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Abstract A mixed-type Galerkin variational principle is proposed for a generalized nonlo-
cal elastic model. The solvability and regularity of its solution is naturally derived through
the Lax—Milgram lemma, from which a solvability criterion is inferred for a Fredholm inte-
gral equation of the first kind. A mixed-type finite element procedure is therefore developed
and the existence and uniqueness of the discrete solution is proved. This compensates the
lack of solvability proof for the collocation-finite difference scheme proposed in Du et al. (J
Comput Phys 297:72-83, 2015). Numerical error bounds for the unknown and the interme-
diate variable are proved. By carefully exploring the structure of the coefficient matrices of
the numerical method, we develop a fast conjugate gradient algorithm , which reduces the
computations to O(NlogN) per iteration and the memory to O(N). The use of the precon-
ditioner significantly reduces the number of iterations. Numerical results show the utility of
the method.
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1 Introduction

Nonlocal theory has been used widely in physics and applied science, such as memory-
dependent elastic solids, viscous fluids, and electromagnetic solids [12]. Nonlocal theory
leads to fractional differential equations which model anomalous diffusion processes occur-
ring in chaotic dynamics [27] and turbulent flow [5]. In solid mechanics nonlocal theory is
used to derive a peridynamic model [22], which was used to better model elasticity problems
involving fracture and failure of composites, crack instability, the fracture of poly-crystals
and nanofiber networks [2,15,23,24].

In recent studies a generalized elastic model was proposed to account for the stochas-
tic motion of several physical systems such as membranes, (semi) flexible polymers and
fluctuating interfaces among others [25]. Mathematically, the model is expressed as a com-
position of a fractional differential equation with a Riesz potential operator. Consequently,
many mature numerical techniques, such as finite difference, finite volume, and collocation
methods, do not seem to be conveniently applicable to the model. A composition of a fast
collocation-finite difference scheme was developed in [11] to numerically solve the model,
which fully explores the structure of the dense stiff matrix of the scheme with a significantly
reduced memory requirement and computational cost. Numerical results were presented to
show the strong potential of the numerical scheme.

However, the development of the numerical scheme in [11] was heuristic as no rigor-
ous mathematical analysis was presented on the solvability, stability and convergence of the
numerical scheme. The goals of this paper can be summarized as follows: (1) By fully analyz-
ing its mathematical structure, we reformulate the generalized model into a mixed Galerkin
weak formulation that consists of a Riesz potential operator and a fractional differential oper-
ator on a carefully chosen Sobolev product space. We then prove the wellposedness of the
mixed formulation. As a consequence, the induced Fredholm integral operator of the first kind
by the peridynamic model has a bounded inverse, which may provide a solvability criterion
for the Fredholm integral equation of the first kind. (2) Based on the mixed Galerkin weak
formulation we develop a mixed Galerkin method and prove its wellposedness, which could
compensate the lack of solvability proof for the collocation-finite difference scheme proposed
n [11]. (3) We prove the convergence of the mixed Galerkin method. (4) We develop a fast
algorithm by exploring the Toeplitz structure of the stiff matrix of the method, which reduces
the computational cost and a memory requirement from O (N 3y and O(N?) of a direct solver
to O(N log N) per iteration and O(N) respectively. (5) We conduct numerical experiments
to substantiate our theoretical results.

2 Model Problem and Auxiliary Lemmas

In this paper, we consider the following generalized nonlocal elasticity model [25]

! g + DB - pp
R a e [Pl s Dfufdy = 0. we 0.0 ),
u(x)=0, x¢(0,1), O<a<l<pB<2

Here d* > 0 and d~ > 0 are the left and right diffusivity coefficients respectively, OD)’? u(x)
and ,(D’lsa u(x) are the left and right Riemann—Liouville fractional derivatives defined by

g 4 g g A4 o
ODXM = ﬁ(olx M), _xDl u = ﬁ(xll M)
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where o/ f ~# and i 127’3 stand for the left and right fractional integral operators defined by
olffﬂu = é/x(x — s)lfﬁu(s)ds,
re-pJo

2p 1 / L s
Iy Tuc re—p /. (s —x) Fu(s)ds,
with I"(x) being the Gamma function.

To reformulate (2.1) into a variational framework, in the subsequent development of the
paper we shall use the well established relations between the fractional Sobolev spaces
H"(0, 1) and the negative fractional derivative spaces J L_ " ©O,1),J 1; ® (0, 1) and the frac-
tional derivative spaces J f O, D, J g (0, 1). We put the definitions of these spaces in the
Appendix.

Lemma 2.1 ([7],Theorem 2.6) Let t > 0, t # n — % n € N. Then, the left negative frac-

tional derivative space J, "0, 1), the right negative fractional derivative space J r k@, 1)
and the negative fractional Sobolev space H™"(0, 1) are equal with equivalent norms.

Lemma 2.2 ([13],Theorem 2.12) Let u > 0, u # n — %, n € N. Then, the left fractional
derivative space J 5,0 (0, 1), the right fractional derivative space J g,O(O, 1) and the fractional

Sobolev space HéL (0, 1) are equal with equivalent semi-norms and norms.

WhenO < pu < l, the Sobolev space H* (0, 1) can be viewed as the completion of Cgo O, 1),
the set of all infinitively differentiable functions that vanish outside a compact subset of (0, 1),
with respect to its norm [18].

Lemma 2.3 ([18],Theorem 11.1) C3°(0, 1) is dense in H*(0, 1) if and only if 0 < u < %

Remark 2.1 For 0 < pu < %, the spaces J}' (0, 1), Jg (0, 1), Hj'(0, 1) and H"(0, 1) are
equal with equivalent norms. For notational convenience, we do not differentiate these spaces

in this case in subsequent sections, using || - ||, and | - |, to denote its norm and semi-norm
respectively. When © = 0, we understand H 0(0, 1) = L%(0, 1) and simply use || - || to denote
its norm. Moreover, in negative fractional Sobolev space H#(0, 1), we also use || - ||, to

denote its norm.

We conclude this section by proving two mapping properties of the integral operators and
establishing an equality concerning the relation of the dual pairs and the inner products for
later use.

