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Abstract A block-centered finite difference method is introduced to solve an initial and
boundary value problem for a nonlinear parabolic equation to model the slightly com-
pressible flow in porous media, in which the velocity—pressure relation is described by
Darcy—Forchheimer’s Law. The method can be thought as the lowest order Raviart-Thomas
mixed element method with proper quadrature formulation. By using the method the veloc-
ity and pressure can be approximated simultaneously. We established the second-order error
estimates for pressure and velocity in proper discrete norms on non-uniform rectangular
grid. No time-step restriction is needed for the error estimates. The numerical experiments
using the scheme show that the convergence rates of the method are in agreement with the
theoretical analysis.

Keywords Block-centered finite difference - Darcy—Forchheimer flow - Compressible -
Error estimate - Numerical experiment
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1 Introduction

Darcy’s flow in porous media is of great interest in many fields such as oil recovery and
groundwater pollution contamination. Darcy’s law describes the linear relationship between
the velocity of creep flow and the gradient of pressure. The relationship is valid by experiment
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under the condition that the creeping velocity is low and the porosity and permeability is small
enough [1]. A theoretical derivation of Darcy’s law can be found in [2,3].

In some cases, for example when the velocity is higher, a nonlinear relationship between
the velocity and the pressure gradient is developed, suggested by Forchheimer [1], by adding
a second order term to reach a modified equation. The Darcy—Forchheimer equation (or
Forchheimer’s law) is described as follows,

1K ~"a+ Bplulu+ V(p — pgh) = 0. (1

A theoretical derivation of it can be found in [4].

Forchheimer’s law mainly describes the inertial effects for high speed flow. The most
important feature of Forchheimer’s law is that it combines the monotonicity of the nonlinear
term and the non-degenerate of the Darcy’s part. There are several papers to analyze the
analytical solution for the Forchheimer flow problem, see, for example, [5-7].

There are some papers consider the numerical methods for Forchheimer flow in porous
media. Mixed element methods for generalized Forchheimer equation were first studied
by Douglas et al. [8], then a mixed element method for general nonlinear elliptic problem
was studied by Park [9]. A mixed element method with piecewise constant approximation for
velocity and nonconforming piecewise linear approximation for pressure, called primal mixed
element [10], was considered in [11,12]. And a mixed element method with Raviart-Thomas
element was considered in [13]. Mixed element methods for time-dependent compressible
Forchheimer flow was considered by [14]. And a numerical well model with cell-centered
finite difference and finite element method for non-Darcy flow was considered in [15]. In
[14] only the semi-discrete mixed element method is considered. And since they used the
inversive assumption, the lowest-order Raviart—-Thomas mixed element is not included in
their error estimates.

A series of work about generalized Forchheimer flow can be found in [16-18], in which
both expanded mixed element form and the nonlinear degenerate parabolic form are used
to discrete the model problem. Numerical analysis is based on the monotone properties
possessed by Forchheimer operator, [19-21].

Block-centered finite difference methods can be thought as the lowest order Raviart-
Thomas mixed element method with proper quadrature formulation and has been used
widely in reservoir numerical simulation. By using it both the velocity and pressure can
be approximated with second-order accuracy for linear elliptic problem with diagonal diffu-
sion coefficient was considered, see [22]. Then in [23,24] cell-centered finite differences for
linear elliptic problem with tensor diffusion coefficients were considered. Another advan-
tage of block-centered, or cell-centered, finite difference method is that it transfers the saddle
point system of the mixed element method into symmetric positive definite system, which
has been used in many papers, see, for example, [25,26].

Recently we introduced and analyzed a blocked-centered finite difference method for the
incompressible Forchheimer equation with constant coefficients [27] and variable coefficients
[28]. We demonstrate that the proposed scheme is second-order accuracy both for velocity
and pressure in some discrete norms. A two-grid finite difference method for the the problem
is also considered [29].

In this paper we present a blocked-centered finite difference method for the slightly com-
pressible Forchheimer flow problem in porous media. The problem is a kind of nonlinear
parabolic problems where the diffusion coefficient depends on the pressure and the absolute
value of the vector-valued velocity. It is an extension of our work in [27], where just the
nonlinear elliptic Forchheimer problem with constant coefficients was considered. In the
scheme, the pressure, the velocity in x-direction and the velocity in y-direction are defined
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on staggered grids. One key problem to present the scheme is to give a proper approximation
to the nonlinear diffusion coefficient, which depend on the pressure and the absolute function
of the velocity. The approximation should have the second-order accuracy and reserve the
monotonicity of the operator, see Lemma 6 below. We demonstrate that the proposed scheme
has these two properties on non-uniform rectangular grid.

