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Abstract The aim of this paper is to present and study new linearized conservative schemes
with finite element approximations for the Nernst–Planck–Poisson equations. For the lin-
earized backwardEuler FEM, anoptimal L2 error estimate is provided almost unconditionally
(i.e., when themesh size h and time step τ are less than a small constant). Global mass conser-
vation and electric energy decay of the schemes are also proved. Extension to second-order
time discretizations is given. Numerical results in both two- and three-dimensional spaces
are provided to confirm our theoretical analysis and show the optimal convergence, uncondi-
tional stability, global mass conservation and electric energy decay properties of the proposed
schemes.
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1 Introduction

In this paper, we study linearized conservative finite element methods for the Nernst–Planck–
Poisson (NPP) equations

∂p

∂t
− �p − ∇ · (p∇ψ) = 0, (1.1)
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∂n

∂t
− �n + ∇ · (n∇ψ) = 0, (1.2)

−�ψ = p − n, (1.3)

for x ∈ � and t ∈ [0, T ], where � is a bounded domain in Rd , d = 2, 3. The boundary and
initial conditions are defined by

∂p

∂n
= 0,

∂n

∂n
= 0,

∂ψ

∂n
= 0, for x ∈ ∂�, t ∈ [0, T ], (1.4)

p(x, 0) = p0(x), n(x, 0) = n0(x), for x ∈ �, (1.5)

where n is the unit outward normal vector on the domain boundary. In the NPP system (1.1)–
(1.5), the first two unknowns p and n are the concentrations of the positively and negatively
charged particles, respectively. The third unknownψ is the electric potential generated by the
heterogeneous distribution of the positively and negatively charged particles. Subject to the
homogeneous boundary condition (1.4), the existence of solutions to NPP equations require
the following initial electroneutrality condition

∫
�

(p(x, 0) − n(x, 0)) dx = 0.

Since ψ is unique up to a constant, here we only consider the zero mean value solution ψ

which satisfies (ψ, 1) = 0, where (·, ·) denotes the standard L2 inner product.
The NPP equations have been widely used in the study of transport of charged particles

in biological membrane channels [17,30,31], semiconductors [4,5,10] and electrokinetic
flows [26]. Theoretical analyses of the NPP equations can be found in [10,20,26]. The
global existence and uniqueness of the solutions to the NPP system was proved in [10].
Numerical methods and analyses for the NPP system have been extensively studied, see
[6,9,11,14–19,22,25,27,31]. On the regular domain, there are several excellent works with
finite difference discretizations, see [9,11,16,19]. For the one-dimensional NPP equations,
Flavell et al. [9] studied a nonlinear finite difference scheme with the mass conservation and
total free energy (also called entropy in [22]) decay properties. Positivity of the numerical
solutions in [9] can be achieved under themesh ratio constriction τ < Ch2, where τ and h are
the time step and grid size, respectively. For more general geometries, finite element method
(FEM) is much more attractive [3,29]. In [22], Prohl and Markus proposed two nonlinear
schemes, which preserve electric energy decay and entropy decay properties, respectively.
Fixed point inner iterations were used at each time step for these schemes and convergence of
the numerical solutions was also proved in [22]. Later, numerical methods for theNPP system
(1.1)–(1.5) coupled with Navier–Stokes equations were investigated in [23]. Recently, Sun
et al. [27] analyzed a fully nonlinear Crank–Nicolson FEM for the NPP equations, where a
Picard’s linearization is used in the inner iteration. A sub-optimal error estimate was obtained

in [27]. However, a mesh ratio restriction τ 2 ≤ h
d
2 (d is the dimension) is needed in their

proof due to the use of inverse inequality and mathematical induction argument (see formula
(5.10) in [27]).

For nonlinear parabolic problems, it is well known that linearized schemes which only
need to solve a linear system at each time step are much more efficient, e.g., see [13,28].
It should be remarked that all the schemes in [9,22,27] are nonlinear, where the motivation
for using implicit schemes is to preserve most of the properties of the NPP system. The
strong coupling of the concentrations p and n with the electric potentialψ in the NPP system
(1.1)–(1.5) poses a significant challenge for the design of linearized schemes which preserve
mass conservation and energy decay. Furthermore, the analysis of linearized schemes is more
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difficult compared with the nonlinear ones. Working in this direction, He and Pan proposed
a linearized finite difference scheme in [11], which preserves the mass conservation and
electric energy decay. However, convergence rate and electric energy decay properties of the
scheme were shown only numerically. No error analysis was done in [11].

In this paper, we propose and analyze linearized conservative FEMs for the NPP system
(1.1)–(1.5). The proposed method is linear so that one only need to solve a linear system
at each time step. Our main contributions are twofold. Firstly, for a linearized backward
Euler FEM, an optimal L2 error estimate of O(τ + hr+1) is proved almost unconditionally
(i.e., no mesh ratio restriction condition is needed). Secondly and more importantly, although
linearization is used, our schemes still preserve mass conservation and electric energy decay
properties, which are crucial features of the NPP system (1.1)–(1.5).

The rest of this paper is organized as follows. In Sect. 2, we present a linearized backward
Euler FEM, the main results on error estimate and two conservative properties (global mass
conservation and electric energy conservation) of the proposed scheme. In Sect. 3, we prove
an optimal L2 error estimatewithout any restriction onmesh ratio between the time step τ and
the mesh size h and the two conservative properties. In Sect. 4, we provide two second-order
linearized schemes with Crank–Nicolson and BDF2 discretizations, respectively. Numerical
examples for both two- and three-dimensional models are given in Sect. 5 to confirm our
theoretical analyses and the efficiency of the proposedmethods. Conclusions and discussions
are given in the final section.

2 A Linearized Backward Euler FEM and Main Results

Before presenting the schemes, we clarify some conventional notations. For integer k ≥ 0
and 1 ≤ p ≤ ∞, let W k,p(�) be the Sobolev space with the norm

‖u‖W k,p =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(∑
|β|≤k

∫
�

|Dβu|p dx
) 1

p

, for 1 ≤ p < ∞,

∑
|β|≤k

ess sup�|Dβu|, for p = ∞,

where

Dβ = ∂ |β|

∂xβ1
1 · · · ∂xβd

d

,

for the multi-index β = (β1, . . . , βd), β1 ≥ 0, . . ., βd ≥ 0, and |β| = β1 + · · · + βd . When
p = 2 we also note Hk(�) := W k,2(�).

