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Abstract This work is concerned with the study of two-level penalty finite element method
for the 2D/3D stationary incompressible magnetohydrodynamics equations. The new method
is an interesting combination of the Newton iteration and two-level penalty finite element
algorithm with two different finite element pairs P;b-Pi-P1b and P;-Py-P;. Moreover, the
rigorous analysis of stability and error estimate for the proposed method are given. Numer-
ical results verify the theoretical results and show the applicability and effectiveness of the
presented scheme.
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1 Introduction

MHD mainly studies the dynamics of electrically conducting fluids and these MHD flows are
governed by the Navier—Stokes equations and coupled with the pre-Maxwell equations. In
addition, MHD is of great importance in many problems of engineering. The design of cooling
systems with liquid metals for a nuclear reactor, MHD generators, accelerators, pumps and
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flowmeters are all such applications. Therefore, it is necessary to devise efficient numerical
strategy for solving the MHD problem. Resources [1,2] provide more physical background
knowledge.

In this paper, we consider the stationary incompressible MHD model as follows:

—R;'Au+ (u-V)u+Vp — S.curlB x B=1, in Q,

divua = 0, in 2, 0
S¢R;,;'curl(curlB) — Sccurl(u x B) = g, inQ,
divB = 0, in ,
along with the boundary conditions:
ulpq = 0, (no-slip condition), @
B -nj|yo =0, nx curlB|yg =0, (perfectly wall),

where Q represents a polyhedral domain in R, d =2 or 3, with boundary 9<2, u the velocity
field, B the magnetic field, f and g the external force terms, p the pressure, R, the hydrody-
namic Reynolds number, R,, the magnetic Reynolds number, S, the coupling number, and n
is the outer unit normal of 9<2. Correspondingly, the functions u, B, f and g can be described
by:

u = (u(x), uz(x)), B = (Bi(x), B2(x)),
f=(fikx), L(x), g=(g1(x), gXx)),
ford = 2, and

u = (u1(x),uz(x),u3(x)), B=(B1(x), B2(x), B3(x)),
f=(fix), 2(x), 3(x)), g=(g1(x), g2(x), g3(x)),

ford = 3.

Investigations for the MHD equations from the perspective of various mathematical expec-
tations thrives in the recent years. For instance, references [3—6] gave some study of well
posedness, regularity and long-time behaviors of solutions and [3,7,8] devoted to the MHD
problems from the numerical aspects. To our knowledge, the basic research for the MHD
equations can be traced back to Sermange et al. [9]. And Gunzburger et al. [1] proposed
the standard Galerkin finite element discretization for the stationary MHD equations. Then,
Gerbeau et al. studied a stabilized finite element method for the steady MHD equations in
[10]. For more extensive investigation of the steady MHD equations, please see [11-13] and
their references.

It is well known that the stationary MHD equations is a strong coupled nonlinear system
and it is still very difficulty to process to this system. It is because that equations (1)—(2)
contain three nonlinear terms (u - V)u, curlB x B, curl(u x B) and velocity u, pressure
p and B are coupled together. Hence, great attentions have been paid on iterative method
in recent years. Besides, Newton iterative method for its high precision and fast resolving
speed has attracted a lot of attention. For example, Newton iterative method is considered
for the stationary Navier-Stokes equations by He [14], Xu and He [15]. Then, the Newton
iterative method in finite element approximation for the incompressible MHD equations are
investigated and analyzed in [16—18].

In addition, velocity u and pressure p are coupled together by the incompressible constraint
“divu=0”, which makes the system difficult to solve numerically. To overcome this difficulty,
the usual practice is to relax the incompressibility constraint in an approximate way, resulting
in a class of pseudo-compressibility methods, among which are the penalty method, the
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pressure stabilization method, the artificial compressibility method and the projection method
[19-22], etc. In this study, we consider the penalty method to decouple the strong coupled
stationary incompressible MHD equations.

The penalty method applied to (1) is to approximate the solution (u, p, B) by (uc, pc, Be)
satisfying the following stationary MHD equations:

—R;'Aue + (ue - Vyue — SecurlBe x B. + Vp, =f, in Q,

diva, + v%pg =0, in Q, 3
SCanlcurl(curlBe) — Sccurl(ue x Be) = g, in Q,
divB. =0, in Q,
and with the homogeneous boundary conditions:
Uc|pe = 0, (no-slip condition), @
B. -nyo =0, n x curlB¢|yo =0, (perfectly wall),

where 0 < € < 1 is a penalty parameter and v, = 1/R,.

Although, the penalty method is to decouple (u, B) and p, the resulting system is still a
large problem to solve. Two-level scheme is very efficient to save a large amount of computing
time and give reasonable results. The main idea is to solve a small problem on a coarse mesh
and correct the solution with a large linear problem on a fine mesh. This idea is put forward
by Xu for the nonlinear elliptic boundary value problem in [23,24]. Currently, some two-
level strategy has been studied for the MHD equations, such as Layton et al. studied a
two-level method for the reduced MHD problem in [25,26] and Zhang studied a two-level
coupled correction and decoupled parallel correction finite element methods for solving the
stationary MHD equations in [27].