Usually for a priori error estimate of numerical solution of nonlinear time-dependent
problem, one may employ the inductive assumption and inverse inequality to bound the
numerical solution. This may result in a time-step restriction, see, for example, [30-34].
Li and Sun [35,36] developed a technique to remove the time-step restriction for a priori
estimate. In this paper no time-step restriction is needed for the second-order error estimates.
Here our technique is different from Li and Sun [35,36], we used the monotonicity of the
nonlinear operator.

Some numerical examples are carried out using the presented scheme. The numerical
results show that the convergence rates of our method are in agreement with the theoretical
analysis.

The paper is organized as follows. In Sect. 2 we give the problem and some notations.
In Sect. 3 we present the block-centered finite difference scheme. In Sect. 4 we give the
corresponding numerical analysis. In Sect. 5 some numerical experiments are carried out.

Throughout the paper we use C, with or without subscript, to denote a positive constant,
which can have different values in different appearances.

2 The Problem and Some Notations

In this section we present a slightly compressible flow model in porous media, in which the
velocity—pressure relation is described by the Darcy—Forchheimer’s law.
Firstly, the equation for mass conservation is as follows

d(¢pp)
at

+ V- (pu) = pq, ()

where ¢ is the porosity of the media, ¢ is the source term and u, p are the velocity and
density of the fluid. This model can be simplified under the circumstance that the fluid is

slightly compressible [1,37,38]. Set Cr be the coefficient of compressibility C, = %37’;’
then
p = poexp (Cr(p — po)), 3
and we have
ap 0 d
¢££+—pr-u+pV-u:pq. %)
ap ot  dp

The term g—pV p - uis effectively quadratic in the velocity, which in almost all of the domain
can be neglected [38—40]. Thus we arrive the following equation,

a
pc, L 4V u=gq. )
ot
Combining the mass conservation equation (5) with the velocity—pressure equation (1)

we obtain the model describing the slightly compressible flow in porous media, in which the
velocity—pressure relation obeys the Forchheimer’s law.
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@ uK~'ut Bo(plulu+Vp =V(p(p)gH), z€ 2 x J,

ap
(b) ¢CF§+V-u=,f, e xJ, ©)
(c) u-n= fy, z €02 xJ.
(d) pli=o = po, z €.

Here p represents the pressure while u the velocity of the fluid. £2 is a porous media
domain and J = (0, T) is the time interval. For simplicity we consider the problem in two
dimensional space. n represents the unit exterior normal vector to the boundary of £2, | - |
denotes the Euclidean norm, [u|? = u-u. p, £ and B are scalar functions which represent the
density of the fluid, its viscosity and the Forchheimer number, respectively. For compressible
fluid, p depends on the pressure p, p = p(p). ¢ represents the porosity. K is the permeability
tensor function. For simplicity we suppose that K = kI where & is a positive constant and I
represents the unit matrix. f € L?(§2), a scalar function, represents the source and sink of
the systems. p(p)gVH € (L%(£2))4, a vector function, is the gradient of the depth function
H e H' (). fy € L*(3£2), a scalar function, represents the Neumann boundary condition,
or the flux through the boundary.

A more general compressible Forchheimer flow model was considered in [8] where the
dependence of p on pressure p does not be described explicitly.

For simplicity of constructing the block-centered finite difference scheme we consider
the problem in a two dimensional rectangular domain, §£2 = (0, Ly) x (0, Ly). We use the
notation (x, y) to denote the coordinate of a point in the domain and denote the velocity by
u = (u*, u”). We suppose that the depth function H is a constant, then VH = 0. Furthermore
we suppose that the problem is with homogeneous boundary condition, fy = 0.

With the above assumptions the problem (6) can be re-written as

(a) <%+/3,0(p)|11|)U+Vp=0, ze2x/,

0
(b) ¢CF£+V-u:f, €2 xJ, )
(c) u-n=0, z €082 x J.
(d pli=0 = po. zeR.