Lemma 2.4 Let0 < pu < %, the following mapping properties hold:
1. 013” : H7*(0, 1) = H*(0, 1) is a bounded linear operator.

2. xlf“ : H7#(0,1) - H"(0, 1) is a bounded linear operator.

Proof [19] indicates the operators o/ ,62 Hand I 12 ¥ are linear, it remains to show that they are

continuous. For this purpose, we apply Remark 2.1, the semigroup property of the fractional
integral operator (Lemma 9.4 in Appendix) and Lemma 2.1 to deduce that

2112 2,112

lloZ; v”[-[ﬂ(()’]) < Cllol; UHJK.O(O’I)

=C (nolf“vniz(o,l) + |013"v|350(0,1)]

@ Springer



J Sci Comput (2017) 71:660-681 663

= {lolf o100 1y + l0DE -0l 0122 )}

< C [”0[};1}”%2(0’1) + ||OI;LU||%‘2(O’1)]

2

= Clvli,-
J 0.
2

= C”U”Hﬂt(o,l)v

where C is a generic constant independent of v. Here we use another mapping property that
ol% is bounded from L%(0, 1) to L2(0, 1) [13]. This is the first property of the lemma. A
similar argument is applied to derive the second property. O

Lemma 2.5 Let0 < u < % v,w € H (0, 1). Then, the following relation between the
dual pair < -, - > over H=*(0, 1) x H*(0, 1) and L? inner product (-, -) holds,

(013“1), w) = (olfv, xlluw) . (2.2)

Proof The completeness of C8° (0, 1) in H~*(0, 1) under its norm ||oZ% - || implies that, for
w € H™#(0, 1), there exists a sequence {w,};°; in C{°(0, 1) such that

lw—w,ll-p = 0, as n — oo.

It follows that, from the adjoint property of the fractional integral operators(Lemma 9.5 in
Appendix), Lemma 2.4 and the definitions and the equivalence of J~#(0, 1) and H*(0, 1),

(lezlf«v’ w) = lezll«v’ w — Wy I v, w,,)

( +(o

= (01 v, w — wy) + (ov, wy)
( —|—(I v, o[ w,,)
( +(

01 v, xl (wn - w)) (Ol)ilv’ XI{tw) .

= olxz"v, w— Wy,

—_— —_— — —

2
= (olHv, w — wy,

Noting that

2,
(o v, w — wy)| < Cllvll—pllw — wyll— — O, asn — oo,
(012 v, < I (wn — w))| < lloZ 0l I} (wy — w)|
< Clvll-pllw — wyll-p — 0, asn — oo,

we have
(olxz“v, w) = (olﬁv, xI]“w) .
]
In subsequent sections, we omit the space interval (0, 1) in any functional spaces whenever
no confusion occurs.
3 A Mixed Galerkin Variational Formulation and Its Wellposedness

We start by rewriting the governing Eq. (2.1) as a mixed formulation by introducing an
intermediate variable v
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o7 (x) + I v(x) = f(x), x € (0, 1),
—{d*oDPux) +d = DPux)} =v(x), x€(0,1),
u(x)=0, x¢(0,1). 3.1

We multiply the first equation by any w € H™ 1ntegrate the resulting equation over
(0, 1) and use Lemma 2.5 to obtain the following

1—a — 1—a 1—a —a
a(v, w) := (01 > v, ., E w) + (xl1 2 v, 0l w) =(f,w), Ywe H™3", (3.2)

B
We then multiply the second equationin (3.1) by any ¢ in H,?, integrate the resulting equation
over the interval (0, 1) and apply the adjoint property of the fractional differential operator
cited by Lemma 9.7 in Appendix to obtain

B B B
b(u, ) :=—d* (OD;u,fo <p) —d- ( D}lu,oD? <p) =(v,9), VoeHy. (33)

To summarize, we formulate the following mixed Galerkin weak formulation for problem

—w a B
(2.1): For any given f € HIT, find (v, u) € H™3" x H, such that

a(v,w) = (f,w), Ywe H_l%,

8 3.4
b(uv €0) - ('U, gﬂ), V@ € H[) .
Theorem 3.1 The bilinear form a(-, -) is coercive and continuous on H™ 5 x H™ "2 . That
is, there exist positive constants 0 < C; < Co < 400 such that
a(v,v) > Ci|vl* _, Yve H 2,
T a 3.5)

la(v, w)| = Collvll_re w1z Vo.we B2

B
Similarly, the bilinear form b(-, -) is coercive and continuous on Hy
there exist positive constants 0 < C3 < C4 < +00 such that

8
x Hy . In other words,

B
b(u,u) > Csllull?, Vu € Hy |
2 (3.6)

B
bu, @)l < Callullgllplly  Vu.p € Hy'.

Consequently, for any given f € H" , the mixed formulation (3.4) has a unique solution

(v,u) e H™ 5 X H0 with the stability estimates

u <Clv <Clv -
lull g <Cllvl g <Cllvll, 1

Hy

=CIfI 15 (3.7

Proof Using the definition of a(-, -) and Lemma 9.2 in Appendix, we have

la la j le la j=
a(v,v) = (OIx St v) + (xll 2 v, 0l 2 v) =2 (01)C 0t v)

11—« 2 . oom 2
= 2cos ) vl|7 1—e = 2sin —||v||© -
2 -z 2 =
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1l 1«
We thus prove the coercivity of a(-, -). We now use the equivalence between J; 2T R 2

and H~'7" in Lemma 2.1 to obtain that for anyw € H™

1-a 1-a 1-a 1—a
la(v, w)| < (01x2 vallz w) + (x[12 v, 0l * )
1—a ; ;
=l “isellwll e + vl _J”w” e
Jr IR Jr JL
< Colloll_ia ] e

We thus prove the continuity of a(:, -). For any given f € H 1%1’ Lax—Milgram lemma

. . . _l=a . .
assures that there exists a unique solution v € H 7° to the weak formulation (3.2) which
satisfies the last stability estimate in (3.7).