Then theweak solution (see also [10,26]) to theNPP system (1.1)–(1.5) is to find p, n, ψ ∈
L2(0, T ; H1(�)) with ∂p

∂t , ∂n
∂t ∈ L2(0, T ; H−1(�)) and (ψ, 1) = 0, such that

(
∂p

∂t
, ξp

)
+ (∇ p,∇ξp) + (p∇ψ,∇ξp) = 0, ∀ ξp ∈ H1(�), (2.1)

(
∂n

∂t
, ξn

)
+ (∇n,∇ξn) − (n∇ψ,∇ξn) = 0, ∀ ξn ∈ H1(�), (2.2)

(∇ψ,∇ξψ) = (p − n, ξψ), ∀ ξψ ∈ H1(�), (2.3)

for a.e. t ∈ (0, T ] and p(x, 0) = p0(x) and n(x, 0) = n0(x).
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To introduce the FEM, we simply assume that � is a convex polygon (or polyhedron).
Let Th be a quasi-uniform partition of � with � = ∪e�e, we denote the mesh size by
h = max�e∈Th {diam�e}. For a given partition Th , we denote Vh

r be the r -th order finite
element subspaces of H1(�). Let {t j }J

j=0 be a uniform partition in the time direction with
t j = jτ , T = Jτ and denote

u j = u(x, t j ).

For any sequence of functions {u j }J
j=0, we define

Dτ u j+1 = u j+1 − u j

τ
, for j = 0, 1, . . . , J − 1.

Now we are ready to introduce the linearized backward Euler scheme with Galerkin finite
element approximations for the NPP equations (1.1)–(1.5). For j = 0, 1, . . . , J − 1, find
(P j+1

h , N j+1
h , 	

j+1
h ) ∈ [V r

h ]3, with (	
j+1

h , 1) = 0, such that ∀ (ξp, ξn, ξψ) ∈ [V r
h ]3

(Dτ P j+1
h , ξp) + (∇ P j+1

h ,∇ξp) + (P j
h ∇	

j+1
h ,∇ξp) = 0, (2.4)

(Dτ N j+1
h , ξn) + (∇N j+1

h ,∇ξn) − (N j
h ∇	

j+1
h ,∇ξn) = 0, (2.5)

(∇	
j+1

h ,∇ξψ) = (P j+1
h − N j+1

h , ξψ). (2.6)

At the initial step, we take P0
h = Rh p0, N 0

h = Rhn0, where Rh is a Ritz projector defined in
(3.1)–(3.3).

In the above scheme, we have used standard linearizations (P j
h ∇	

j+1
h , ∇ξp) for

(p∇ψ, ∇ξp) and (N j
h ∇	

j+1
h , ∇ξn) for (n∇ψ, ∇ξn), respectively. In fact, the above FEM

equations (2.4)–(2.6) can be written in matrix form as
⎡
⎢⎣

1
τ
M + K 0 K(P j

h )

0 1
τ
M + K −K(N j

h )

−M M K

⎤
⎥⎦
⎡
⎢⎣

P j+1
h

N j+1
h

	
j+1

h

⎤
⎥⎦ = F j

with (	
j+1

h , 1) = 0. In terms of basis functions {φ}Nh
i=1, the matricesM and K are generated

by

Mi j = (φ j , φi ), Ki j = (∇φ j ,∇φi )

K(P j0
h )i j = (P j0

h ∇φ j ,∇φi ), −K(N j0
h )i j = −(N j0

h ∇φ j ,∇φi ) .

We shall note that the FEM equation (2.6) of 	
j+1

h is a pure Neumann problem. As we focus
on analyses of the numerical methods for NPP system in this paper, we refer to the seminal
paper [2] for a detailed discussion of FEMs for pure Neumann problems.

In the rest part of this paper, if r -th order Lagrange FEM is used, we assume that the exact
solution of the NPP equations (1.1)–(1.5) exists and satisfies

⎧⎨
⎩

‖p‖L∞(0,T ;Hr+1) + ‖pt‖L∞(0,T ;Hr+1) + ‖ptt‖L2(0,T ;H1) ≤ C,

‖n‖L∞(0,T ;Hr+1) + ‖nt‖L∞(0,T ;Hr+1) + ‖ntt‖L2(0,T ;H1) ≤ C,

‖ψ‖L∞(0,T ;Hr+1) + ‖ψt‖L∞(0,T ;Hr+1) + ‖ψt t‖L2(0,T ;H1) ≤ C.

(2.7)

It should be noted that the above regularity assumption might be not optimal. In this paper,
we only emphasize on the analyses of numerical methods.

We present our main results on error estimate in the following theorem.
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Theorem 2.1 Suppose that the NPP system (1.1)–(1.5) has a unique solution (p, n, ψ)

satisfying (2.7). Then the linearized backward Euler finite element system (2.4)–(2.6) admits
a unique solution (P j

h , N j
h , 	

j
h ), for j = 1, . . . , J , and there exist two positive constants τ0

and h0 such that when τ < τ0 and h ≤ h0

max
0≤ j≤J

(
‖P j

h − p j‖L2 + ‖N j
h − n j‖L2 + ‖	 j

h − ψ j‖L2

)
≤ C0(τ + hr+1), (2.8)

where C0 is a positive constant, independent of j , h and τ .

Corollary 2.1 The linearized backward Euler FEM (2.4)–(2.6) fulfills two important phys-
ical properties of the NPP system. They are:

(i) Global Mass Conservation: The FEM solutions {P j
h }J

j=0 and {N j
h }J

j=0 satisfy
∫

�

P j
h dx = Mp,

∫
�

N j
h dx = Mn, (2.9)

where Mp = ∫
�

p0dx and Mn = ∫
�

n0dx denote the total masses of positively and
negatively charged particles, respectively.

(ii) Electric Energy Decay: If we define a discrete electric energy by

E j = 1

2

∥∥∥∇	
j

h

∥∥∥2
L2

,

then the FEM solutions {(P j
h , N j

h , 	
j

h )}J
j=0 satisfy a discrete energy law

E j+1 + 1

2

∥∥∥∇	
j+1

h − ∇	
j

h

∥∥∥2
L2

+ τ

(∥∥∥P j+1
h − N j+1

h

∥∥∥2
L2

+
∫

�

(P j
h + N j

h )

∣∣∣∇	
j+1

h

∣∣∣2 dx
)

= E j (2.10)

for j = 0, 1, . . ., J − 1. Furthermore, we will show that

E j+1 ≤ E j , for j = 0, 1, . . . , J − 1, (2.11)

when τ and h are smaller that a constant, see Sect. 3.

For simplicity, through out this paper, we denote by C a generic positive constant and by
ε a generic small positive constant, which are independent of j , h, τ and C0 in the above
theorem.