We will derive the block-centered finite difference method for the model problem (7).
Let N > 0 be a positive integer. Set

At =T/N; t"=nArforn <T/N.
The domain £2 = (0, L,) x (0, Ly) is partitioned by 8, x 8y, where

=X1 <X32 <o <Xy _
X

2
=YL <y < <yy L <yy,1 =Ly
Fori=1,...,Nyand j =1,..., Ny, define

o tied +Xigl
Xi = ) ,

X.

hile-_,’_%— il h:ml_axh,-,
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QLH%
C L --------------- [
i+ 5
L,T RT |
i 4,J LAY
R 4l
Ci,j
Qi LB QR:B = i1,
,J %,]
-1
Fig. 1 A example of mesh partition
h h1+1 + h; o
i+3 3 Xitl
Vit
Yj B >
k]_yH% Vil k mjaxk
kiy1+k
jtl j_ .
k]+% = ) =Vj+1 Y
Ql,/_(-x 1, +%)X(y] lsy]+1)
Ql'_;’_l i = (xi7xi+l) X (yj_§7 y,+%)»
.Q Xi_1,X1) X (Y, Yjt1)-
oy =G X ) X G v

We divide each £2; ; into 4 parts,

L,T

R, T
= (Xi—172, X)) X (¥, ¥j+1/2)s §2; 50 = (Xis Xig172) X (Vj, Yj+1/2)s

Qf}B = (xi—172, %) X (¥j—1/2, ¥j) Qf}B = (xi, Xig172) X (¥Vj—1/2, ¥j)-

Here the superscript ‘L’, ‘R’, “T” and ‘B’ means ‘Left’, ‘Right’, “Top’ and ‘Bottom’, respec-

tively. It is clear that

QU_QLTUQLBUQRTUQRB,
RT RB
Qiv1/2,) —Q U'Q U9z+1/ z+1,’

LT RT L,B R,B
$2ij+1/2 = 82,5 V8 UG, U S

u ek

The following Fig. 1 is a description of the dividing.
For a function 0 (x, y, t), let Gl'fm denote 0 (x;, y, ") where [ may take values i, i + %

for non-negative integers i, and m may take values j, j + % for non-negative integers j. For
discrete functions with values at proper discrete points, define
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n (9”_1
(01}, = =
9i+l,j gi,j 91 j+1 91 Jj
[de0), .1 ;= S [d0); ;.1 G
i+ T Vi—g.j s O
[Dy0);j = - . Dyl = - :
i j

where for simplicity we omit the subscript n.
Also define the discrete inner products and norms and semi-norms as follows,

Ny N.V

O, ) =0, )m M, = Zzhikﬂi,jfi,j,

i=1 j=1

Ny Ny
0. 05 = 0. O1,M, = X;Z]h-,%kjei,%,jri,%,j,
=2 j=
Ny Ny
©.0)y =@ Ouer, =) Y hik; 1651751,
i=1j=2
2 2 _ 2 _
1613 = ©. Omr,. 1013 = (0.0, 1015 = (©.6),.
y

3 A Block-Centered Finite Difference Method

In this section we present a block-centered finite difference method for the slightly com-
pressible Forchheimer model.
For simplicity we use the following notation,

o=¢Cr. ay= % a = ax(p) = Bo(p), a(p, w) = ay +ar(p)w. ®)

Then the problem (7) can be written as

(i) (a1 +ax(p)lu)u+Vp=0, in$ x J,

f

(i) a£+v-u:f, (z,1) € Q2 x J, ©
(i) u-n=0, (z,1) €982 x J.

@iv) pli=0 = po, z€ 2.

Here 952 is the boundary of £2, and n denotes the outward unit normal to 9£2.

For slightly compressible flow in porous media , k, ¢ and C are positive and bounded
up and below, and B is non-negative. So a; and « are positive and bounded up and below, and
ay is non-negative and bounded. For numerical analysis we make the following assumptions
on the coefficients and analytical solution.

Assumption 1 a;, a> and « are continuous functions, and there exist positive constants a
and a such that,

O<a<a, a<a, axp)=0.
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Assumption 2 The analytical solution (u, p) has the following regularity.
p € L0, T; W (2)) N WhH®(0, T; W>*®(2)) N W>>(0, T; L®(2));
ue (Wh, T; Wh(2)) N L¥©0, T; W (2)));

Assumption 3 ax(p) € L0, T; W>®(2)) N W0, T; WH>(2)).

The regularity analysis for the solution (u, p) of problem (7), or equivalently (9), can
be found in articles and books such as [41-46]. For the regularity in Assumption 2 to hold
some constraints on the initial value po, the right-hand term f and the coefficients should be
needed, see the references mentioned above.

For the definition of the scheme we define some interpolation operators. For a discrete
function {g; ;} with value on nodal points {(x;, y;)}, define a piecewise-constant function
ITy,qy, on §2 such that,

Ihq(x,y) =qij, (x,y) € £, (10)

and a piecewise constant function I,q on §2; ; such that

R.T
Ihq,+ g+t () EQ,J ;

g = | kit O y)eg” ’ (11)
Ihql,wﬁ, (x,y) € Q,’] ,

T L,B
Ihqi,%,j,% (x,y) € ‘Qi,j .

i kj ..
+—,y; % ?)} is as follows

Here the discrete interpolant function {Inq) with values at {(x; 1

1
Ing;p1 o1 = m(hiﬂ%',j +higiv1,j) + ——kjx19i; +kjqi j+1),

4k

b
ol
—_——
H
=

1
1 = T](hifl%',j +higi—1,j) + (kj+1qi,j +kjqij+1).

