the order O(t) on the temporal errors which coincide with the ones predicted in
Lemma 4.1.

To confirm the stability of the semi-implicit scheme without any restriction of the time step
7, the reference solution is taken as the numerical solution corresponding to t = 3.125 x 10°
and M = 200. We solve the semi-implicit scheme (3.3) and (3.4) with three different time
step T = 1.25 x 1074, 1.00 x 10~* and 6.25 x 107> on gradually refined meshes with
M =20i,i =2,...,9. The H' errors ||b(-,0.5) — B} || 51 and L? errors ||1 — [B;|?]| 2
are displayed in Fig. 2, from which we can see that for a fixed 7, when refining the mesh
gradually, the H ! errors converge to a small constant and the proposed semi-implicit scheme
(3.3) and (3.4) is stable and convergent without any restriction of the time step.

Fix M = 100 and v = 1/M?. The evolutions of the director fields and the velocity fields
at different times are displayed in Figs. 3 and 4, where T = 2.74375 is the stoping time of
iteration. The stopping criterion used is to require ||Uj — sz1 [l2 +11Bj — B271 [|12 to be
less than 1076,
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8 Conclusion

In this paper, we show optimal error estimates for an linearized semi-implicit Euler finite
element scheme for the approximation of the nematic liquid crystals flows. To the best of our
knowledge, no optimal error estimates have been given in previous works. More important,
the semi-implicit scheme proposed in this paper is linear. Optimal error estimates are proved
without any restriction of time step t by using the error splitting technique. The numerical
results show the efficiency of the scheme and confirm our theoretical analysis. In addition, the
technique presented in this paper can be applied to analyze linearized semi-implicit Galerkin
FEM for 3D nematic liquid crystal flows.

Acknowledgements Rong An was supported by Zhejiang Provincial Natural Science Foundation with Grant
No. LY16A010017. Jian Su was supported by National Natural Science Foundation of China with Grant No.
91330117.

9 Appendix

To get the regularities (2.16)—(2.17) of u,;, p; and b;, where (u, p, b) is the solution to the
problem (1.1)—(1.5) and satisfies (2.10)—(2.14), we need to show that ||Vu,(x, #)||;2 and
[Ib(x, t)|| g1 remain bounded as + — 0. In this case, a non-local compatibility condition is
needed and can be derived as follows. First, we begin to show that the problem
{ Apo = div (fo — (ug - V)ug — Adiv (Vby © Vb)), in Q, ©.1

onpo = (nAug + fo — (ug - V)ug — Adiv (Vbg © Vbg)) - n, on 9L2, '

exists a unique pg € H' () N M. In fact, from fo € H,uy € D(A) and by € H3(Q), it
can be shown that div (fy — (ug - V)ug — Adiv (Vby © Vhg)) € L2(Q2) and pnAug + fy —
(ug - V)ug — Adiv (Vbg © Vbg) € H(div , 2). Thus, one has (uAug + fo — (ug - V)ug —
Adiv (Vb © Vbg)) - n|yq € H~Y/?(Q). Finally, we note that the following compatibility
condition is satisfied:

/ div (fp — (ug - V)ug — Adiv (Vby © Vby))dx
Q
= / (nAug + fo — (ug - Vyug — Adiv (Vbg © Vby)) - nds
02

due to the fact div (Aug) = 0. From these observations, it follows that the problem (9.1)
exists a unique weak solution py € H'(£2) N M. Moreover, the solution py is the limit of the
pressure p(x, ) in H' () N M as t —> 0. To make our point precise, we give the following
lemma:

Lemma 9.1 Let the initial values uy € D(A) and by € H?(Q2) with |by| = 1 in S. Suppose
that the solution (u, p, b) to the problem (1.1)—(1.5) satisfies ||Au(x, t) — Aug(x)||;2 — 0
and ||b(x,t) —bo(x)|| g3 —> 0 ast —> 0. Then the pressure p(x,t) tends to the solution
Po to the problem (9.1) in the sense that

[IVp(x,t) = Vpo(x)|l;2 — 0 ast — 0.
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Proof Fort > 0, it follows from (1.1) and div u = 0 that the pressure p € H'(Q) N M is
the weak solution to the problem

{ Ap =div (f — (u- V)u — Adiv (Vb © Vb)), in 2,

onp = (nAu+f— (u-V)u— Adiv (Vb ® Vb)) - n, on 9Q2. ©.2)