3 Proof of the Main Results

In this section we prove the results in Theorem 2.1 and Corollary 2.1 for the linearized
backward Euler FEM (2.4)–(2.6). We provide in Sect. 3.1 an optimal L2 error estimate. In
Sect. 3.2, we prove the global mass conservation and electric energy decay properties of the
proposed scheme.

We define Rh to be the following Ritz projection operator: For given t ∈ [0, T ], find
(Rh p, Rhn, Rhψ) ∈ [V r

h ]3 with (Rhψ, 1) = 0, such that ∀ (ξp, ξn, ξψ) ∈ [V r
h ]3

(∇(Rh p − p),∇ξp
)+ (

p∇(Rhψ − ψ),∇ξp
)+ (Rh p − p, ξp) = 0, (3.1)

(∇(Rhn − n),∇ξn) − (n∇(Rhψ − ψ),∇ξn) + (Rhn − n, ξn) = 0, (3.2)
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(∇(Rhψ − ψ),∇ξψ

)− (Rh p − p, ξψ) + (Rhn − n, ξψ) = 0. (3.3)

We define the projection error by

θp = Rh p − p, θn = Rhn − n, θψ = Rhψ − ψ.

Then, by standard finite element theory and the regularity assumption (2.7), we have

‖θp‖L2 + h‖θp‖H1 ≤ Chr+1, (3.4)

‖θn‖L2 + h‖θn‖H1 ≤ Chr+1, (3.5)

‖θψ‖L2 + h‖θψ‖H1 ≤ Chr+1, (3.6)

‖(θp)t‖L2 + h‖(θp)t‖H1 ≤ Chr+1, (3.7)

‖(θn)t‖L2 + h‖(θn)t‖H1 ≤ Chr+1. (3.8)

With the projection error estimates (3.4)–(3.8), we only need to analyze the following
error functions

e j
p = P j

h − Rh p j , e j
n = N j

h − Rhn j , e j
ψ = 	

j
h − Rhψ j , for j = 0, 1, . . . , J. (3.9)

We present the estimate for the error functions {(e j
p, e j

n , e j
ψ)}J

j=0 in Sect. 3.1.
We present the Gagliardo–Nirenberg inequality, discrete Gronwall’s inequality and a reg-

ularity theory of elliptic equations in the following three lemmas which will be frequently
used in our proofs.

Lemma 3.1 Gagliardo–Nirenberg inequality (see [21]): Let u be a function defined on �

and ∂su be any partial derivative of u of order s, then

‖∂ j u‖L p ≤ C‖∂mu‖a
Lr ‖u‖1−a

Lq + C‖u‖Lq ,

for 0 ≤ j < m and j
m ≤ a ≤ 1 with

1

p
= j

d
+ a

(
1

r
− m

d

)
+ (1 − a)

1

q
,

except 1 < r < ∞ and m − j − d
r is a non-negative integer, in which case the above estimate

holds only for j
m ≤ a < 1.

Lemma 3.2 Discrete Gronwall’s inequality [12] : Let τ , B and ak, bk , ck , γk , for integers
k ≥ 0, be non-negative numbers such that

a j + τ

j∑
k=0

bk ≤ τ

j∑
k=0

γkak + τ

j∑
k=0

ck + B , for j ≥ 0 ,

suppose that τγk < 1, for all k, and set σk = (1 − τγk)
−1. Then

a j + τ

j∑
k=0

bk ≤ exp

⎛
⎝τ

j∑
k=0

γkσk

⎞
⎠
⎛
⎝τ

j∑
k=0

ck + B

⎞
⎠ , for j ≥ 0 .

Lemma 3.3 Suppose that � ∈ R
3 be a bounded and smooth domain and u ∈ Hk(�) is a

solution of

−�u = f, x ∈ �,
∂u

∂n
= 0, x ∈ ∂�,
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where ( f, 1) = 0. Then the following estimate holds for 1 < p < ∞
‖u‖W 2,p ≤ C‖ f ‖L p .

We refer to [7,8] for the detailed proof of the above lemma.

3.1 Proof of Theorem 2.1

Proof Since the coefficient matrices for P j
h , N j

h and 	
j

h are invertible. It is clear that the
FEM system admits a unique solution.

Here we prove that the following inequality holds for j = 0, 1, . . ., J − 1

‖e j+1
p ‖2L2 + ‖e j+1

n ‖2L2 +
j∑

m=0

(
‖em+1

p ‖2H1 + ‖em+1
n ‖2H1

)
≤ C0

2
(τ 2 + h2r+2) (3.10)

by mathematical induction. We assume that (3.10) holds for j ≤ k − 1. We shall find a
constant C0, which is independent of τ and h such that (3.10) hold for j ≤ k.

By the weak formulation (2.1)–(2.3) and the Ritz projection (3.1)–(3.3), we have

(Dτ p j+1, ξp) + (∇ Rh p j+1,∇ξp) + (p j ∇ Rhψ j+1,∇ξp) = R j+1
p (ξp), ∀ ξp ∈ V r

h , (3.11)

(Dτ n j+1, ξn) + (∇ Rhn j+1,∇ξn) − (n j ∇ Rhψ j+1,∇ξn) = R j+1
n (ξn), ∀ ξn ∈ V r

h , (3.12)

(∇ Rhψ j+1,∇ξψ) = (Rh p j+1 − Rhn j+1, ξψ ), ∀ ξψ ∈ V r
h , (3.13)

where the two truncation terms are defined by

R j+1
p (ξp) = (

Dτ p j+1 − ∂p

∂t

∣∣∣
t j+1

, ξp
)+ (

(p j − p j+1)∇ψ j+1,∇ξp
)− (

θ
j+1
p , ξp

)
,

and

R j+1
n (ξn) = (

Dτ n j+1 − ∂n

∂t

∣∣∣
t j+1

, ξn
)− (

(n j − n j+1)∇ψ j+1,∇ξn
)− (

θ
j+1

n , ξn
)
.