=2 4k/ +3
For a pair of discrete functions {Vl’;_ | j} and {Vl_y il } define the interpolant operator /1,
2 J+a

as follows.
ILV = (11, V*, O,V7) (12)
where
IV (x,y) = V! 1y (x,y) € 9,»+%,j, (13)

I,V (x, y)—V (x,y)e.Qin_%. (14)

NES N

Let |(U, V)| be the norm function for a vector (U, V). Direct calculation shows that

T [ YR Y ldsdy =175, VDL
iJ
R,B|— y
28 [ LV m sy =\, v}j,ui
ij (15)

1 X y _ X
2, [, L lady =175, VDL
i+1,j
L.,B —1 X y _ X y
2kl [, Y IV ldrdy = (75, VL
[y
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For w = p, Ijp, define an interpolant Q(az(w), u) on £2; ; as follows.

X y R, T
ax(w g DI Dl ) € 25

. y R.B
B B a2(wi+4l,j*%)|(ui+%,j’ui,j—%)|’ (x,y) G‘Qi,j > 16
Q@ =0 w1 Ol Dl (xoy) € 25T (o

=gty L Y by’

" y LB

@iy POy iy P ) € 27

Here it is remarkable that {1, p; ; # p;,;}, then O(ar(p), u) # Q(ar(Iy p), u). Then define
two square root averages as follows.

1 _
[Qlaz(w), )], 1 ; = |'Q+‘/|/9 1 O(az(w),uw)dxdy, w=p,Ip, (17)
T3, i+5.j

1 _
[Qlax(w), w)); j, 1 = |9+‘|/Q 1 Q(ar(w), wydxdy, w=p,Ip.  (18)
LT3 ij+y

Using the above notations the block-centered finite difference approximations {U Z’:_ ! j},
2>

{Ui}:H%} and {P; j} to {u” (xi+%,j)}’ {w? (xi’j+%)} and {p(x; j)}, respectively, are chosen so
that

a[d,P]?J-+[Dxe]l'»fj+[DyUy],’-’,j Zfi’fj, (19)
n x,n _ n
(m Q@4 P). U,y j> UKL =P (20)
n y.n _ n
(al + Qa1 P). U)]m%) UM =TT 21
with boundary condition
x,n x,n _ s
U%,j_o’ UNX+%’j—O, Jj=0,..., Ny, (22)
o _ ynoo P —
Ui,% =0, UI_’N.V+%—0, i=0,..., Ny (23)

Remark 3.1 One reason to define the interpolation operators Iy, [T and Q is to ensure the
monotonity of the discrete nonlinear operator, see Lemma 6, which is necessary in conver-
gence analysis. There are other possible definitions which can be used in real computation.
Up to now we just proved the convergence with the presented interpolation.

Remark 3.2 The scheme is given suppose that the coefficients are continuous. It is clear that
it can be used to solve the problem with piecewise continuous problem, provided that the
coefficients are continuous in each cell.

The more complicated problem with tensor permeability are under consideration with the
methods of [23,24].

Remark 3.3 Similar to [28] we know the approximate solution { P | 1 {Uix_;”l j} and {Uiy jr:_ )
' 2 Jta

exist uniquely.
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4 Error Estimates

In this section we verify that if the analytical solution u and p are sufficiently smooth, (U~

U”, P) is a second-order approximation to (u*,u”, p).
For this purpose we present some lemmas. Set

1 xit1 [ 2 93
x i+1 2 p
. = — X —(x,yj,)d
€l+%’1(p) 2hi+% o ( 4 —(x x1+l) ) 913 (x Yj )dx
i+3
1 N hzz 2\ @p
— —+ —(x —x; —(x, yj, t)dx.
2hiy) /xm (4 T v

1 vit1 [ k2 53
y _ Jj+l 2 ..
Ei,j+%(p) = f) < - (y_y_/+1) ) ax3 (xh )’J)dx

-5 *_y_)’/ 3 Wi, y, h)dx.
2 o 4 9x3

The first lemma can be found in [47].