The present paper uses penalty finite element with two-level strategy based on two finite
element discretizations for the 2D/3D stationary incompressible MHD equaions. The two-
level penalty Newton iterative method involves solving m linearized variable coefficient MHD
problems on the coarse mesh and a linear MHD problem with positive definite symmetric
matrix. In brief, we mainly consider the finite element space pair X, x M;, x Wj, which
satisfies the discrete inf-sup condition (P;b-P;-P1b) or does not satisfy the discrete inf-sup
condition (Pj-Po-P). Furthermore, the rigorous analysis of the stability and error estimate
are given for the proposed scheme. Numerical tests verify the theoretical results.

The paper is organized as follows. In Sect. 2, some basic results are given. Penalty mixed
finite element method is given in Sect. 3. Section 4 is devoted to the Newton penalty iterative
finite element scheme. Section 5 devotes to uniform stability and convergence of the two-
level Newton penalty iterative method. Section 6 is reported to show numerical performance
and accuracy of our algorithm. Finally, the article is concluded in the last section.

2 Functional Setting of the Stationary MHD Equations
To obtain the weak forms of system (1) and (3), we introduce the following notations
gl d _ 1 d . _
X:=Hy(Q)={ue H(Q)" :u|pg =0},
W:=H Q) ={ve H (@) : v n|sq =0},

V:={ueX:divu =0in Q},
V, :={veW:divv =0in Q},
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M:=L3(Q) = [q e LX(Q): / qu:o].
Q

For simplicity, we employ the product space Wo, = HO1 ()7 x H) (2)? with the usual
graph norm || (v, B)||1, where [|(v, B)[l; = (Iv]? + ||B||$)% forallv e H(Q)Y NX,B ¢
HI(Q)?NW (i =0, 1,2). X', W are the dual space of X and W, respectively. And H ~! ()¢
denotes the dual of H} (Q)¢ with the norm:

(f, w)
wlli’

Ifl-1 = sup
0£weHJ ()

where (-, -) denotes duality product between the function space HOl (©)¢ and its dual.
Now, it is convenient to introduce the following forms:

Ao((v, W), (w, @) = aop(v, w) + bo(¥, @),
ap(v, w) = R, 1(Vv, Vw),
bo(¥, ®) = S.R, ' (curl¥, curl®) + S.R,, ' (div¥, div®),
d((v, @), q) = (divv, q),
(F, (v, ¥)) = (f,v) + (g, V),
Ai1((u,B), (v, ¥), (w,®)) =a;(a,v,w) +c(®,B,v) —c(¥, B, w),
aj(u,v,w) = %((u Vv, w) — %((u -V)w, v),
c(®,B,v) = S.(curl® x B, v).
Then, the standard weak form of (1) reads: find ((u, B), p) € Wy, x M such that
Ao((u, B), (v, ¥)) —d((v, ¥), p) + d((u,B), q) + A1 ((u, B), (u, B), (v, ¥))
= (F, (v, ¥)), 5

for all ((v, ¥), g) € Wy, x M and the variational formulation of (3) is: find ((uc, B¢), pe) €
Wy, x M such that for all ((v, ¥), g) € Wy, x M,

AO((u67 BE)s (Vs ‘Il)) - d((V, ‘Il)a Pe) + d((ue’ Be)a CI) + Al((uev Bé)a (uév Bé)? (V7 \I’))
+ = (peq) = (F.(v. W). ©)

The following properties of Ag(:, -) and Aj(-, -, -) are important to give the theoretical
analysis [1]: V (u, B), (v, ¥), (w, ®) € Wy, there holds

Ao((v, W), (W, ®)) < max{R, ", 2+ d)S. R, }II(v, ¥) [l ]| (w, ®)|1, 7
Ao((v, W), (v, ¥)) > min{R, ", S.CiR,,"} || (v, ¥)|I1, ®)
A1((u, B), (v, W), (W, ®)) < v2C3 max{1, V2S.}[|(w, B)||1 | (v, ¥) |1 (W, ®)[|1, (9)
A1((u,B), (v, V), (v, ¥)) = 0, (10)

where C (only dependent on €2) an embedding constant of Hn1 () — H'(Q)? (< denotes
the continuous embedding), i.e.,

llcurlBIIg + [|divB||g > C1 B[, VB eW, (11)
where +/2 and d comes from the following two inequalities

leurlvllo < V2[IVvllo.  lidivvllo < ~/d[Vllo. 12)
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and Cy (only dependent on £2) an embedding constant of H'(Q)¢ — L*(Q)?, i.e.
Wl s = CollVWllo, Yw e X.
Next, we define the Stokes operator A = —P A, and A (see [28] for details) as
—(Au,v) = (Vu, Vv), Vu,veX,

where P : L2()? — {v e L2(Q)¢,divv = 0,v - n|yq = O} is a Lz—orthogonal projector
and define A := Vu — 1 Vdivu.

€

Similarly, define operator 4,B = Ro(V x V x B+ VV - B) € W as follows
(AB, W) =(VxB,VxW¥)+(V-B,V-W¥), VB,¥VecW,

where Ry : L2(Q2)Y - Wisa L2—orthogonal projector and define Ay, = Aj.