From (3.11)–(3.12) and the FEM system (2.4)–(2.5), the error equations satisfy

(Dτ e j+1
p , ξp) + (∇e j+1

p , ∇ξp) = −(Dτ θ
j+1
p , ξp) − (P j

h ∇	
j+1

h − p j∇ Rhψ j+1, ∇ξp)

−R j+1
p (ξp), ∀ ξp ∈ V r

h , (3.14)

(Dτ e j+1
n , ξn) + (∇e j+1

n , ∇ξn) = −(Dτ θ
j+1

n , ξn) + (N j
h ∇	

j+1
h − n j∇ Rhψ j+1, ∇ξp)

−R j+1
n (ξn), ∀ ξn ∈ V r

h , (3.15)

(∇e j+1
ψ , ∇ξψ) = (e j+1

p − e j+1
n , ∇ξψ), ∀ ξψ ∈ V r

h . (3.16)

By taking ξp = e j+1
p in (3.14) and ξn = e j+1

n in (3.15), respectively, we have

1

2
Dτ

(‖e j+1
p ‖2L2 + ‖e j+1

n ‖2L2

)+
(
‖∇e j+1

p ‖2L2 + ‖∇e j+1
n ‖2L2

)

≤ −(Dτ θ
j+1
p , e j+1

p ) − (Dτ θ
j+1

n , e j+1
n ) − R j+1

p (e j+1
p ) − R j+1

n (e j+1
n )

− (P j
h ∇	

j+1
h − p j∇ Rhψ j+1 ,∇e j+1

p ) + (N j
h ∇	

j+1
h − n j∇ Rhψ j+1 ,∇e j+1

n ) (3.17)

By the projection error estimates (3.4)–(3.8) and the regularity assumption (2.7), it is easy
to see that

− (Dτ θ
j+1
p , e j+1

p ) ≤ C‖e j+1
p ‖2L2 + Ch2r+2 , (3.18)
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− (Dτ θ
j+1

n , e j+1
n ) ≤ C‖e j+1

n ‖2L2 + Ch2r+2 , (3.19)

− R j+1
p (e j+1

p ) ≤ C‖e j+1
n ‖2L2 + ε‖∇e j+1

p ‖2L2 + ε−1Cτ 2 + Ch2r+2 , (3.20)

− R j+1
n (e j+1

n ) ≤ C‖e j+1
n ‖2L2 + ε‖∇e j+1

n ‖2L2 + ε−1Cτ 2 + Ch2r+2 . (3.21)

Taking ξψ = e j+1
ψ in (3.16) gives

‖∇e j+1
ψ ‖L2 ≤ C(‖e j+1

p ‖L2 + ‖e j+1
n ‖L2) . (3.22)

Moreover, it is easy to see that the FEM equation (2.6) for 	
j+1

h can be interpreted as the
FEM solution to the following Poisson equation

−�ϕ = P j+1
h − N j+1

h , (3.23)

with homogeneous Neumann boundary condition. From W 1,p-estimate of the FEMs [3,24],
we have

‖	 j+1
h ‖W 1,∞ ≤ C‖ϕ‖W 1,∞ ≤ C‖ϕ‖W 2,4 ≤ C‖P j+1

h − N j+1
h ‖L4 , (3.24)

where we have used the Gagliardo–Nirenberg inequality in Lemma 3.1 and the regularity
estimate for elliptic equations in Lemma 3.3.

Now we turn to estimate the two nonlinear terms −(P j
h ∇	

j+1
h − p j∇ Rhψ j+1 ,∇e j+1

p )

and (N j
h ∇	

j+1
h − n j∇ Rhψ j+1,∇e j+1

n ). By noting (3.22) and (3.24), we have

−(P j
h ∇	

j+1
h − p j∇ Rhψ j+1 ,∇e j+1

p )

= −((e j
p + θ

j
p)∇	

j+1
h ,∇e j+1

p ) − (p j∇e j+1
ψ ,∇e j+1

p )

≤ ‖e j
p + θ

j
p‖L2‖∇	

j+1
h ‖L∞‖∇e j+1

p ‖L2 + C‖∇e j+1
ψ ‖L2‖∇e j+1

p ‖L2

≤ ‖e j
p + θ

j
p‖L2‖P j+1

h − N j+1
h ‖L4‖∇e j+1

p ‖L2 + C(‖e j+1
p ‖L2 + ‖e j+1

n ‖L2)‖∇e j+1
p ‖L2

≤ (‖e j
p‖L2 + Chr+1)(‖e j+1

p ‖L4 + ‖e j+1
n ‖L4)‖∇e j+1

p ‖L2

+ε‖∇e j+1
p ‖2L2 + ε−1C(‖e j+1

p ‖2L2 + ‖e j+1
n ‖2L2 + ‖e j

p‖2L2 + h2r+2)

≤ ‖e j
p‖L2(‖e j+1

p ‖L4 + ‖e j+1
n ‖L4)‖∇e j+1

p ‖L2

+ε(‖∇e j+1
p ‖2L2 + ‖∇e j+1

n ‖2L2) + ε−1C(‖e j+1
p ‖2L2 + ‖e j+1

n ‖2L2 + ‖e j
p‖2L2 + h2r+2),

(3.25)

where we shall require that Chr+1 ≤ ε. By the induction assumption that (3.10) hold for
j ≤ k − 1, we have

‖e j
p‖L2(‖e j+1

p ‖L4 + ‖e j+1
n ‖L4)‖∇e j+1

p ‖L2

≤ C

√
C0

2
(τ 2 + h2r+2)(‖e j+1

p ‖H1 + ‖e j+1
n ‖H1)‖e j+1

p ‖H1

≤ ε(‖e j+1
p ‖2H1 + ‖e j+1

n ‖2H1) for j ≤ k , (3.26)

where τ and h satisfy that C
√

C0
2 (τ 2 + h2r+2) ≤ ε. Substituting (3.26) into (3.25) yields

− (P j
h ∇	

j+1
h − p j∇ Rhψ j+1 ,∇e j+1

p )
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≤ ε(‖e j+1
p ‖2H1 + ‖e j+1

n ‖2H1) + ε−1C(‖e j+1
p ‖2L2 + ‖e j+1

n ‖2L2 + ‖e j
p‖2L2 + h2r+2).

(3.27)

Similarly, we can derive an estimate for (N j
h ∇	

j+1
h − n j∇ Rhψ j+1 ,∇e j+1

n ) as below

(
N j

h ∇	
j+1

h − n j∇ Rhψ j+1,∇e j+1
n

)

≤ ε
(
‖e j+1

p ‖2H1 + ‖e j+1
n ‖2H1

)
+ ε−1C

(
‖e j+1

p ‖2L2 + ‖e j+1
n ‖2L2 + ‖e j

n‖2L2 + h2r+2
)

.

(3.28)

Finally, substituting estimates (3.18)–(3.21), (3.27), and (3.28) into (3.17), we arrive at

1

2
Dτ

(
‖e j+1

p ‖2L2 + ‖e j+1
n ‖2L2

)
+
(
‖∇e j+1

p ‖2L2 + ‖∇e j+1
n ‖2L2

)

≤ ε
(
‖e j+1

p ‖2H1 + ‖e j+1
n ‖2H1

)

+ ε−1C
(
‖e j+1

p ‖2L2 + ‖e j+1
n ‖2L2 + ‖e j

p‖2L2 + ‖e j
n‖2L2 + τ 2 + h2r+2

)
.