Lemma 1 If p € W>™(2), then there holds

piy1 1 9
75J 2t 2 p
o [depliyy A [d <h 8x2>] +%’j l+ j(p)
api 1 1 82
Jt+3 2 y
—T2 —dypl, 1 — = |dy (K25 + ,
dy [ prJ+% 8 [)7< 3y2>]hj+é €*f+%(p)

with the approximation properties 6 (p) O(h?%) and eiyﬂ_l (p) = O(k>).
Jt3

Define

N I WL N LY
L8 axr 8 0y2 ], 8 0x2 8 9y2’

[+(550)]
,+- S “E,+ P [ el

h? 8%p
lH_l(I’) +%(P)+|:dy (SW)]ijJrl’
J T3

and set

Similar to Lemma 4.2 of [47] and Lemma 4.1 of [28] we have the following lemma.

Lemma 2 If p € W»(82), then there holds

[(a1 + az(P)|M|)Mx]i+%,j = —ld:«(p— 6)]i+1 g l+ j(P)
(@1 +ax(p)luhu’]; ;1 = —[dy(p - ﬂ,j+ ,j+§(pl

with the following approximate properties

X _ 2 2 ~y _ 2 2
&y (D=0 R & ()= 00 + ).
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Define
Y ooy y
< a(pij) u?,jui,j du; ; 2 ax(pi,j) ”;C,jui,j 8”?,/ 2
" 4 lui | ox 4 lui jl  dy 7
1 9ax(p)i, 5 Ldax(p)i,; 2
+§T|ui,,|u;ﬁjhi +§T|ui,,»|u{jkj. (32)
ni,j =08+ Si,j- (33)

Similar to Lemma 4.2 of [27] we can prove the following lemma.

Lemma3 If p € L0, T:W¥®(2)), u € (L0, T: L®(R))> and ar(p) <
L0, T; W2’°°(.Q)), then we have that

(a1 +[Q(a2(p), M)]H%,j)uf%,j = —lde(p=mliy1 ; — éf+%,j(p)’ (34)
(a1 + [Q(a2(p). u)],-yj%)uiyﬁ% = —ldy(p—=m]; j11 — %’:H%(p), (35)

with the following approximate properties

>x _ 2 2 zy _ 2 2
&0, =00+, & ()= 00 +i). (36)

Lemma 4 Under the condition of Lemma 3, we have that

(a1 +[Q(@2(Inp), u)],»%,j)uf%"

;= ldp =mlgy =g (P) (37)

i+%,]
y _ y
(@ + Q@ Unp), Wl j ;= —ldy(p=m]; iy =& ;1 (P), (38)
with the following approximate properties

x _ 2., 72 y _ )
e, =00+ ). el (p) = 002 +8). (39)
Proof Direct calculation shows that

(e +10@Ip. w41 ;) uf

+3.
= (a1 + [Q(az(p), u)]i+%,j) u;

i+1.j

+ ([Q(az(lhp), Wiy —[Qa(p), M)],-Jr%,j) u;

i+3.j
= —ld(p =1 ;=& P
+ (1Q@hp). 01,4y ; = 10G@p) W]y )0l
= —[di(p =iy, — e,y () (40)

Here the last equivalence is the definition of 81’,‘+l j( p). By the definition of [, p it is clear
2>
that

2 2
Inpisl jxt = Pixl jut = O(h" 4k,
Noticing the symmetric structures in the definition (17) we have that

[Q@(hp). W),y ; = Q@) W],y ;= OB +K2).
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Therefore

l+ 1P = l+ P = (QaxUhp), w)] — [Q(ax(p), w)D); 1 1 fﬂ’j
= 0(h> + k). (41)
Similarly we can prove

e 1P =& ()~ (Q@Uip). 0] = [Q@x(p). W), ;)

z,j-‘r%
=0 +i?), (42)
and
(a1 1Q@ I p). ], oy ) = —ldy(p = oy =) ().
which complete the proof. O

The following two lemmas can been found in [5,6], see Lemma 2.3 of [6] and Proposition
II1.6 of [5], or in [27].

Lemma 5 Lerz,h € R?. The vector-valued function f : RY — R defined as f(z) = |z|z.
Then there exists a positive constant Cq such that

Co(z| + |z + h|)|h|> < (f(z+h) — £(z)) - h. (43)

Lemma 6 For any vector-valued functions V.= (V*,VY) and W = (W*, WY) we have
that (IVIV — |[W|W,V — W) > 0, and further

@(VDV = a((WHW,V = W) > a1[|[V — W||%. (44)
The result of the following lemma is obvious, see [27].

Lemma?7 Let {V | j},{vl” b } {le ,} and {g}';}, {g; '} be discrete func-

tions with W{ = = Wx = Wy1 = W) L= O Then there hold,
2+J Net+d.j i,5 i,Ny+5
(=deg™, W)y = (¢", DxW)m, (=dyq”. W), = (g7, DyW)u. (45)

Now we consider the error estimate.