‘We next turn to the bilinear form b(-, -). Note that cos ’3 T <0forl < B < 2, we use

ﬂ
Lemma 9.3 in Appendix to conclude that for any u € H0 s
B B J:
b(u,u) = —d™ (()Dx2 u, D} u) ( D u,oDy u)
— (d+ + d_) cos ('827[)

=(dt+d7)

g
ODx

T
cos ﬁ— |u|2
2

L0

>C(d"+4d™)

B 2 2
cos — | |uly = Csllulls,
2 7 7

where at the last inequality we have used the fractional Poincaré inequality. We thus prove
the coercivity of b(-, -). To prove the continuity of b(-, -) we note that

B 23 23 23
(()Dx2 u, XDIZ (p)‘ +d- (XDIZM, oD} go)'

B
fmax{d*,dJr}( «D}u
<max{d d+}(|u gl @l g + |u| g|§0| /fzf)
Lo Jro Jgo o

SC\ lull g llell & +lull g llell s
'ILZ, 0 ‘]Rz. 0 ‘/Rz, 0 JLZ, 0

22
< Callullglollg, Vo < Hg .

b(u, )] < d*

B

B
oDXu oD: ¢

B
]

)

a £ ;
We note that H_IT(O, 1) — H‘g(O, 1)as Hy (0,1) = H,* (0, 1) for (1 —a)/2 <
1/2 < B/2 < 1[1]. Hence, we have v € H‘% Lax-Milgram lemma ensures that the weak

g
formulation (3.3) has a unique solution u € H,; which satisfies the first inequality in (3.7).
]
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We end this section by some comments. Define an operator £ : H _1%&(0, 1) —
HFTQ 0,1) as
l—a
L) =l "%+ I} ™%, Yve H 2 (0,1). 3.8)

It’s easy to see that £ is a Fredholm integral operator of the first kind and the peridynamic
part in (3.1) can be viewed as

Lw)(x) = f(x).

Corollary 1 The Fredholm integral operator of the first kind L defined as (3.8) is invertible
from HPTD[ 0, 1) to0 H_FTQ (0, 1). Moreover, the inverse operator L1 of L is also bounded.

Proof From the first equality of (3.2), the operator can also be expressed equivalently by the
bilinear form a(-, -)

(L(v), w) =a(v,w), Yw e H_FTQ(O, 1). 3.9)

—a

Then, the coercivity of a(-, -) in H -5 (0, 1) suggests that

1—«a

(L(v),v) = Clllvllz Yve H™ 2 (0, 1), (3.10)

1—a ’
2

0.1

which implies that the operator £ is an invertible linear operator with the bound[8,21]
1271 < &- (3.11)

The proof is completed. O

As a consequence, the induced Fredholm integral operator of the first kind by the peri-
dynamic part in (3.1) is invertible from H En O,1)to H -5 (0, 1), which may provide a
solvability criterion for the Fredholm integral equation of the first kind with a weak-singular
kernal.

4 A Mixed Galerkin Finite Element Method Based on the Variational
Formulation

Let N be a positive integer. We define a uniform partition on [0, 1] by x; := ih fori =
0,1,..., N with s = 1/N and the intervals I; = (xj_1, x;) fori =1,2,--- | N.

Let Py denote the set of polynomials of degree less than or equal to k. We define two finite
element spaces

My :={¢p € L*(R2) : ¢l1, € P(l;),i =1,2,..., Nk =0},
Xp ={y € COUR): Yl € P, i =1,2,..., N,y (0) =y (1) =0;1 > 1}.
Considering that M} and X don’t need to satisfy any matching constraints, like the LBB-

condition required by Raviart-Thomas mixed finite element space [20], we can use a different
partition: /1 = (0,3). [;1 = (i — 3hi+3h) fori = 1....N—land Iy | =

1
(N — %)h, 1) for M, to keep the flexility of the mixed Galerkin procedure. In this way, the
finite element spaces are as follows,

My = {¢ € LQ(Q):¢>|1[+% € Pl 1),i=0,1,....N;k =0},
Xy =y eC'2): ¥, € PLi), i =1,2,...,N, ¢ (0) = y(1) =0; 1 > 1}.
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Then the mixed Galerkin method is defined as: find v, € M), and u;, € X}, such that

a(vy, wyp) = (f,wr), Ywy € My, 4.1)
b(up, op) = (vn, o), Yon € Xj. “4.2)

As the finite element spaces My, x X;, C H™ 7 x HOg , Theorem 3.1 ensures the wellposed-
ness of the numerical scheme (4.1) and (4.2).

It is worthy to point out that these two M) s do have no essential differences except for
the degrees of freedom of the later one is k 4+ 1 more than that of the first one. Therefore, we
shall use the finite element spaces defined on the later partition with k = 0,/ = 1 to discuss
the numerical behaviours of (4.1) and (4.2) in Sects. 6 and 7. In this case,

N . .. .
M,? = span{®;; ¢; is the indicator of the 1ntervalli+% IR
i=0

N-1 . . . L
X ,ll = span{y;; V¥; is the linear Lagrange base function at interior nodes}.
i

Consequently the numerical solution v, and uj, can be expressed as

N N-1
vy, = Zvjd)j and up = Zujwj.
Jj=0 Jj=1

If we denote
v=(vo,v1,...,o8)] and w= (ui,uz,...,un_1)7,
we can rewrite (4.1), (4.2) into the following matrix form,
Av =F, (4.3)
Bu =1V, 4.4

where A = (a; j)(N+1)x(N+1)» B = bi, ))in—nyx(n—1), F = (F)w+p and V = (Vi) (v-1)
are given by

ai,j = a(pj, éi)
= (le(pjs X11¢i) + (x11¢j’ le¢i)7 l!] = 07 17 Tt N
bi.j =bWj, Vi)

£ 14 £ £
=_d+(0D,\’2 wj,xDlzwi)_d_(xDlzlﬁj,()szwi), l,‘] = 1,2,._.!]\]_ 1.
E=<f’¢l>! i=0,1,...,N.
Vi=(vp,¥3), i=12,...,N—1.