Then, we chose a small ε and sum up the last inequality for the index j = 0, 1, . . ., k to
derive that

‖e j+1
p ‖2L2 + ‖e j+1

n ‖2L2 + τ

j∑
m=0

(
‖em+1

p ‖2H1 + ‖em+1
n ‖2H1

)

≤ τC
j∑

m=0

(
‖e j+1

p ‖2L2 + ‖e j+1
n ‖2L2

)
+ C

(
τ 2 + h2r+2) .

By the discrete Gronwall’s lemma, when Cτ ≤ 1
2 , we have

‖e j+1
p ‖2L2 + ‖e j+1

n ‖2L2 + τ

j+1∑
m=0

(
‖em+1

p ‖2H1 + ‖em+1
n ‖2H1

)

≤ C exp

(
T C

1 − Cτ

) (
τ 2 + h2r+2)

≤ C exp(2T C)
(
τ 2 + h2r+2) . (3.29)

Thus, (3.10) holds for j = k, if we take C0 ≥ 2C exp(2T C). We complete the induction.
Theorem (2.1) is proved by combining (3.10), the projection error estimates (3.4)–(3.8)

and (3.22). 
�
3.2 Proof of Corollary 2.1

Proof We will first discuss the global mass conservation property of the proposed linearized
backward Euler FEM (2.4)–(2.6). By setting the test functions (ξp, ξn, ξψ) = (1, 1, 0), the
FEM equation (2.4)–(2.6) gives

(Dτ P j+1
h , 1) = 0, (Dτ N j+1

h , 1) = 0, (3.30)

which directly indicates the global mass conservation equality (2.9).
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We now turn to (2.10) which shows the electric energy decay property of the proposed
scheme. We recall that E j = 1

2‖∇	
j

h ‖2
L2 . Taking Dτ to (2.6) yields

(Dτ∇	
j+1

h , ∇ξψ) = (Dτ (P j+1
h − N j+1

h ), ξψ), (3.31)

then taking ξψ = 	
j+1

h into (3.31) further gives

E j+1 + 1

2

∥∥∥∇	
j+1

h − ∇	
j

h

∥∥∥2
L2

− E j

= τ(Dτ (P j+1
h − N j+1

h ), 	
j+1

h )

= −τ(∇ P j+1
h − ∇N j+1

h , ∇	
j+1

h ) − τ

∫
�

(P j
h + N j

h )

∣∣∣∇ψ
j+1

h

∣∣∣2 dx
= −τ

∥∥∥P j+1
h − N j+1

h

∥∥∥2
L2

− τ

∫
�

(P j
h + N j

h )

∣∣∣∇ψ
j+1

h

∣∣∣2 dx.

Therefore, (2.10) is proved.
At last, we show E j+1 ≤ E j . By the error estimate in Theorem (2.1) and requiring that

C
√

C0(τ + hr+1) ≤ 1
2 , we have

∥∥∥P j+1
h − N j+1

h

∥∥∥2
L2

+
∫

�

(P j
h + N j

h )

∣∣∣∇	
j+1

h

∣∣∣2 dx

=
∥∥∥P j+1

h − N j+1
h

∥∥∥2
L2

+
∥∥∥∥
√

p j + n j∇	
j+1

h

∥∥∥∥
2

L2

+
∫

�

(P j
h − p j + N j

h − n j )

∣∣∣∇	
j+1

h

∣∣∣2 dx

≥
∥∥∥P j+1

h − N j+1
h

∥∥∥2
L2

+
∥∥∥∥
√

p j + n j∇	
j+1

h

∥∥∥∥
2

L2

− (‖p j − P j
h ‖L2 + ‖n j − N j

h ‖L2)

∥∥∥∇	
j+1

h

∥∥∥2
L6

≥
∥∥∥P j+1

h − N j+1
h

∥∥∥2
L2

+
∥∥∥∥
√

p j + n j∇	
j+1

h

∥∥∥∥
2

L2

− C
√

C0(τ + hr+1)

∥∥∥P j+1
h − N j+1

h

∥∥∥2
L2

≥ 1

2

∥∥∥P j+1
h − N j+1

h

∥∥∥2
L2

+
∥∥∥∥
√

p j + n j∇	
j+1

h

∥∥∥∥
2

L2

≥ 0 (3.32)

where we have used the following result from (3.23) and Lemma 3.3

∥∥∥∇	
j+1

h

∥∥∥
L6

≤ C
∥∥∥∇ϕ j+1

∥∥∥
L6

≤ C
∥∥∥ϕ j+1

∥∥∥
H2

≤ C
∥∥∥P j+1

h − N j+1
h

∥∥∥
L2

.

We proved (2.11). 
�
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4 Extension to Second-order Time discretizations: Crank–Nicolson and
BDF2 FEMs

In this section, we provide two linearized second-order time discretizations for the NPP
equations (1.1)–(1.5). The first scheme is Crank–Nicolson based and the second one is a
backward differential formula (BDF2) type scheme. The two time discretizations are both
second-order. As before, linearizations are used for the nonlinear terms and at each time step,
one only needs to solve a linear system. An unconditionally optimal L2-norm error estimate
of O(τ 2 + hr+1) can be proved by similar analysis in Sect. 3. Thus, the proof is omitted
here. We note that these two schemes are mass preserving and hold an electric energy decay
property.

4.1 A Linearized Crank–Nicolson FEM

Besides notations from Sect. 2, we shall also define

u j+1 = u j+1 + u j

2
, û j+1 = 3u j − u j−1

2
,

for any sequence of functions {u j }J
j=0.

We introduce a linearized Crank–Nicolson FEM for the NPP equations (1.1)–(1.5) as
below. For j = 1, 2, . . . , J , find (P j+1

h , N j+1
h , 	

j+1
h ) ∈ [Vh]3, with (	

j+1
h , 1) = 0, such

that ∀ (ξp, ξn, ξψ) ∈ [Vh]3
(

Dτ P j+1
h , ξp

)
+
(
∇ P

j+1
h ,∇ξp

)
+
(

P̂ j+1
h ∇	

j+1
h ,∇ξp

)
= 0, (4.1)

(
Dτ N j+1

h , ξn

)
+
(
∇N

j+1
h ,∇ξn

)
−
(

N̂ j+1
h ∇	

j+1
h ,∇ξn

)
= 0, (4.2)

(
∇	

j+1
h ,∇ξψ

)
=
(

P j+1
h − N j+1

h , ξψ

)
, (4.3)

where (P1
h , N 1

h , 	1
h ) is provided by the backward Euler FEM (2.4)–(2.6).