Theorem 1 Suppose the coefficients ., o, k are continuous functions and are bounded up
and below. Suppose also that Assumptions 1-3 are hold. For the solution of the block-centered
finite difference scheme when the discretization parameters At, h and k are sufficiently small
there exists a positive constant C independent of At, h and k such that for m < %,

(P = p)"llm < C(Ar +h* +k?)

1

m
oA (I = w2 + 1 = 13)* < ClAr+ 12+ ).
n=1
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Proof From Lemma 4, Egs. (20), (21) and (9) we have that
alU* =T+ Q@ P"), U")]i+%,juf*’ﬁ

l+j,]‘
~[Q(@ "), u")]; s

J z+ J
n
— [de(P = p+n)]; gt €ird ](p) (46)
ailU” —u]! il +[Q(ax (I P"), UM)]; +1Uy 4l
— Q(ax(Ipp"), u )],HIMUJr
— [dy(P - p+n)],j+1 +8 (p) (47)
Define
P” P n
i E(pr)’ B ey — oy (48)
i3 i+d i+l T ij+3
Then
X,n n .X n
a16i+%’.+[Q(az(1hP), DL, UL = 1Q@p) wly
X,n
e +m],y g%j(p). (49)
y.n n y.n n y.n
aie)”, | +Q@UiP). O U~ 10@hp). ol
y.n
— [dy(e? +n)],1+1 +e 1P (50)
From Eq. (9) we have that
ad;p} ; + (D1} + Dy 1} = f1 + €7 (51
where
n X,n y.n
1 W 0P - ivj - i
€ = ozdlpi’j —o ot + [Dyu ]i’j T Tax + [Dyu ]I-,j — oy
= O(At 4+ h* +i2). (52)
Here we have used the fact that x; is the midpoint of (x;_ 1% +2) and y; is the midpoint of
(yj,%7 ijr%)'
From (51) and (19) we have that
adi(P — p)ﬁj +[Dy(U* — u“‘)]ﬁj +[Dy(U” — uy)];‘,j = —eily']f’. (53)
Denote by
2,
t/n = dﬂ], J
nr o (2p\" K (92p\"
4
8 ox< ). . 8 ay ij
u u? Bu) k? w*u? qu*\"
Jul T 2P
ij Y /i
9 n k2 3 A\
7, ( az(l’)l | x) +7de< az(P)|u|u}> . (54)
8 ij 8 ay i
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When p and u are sufficiently smooth, it is clear that
el =00 +K). (55)
From (53) we have that

di(e? +m)} ; +IDee" L + Dyl = =€ + €77 (56)

Multiplying (56) by (e? + ﬂ)ﬁjhikj and summing fori, j,1 <i < N,,1 < j < N,, we

have that

(di(e? + )", (e +m)")m + (Dxe™", (e? +n)")m
+(Dye", (e + )" = (=" + €2, (e” + )"y (57)

By Lemma 7 we have that

die? +m)", (e +m)"p — (5", de(e” + )"y — (7", dy(e” +n)"),
= (=" 4+ 2" (e” + )"y (58)

Using (49) and (50) we have that

2@ 4" By S0P " By an (e 12+ e 1)
(L@ U P"), UDIU™ — 0(as Ul p™), uD ),
+([Q(a(In P"). UMIU™ = Q(a(Inp™). u) ™", ")

= (e P g+ @)+ @)y (59)
SANEP + 0y + S 1 e? + "By +ar (1R + 10712
(101 P, UMV ~ Q@ P"). w5
(0@ P, UMV~ [Q(@a Uy P'). )™ ")

= (=" 2 (e )+ @ (P)e + (@ e ()
(L@@ U P™). ") — Q@ p"). W)l )
(L@@ P, ") ~ Qs ), 'Y, &) (60)

X

The third combining with the forth terms on the left hand sides can be estimated as follows.

([Q(ax (1, P™), UDIU" —[Q(aa(Ip P"), u")lu™", ")
+([Qa(In P"), UM — [Q(ax(InP"), u)]u™™" &) |

— 1 2 3 4
=Z(Ii,j+1i,j+1i,j+[i,j)’ (61)
iJ
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where
| A n n x,n xX,n y,n y,n
Iivj - /_Q_R,_T {Q(aZ(IhP »U )(Ut#%,jet#%,j + Ul ]+%ez j+2)
ij