Then, we shall make use of the following assumption for the regularity estimate of (u, p, B)
(see [29]). Assume that the boundary of €2 is smooth and if 92 is of C 2 orif Q is a convex
polygon/polyhedron, we have the following results:

Assumption A The unique solution (v, ¢) of the steady Stokes problem
Av+4+ Vg =1, divwv=0, inQQ,
V]ae =0,

for the prescribed f € L?(Q)¢ satisfies

[vll2 +llgll = Clifllo.
and the Maxwell’s equations

curlcurlB =g, divB =0, in ,
curlBxn=0, B-n=0, onodf,

for the prescribed g € L2(2)? admits a unique solution B € V,, which satisfies

IBll2 < Cligllo-
Besides, we set
(F, (v, ¥)) 2 2 2
IFll-1 = sup —————,  |[Fli = IflZ; + llgllp, (13)
0,0)£v, W)eWy, 1V, )1 * ! 0
and we know that |F||—1 < ||F|«.
And we introduce two properties of trilinear form in [16]:
|A1((u, B), (W, ®), (v, ¥))| < Cv/2C3 max{1, v/25:}[I(u, B)lo]|(W, ®)[l2[|(v, ¥) 1,
V(u,B) € L*(2)? x L2 ()4, (w, ®) € HX(Q)? x H* ()4, (v, ¥) € W0, (),
|A1((u, B), (W, ®), (v, ¥))| < Cv2CE max{1, V2S,}[(u, B)[l2]| (W, @)1 ]| (V, ¥)]lo,
Y(u, B) € H2(Q)¢ x H*(Q)?, (w, ®) € W, (), (v, ¥) € L2 ()% x L2 (Q)¢. (14)

For the sake of convenience in writing, we set

. _ _ 1
ll(w, ®)[ll; = min{R, ', S.C1 R, }(Iw|? + | ®]?)2,
vwe H(Q)YNX, ® e H(Q)'NW, i=0,1,2,
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and
b:=min{R; !, S.C1R"}, vi=max{R]!, Q+d)ScR, '), N :=+2C3 max{l, v25.}.

Here and after, C or ¢ (with or without a subscript) will denotes a generic positive constant.
Furthermore, we recall the following lemma given in [20].

Lemma 2.1 There exists a constant co > 0, depending only on 2 and such that if eco < 1
Ao < collArevllo- s)
The following existence and uniqueness of the solution of (5) are classical results [16].

Theorem 2.1 If R,, R,, and S, satisfy the uniqueness condition

N|F|_
0<o.= MIFI-t (16)

52
the problem (5) has a unique solution ((u, B), p) € Wy, x M which satisfies
I, Bl < [IF[l-1. (7

Moreover, suppose that f, g € L*(Q2), then solution ((u, B), p) of the problem (5)
satisfies the following regularity

i, B)ll2 + I pllt = ClIFllo- (18)
Theorem 2.2 If R,, R, and S, satisfy the uniqueness condition
0<o <1 (19)

and ecy < 1, then the problem (6) has a unique solution ((u¢, B¢), pe) € Wo, x M which
satisfies

e, Bt < [[F[l-1. (20)

Moreover, suppose that f, g € L2(Q)4, then solution ((ue, Be), Pe) of the problem (5)
satisfies the following regularity

l(e. Bo)lll2 + I pellr = ClIF o 2

Proof We can finish the proof by the same technique used in the proof of Theorem 2.1 or
refer to [18]. ]

The optimal bounds of the error (u — ue, B — B¢) and p — p, are stated in the following
theorem (see [18] for detail).

Theorem 2.3 Under the assumptions of Theorem 2.2, we have

(@ —ue,B—Be)ll1 +1Ip — pello < Ce. (22)
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3 Penalty Finite Element Discretizations

We consider the mixed finite element method for (5) and (6). Let {Kp} bg a family of
triangulations or tetrahedrons of 2 into affine-equivalent finite elements K withQ = |J K,

KekK,
which is assumed to be a regular and quasi-uniform partition of the domain €2 in usual sense
aspu — 0.Let Xy € X,My c Mand Wy € Wand Xy, My, Wg) C X, My, Wp).
For simplicity sake, we denote the set of all polynomials on K by P;(K), [ > 0 and Wgn =
X, XMy, u=hor H.

In order to investigate the relation of penalty parameter with the finite element pair, we
consider the following finite element pairs to approximate the velocity, pressure and magnetic
fields. Note that X, x M, x W, satisfies the following properties [11,14,16,22,30]:

Let p,, denote the L2-orthogonal projection which defined by

(onq:quw) =(q,q), Yq €M, q, € M. (23)

(P1). Firstly, we consider the unstable finite element pair

X, ={ueCQNX:ux e PI(K), VK € K,,},
M, ={q € C%2)NM:qlk € Py(K), VK € K},
W, ={BeC'Q'NW:Blx e PI(K), VK € K,}.