Corollary 4.1 The linearized Crank–Nicolson FEM (4.1)–(4.3) holds for the following two
properties:

(i) Global Mass Conservation: The FEM solutions {P j
h }J

j=0 and {N j
h }J

j=0 satisfy

∫
�

P j
h dx = Mp,

∫
�

N j
h dx = Mn, (4.4)

where Mp and Mn denote the total masses of positively and negatively charged particles,
respectively.

(ii) Electric Energy Decay: For the FEM solution {(P j
h , N j

h , 	
j

h )}J
j=0 , if we define a

discrete electric energy by

E j = 1

2

∥∥∥∇	
j

h

∥∥∥2
L2

,

then a discrete energy law holds for j = 1, 2, . . . , J − 1

E j+1 + τ

(∥∥∥P
j+1
h − N

j+1
h

∥∥∥2
L2

+
∫

�

((P̂ j+1
h + N̂ j+1

h )

∣∣∣∇	
j+1
h

∣∣∣2 dx
)

= E j . (4.5)
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4.2 A Linearized BDF2 FEM Scheme

BDF schemes are popular methods for solving stiff ordinary differential equations, which
have also been widely used in the numerical solutions of partial differential equations, e.g.,
see [29]. Below is a linearized BDF2 FEM for the NPP equations (1.1)–(1.5).

For j = 1, 2, . . . , J , find (P j+1
h , N j+1

h , 	
j+1

h ) ∈ [Vh]3, with (	
j+1

h , 1) = 0, such that
∀(ξp, ξn, ξψ) ∈ [Vh]3

(3P j+1
h − 4P j

h + P j−1
h

2τ
, ξp

)
+
(
∇ P j+1

h , ∇ξp

)
+
(

P̃ j+1
h ∇	

j+1
h , ∇ξp

)
= 0 , (4.6)

(3N j+1
h − 4N j

h + N j−1
h

2τ
, ξn

)
+
(
∇N j+1

h , ∇ξn

)
−
(

Ñ j+1
h ∇	

j+1
h , ∇ξn

)
= 0 ,(4.7)

(
∇	

j+1
h , ∇ξψ

)
=
(

P j+1
h − N j+1

h , ξψ

)
, (4.8)

where we have used the standard extrapolation P̃ j+1
h = 2P j

h − P j−1
h and Ñ j+1

h = 2N j
h −

N j−1
h . Here (P1

h , N 1
h , 	1

h ) can be also provided by the linearized backward Euler FEM
(2.4)–(2.6).

Corollary 4.2 The linearized BDF2 FEM (4.6)–(4.8) hold the following two properties

(i) Global Mass Conservation: The FEM solutions {P j
h }J

j=0 and {N j
h }J

j=0 of the linearized
BDF2 FEM (4.6)–(4.8) satisfy

∫
�

P j
h dx = Mp,

∫
�

N j
h dx = Mn, (4.9)

where Mp and Mn denote the total masses of positively and negatively charged particles,
respectively.

(i) Electric Energy Decay: For the FEM solutions {(P j
h , N j

h , 	
j

h )}J
j=0 , if we define a

discrete electric energy by

E j+1 = 1

4

(∥∥∥∇	
j+1

h

∥∥∥2
L2

+
∥∥∥2∇	

j
h − ∇	

j−1
h

∥∥∥2
L2

)
, for j = 1, . . . , J − 1,

then a discrete energy law holds

E j+1 + 1

4

∥∥∥∇(	
j+1

h − 2	 j
h + 	

j−1
h )

∥∥∥2
L2

+ τ

(∥∥∥P j+1
h − N j+1

h

∥∥∥2
L2

+
∫

�

((P̃ j+1
h + Ñ j+1

h )

∣∣∣∇ψ
j+1

h

∣∣∣2 dx
)

= E j . (4.10)

5 Numerical Results

In this section, we provide some numerical examples in both two and three dimensional
spaces to confirmour theoretical analyses. The computations are performedwith free software
FEniCS [1].
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Fig. 1 A uniform triangulation on the unit square with M = 8

5.1 Two-dimensional Numerical Results

Example 5.1 We rewrite the NPP equations (2.4)–(2.5) as follow
⎧⎨
⎩

∂p
∂t − �p − ∇ · (p∇ψ) = f1,
∂n
∂t − �n + ∇ · (n∇ψ) = f2,
−�ψ = p − n.

(5.1)

We test the linearized backward Euler FEM (2.4)–(2.6) on the unit square � = (0, 1)2. A
uniform triangular partition with M + 1 nodes in each direction is used. An illustration with

M = 8 is shown in Fig. 1. Here we can see that h =
√
2

M .
In our computations, we take⎧⎨

⎩
p = 2π2 exp(t) cos(πx) cos(πy)

n = 4π2t3 cos(2πx)

ψ = exp(t) cos(πx) cos(πy) − t3 cos(2πx)

to be the exact solution to (5.1). Correspondingly, the right-hand side function f1 and f2 are
determined by the above exact solution. We set the final time T = 1.0.

To confirm our error estimate in Theorem 2.1, we choose τ = 1
Mr+1 for the r -th order FE

method, where r = 1, 2, and 3. From Theorem 2.1, we have (r + 1)-th order convergence
for the L2-norm errors. We present the L2-norm errors in Table 1. From Table 1, it is easy to
see that the convergence rate for the linearized backward Euler FEM (2.4)–(2.6) is optimal.

To show the unconditional convergence of the proposed scheme, we use a linear element
method to solve (5.1) with three different time steps τ = 0.1, 0.05, 0.01 on gradually refined
meshes with M = 2k+2, k = 1, 2, . . . , 5. The L2-norm errors are plot in Fig. 2. From
Fig. 2, we can see that for a fixed τ , when refining the mesh gradually, the L2-norm errors
asymptotically converge to a small constant, i.e., the temporal error which is O(τ ). Thus, it
is clear that the linearized backward Euler FEM is unconditionally convergent (stable) and
no mesh ratio restriction is needed in the computation.