— O(ax(In P"), u”)( et " e )}dxdy,

+ jl+2j l/+21j+2

2= [ e@arn.on (v e oo )
ij

i+5,] i+35,] iL,j—35 L,j—5

i+5.) i+5.,] L]—=7 LI—3

3 _ A n n x,n x,n y,n
Ii; —/” {Q(az(IhP ), U )(UJr %t 1+U1+1 ]+zel+1 /+2)

i+1,j

— Oy Py, u) <u SN o 1>}dxdy,

_ n X,n y,n —
Q(QZ(IhP ) u )< +2 jel+2 J +ut+1 j+26l+1 ]+2)}dxdy,

I = D(ar(I PM), UM (US" e  + U "
A Qe PO, UDN UL e U 18-t

i+1,j

n n X.n y.n y.n
— Q(ax(InP"), u )( i1 j+ul+1j7lel+l )}dxdy

From the definition of the interpolant and Lemma 6 we have that

1
I':=ay| I, P"
L itd ity
x,n y,n X,n X,n y,n y,n
/m :' (Ui+' U +—) | <Ui+l Giat T Ui +1¢; '+i>
27 CARNES 2+J 2+J JTy LTS

Xx,n y.n x,n x,n y,n y n
—|lu u u e u dxd
|< i+1.j° i,j+%>|< i+ % TG )} Y
> 0.

Similarly we deal with other terms I 2 to] ‘,‘ IE
Then from (60) and (61) we have that

1 At .

SAle” + "y + Sl (e? + "G +ar (e 13 + e 1)
< (=M P )+ (@ e (D) + (€ e (p))y

— ([Qaa (I, P™), u") — Q(aa(Ipp"), u)]u™", e™")

— ([Q(@ (U P"). u") = Q(ax(lp"), u") ™", &™),

5
= Z[l
=1

By Schwarz’s inequality it is clear that

ai
It b+ I < QP + )"y + et 15+ e 1)

+C1(lle"" + " l3 + e (PZ + le”™ (P)1I3).

(62)

(63)

(64)

(65)

(66)

(67)

(68)
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n n 3 141 n n
Because we use {Pi,j} and {pw.} in the definitions of {1, Pii%’ji%} and {Ij, pii%,ji% }, from

some simple calculations we can get

Iy < CIIP" = p"limlle™" Il

< C(I” + )"l + I ) el
aj
< 1€ + Cadle” + )" I3+ " 13). (69)
Similarly
aj
Is < lee”’ni + C3(ll(e” + m)" I3, + 1" 113))- (70)

Combining (67) with (68), (69) and (67) we have that

1 At ay
SN + 0" 3y + - i (e” + )" I3 + = (e 15 + e 1)

< Calle? +m)" 13, + CaCle™™ + 213, + In" 13, + lle™" 12 + 7" 12). (71)

Summing (71) for n from 1 to m, m < %, and using the estimates of ebn, e2n gxn(p),
&Y (p) and n" we have that

m
Ie? +m™ 3y + Y AL e? +m)" 3y +ar (™" 15 + e 1)

n=1

m
<2Cy ) Atll(e” +m)"l3 + Ie” +mP°13,

n=1

m
+2Cs Y At(lle"™ + >[5, + " I3 + 11" (DT + 17" (p)3)

n=1

m
<2Cy Y Atfe” +m)" I3 + C(AL + b + k7). (72)

n=1
By Gronwall’s inequality when At is sufficiently small we have that
m
1P = p+m"l3+ Y Ald(P = p+ )"},
n=1

m
tar Y AU = w2+ U = 0"

n=1

< C(A? +h* + &Y. (73)

Combining (73) with the estimate for n results in

1P = p)™ 13+ Y AU = wy™" |13 + 1T = u)"13)

n=1

< C(A* + h* + k%),
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which completes the proof of the first estimate. It is well-known that

m

1
> AU =) "+ U —w)*"3)?
n=1

< (Z Ar) (Z AU =y |3+ (U = u)”ni))
n=1

n=1

< C(At+ 1 +K%), (74)
which completes the proof of the second one. O

Remark 4.1 In this paper we just considered the homogeneous Neumann boundary condition
u - n = 0. For non-homogeneous boundary condition the present interpolant operators does
not have second-order accuracy near the boundary. We will improve the result next.

5 Numerical Experiment

In this section we carry out some numerical experiments using the block-centered finite
difference scheme in two dimensional region. For simplicity, the region are selected as unit
square, i.e. 2 = [0, 1] x [0, 1]. The time interval is (0, T] = (0, 1]. The permeability,
the viscosity, density and Forchheimer number § are all constants. For simplicity, take pu =
2.k =4, p =1, = 5. We use an iterative procedure to solve the nonlinear system obtained
from the finite difference discretization.