It is known that X, x M,, does not satisfy the discrete inf-sup condition,

d 9 B 9
sup ((V/L /L) q)

> Bollgullo, Vqu € M. (24)
(0,0)%(v,,, B, ) eWS, ”(V;L’B,U,)”l

However, there exists a mapping m, : H>(Q)?NV — X, and p, : M — M, satisfy

IV —mullo = Cuellvilz, llg = pugllo = Crellgll, (25)

forallv e H*(Q)NV,q € H'(Q) NM, and a mapping R, : H*(Q)¢ NV, - W,
satisfying

(VX R,®,VX¥)+(V-Ry® V- -¥)=(Vx®VxW)+(V-®V-W)
=(Vx®, VW), V¥cW,
@ — Ru®llo+ pl|® — R, @1 < Cpi|| @2, Y € HX(Q)' NV, (26)
Meanwhile, there holds the following relation:
divX, = M,,. 27)

(P2). Then, we may employ a stable finite element pair to approximate the velocity,
pressure and magnetic field:

X, = (P} )" NX,
M, ={q € C* Q) NM:qlx € Pi(K), VK € K},
W, = (Pl )" NW,

where

(PP) = {vy € COQ) s vulk € PL(K) @ span{b}, VK € K,).
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In this case, X, x M, satisfies the discrete inf-sup condition (24). However, (27) does not
hold. Besides, there exists a mapping 7, : H>(Q)?NX — X, and p, : M — M, satisfy
(25) and

(V-(v—m,v),q) =0, Ve HX(Q)? NV, g € M,,. (28)

Besides, mapping R, : H2(Q2)? NV, — W, satisfies (26).
Now, the corresponding discrete weak form of (6) is recast: find ((Uey, Bep), pep) €
Wgn x M, such that

AO((“E}L’ Beu), (v, ¥)) + Ay ((ue/u Bep,)v (ueu» BG/L)? (v, ¥)) —d((v, V), psu_)

+d((uep, Bep), q) + vi(pe;u q) =<F,(v.¥) >. (29)

Next, we introduce the discrete analogue of space V as
Vi={veX,:d({(v,¥),q) =0,Yg e M, ¥ € W,}.

Denote P, : L2(2)? — V,, and Ry, : L>(Q2)¢ — W,, by L?-orthogonal projectors.
Here, we define discrete Stokes operator Ay, = —P, Ay, and A, (see [28])

—(Apuy, v) = (Vu,, Vv, Yuy,v, € Xy,

and define discrete operator A, B, = Ro,(V, x V x B, +V,V.-B,) € W, as follows
(see [30])

(A By, W) = (V x B,V x W)+ (V-B,,V-¥), VB, ¥ecW,.

Theorem 3.1 Under the assumptions of Theorem 2.2 and if X,, x M, satisfies property Py,
k =1, 2, then (29) admits a unique solution ((Uey, Bey), pep) € Wgn x M, such that

l(@ep, Be) i < I1F] -1,

and
1
Ve \ 2
Ipeullo = (55) " IFl-1. for Pi.
lpepllo < ClIFl-1, for Pa.
Proof Refer to the proof of Theorem 3.3 in [18] for details. O

3.1 H!-Error Estimate for Penalty Finite Element Galerkin Method

Theorem 3.2 Under the assumptions of Theorem 2.2 and if X, x M, satisfies property Py,
k = 1,2, then we have the following error estimate

1 _1
Il (zee _ueuaBe _Béu)“ll +e2|pe — pe,u”O <Ce 2pu, for Pi,
M@e —uep, Be —Bep)lli + 1pe — pepllo < Cp,  for Pa.

Proof Subtracting (29) from (6), we have the error equation

Ap((ue — Ueyy, B — BG[L)v v, ¥)) + Ay ((ue — Ueys B — BG/,L)v (ue, Be), (v, W))
+ A1 ((uey, Beu), (ue —uey, Be — Beu)’ (v, ¥)) —d((v,¥), pc — Dep)

€
+d((ue — Ueys B — BE;I,)v q) + ‘T(Pe — Peps q) =0. (30)
e

@ Springer



1152 J Sci Comput (2017) 70:1144-1179

Taking (v, ¥) = (e, b) and ¢ = n in (30) with (e, b) = (7 ue — uey, R, Be —Bey) and
N = PuPe — Pep- According to (10) and (23), we can get
€
Ao((e, b), (e, b)) + A1((e, b), (uc, Be), (e, b)) + vf(n, m
e

= Ao((m ue —ue, R, B —By), (e, b))
+ A ((rpue —ue, Ry Be — Be), (ue, Be), (e, b))
+ A1((Wey, Bey), (rpue —ue, Ry Be — Be), (e, b))
+d((e,b), pc — pupe) —d((e —muue, Be — R, Be), n). (31)

Combining (8)—(9) with (16), gives
Ao((e, b), (e, b)) + A1((e, b), (uc, Be), (e, b)) + Ui(n, )
A 2, € 2
ZV(l—U)II(evb)II1+vfllnllo- (32)