4.5)

Remark 4.1 In[11], the authors decomposed the generalized nonlocal elastic model (2.1) into
(3.1) and discretized the first equation by the collocation method with N collocation points
and the second equation by the finite difference method. The resulted coefficient matrices
are of N x (N + 2) and (N + 2) x N respectively. Hence, the solvability for v, and uy
can not been proved, even only for u;,. Theorem 3.1 here concerning the solvability of the
mixed type variational principle can provide a better understanding for the structure of the
exact solution, and the wellposedness of the discrete procedure compensates the lack of proof
for the solvability in [11]. In this sense, the mixed Galerkin procedure (4.1) and (4.2) is a
meaningful improvement of [11].
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S Convergence Analysis

We shall conduct error estimates of the mixed Galerkin method under the norms || - || e
and || - || g. Let [T, : C[0, 1] — X}, be the interpolation operator and Py, : L%(0,1) —> M,
2

be the orthogonal L? projection operator. The following approximation properties are well
known [4,7,8].

Lemma 5.1 [4,8] Assume thatu € H*(0, 1) andv € H™ (0, 1). Then, there exists a positive
constant C such that

lu — Myull, < CRMMSHD=T |yl 0 <r <s;

lv = Pyvll < Ch™ ek Dy, m = 0. SR

Lemma 5.2 [4,7] Assume that v € H™ (0, 1) form > 0 and 0 < r < m. Then, there exists
a positive constant C such that

[v— Pyoll—, < ChMintmkET4r ) (5.2)

We are now in the position to prove the error estimates for v and u.
_ 1l % . .
Theorem 5.1 Let (v,u) € H™ "2 x Hy be the solution to the weak formulation (3.4) and
(vn, up) € My, x Xp, be the solution to the corresponding numerical scheme (4.1) and (4.2).
Furthermore, we assume that u € H{ with s > B. Then, there exists a positive constant C
such that

. 1—
Il = Uh”_l%a = Chmln{xfﬁ.kJrl}wLT” lleells,

i —unllp < Cipmints. 415 | pmints =By (5.3)
2

Proof We first show that the intermediate variable v defined by the second equality of (3.1)

isin H~#(0, 1) and [vls—g,0,1) < Cluls 0,1y as the unknown function u € H;(0, 1), by

Fourier transform .% (-)(see Appendix) and its properties [19].

Let & be the extension of u by zero outside (0, 1), then © — # is a continuous mapping
from H(0, 1) to H*(R) [18]. That is, there exists a constant C independent of « such that
lit]s,r < Cluls,0,1)-

Letv(x) := —{d+_ooD,’?ﬁ(x) + d_XDﬁooﬁ(x)}, we have, for x € (0, 1),

v(xX)|0,1) = — [d+—oonﬁ(x)|(o,1) +d_xDﬁooﬁ(x)|(o,1)}

=- {d+onu(X)|(o,1) + dﬁxD,lgu(x)l(O,l)}

v(®)] 0,1
Applying the definition of | - |;_g r and the properties of Fourier transform .7 () to derive
2 <

~12
lvls_g,0.1) < 1V

2
= |d* oD+ d Dl i
s—B,R

2
sfﬁ,]R]

_ ~ 12 . ~
— c[H|w|S ﬁﬂ(,oonu)HLz(R) + H|w|5 ﬁﬁ(xDﬁoou)]

<cC (Loonﬁﬁ_ﬁ’R-i-

D i

2
LZ(R)]
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= {1l P aw) F@ ;2 + [l P i F @ | o |
< [P F@ | + [0 F@ | ]
< Clil; g < Clul} 1)

that is, [v|s—g,0,1) < Cluls,0,1)-

We then prove (5.3). Since M), C H‘FTH, we take w = wy, € My in (3.2) and subtract
(4.1) from (3.2) to derive the following error equation,

alv—uvp,wp) =0, Yw, € M. 5.4)

We use the coercivity and continuity of a(-, -) to derive that for w, € M,

Cillv=ull* |, <a(—vh,v—1v) =a— vy, v—w)
2
§C2||v—vh||_1%allv—wh||_1—7a-
This yields
[ e <2 inf | Iote < 2o — Pyl
V—Vpl|l_lza = mn V—Whi_loa = ||V — V|| _1za.
7 C| YwyeMy, “ Ci N

We combine this with the estimate (5.2) to prove the first estimate in (5.3).
B

‘We now turn to the second estimate. As X C Hoj, we take ¢ = ¢ € X in (3.3) and
subtract (4.2) from (3.3) to derive the error equation

b(u —up, op) = (Vv —vp, gn), Yo € Xp. (5.5
We use the coercivity and the continuity of (-, -) and Young’s inequality to deduce
Cillu —unl < b —wp, u—up)
2

=bu —up,u — Iyu) +bwu — up, [Myu — uy)
=bu —up, u — Myu) + (v — vy, Hpu — up)
=b(u —up,u — IMyu) + (v — vp, Hpu —u) + (v — vy, u — up)

< C{Ilu —uhllgllu —Hhullg + ||v—vh||_g||u —Hhullg

v = wnll_g = unll }
2 2

|

We absorb the ||u — up ||2ﬁ —term on the right hand side by its analogue on the left, denote %

C

2 2 3 2

lu — Iyulls + ||U_vh||7g] + —llu —uplls.
2 2 2 2

2
still by a generic constant C, use Lemma 5.1 and the estimate for v — vj, to obtain

I —wallg < € {llu = Moy + v = vall_g ]

= C = My + o = vl _ 1 )
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IA

. ] in{s 5
{hmtn{s,l-kl}—j”u”S +hmlﬂ{3_ﬂ,k+l}+lT|v|sfﬂ}

IA

C

. 8 ' 7
C [t 0=8 4 i =A%
o

IA

[hmin{s,l+l}—g + hmin[x—ﬁ,k+l}+]%u} lJulls.

This completes the proof. O

Remark 5.1 As the boundary condition states that the solution u = 0 for x ¢ (0, 1), or
x € R\(0, 1), this forces that the solution # must lie in Hg (£2) if we require u to possess
H* (§£2)— regularity. Otherwise the solution # may produce strong singularity on the boundary
which would destroy the regularity assumption u € H?*(§2). A similar observation was
found and proved in [16]. This reflects a major difference between the fractional and second
order differential equations due to the non-locality of the fractional operators. Therefore, the
regularity assumption u € H; (£2) on the solution of (2.1) is natural and reasonable.