Example 5.2 In this example,we test the performance of the linearizedCrank–NicolsonFEM
(4.1)–(4.3) and the linearized BDF2 FEM (4.6)–(4.8). We use the two methods to solve (5.1)
with the same exact solution in Example 5.1. As both schemes are three-step, we compute
the first step numerical solutions (P1

h , N 1
h , 	1

h ) by the backward Euler FEM (2.4)–(2.6). We
set τ = 1

M , 1
M3/2 , and

1
M2 for the linear, quadratic, and cubic FEMs, respectively. In this

example, we also set the final time T = 1. The L2-norm errors of the numerical solutions
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Table 1 L2-norm errors for the linearized backward Euler FEM (2.4)–(2.6) on the unit square. (Example 5.1)

‖P J
h − p(·, 1)‖L2 ‖N J

h − n(·, 1)‖L2 ‖	 J
h − ψ(·, 1)‖L2

Linear element (τ = 1/M2)

M=32 6.4688e−01 3.1638e−01 1.7854e−02

M=64 1.6518e−01 7.9594e−02 4.5095e−03

M=128 4.1520e−02 1.9931e−02 1.1304e−03

Order 1.98 1.99 1.99

Quadratic element (τ = 1/M3)

M=8 1.0271e−01 8.9802e−02 2.9050e−03

M=16 1.0534e−02 1.1382e−02 2.9616e−04

M=32 1.1660e−03 1.4714e−03 3.4510e−05

Order 3.23 2.97 3.20

Cubic element (τ = 1/M4)

M=4 7.2832e−01 4.2895e−01 1.9878e−02

M=8 3.9498e−02 2.5540e−02 1.0319e−03

M=16 2.3803e−03 1.5888e−03 6.1589e−05

Order 4.13 4.03 4.17
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J h
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L
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Fig. 2 L2-norm errors of the linearized backward Euler FEM (2.4)–(2.6) on the unit square. (Example 5.1)

for these two methods are O(τ 2 + hr+1). We present the L2-norm errors for the linearized
Crank–Nicolson FEM (4.1)–(4.3) in Table 2 and the linearized BDF2 FEM (4.6)–(4.8) in
Table 3, respectively. Table 2 and 3 show clearly that the L2-norm errors of the linearized
Crank–Nicolson FEM (4.1)–(4.3) and the linearized BDF2 FEM (4.6)–(4.8) are optimal.

To show the unconditional convergence of these two second-order methods, we use the
two schemes with a linear element method to solve (5.1) with three different time steps
τ = 0.1, 0.05, 0.01 on gradually refined meshes with M = 2k+3, k = 1, 2, . . . , 5. The
L2-norm errors are shown in Fig. 3 and 4.

From Figs. 3 and 4, we can see that for a fixed τ , when refining the mesh gradually, the
L2-norm errors converge to a small constant of O(τ 2), which shows clearly that the proposed
two second-order schemes are unconditionally convergent (stable).

Example 5.3 This example is taken from [22], where Prohl and Schmuck used a nonlinear
FEM to solve the NPP equations. For comparison, we test the performance of the linearized
backward Euler FEM (2.4)–(2.6) with the same settings in [22].
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Table 2 L2-norm errors for the linearized Crank–Nicolson FEM (4.1)–(4.3) on the unit square. (Example
5.2)

‖P J
h − p(·, 1)‖L2 ‖N J

h − n(·, 1)‖L2 ‖	 J
h − ψ(·, 1)‖L2

Linear element (τ = 1/M)

M=32 5.8503e−01 3.2303−01 1.7340−02

M=64 1.6101−01 8.2295−02 4.5603−03

M=128 4.0445−02 2.0609−02 1.1429−03

Order 1.93 1.99 1.96

Quadratic element (τ = 1/M
3
2 )

M=16 6.4684−03 1.2347−02 3.2504−04

M=32 6.7512−04 1.5128−03 3.6316−05

M=64 7.7076−05 1.8842−04 4.3360−06

Order 3.20 3.02 3.11

Cubic element (τ = 1/M2)

M=8 3.4649−02 2.4161−02 1.0466−03

M=16 2.0785−03 1.4996−03 6.2447−05

M=32 1.2856−04 9.3607−05 3.8575−06

Order 4.04 4.01 4.04

Table 3 L2-norm errors for the BDF2 FEM (4.6)–(4.8) on the unit square. (Example 5.2)

‖P J
h − p(·, 1)‖L2 ‖N J

h − n(·, 1)‖L2 ‖	 J
h − ψ(·, 1)‖L2

Linear element (τ = 1/M)

M=32 6.3345−01 3.1269−01 1.7338−02

M=64 1.6167−01 7.8724−02 4.3937−03

M=128 4.0642−02 1.9718−02 1.1023−03

Order 1.98 1.99 1.99

Quadratic element (τ = 1/M
3
2 )

M=16 7.6476−03 1.5838−02 2.8658−04

M=32 8.3109−04 2.0848−03 3.6976−05

M=64 9.6934−05 2.6790−04 4.7856−06

Order 3.15 2.94 2.95

Cubic element (τ = 1/M2)

M=8 3.5915−02 3.1095−02 9.8137−04

M=16 2.1542−03 1.9484−03 5.8510−05

M=32 1.3330−04 1.2193−04 3.6154−06

Order 4.04 4.00 4.04

In our computations, we set the initial values

p0 =
{

1, (0, 1)2\ {(0, 0.75) × (0, 1) ∪ (0.75, 1) × (0, 11
20 )

}
,

10−6, else,

123



1284 J Sci Comput (2017) 72:1269–1289

10
2

10
−2

10
−1

10
0

M

P
J h

p
L

2

τ=0.1

τ=0.05

τ=0.01

10
2

10
−2

10
−1

10
0

M
N

J h
n

L
2

τ=0.1

τ=0.05

τ=0.01

10
2

10
−3

10
−2

10
−1

M

Ψ
J h

ψ
L

2

τ=0.1

τ=0.05

τ=0.01

Fig. 3 L2-norm errors of the linearized Crank–Nicolson FEM (4.1)–(4.3).(Example 5.2)
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Fig. 4 L2-norm errors of the linearized BDF2 FEM (4.6)–(4.8).(Example 5.2)

n0 =
{

1, (0, 1)2\ {(0, 0.75) × (0, 1) ∪ (0.75, 1) × ( 9
20 , 1)

}
,

10−6, else.

A quadratic element method with M = 32 and τ = 10−3 is used. In Fig. 5, We show the
snapshots of the numerical solutions Ph , Nh , and 	h at time T = 0.002, 0.02, and 0.1. The
plots in Fig. 5 agree well with results in [22].

In addition, Corollary 2.1 tells that the linearized backward Euler FEM (2.4)–(2.6) admits
global mass conservation and electric energy decay properties. We plot the global masses
{(P j

h , 1)}J
j=0 and {(N j

h , 1)}J
j=0 and the electric energy E j = 1

2‖∇	
j

h ‖2
L2 in Fig. 6. From Fig.