Together with (7), (9) and (16), we can derive

AO((”M“E — Ue, RMBG —B¢), (e,b)) + Al((”uue — Ug, RuBe —Bo), (u, Be), (e, b))
+A1((aey, Bé/.L)a (Tpue — ue, R;LBG —Be), (e, b))
< Cli(e,b)[[1[|(rpue —ue, RyBe —Bo)|1. (33)
For P, we use (27) to get
|d((e, b), pc — Iop.pé)| + |d((ue — Ty e, B. - R;/.Be)s I
= |d((ue — Ty Ue, B. — RMBé)’ |
< S IR + 2l (ue — mue, Be — R,BOIR, (34)
- 2v, 2¢ " "

applying (32)—(34) and assumption P; gives
N 2, € 2 c? 2
(1 —o)ll(e,b)lI7 + vfellnllo < mll(ﬂuue —ue, R,Be — Bl
Ve 2
+ ?”(ﬂuue — Ueg, R/LBS —Bo)Ili
< Ce Ml uue — ue, RuBe — B, (35)
which imply that
1 _1
Il (ue — uey, B. — Be;L)|||l +€2||pe — pepllo < Ce™ 2. (36)
For P,, we use (28) to get
|d((e,b), pe — pupe)| + |d((ue — Ty e, B. — R,uBs)a I
= |d((e,b), pe — pupe)l
_b(l-0)
- 4
which and (32)—(33), P, give

ll(e, )17 + = I pe — pupelld, 37)
v

2
(I-o)

A 2
Dl BT+ Slinlf < *lGrue —ue, RuBe = BT + 57755 1P — pupellg, (38)
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and using (25), (26) imply that
Il (we — Ueys B. — Bep.)”'l <Cu. (39)

Finally, combining the discrete inf-sup condition (24) with (7), (9), (30), (39), Theorems
2.2 and 3.1, gives

Bollnllo < v[l(ue — Ueys B: — Beu)”l + N (”(ue/u Beu)”l + [l (ue, BE)”])
x| (ue — Ueys B. — Beu)”l +lpe — PuPe llo

< C(ll(ue — Ueys B. — Be,u)ml + llpe — PuPe llo), (40)

which imply that
nllo = Cpe. (41)
This completes the proof. O

3.2 L2-Error Estimate for Penalty Finite Element Galerkin Methods

In order to analyze the error (u — u¢,, B — B¢,) with L?-norm, we now use the standard
duality argument. Before that, we will give the duality form of (3).

Lemma 3.1 For some given G = (G1, G2) € L*(Q)? x L>()? and the solution of
((ue, Be), pe) of (3), the duality form of (3) is find (w, s, ®) € X x M x W by

Ag((r, W), w, @) + A1 ((v, V), (ue, Be), w, ®)) + A1 (e, Be), (v, W), (w, ®))
—d(w, ®), q) +d((v, ¥), s) + vi(q, 5) = (v, W), G). (42)

Proof The duality form of (3) can be derived by the following technique.
Subtract (29) from (6) to get the error equation

Ap((ue — Ueyrs B. — BGM)7 (V,ua ‘I’u))
+A1(ue —uey, B — Beu)’ (ue, Be), Vi, W)
+ Ar((uey, Beu), (ue —uey, B. — Beu), Vi, ) — d((vu, ¥.)s Pe — Pen)

+d((ue — U, Be —Be), ) + vie(pe — Pens @) =0,
which is
Ao((Ue — Uy, Be = Bey), (Ve W) + A1 (U — ey, B — Bey), (ue, Bo), (v, W)
+A1((ue, B, (e —ue, Be — Bey), (v, W,0) — d((V,i, W,0), pe — pey)
+d((ue — ey, Be — By, g0 + i(pe — Peu )
= A1((ue —uey, Be —Bep), (We —uey, Be —Bepy), (v, Wo)).

Let (ue —uey, Be —Bey) = (v, W), pe — pepy =q and (v, ¥,) = (W, @), g, =5 in
the above equation, we have

AO((Vv ‘Il)s (Wv q>)) + A] ((V7 ‘I’)v (uev BE)s (W7 ¢))
—d((W, ). ) +d((v. W).5) + —(q.5)
=A1((v, V), (v, ¥), (W, ®)),
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and let A ((v, ¥), (v, ¥), (w, ®)) = (((v, ¥), G), then we can derive the duality form of
(3). ]

As for (42), we can prove the following existence, uniqueness and regularity results.

Theorem 3.3 Under the assumptions of Theorem 3.2, (42) admits a unique solution
w,s, ®) € X x M x W, and (w, ®) satisfies the following estimate:

low, @)l < CIG]-1. (43)
Moreover, the solution (w, ®) of (42) satisfies the following regularity:
[(Aw, A2®@)lo + lIsll1 = ClIGllo- (44)

Proof If f € X' and g € W', then (u., B,) satisfies Theorem 2.2. Then, taking (v, ¥) =
(w,®)and g = s in
Ap((v, ), (W, ®)) + A1 (v, W), (Uep, Bep), (W, @) + A1 ((Ue, Bep), (v, W), (W, @))
€
—d((w, ®),q) +d((v, ‘Il),s)—i—v—(q,s), (45)

e

we can have

Ao((w, @), (W, ®@)) + A1((W, @), (uep, Bep), (W, @) + vi(s, s)