Remark 5.2 In the derivation of the last inequality, a sharp estimate for the first term |ju —
IThu| g can be easily obtained by directly using Lemma 5.1. However, the estimate for the
2

second term may not be sharp since we have to use the bound of ||[v — vp||_ L« instead of
lv — vp|l _p by the embedding inequality
2

lo—vall_g < Cllo = val_1ge.

a+p—1
2

This may make a loss of —order in the convergence rate.

6 Fast Algorithm and Its Efficient Implementation

When solving the linear equations Mx = y where M isa N x N full coefficient matrix, we
generally use the Gauss elimination method to obtain the solution x, which requires O(N?)
computations and O(N?) storage. In order to reduce the computational cost, some practical
iterative algorithms appear. For example, if M is symmetric positive definite, conjugate
gradient (CG) method is an efficient iterative algorithm to solve this problem [3]. Furthermore,
if the coefficient matrix M is nonsymmetric, the CG method can be applied to its equivalent
linear system

M Mx=M"y, 6.1

which is called conjugate gradient on the normal equation (CGNR) method [3]. This still
needs the storage of O(N?). But the major computational cost per iteration is the matrix-
vector multiplication M p with the order reduced to O(N?).

When M = C is a N x N circulant matrix, each row vector is rotated one element to
the right relative to the preceding row vector. As a result, we only need to store the first
row vector ¢ of C with the storage reduced to O(N). Moreover, a circulant matrix can be
decomposed as follows [9, 14],

C = Fy'diag(Fy - ¢)Fy, (6.2)

where Fy is the N x N discrete Fourier transform matrix in which the (j, /)—entry Fx (j, )
of the matrix Fy is given by
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) ) = Jt = ) .
Wlth i - _1. The FOurier transform matriX-veCtor multiplication can be realized ia faSt

Fourier transform (FFT) for the vector and the computational cost of FFT is O(NlogN), so
is the circulant matrix-vector multiplication.

When M is a N x N Toeplitz matrix whose descending diagonal from left to right is
constant, M can be embedded into a 2N x 2N circulant matrix. Therefore the storage of
Toeplitz matrix and the computational cost of Toeplitz matrix-vector multiplication can also
be reduced to O(N) and O(NlogN) respectively [26]. Combined this technique with CG
and CGNR method, we call them fast CG and fast CGNR method.

We find that the coefficient matrices A and B generated by discretization for (4.1) and
(4.2) possess a Toeplitz-like structure, when the piecewise constant finite element space Mg
and the piecewise linear finite element space X ,11 are used. Hence, we shall carefully explore
their characteristics of easy computation and design a fast algorithm based on the CG and
CGNR method.

Theorem 6.1 Assume that the base functions of M,? x X ,ll are defined as in Sect. 4. The sym-
metric coefficient matrix A generated by the finite element procedure (4.1) can be expressed
in the form

wp |
e e
A=]| o A )
| |
DRy i
ON @7 00 S (N (N+1)
Herew = (w1, wn, s, WON-2, a)Nfl)T,(:) = (ON—-1,ON—-2, ..., @2, w1)TareN—1 vectors.

wo, wy are real numbers. A is a symmetric (N — 1) x (N — 1) Toeplitz matrix.

Proof Noting that A is a symmetric matrix from the symmetry of the bilinear form a(-, -),

we only calculate those entries a; j, i > j,j = 0,1,..., N. Since ¢y and ¢y, the base
functions at the end semi-interval, are of different forms from the others, we first focus on
the calculation of the entries a; j,i > j,j=1,2,...,N — L.

Applying (4.5) and the definition of the base function ¢; to compute, we have, when
i—j=0ori=j,

a,,_a(cpj,as,)—z(ol biuu, ”¢j) ) )
DT )T
T [( D= (a)] e (55

’

N —

—_

7h
I'G—ow)

with B(p, q) being the Beta function. Wheni — j = m,m = 1,2,..., N — 2, similar
calculation shows that
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1o 1o l—a 1«
a(¢j+m,¢j): (le2 ¢j+max112 ¢j)+(x112 ¢j+m’01x2 ¢])

h2e 3—a 3—«a
=——{m+1)"* —2m* " + (m - 1)*"°} B ( ; )
(r (359)° 22

h27i
) {(m+ D> = 2m>™* + (m — 1)>™}.

This indicates that the value of a; ; = a(¢j1m, ¢;) fori — j = m depends only on the index
m, which ensures that the entries in each descending diagonal are same.
We then calculate the remaining entries analogously,

hZ—a 1 2—a
a(po, ¢o) = mz (E) s

hz_a 1 2—a 1 2—a
a(eo ¢<)=[(j+) —(j—f) —jz‘“+(j—1)2‘“}
T rG—w) 2 2 ’

j=12...,N—1,

h2e 2-a AN 2—a
a(¢0»¢N)=m N _Z(N_E) +(N+1) s

‘ _ h2—o¢ v . 1 2—a N . 1 2—a N e
a(@#ﬁN)—m ( —l—I—E) —( _1_5) ~(N=1)

+(N—i—D*"}, i=1,2,...,N—1,

h27ot 1 2—«
, =—2|= ,
a(@én. éN) FG—w (2)
from which we easily find that a(¢o, ¢;) = a(¢n—i, ¢n), thatis, ap; = ay—; n fori =
1,2,...,N—1.
Finally we let

wo = algo, po) = a(@n, dN).
wj  =alpo,¢j) =a@n-j.¢n), Jj=1,2,...,N—1,

oy = al$o, dn),
51 =aldj, d)), j=1,2,...,N—1,
8m+1 = a(¢j+m’ ¢j)7 m=12,...,N —2,

and put them into the matrix A according to their i — j positions to express A as below,

[O)) w1 W) ...WN-2 ON—1 WN
w8 & ...0Ny-—2 dN—1 oN—1
w % & & - SN2 ON-—2
A =
WN_2 . o6 6 & [0}
WON—1 ON—1 oo ... & 81 w1
WN WN—-1 WON-2 ... ... w1 [O)

This shows that A, the centered part of A, is a Toeplitz matrix. We then rewrite A into its
block form based on the definitions of @, @ and A to complete the proof. O
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Theorem 6.2 Assume that the base functions of M}? x X }ll are defined as in Sect. 4. The
coefficient matrix B generated by the finite element procedure (4.2) isa (N — 1) x (N — 1)
Toeplitz matrix.