We test Examples 1 and 2 to verify the convergence rates of the presented scheme. The

initial partition is 10 x 10 grid. And then the grid is refined 4 times. For each refining we

At
take W to be a constant. A grid with degree of freedom is plotted in Fig. 2.

Grid with DoF

T
A Velocity u*
0.9x o A O A o A vV Velocity ! &
O  Pressure
0.8} .
0.7k o A O A o A o) A o A
0.6F
> 05b o A o A ) A o A o A
041
0 3l§ O A O A [e) A [e) ViN fe) A
0.2
0.14 ) A O A o A o) A o A
0 . . . .
0 0.2 0.4 0.6 0.8 1

Fig. 2 Grid with degree of freedom of first level
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——1lu-u, ll,
—0—1llp-p,llg,

A Priori Error

10~ i i R
10 10 10° 10

No. Dof'/DPm

Fig. 3 Convergence rates of Example 1 (The tangent of the triangle is 2)

hmax

The numerical results are listed in Figs. 3 and 4 and Tables 1 and 2. In the tables and
min

kmax

are listed to show the non-uniformity of the grid, where 4,45 (hpin) is the maximum

min
(minimum) meshsize in x-direction and &, (kpin) is the maximum (minimum) meshsize

in y-direction. The discrete /2 norms of the errors are defined as follows.
3
2 2
Ep= max (10 =05+ 1W = 0""17)"

E

2 max |[((P—p)"|um.
pi2 = IR Il )" lm

Example 1 An example with homogeneous Neumann boundary condition is as below. The
flux on the boundary condition, u - n, is computed according to the analytic solution given
as below.

P,y 1) = (x —x2)(y — ¥,

u(x, y,t) = (sinwtsinmx cosmy, sinwf coswx sin rry)T.

The numerical results are listed in Fig. 3 and Table 1.
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-1

10 -
: —tllu-uy g,
—0—1lir-p,ll,
102 RN
—
< : :
W o107 o NN
= : : :
Kl
—
o
<
104 L e P P o
10750 H‘Iz T s
10 10 10 10
1/ Dim

No. DoF

Fig. 4 Convergence rates of Example 2 (The tangent of the triangle is 2.)

Table 1 A priori error and convergence rates for Example 1 att=1

.. hma,\' knmx
Partition Eu, 2 Rate E P2 Rate o e
10 x 10 1.6715E-2 - 6.0956E—3 - 4.8019 3.6283
20 x 20 4.2766E—3 —1.9387 1.6701E—3 —1.8678 5.4701 4.9100
40 x 40 1.0998E—3 —1.9251 4.3426E—4 —1.9433 6.2039 5.2358
80 x 80 2.8301E—4 —1.9584 1.1222E—4 —1.9522 72772 6.7445
Table 2 A priori error and convergence rates for Example 2 at t = 1

. hmax k)mlx
Partition Eu, 2 Rate E P2 Rate T e
10 x 10 1.7040E—2 - 1.1541E-2 - 1.5662 2.1596
20 x 20 4.8135E-3 —1.8238 3.0429E—-3 —1.9233 1.7328 2.3355
40 x 40 1.2523E-3 —1.9425 8.0992E—4 —1.9096 2.4673 4.8795
80 x 80 3.3451E—4 —1.9045 2.1579E—4 —1.9082 3.0891 5.2573
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Velocity : 11/ 21
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P A AV A A
/// P A A
0.2' / e A |
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Fig. 5 Velocity quiver and pressure distribution for Example 3, t = 0.5

Example 2 An example with homogeneous Neumann boundary condition is as below. The
flux on the boundary condition, u - n, is computed according to the analytic solution given

as below.

@ Springer



J Sci Comput (2017) 73:70-92 89

Velocity : 21/ 21

147
12+
11—
08t /77
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Fig. 6 Velocity quiver and pressure distribution for Example 3, t = 1.0

:p(x,y,t) =arctan(x +y —t — 1),

u(x, y, 1) = (e 'ysinmx, e "xsinmy)’.

The numerical results are listed in Fig. 4 and Table 2.
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Example 3 An example with homogeneous Neumann boundary condition, point-source and
point-sink flux is simulated. The right hand side equals zero except at the injection and
production wells, where the injection flow rate, q, and production flow rate, q,,at wells
are,

g,(x,y.1)=5(0.0). g,(x.y)=—38(11).

The numerical results are listed in Figs. 5 and 6.

From Figs. 3 and 4 and Tables 1 and 2, we can see that the block-centered finite difference
approximations for pressure and velocity have the second order accuracy in discrete L>-
norms. These results are in consistent with the error estimates in Theorem 1. Figures 5 and
6 show that the pressure approximation and velocity approximation are reasonable for the
point-source and point-sink problem.
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