N 2 2, € 2
> Vl[(w, @)l — Nl[(ue, BO1[|(w, @) + Vfllsllo

e

(o2 €
—[lIl(w, ®)[IF + —IIs I3, (46)
v Ve

>

then we can prove that (45) is (Wo,,, M)-coercive. By the Lax-Milgram’s Lemma, (42) admits
a unique solution. Using (42) and (46), we can have (43).
Moreover, we derive from (42) that

[ R7'Arew + @) (ue, W) — @ (ue, w) + Sccurl® x B = Gy, “n

SeRy ' Ase® + Sccurl(w x Be) — ¢/ (Be, w) + ¢/ (@, ue) = G,
where @ (v, w) and ¢’ (B, w) are defined as
(u, B'(v, W))x x' = a1(u, v, w), (¥, c'Be, W)y w = c(Be, ¥, w).
Taking the scalar product of (47) with (Aew, Az ®) in L2(Q)¢ yields
RN (Arew, Atew) + SRy, (A1 ®, Ase @) + A1 ((Ar1ew, A2 @), (uc, Bo), (W, @)
—Ai1((ue, Bo), (W, @), (A1cW, e @) = (G, A1cW, Az @). (48)
It follows from (14), Theorem 2.1 and (43) that

T e | (Alew, A @5 < Clw, @117 + IGI) < CIGI.

Taking g = 0 in (42) with Assumption A, (14) yields
IVsllo < max{R; ", S. R, '} (A1ew. Az ®) 0
+ CN|[(ue, B[ (w, @)1
+ Cli(Arue, A2Be)[loll(w, @)1
= ClIGllo,

Then, we can finish the proof with the above estimations and Lemma 2.1. O
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From (44) and the property P or P>, we deduce that ((7r,w, R, ®), p,s) satisfies the
following error estimate results:

[(W—m,w, ®— R, @)1 + lIs — pusllo = CullGllo. (49)
Theorem 3.4 Under the assumptions of Theorem 3.2, there holds the following error bound:

(e — tep, Be —Bep)llo < Ce'u?, for Py,
(e — ey, Be —Beyllo < Cu?, for Pa.

Proof Taking G = (u¢ —ucy, Be —Be) and (v, W) = (0 — Uy, Be —=Bey), ¢ = pe — pep
in (42), we can get

Ap((ue — uey, B —B.p), (w, @) + A1 ((ue — Ueps B. - Bs;L)» (ue, Be), (w, @))
+ A1 ((ue, Be), (ue — Ueys B — Beu)a (w, ®)) —d((w, ®), pc — peu)

€
+d((ue — Ueys B. - BG/L)! s) + v*(pe — DPeps s)
e
= ((ue — Ueys B. - Beu)a (ue — Ueys B. - Beu))- (50)
Next, we derive from (6) and (29) with (v, ¥) = (7, w, R, ®), ¢ = p,s that

Ao((ue — vy, Be —Bep), (mw, R, ®))
+ A1((ue, Be), (We —uey, Be —Bey), (muw, R, @)
+ A1 ((ue —uey, Be —Bey), (e, Be), (m,w, R, ®))
—A1((we —uey, Be —Bey), (We —uey, Be — Bey), (m,w, R, ®))

€
+d((ue — Uey, B. — Beu)s PMS) - d((T(MW, R/L¢)v Pe — Peu)+]7(Pe — Peps p/LS) =0.
e

(51)
Subtracting (51) from (50), yields
6
(e = uep. Be = Be) 5= D (i
i=1
= Ap((ue — Ueys B. - BE/L)! (w— TuW, P — R/L<D))
+ A ((ue — Ueys B. - Beu)» (ue, Be), (W — TuW, ® — R,u.<1>))
+ A1 ((ue, Be), (ue — Ueys B — BG}L)! (W —m,w, ® — RM<I>))
+ A1((ue —uey, Be —Bep), (ue —uey, Be — Bey), (0w, R, ®))
+d((ue — Uep, B — BG/L)5 s = ,O;Ls) —d((w— W, P — R/Lq))v Pe — peu)
€
+1T(p€ — DPeps S —PMS)- (52)
e
From (7), (9) and (49), we can get
()1 = Ap((ue — Ueys B: — Beu)v (w— TuWw, ® — RM‘I’))
< max{R; ", 58RI (ue —ue, Be = Be) 1w — 7w, @ — R, @)y
< Cul(ue — Ueys B. — Béu)”l | (ue — Uey, B. — Be,u)”0~ (53)

Applying (9), (49) and Theorem 2.2, yields
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D2+ 3 = A1((ue — Uy, B, — BEH.)v (e, Be), (W — W, ¢ — Rud)))
+A1((ue, Be), (ue — Ueys B — BE/,L)! (w— T W, P — Ruq)))
< 2N|(uc — Ueyy, B. — BEM)”I [(ue, Bl (W — TuWw, ® — Ruq’)nl

< Cpull(ue — uey, Be — Byl (ue — uey, Be —Bey) o, (54)
N4 = A1((we —uey, Be —Bey), (e —ugy, Be —Bey), (myw, R, ®@))