6, it is easy to see the mass conservation of Ph and Nh and the decreasing of the electric
energy E(t) as time evolves.

5.2 Three-dimensional Numerical Results

In this subsection, we provide numerical results in three dimensional space.

Example 5.4 In this example,We test the performance of the linearized backward Euler FEM
(2.4)–(2.6) on the unit cube � = (0, 1)3. A uniform tetrahedral partition with M + 1 nodes

is used in each direction, where the mesh size h =
√
3

M .
In our computations, we take⎧⎨

⎩
p = 3π2 exp(−t) cos(πx) cos(πy) cos(π z)
n = π2t3 cos(π z)
ψ = exp(−t) cos(πx) cos(πy) cos(π z) − t3 cos(π z)
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Fig. 5 Snapshots of Ph , Nh and 	h at time T = 0.002, 0.02, and 0.1. The linearized backward Euler FEM
(2.4)–(2.6) with a linear element method with M = 32 and τ = 10−3 is used. (Example 5.3)
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Fig. 6 The evolution of global masses and electric energy computed by linearized backward Euler FEM
(2.4)–(2.6) with a quadratic element method on the mesh with M = 32 and τ = 10−3. (Example 5.3)
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Table 4 L2-norm errors for the linearize backward Euler FEM (2.4)–(2.6) on the unit cube. (Example 5.4)

‖P J
h − p(·, 1)‖L2 ‖N J

h − n(·, 1)‖L2 ‖	 J
h − ψ(·, 1)‖L2

Linear element (τ = 1/M2)

M=8 4.5106−01 1.8909−01 4.0546−02

M=16 1.2027−01 5.1582−02 1.0715−02

M=32 3.0610−02 1.3229−02 2.7216−03

Order 1.97 1.96 1.98

Quadratic element (τ = 1/M3)

M=4 7.5453−02 8.3480−02 5.5794−03

M=8 8.2754−03 1.0608−02 6.5037−04

M=16 9.8484−04 1.3231−03 8.0340−05

Order 3.07 3.00 3.06
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Fig. 7 L2-norm errors of the linearized backward Euler FEM (2.4)–(2.6) on the unit cube.(Example 5.4)

to be the exact solution to (5.1).
Correspondingly, the right-hand side function f1 and f2 are determined by the above

exact solution. We set the final time T = 1. To confirm the error estimate in Theorem 2.1,
we choose τ = 1

Mr+1 for the r -th order Lagrange FEM with r = 1 and 2. Therefore, from

Theorem 2.1 we have (r + 1)-th order convergence for the L2-norm errors. We present in
Table 4 the L2-norm errors of the numerical solutions. From Table 4, it is clear that the
convergence rate of the linearized backward Euler FEM (2.4)–(2.6) is optimal.

To show the unconditional convergence of the linearized backward Euler FEM (2.4)–(2.6)
in three-dimensional space, we use a linear element to solve (5.1) with three different time
steps τ = 0.1, 0.05, 0.01 on gradually refinedmeshes with M = 10, 20, 40, 60. The L2-norm
errors are plot in Fig. 7. Similar to the two-dimensional case, we can see that when refining
the mesh gradually, for a fixed τ the L2-norm errors asymptotically converge to a small
constant, i.e., the temporal error which is O(τ ). Figure 7 shows clearly that the linearized
backward Euler FEM is unconditionally convergent in three-dimensional space.

Example 5.5 In the final example, we test the performances of the linearizedCrank–Nicolson
FEM (4.1)–(4.3) and the BDF2 FEM (4.6)–(4.6) in three-dimensional space. We use these
two methods to solve (5.1) with the same exact solution in Example 5.4.

In our computation we set τ = 1
M(r+1)/2 for the r -th order Lagrange FEM, where r = 1

and 2. Therefore, we have the (r + 1)-th order convergence for the the L2-norm errors. We
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Table 5 L2-norm errors for the Crank–Nicolson FEM (4.1)–(4.3) on the unit cube. (Example 5.5)

‖P J
h − p(·, 1)‖L2 ‖N J

h − n(·, 1)‖L2 ‖	 J
h − ψ(·, 1)‖L2

Linear element (τ = 1/M)

M=16 1.2226−01 6.8905−02 1.2647−02

M=32 3.1062−02 1.7557−02 3.2052−03

M=64 7.8028−03 4.4146−03 8.0403−04

Order 1.98 1.98 1.99

Quadratic element (τ = 1/M
3
2 )

M=8 8.7817−03 1.3866−02 1.1674−03

M=16 9.8576−04 1.7983−03 1.3596−04

M=32 1.2111−04 2.2359−04 1.6291−05

Order 3.09 2.98 3.08

Table 6 L2-norm errors for the BDF2 FEM (4.6)–(4.8) on the unit cube. (Example 5.5)

‖P J
h − p(·, 1)‖L2 ‖N J

h − n(·, 1)‖L2 ‖	 J
h − ψ(·, 1)‖L2

Linear element (τ = 1/M)

M=16 1.2032−01 6.5707−02 1.0838−02

M=32 3.0615−02 1.7136−02 2.7533−03

M=64 7.6890−03 4.3490−03 6.9147−04

Order 1.98 1.96 1.99

Quadratic element (τ = 1/M
3
2 )

M=8 8.3643−03 1.9474−02 8.7981−04

M=16 9.7476−04 2.6904−03 1.1603−04

M=32 1.2176−04 3.3928−04 1.4604−05

Order 3.05 2.92 2.96

present the L2-norm errors for the Crank–Nicolson FEM (4.1)–(4.3) in Table 5 and the L2-
norm errors for the BDF2 FEM (4.6)–(4.8) in Table 6, respectively. It is easy to see that the
convergence rates of these two methods are optimal in three-dimensional space.

6 Conclusions and Discussions

We have presented linearized conservative FEMs for the NPP equations. For a linearized
backward Euler FEM, an optimal error estimate is proved almost unconditionally (i.e., we
only require that τ and h are smaller than a constant). Global mass conservation and electric
energy decay properties of the scheme are also proved. Numerical results for both two- and
three-dimensional problems confirm our theoretical analyses and show clearly the efficiency
and unconditional stability of the proposed schemes. The schemes proposed in this paper
can be extended to the multi-ions. The technique presented in this paper can be applied to
analyze higher order time discretizations for other nonlinear parabolic equations.
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Finally, we point out that the current schemes have no evidence to satisfy the total free
energy (entropy) decay property. Constructing the linearized FEM for the NPP equations
which can satisfy total free energy decay property will be our future work.
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