From [[Au(x, 1) — Aup(x)||;2 —> 0 and ||b(x, ) —bo(x)||z3 — 0ast — 0, we can
see that

div (f — (u- V)u — Adiv (Vb ® Vb))
— div (fg — (up - V)ug — Adiv (Vby ® Vby))

in L%(Q), and

(uAu+f— (u- V)u — Adiv (Vb ® Vb)) - n
—> (uAug + fy — (ug - VY)ug — Adiv (Vbg © Vby)) - n

in H~1/2(3Q) as t — 0. These facts imply the desired result. o

Let pg € H' () N M be defined by the problem (9.1). Then the non-local compatibility
conditions are concluded in the following lemma.

Lemma 9.2 Under the assumptions of Lemma 9.1, if ||Vu, (x, t)|| 2 and ||b(x, t)|| g1 remain
bounded as t —> 0, then there must hold

Vpo = (nAug + fo — (ug - Vyug — rdiv (Vby © Vby)), on 02, 9.3)
V(y Abo + (ug - V)bo + v |Vbo|*bo) -n =0, on dS2. 9.4)

Proof As t — 0, it follows from |[|Au(x,?) — Aup(x)||;2 —> O and ||b(x,?) —
bo(x)|| g3 — O that

u(x, 1) —> pAug — Vpo +fo — (ug - Vyug — Adiv (Vby © Vbg) inL*(Q), (9.5
b; (x,1) —> yAbg + (ug - V)bg + y|Vbg|*by in H (). 9.6)

If [[Vu; (x, 1)||72 and ||b(x, t)|| 1 remain bounded as t — 0, then the convergences (9.5)
and (9.6) hold weakly in H' (Q) and H?(2), respectively. Thus,

u(x, )]s — (LAug — Vpo +fo — (up - V)ug — Adiv (Vb © Vby))|sq,
Vb, - njaq —> V(y Abg 4 (ug - V)bg + y|Vbo|*bo) - n|sg,

hold weakly in Hl/z(BQ) ast —> 0. The facts u; |3 = 0 and Vb, - n|je = O forany r > 0
imply the desired non-local compatibility conditions (9.3) and (9.4). O

Under these non-local compatibility conditions, we can estimate u; (0) and b, (0) in H' ()
as follows.

Lemma 9.3 Let fy € H and (ug, w) € D(A) x HY(Q) N M be determined by the Stokes
problem (2.15). Under the assumptions of Lemma 9.1, there holds that u, (0) and b, (0) belong
to H'(Q).

Proof Taking t = 0 at (1.1) deduces to
u, (0) — nAug + (up - V)ug + Vpo + Adiv (Vbg © Vbg) = fy. 9.7)
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Since (g, ) € D(A) x H'(Q) N M is determined by the Stokes problem (2.15), then (9.7)
can be rewritten as

w,(0) + (uo - V)ug + V(po — 7) + Adiv (Vby ® Vhg) = 0.

By using the following formula:
1
div (Vb ® Vb) = Ab- Vb + EV(|Vb|2),

and applying Py to the resulting equation, we obtain
u;(0) = —Pu((uo - V)ug + AAbg - Vbp).
It follows from (2.2) that
lu: Oz = [IPa((ao - V)ug + AAbg - Vbo)|| g1
= Cll(ug - V)ug + 2Abg - Vbol| 1.
Note uy € D(A) and by € H3(S2). Then we have
[1(uo - V)ug + AAbg - Vbol|,2
= Cllug|[z=[|Vug||z2 + C|[Vbo|| L[| Abol| 72
< CllAug|[2[[Vuol|z2 + Cllbo|lg3[|Abo|[ 12 < C,

and
[IV((ag - V)ug + LAbg - Vbo)||,2
< [1Vuol 74 + lluoll ||Vl 2 + [ Vbol| o< ||V Abol| .2 + [[V?bol| 2| Abol | .2
< C(||Aug||3, + |Ibo|[3,3) < C.
The above two estimates imply u,(0) € H'(Q). Taking t = 0 in (1.2) leads to
b, (0) = y Aby — (ug - V)bo + y[Vbo|*ho.
By using a similar method, we can prove
|1b: (012 < y[|Abol[ 2 + [[(ug - V)boll 12 + ¥11|Vbo| ol 2
< y1Abol| 2 + |[uol|ze||Vbol 2 + ¥ 1| Vboll74 < C,

and
Vb (0)]] 12 < ¥IIV A2 + [Vl 411 Vbol I+ + [[ugl|e||Vbol 2
+ ¥ 11Vbo||[1V?bol| .2 |bol L= + ¥ [ Vbol[3 s < C,
which imply b, (0) € H'(Q). O

Based on the results derived in Lemma 9.3, we can show some regularities of w;;, p; and
b;; in next theorem.