Proof Analogous to the derivation of the matrix A we get

a0 O—-1 ... 03_N O2_N
o 00 0-1 '+ O3-N
B = ,
ON-3 - 01 00 0-]
ON—-2 ON—-3 ... (oa] (o))

whose entries are given by

h'=F
00 = ———{dT Q" F -4 +d- 2 F —ay),
ra-p
i (dt@3 P —4.22P16)+d7}
0] = —4- ,
r@-p
o = e d{i+2*P -4+ D> P +6.i°7F
ra-p
—4i - D)+ -2° P}, i=234,... ,N-2
e {dt +d=(3*F —4.27F 1 6)}
o_ 1= —-——— — .
T rE-p ’
T d{i+2* P -4+ 1P 16.i°F
o — 4. .
i F(4—ﬂ) 1 1 l
—4i - D)4 -2° P}, i=2,34,... ,N-2
As aresult, B is a Toeplitz matrix. ]

For (4.2), Theorem 6.2 indicates that the matrix B isa (N — 1) x (N — 1) nonsymmetric
Toeplitz matrix. The fast algorithm can be directly formulated based on the CGNR method
to solve the linear system, with the storage reduced to O(N) and the computational cost
reduced to O(NlogN) per iteration [26].

For (4.1), Theorem 6.1 tells that the matrix A is a (N 4 1) x (N + 1) symmetric Toeplitz-
like matrix, thus some extra work is necessary. It’s not difficult to find that the matrix A can
be regarded as the composition of a Toeplitz matrix and a sparse matrix, thatis, A = A1+ A,
with

81 P ... ON—_1 WN_1 N
S & & . Sn—1 on-
Al _ : .. -. .. .. 8N71
In-1
onN—1 SN—1 - o e 8
wN WN-—-1 (SN—I 52 (31
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and
wy — 61 w] — & wN_2 —ON_] 0 0
w] — & 0 0 0
Ay = wN—2 — N1
oN-2 — IN-1 . K : :
0 0 0 w1 — &
0 0 wN_2 —ON_1 w] — 8  wy— 8

On one hand, Ay isa (N + 1) x (N + 1) Toeplitz matrix with the storage to be O(N) and
the computational cost of the matrix-vector multiplication to be O(NlogN). On the other
hand, Az isa (N + 1) x (N + 1) sparse matrix whose storage requires O(N) memory and
matrix-vector multiplication only requires O(N) operations. To conclude, when solving (4.1)
by CG method, the storage and the computational cost of matrix-vector multiplication for
Toeplitz-like matrix can still be reduced to O(N) and O(NlogN) respectively. That is the
following conclusion:

Compared with Gauss elimination method, the computational cost for solving (4.1) and
(4.2) can be reduced from O(N 3 t0o O(NI 0g N) and the storage can be reduced from O(N 2)
to O(N) at each iteration.

According to Theorem 6.1, A is a symmetric definite matrix and the iteration number
in iterative algorithm is small. Nevertheless, in some cases, the Toeplitz system B may
be ill-conditioned and the iterative method may converge very slowly. To overcome such
shortcoming, preconditioners always play crucial roles [17]. With a special circulant matrix
P, the following linear system is equal to Bu = f:

(P'B(P'Byu= (P 'B)' P f. (6.4)

A proper matrix P can further reduce the iterative number in fast CG or fast CGNR method
so as to reduce the computing time in solving u. Here we formulate T. Chan’s circulant
preconditioner [6] into (6.4). Since both of the matrix-vector multiplication Bu and the inverse
of the circulant preconditioner P require O(Nlog N) operations, the total computational cost
for fast PCG or fast PCGNR methods is also O(NlogN) at each iteration. The following
numerical examples clearly shows the decrease of the iterative number and the computing
time.

7 Numerical Experiments

In this section, we are going to present two numerical examples, one for smooth solution
and the other for non-smooth solution, to illustrate the performance for our mixed-type finite
element procedure and fast algorithm.

Example 1 Letu = x>(1 —x)?, 0 = 0.5, 8 = 1.5,d+ = d— = I"(1.5). Then the right term
can be calculated as

fx) = (@4x® —6x> + 2x)lnf

+ @1 =x)°—6(1-x)2+2(1—x)in

14+ 1 —x
x

14+ x
V1 —x
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10
+ (4x2 - —x+

3

+ @ +2(1 —x)3 = 3x2 =31 —x)> + ).

2 , 10 2
E)Jﬁ+(4(1—x) —?(l—x)—i-g)\/;

Here, u € H02+y (0,1) and y € [0, %) can be selected as close to % as possible [7,16].

Since A is a symmetric matrix according to Theorem 6.1 and the parameters in this
example lead to a symmetric positive definite matrix B, fast CG method is enough to deal
with the linear systems. Matlab software is used in computing and the numerical results are
presented in Tables 1, 2, 3, and 4.

Tables 1 and 2 show the errors as well as the convergence orders for ||[v — vy || _ a and

llu — upll g respectively. In Table 3, we compare the CPU time in solving v, by means of

Gauss elilrzlination method and the fast CG method. In Table 4, fast PCG method is applied
in solving uj, to verify the decrease of iterative number.

Table 1 The errors and
convergence orders for v — vy,

Table 2 The errors and
convergence orders for u — uy,

Table 3 Comparison for Gauss
elimination and fast CG in
solving (4.3)

N lv—=vpll 1-a Order [lv —vp ”L2 Order
2

25 1.0034e—003 1.2209¢-002

20 4.3831e—003 1.1943 6.2336e—003 0.9459
27 1.9458e—003 1.1722 3.1052e—003 1.0053
28 8.7469e—004 1.1529 1.5060e—003 1.0439
29 3.9704e—004 1.1395 7.1051e—004 1.0837
210 1.8198e—004 1.1255 3.2823e—004 1.1141
N e —upll g Order lu —upll;2 Order

2

25 3.7319e—003 8.3651e—005

26 1.6389e—003 1.1872 2.0405e—005 2.0534
27 7.0731e—004 1.2123 5.3681e—006 1.9264
28 3.0204e—004 1.2276 1.6346e—006 1.7154
29 1.2818e—004 1.2366 5.9946e—007 1.4472
210 5.4193e—005 1.2420 2.4658e—007 1.2816
N lv—=vpll 1-a Gauss CPU (s)  Fast CGCPU (s)  Iter.