< V2max{1, V2SI (e — uey. Be — Be)I 1 (W, R @) llo

< Cll(ue — vy, Be — Bl ||<ug — e, Be — Bey)llo, (55)

s = |d((ue — L7 Be —B¢y), s — Pu5)| +ld((w—m,w, ® — R, ®), pc — Pep,)l
<C (”(ue — Uep,s B. — Beu)”l + llpe — pe,u”())
x (l(w—=m,w,®—R,®) 1+ lls — pn¥llo)

=Cu (”(us — Uepy, B. — Beu)”l + llpe — pe;LHO) [I(ue — Ueys B. — BS/L)”Os
(56)
€
e = ‘T(pe — PepsS — ,OuS) < Cullpe — Pen lloll(we — Ueyy, B. — Beu)”O- (57
e
Finally, from P; and P,, we can derive that
| (ue — Ueys B. — BG/L)”O = Ceilﬂzv for Py,
I(ue = uer, Be =Bewllo < Cu?, for Pa.
Then, the proof ends. O

4 Newton Iterative Method

Newton iterative method in penalty finite element method based on finite element pair P;
and P, is introduced as follows.

Algorithm 4.1 Find ((u? Z'M), pgﬂ) € Wgn x M, such that for all ((v, ¥), g) € Wgn X

M, *
Ao((ug,, BZ), (v, W) —d((v, W), pg,) +d((u,,B,), q) + — (pe,uq)
+ A (B, ), B, (v W) + A (), e,i),(uz,t‘,BZ,L‘) (v, ¥))
= (F, (v, W) + Al B2, LB, (v, W), (58)
Here, ((ueﬂ, E,L) pw)ls defined by the discrete penalty equations:

Ao((ul,,. BY,)(v. ) = d((v. W), pl,) +d((wd, . BE). q) + — (p e @)
= (F, (v, ¥)), 7
for all (v, W), g) € W, x M

Next, we establish the stability of the iterative method for (e”, b") = (u¢, —u?,,, B

e e T
E,L) and " = pe; — pgu. Firstly, we give a key lemma from [16].
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Lemma 4.1 The trilinear term Ay (-, -, -) satisfies the following estimate
|A ((u/u B[L)v (wlLv <1>,u), (V/u \I’/L))| + |A1((w;u q)u), (u/u B;L)» (V;La ‘II/I.))|
1 1
=< C”(u/u Bu)le ”(Aluu;u -AQ;J_B;J_)Hé ”(W/u <I’;/_)”] ”(Vu_, ‘I’M.)”Ov (60)

Sfor all (u/u B/L)? (w/Lv q’u)’ (V/u ‘I’/L) € Wg,r

Theorem 4.1 Under the assumptions of Theorem 2.2 and suppose that Py and P, are valid,

if

5
0 —, 61
<o <q (61)
then (ug),, BZ"M) and p¢,, defined by the Newton iterative method satisfy
4
@ B < SIFI-1 Ay, AzBE) L < CIFo. (62)
1
9, \ 2
Ipello < (g) IFll-1, for P, (63)
100 < (2 ) IFIs, for P (64)
pe# 0= 3]»} 10 -1 2
and (€™,b™), n™ satisfy the following bounds:
33 om_4 5
lie™, 6™l = (50~ S IFl-, (65)
1
m Ve\z .33 om 3 5 3
Il = (55) > (5o FGDIIFI. for Pi, (66)
5v 33 \*'!
—1 = 2
7™ llo < By (llﬁ + 30 )(Ea) IFl-1, for P, (67)

forallm > 0.

Proof We can derive the estimate (62)—(66) with the similar technique used in [18]. O

5 Two-Level Newton Iterative Penalty Finite Element Method

In this part, we consider the two-level penalty finite element method. The method includes
two algorithms: m steps by Newton iteration on the coarse mesh H and once correction by
Stokes iteration on the fine mesh /.

Algorithm 5.1 Step I Find a coarse grid iterative solution (0}, BY'), ply) € Wg1 xMp
defined by

Ao((Uy, B, (v, W) + A ("' B Y, 'y, By, (v, W)
+ A (W, By, (g B, (v, W) — d((v, W), py)
€
+d((ll2H, BZH)’ q) + ]T(P?H, q)
e

= A(', B, @, B, (v, W) + (F, (v, W), (68)
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forn=1,2,..., m, where ((ugH, BSH), pSH) is determined by

Ao((uy . B, (v. ) —d((v. ¥), ) + d((uy . BY). q) + vie(pSH, )
= (F, (v, ¥)), (69)
for all (v, ¥), q) € Wl x M.
Step I1. Find a fine grid solution ((Uenp, Bemn), Pemn) € Wgn x My, defined by
Ao((Wemn, Bemn), (v, ¥)) — d((V, W), pemn) + d(Wemns Bemn), q) + Uie(psmhv q)
= A1((u]y, BYy), (uy, B, (v, W) + (F, (v, ¥)), (70)

for all (v, ¥), q) € Wi x My.
For the simplicity, we take (e;, by) = (Wep — Wemn, Ben — Bemn)s 1 = Pen — Pemn-
Then, we have the following theorem.