Theorem 9.1 Under the assumptions of Theorem 2.1 and Lemma 9.3, suppose f;, €
L>0,T; Vy N L*(0, T; H), then we have

u, € L0, T V) NL*(0, T*; D(A)), Vp; € L*(0, T*; L*()),
uy € L0, T*; Vo) NL2(0, T*; H), by € L*(0, T*; L*()),
where T* is defined in Theorem 2.1.
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Proof Differentiating (1.1) with respect to 7, we get
u, — puAu, 4+ (- Vyu+ (u- Vyu, + Vp, + 2xdiv (Vb © Vb) =f;. 9.8)
Multiplying (9.8) by u;,; and integrating over €2, we have

wd
2 dt
= (£, wy) — b(us, w,u) — b(u, us, uy) — 24(div (Vb; © Vb), uy)

= (2 + 1IVullzee[lug [l 22 + [Jal[ze [V [ 2

+ 221 1Vb|| oo by [ g2 + 241 VD] | oo [V [[ 2) g ]2

2 2
g |72 + IVuly»
L L

1
< Enut,niz + CUIENG 2 + Nl 24l 1125 + [[Aul), ][V |[3
+ 1[b113,3 11b13,2 + 1Bl be[17,0),

where we use div u,, = 0. It follows from (2.10)—=(2.13) that w,, € L2(0, T*; H) and u, €
L°°(0, T*; V) if we integrate the above inequality with respect to # from 0 to# < T* and note
that u,(0) € H'(RQ). By using a similar method, multiplying (9.8) by Aw, and integrating
over €2, we have

Va2l Aw 2
= (f;, Awy) — b(u;, u, Awy) — b(u, u;, Aw;) — 21(div (Vb; © Vb), Auy)
< %nAuzniz + %(Hftniz + [ul el 72 + 1 Aul |72 ][V |I7
+ 1B e 52+ 11l bl 170,
which implies u; € L2(0, T*; D(A)). Multiplying (9.8) by v € Vj leads to
(s, v) + n(Vug, Vv) + b(us, u, v) + b(u, us, v) — 24(Vb, © Vb, Vv) = (f;, v).
Then it is easy to show
N llyy = CUIVu 2 + [[Vul| 2]V [l 2 4 VD[ [V [[ 2 + (I [y,
which implies u;; € L°°(0, T*; 6). To estimate V p;, we use (9.8) to deduce that

IVpell2 < [lusllz2 + pllAugl{2 + ([ - Viuf|z2 + [|(a- Viug|[ 2
+ 2A[|div (Vb; © Vb)||2 + [If:]] 2
= Cllugll 2 + A {2 + £l 2 + [IVull Lo [[ue ][ 22 + (a2 [[Vag]| 2
+ 11Vl byl 72 + [[Vbl L [[Vby ][ 2).

From u;; € L?(0, T*; H) and u; € L2(0, T*; D(A)) shown in the previous paragraph, it is
easily seen that Vp, € L%(0, T*; L?>(R)) after integrating the above inequality from 0 to
t < T* and using (2.10)—(2.13).

Differentiating (1.2) with respect to ¢ yields

bis — y Ab, + (u; - V)b + (u - V)b; = y|Vb|*b; 4+ 2y (Vb - Vb,)b.
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It follows from (2.4)—(2.9) that

[Ibrellz2 < yIIAb:|[z2 + [[(u; - V)b[2 + [[(w- V)b |72
+y11IVbIby[[ 2 + 2y [|(Vb - Vb)bl| 2
< ClIbrll g2 + [ [[2]]Vb][Loe + [[uf|zee [V ][ 12
+ 11Vl b1l 2 + [1Vb]| o0 ][V ] 2)
< CUIbll g2 + [lusl[2[[bl] g3 + [1Aul] 2] V][ 2
+ 1Bl 11122 4 b1 3] Vb 2),

which completes the proof of b;, € L2(0, T*; L?(£2)) by using (2.10)—(2.13). O
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