2

25 1.0034e—003 0.020 0.138 12
20 4.3831e—003 0.033 0.141 15
27 1.9458e—003 0.112 0.167 16
28 8.7469e—004 0.721 0.159 18
29 3.9704e—004 5.830 0.204 22
210 1.8198e—004 47.973 0.224 23
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Table 4 Comparison for Gauss elimination, fast CG and fast PCG in solving (4.4)

N lu —upll g Gauss CPU Fast CG CPU (s) Iter. Fast PCG CPU (s) Iter.
7
25 3.7319e—003 0.348 s 0.023 16 0.054 8
26 1.6389e—003 2.986 s 0.031 27 0.038 10
27 7.0731e—004 24.073 s 0.044 46 0.051 12
28 3.0204e—004 3min52s 0.092 79 0.041 14
29 1.2818e—004 39minSs 0.123 134 0.085 16
210 5.4193e—005 71 min 56 s 0.364 227 0.130 19
The numerical results in Table 1 indicates that the convergence orders of |[v — vj||_1-«

are a little bit lower than 0.75 + y & 1.25, the predicted convergence order by Theorem 5.1.
The reason may be that in programming computation of the error ||[v — vy || _ Le, quadrature
formulas are used more often than other calculations and the errors are probably affected.
Theoretically, the convergence order for ||v — v, || should be 0.5 + y ~ 1. Table 1 shows
that the numerical convergence orders are greater than 1, a little bit higher than theoretical
convergence order.

Table 2 reports that the convergence orders of || u—uy, || g are about 1.25, which is consistent

with the convergence order ||u — IT,ul| g and the theoretically predicted convergence order
2

by Theorem 5.1. The convergence orders for u in L? norm are distributed between 1 and 2
since its errors depend on v which is approximated by piecewise constant functions.

Next we check the performance of the fast algorithm. We experiment 10 times and take
the mean CPU time as the test datum. Table 3 compares the CPU cost and iterative number
between Gauss elimination and the fast CG method for solving (4.3). It’s essential that both
of them share the almost same error of |v — vs||_1—« . When N = 2'°, the Gauss elimination
method consumes more than 40 s to finish the calculation while the fast CG method only
needs >1 s to reach the solution. Comparatively speaking, the fast CG method evidently
reduces the computation time.

In Table 4, the reduction of the computation time is more apparent. As N = 210, the Gauss
elimination method consumes more than an hour. By contrast, the fast algorithm solves the
problem within one second. Nevertheless, the iterative number of the fast CG is increasing
fast as the mesh size becomes smaller. Therefore, we formulate the fast PCG method to make
an improvement. From the experiment results, the fast PCG method may take more time
than the fast CG method when N < 27 since the saved time in iterative algorithm does not
counteract the consumed time to deal with the perconditioner. However, as N grows, the
use of the preconditioner is expected to greatly reduce the iterative number in the fast CG
method, also reduce the CPU time.

Example 2 Letu = x(1 —x),a =0.5,8 =1.5,d" = d~ = I'(1.5). Then the right term
can be calculated as

o I+VT—x 1 -Vx\ —
f) = 2x)(ln N +lnm) 2(Vx + /1 —x).

Here, u € H01+y (0,1) and y € [0, %) is defined as in Example 1.
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Table 5 The errors and

convergence orders for v — vy, N llv = vh ”*l%a Order
25 6.8164e—001
20 5.4405¢—001 0.3253
27 4.3963e—001 0.3074
28 3.5886e—001 0.2929
20 2.9525¢—001 0.2815
210 2.4438e—001 0.2728

comergence oo foru—uy N MemwlgOder ju-wilp  Order
25 2.7163e—002 2.6302e—003
26 1.5974e—002 0.7659 1.3790e—003 0.9315
27 9.4575¢—003 0.7562 7.4877e—004 0.8810
28 5.6184e—003 0.7513 4.1718e—004 0.8438
29 3.3429¢—003 0.7491 2.3681e—004 0.8169
210 1.9903¢—003 0.7481 1.3624e—004 0.7976

Table 7 Comparison for Gauss N

climination and fast CG in lv—vpll 1%0, Gauss CPU (s)  Fast CGCPU (s)  Iter.

solving (4.3)
25 6.8146e—001 0.024 0.164 12
20 5.4405e—001 0.039 0.178 16
27 4.3963e—001 0.133 0.175 18
28 3.5886e—001 0.868 0.181 21
29 2.9525e—001 5.682 0.205 25
2100 2 4438e—001 46.987 0.211 30

Similar to Example 1, Tables 5 and 6 show the convergence results for v — vy and u — uy,
respectively. Table 7 compares their CPU time in solving v, by Gauss elimination method
and fast CG method. In Table 8, fast PCG method is added to explain the advantage of the
preconditioner.

Theoretically we can not obtain any convergence order for v — v, since —% + vy < 0Oand
v only lies in H —3ty (0, 1). However, parallel to the case of smooth v, one would formally
derive |jv — Uh”_l—Ta ~ O(h_%+y_(_FTa)) ~ Oh%2). Table 5 presents the numerical
results of |[v — vy _ Le. Although the errors seem to be large due to the contribution of

the factor ﬁ in the norm |[v]_ Ly the convergence orders are a bit higher than and
approaching to 0.25 which agrees with the formally derived estimate. This shows that our
mixed procedure can still approximate non-smooth solution accurately.

Table 6 gives the numerical results for u — uj,. The convergence orders of ||u — up| s
are about y 4 0.25 ~ 0.75, which is better than the theoretical order given by Theorem 5.1
and obey the prediction of Remark 5.2. The convergence orders of ||u — uy, || look almost the
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Table 8 Comparison for Gauss elimination, fast CG and fast PCG in solving (4.4)

N lu — up|l g Gauss CPU Fast CG CPU (s) Iter. Fast PCG CPU (s) Iter.
25 2.7163e—002 0.421s 0.045 16 0.058 9
26 1.5974e—002 3.027 s 0.039 28 0.045 10
27 9.4575e—003 26478 s 0.074 48 0.062 12
28 5.6184e—003 4min3s 0.114 81 0.115 14
29 3.3429¢—003 41 min 25 s 0.134 138 0.092 16
210 1.9903e—003 460 min 13 s 0.341 233 0.165 20

same as those of ||u — uy|| s only and the loss of the convergence order may result from poor
2

regularity of v.

The last two tables clearly show the nice performance of the fast algorithm as well as
the preconditioner technique analogously to the Example 1. The apparent reductions of the
computation time and the iterative number again verify their efficiency.

8 Concluding Remarks

We have established the well-defined mixed-type variational principle for a generalized non-
local elastic model composed by a fractional differential equation and a peridynamic model

in H—3* 0,1) x Hog (0, 1) and developed the mixed-type finite element procedure which
approximates the unknown function u and the intermediate variable v. We find that the high-
lights of our paper at least are: (1) it creates a solvability criterion for the Fredholm integral
equation of the first kind by the solvability of the variational principle; (2) it provides a mixed-
type finite element scheme and the existence and uniqueness of its solution can compensate
the lack of solvability proof for the collocation-finite difference scheme proposed in [11];
and (3) the induced Toeplitz or Toeplitz-like coefficient matrices and the fast algorithm can
be applied to reduce the storage to O(N) and computational cost to O(NIogN).
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9 Appendix
In this appendix, we introduce the definitions and notations of those spaces and the properties

of the fractional operators used in this paper. They also can be found in [1,7,10,13,18,19]
and the references cited therein.

Definition 9.1 (Negative fractional derivative spaces [7,10]) Let . > 0. Define the norm
— Iz
||v||JZlL(R) — ||7OOIX v”LZ(R) ’ (91)
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and let J; " (R) denote the closure of C$°(R) with respect o || - || ;-
L
the norm

®)" Analogously, define

”U”J,;“(JR) = ”XI&UHLZ(R) ) 9.2)

and let J H(R) denote the closure of Cy°(R) with respect to || - || IR
R

By the Fourier transforms
F)w) = [Z e v(x)dx = d(w),
the negative fractional order Sobolev space H " (R) is defined to be
Definition 9.2 (Negative Sobolev spaces [1,18]) Let u > 0. Define the norm
Il g-r@y = Hwl™* D)l 2y 9.3)
and let H~*(R) denote the closure of C3°(R) with respect to || - || - (w)-
The following equivalences are proved [10].
Lemma 9.1 ([10], Theorem 2.5) The three spaces J; “(R), Ji " (R) and H™*(R) are equal
with equivalent norms, and
(oIl v, < I5v) = cos(UI) 0174 - 9.4)

For convenience, we need to restrict the negative fractional derivative spaces to a bounded
subinterval of R, which, in this paper, is denoted by (0, 1). Still, we establish their equivalence
with H=#(0, 1).

Definition 9.3 (Negative fractional derivative spaces in bounded domain [7]) Define the
spaces J; ko, 1), 7 R #(0, 1) as the closure of Cg°(0, 1) under their respective norms.

A similar conclusion with Lemma 9.1 can be derived for the bounded domain (0, 1).
Lemma 9.2 ([7], Theorem 2.6) Assume that u > 0. Then, the three spaces J, ko, 1),
JE“ (0, 1) and H=*(0, 1) are equal with equivalent norms, and

(01X v, x11'v) = cos (VI3 1) 9.5)

We then define the fractional derivative spaces introduced in [13].

Definition 9.4 (Fractional derivative spaces [13]) Let © > 0. Define the semi-norm
|u|j£‘(R) = ||—oon:u||L2(R),

and norm :

o 2 2 2
el gy 2= (Nl z gy + 1Py ) 9.6)
n .
and let J; (R) denote the closure of C§°(R) with respect to || - || TE®):

Analogously, we define the right fractional derivative space as follows. Let © > 0. Define
the semi-norm

. w
|M|J£(R) = llx Dioottll 2Ry
and norm |

2
leell 2 gy = (||u||’i2(R) + |u|"}£(R)) , 9.7)

and let J ,’,f (R) denote the closure of C3°(R) with respect to || - || TE®)-
We also define the norm for functions in H*(R) in terms of the Fourier transforms.
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Definition 9.5 (Fractional Sobolev spaces [1,13,18]) Let u > 0. Define the semi-norm
lul ) = Iw|"ill 2 ),
and norm
) ) 1/2
ey = (12 + ) 9.8)
and let H*(R) denotes the closure of C;°(R) with respect to || - || gu(w).

As stated in [13], the product of the left and the right fractional order derivative for the
same real valued function u can be related to | - | TE®):

Lemma 9.3 ([13], Lemma 2.4) Assume that ;t > 0. Then for u(x) a real valued function
(oD u, x DY o) = cos ()| oo DYl 7 - (9.9)

At last, several good conclusions of the fractional operators will be demonstrated using
the following lemmas.

Lemma 9.4 (Semigroup property for fractional integrate operator [19]) Let u, v > 0. For
any u € L%(0, 1), we have
ol u = o 1M1} u. (9.10)

Lemma 9.5 (Adjoint property for fractional integrate operator [19]) Let u > 0. For any
u,v e LZ(O, 1), we have
(oIFu,v) = (u, I}'v). ©.11)

Lemma 9.6 (Semigroup property for fractional derivative operator [13]) Let 0 < s < p.
Forany u € JfO(O, 1), we have

()D;CLM :()Di()D?isu, 9.12)
and similarly for any u € Jg’O(O, 1), we have
«Di'u= D} D\ "u. (9.13)
Lemma 9.7 (Adjoint property for fractional derivative operator [13]) Let 1 < B < 2. For
[

any € H(’)S(O, 1),ve HO7 (0, 1), we have

24 B
(0Dfw,v) g, = (ODXZ o, D} v) , (9.14)
(

B B
(«Dfw.v) = (fow, oD v) . 9.15)
0,1) ©,1
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