Theorem 5.1 Under the assumptions of Theorem 4.1, then ((Wemh, Bemn), Pemn) of (69)—
(70) satisfy

Il @emns Bemn)lllt < 2|1F|| -1, (71)

1
10v,\ 2
| Pemnllo < ( 66) IFl-1, for P, (72)

max{Re_l, SSCR,ZI}

| Pemnllo < 2Bo ( + 1) |Fll-1, for P, (73)

and (ey, by), ny, satisfy the following bounds:

D2|Fllo 15 m .5
(en, bn) §C<a e 'H + (=) = IF|- ),(74>
Il (e, bi)lllx R SR TTFL (37 T IFI
35 15 om 5
lmnllo = € (€7 H2 +(Z)™ ' IFl1 ) for P, (75)
~2
D2\IFlo 5 15 om g5
|||<eh,bh>|||lsc(a H> + (o) L= FI- ), (76)
min{R;", S; Ry VIF|| -1 13 1
15 m_1 5
||nh||o§Cﬂo(H2+(Eo)2 1ﬁ||F||_1), for P,. (77)

Proof Taking (v, ¥) = (Wempn, Bemn) and ¢ = pepp in (70) with (8), (9), (61) and (62), we
arrive at

P B 2, € 2 Ni™ B™)2 B
Ve, Bemn) I + v | Pemn ”() = ||(u€H7 eH)”]”(uemh, emn) |1
e

+ IF[ =1 | emn, Bemn) 1, (78)

then, we can have
Il emn. Bemm)ll1 < (2o + DIF|—; < 2|[F|_. (79)
And for Py, from (78), we can have

€
— 1 pemnll§ < N1y BEDITI @emn. Bemm) 11 + I1FI -1 | e, Bemn) 1

e

3
< (2 x (2)4” + 2) I, < 10][F|?,,
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which is that

1
I pemnllo < (*Le)2||F|_y.
For P,, taking ¢ = 0 in (70) with (7), (9), (24), (79), (61) and (62), we can have

d((V, ‘I’)v pemh)
(v, )l
< max{R; ", 58: Ry}l emns Bemm) Il + N0y, B2 + [|F)|

R 58 . R!
sz(maX{ e 35 R }+1) IFll_1.

Next, we will give the error estimate.
Subtracting (70) from (29) with u = h, we can have the following error equation

Bollpemnllo <

Ao((ep — Uemp, Ben — Bemn), (v, W) — d (v, ¥), peh — Pemn)
+d((ep — Wempn, Ben — Bemn), q)

€
+ v*(peh — Pemh» @) + A1((Uep — Ve, By — Bep), (Wep, Bep), (v, ¥))

e

+A1((eq, Bep), (Wep — ey, Bep, — Bep), (v, ¥))
+A1((Wey — uan, By — UZIH)a (Ueq, Bey), (v, W)
+ Al((uan, BZLHL (uey — uan, Ben — B?H)’ (v, ¥)) =0. (80)

Take (v, ¥) = (ep, bp), g = n, in (80) with (8), (9), (14) and Theorem 3.1, we have
llen. D) IF + llnl3
Ve
< Nl(uep —uep, Bep — BEH)IIO{II(Alhush, AonBen)llo

+ | (Ariuen, AzaBen) o 1 en, b

+ Nlluen —wly, Bew — Bl [”(ueHa Ber)

+ 1y B I flen o),

which guarantees that

licen. bl
< CN||(uey — uepg, Bey — B6H>||o[||<A1hugh, AzsBen) o + 1 (Arntien, AzBan)lo |

+ NIl err = 2 Berr = Bl 1 {1 en, Berlly + 1wl B 1 |

N|Fllo
(e — verr. Ben — Bem)llo
min{R, ", ScR;;, }
NF_y
T l(uem — 11211.1, Ben — B?H)”l
< Co f’z”F””l e, — e, Ben — Ber)llo
min{R; ", SRy }IFI|-1
+oll(uer — . By — Bl 81)
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For Py, from Theorems 3.4, 4.1 and (81), we derive that

5)2 F _ m__
liten bl = € (0 P12 1+ (o) T SR ). 32)

and with (82), we have

€
v*||’7h||(2) < CN|(uep, — ey, Bep —Bep)llo % {II(Alhlleh, A2nBen)llo

e

+ [ (A1 e, AZhBeh)”O} l(en, b llt + Nll(uery —uly, Bey — B I

x {1 @er Bew)lh + 12 B s b

IS5 m_y 5 2
< ce2ht 4 (o) T SR )
< ceut + o5 SIFIy
which is that
=3 m
Inllo = € (€% H2 + (o)~ FIFI-1 ) . (83)

And for P,, with the aids of Py, from Theorem 3.4, Theorem 4.1 and (81),

52 F m__
len bl = € (0 et P H2 4 (o) T IR ). 39)

and with (24), (81), (7), (84), Theorem 3.4 and Theorem 4.1, we deduce that

max{R; !, 5S.R1}
e 2 22¢Tm T ycen bl + CN|(uen — uer, Ben — Bem) o

Bollnallo <
X {”(-Alhuehv A2nBen)llo + I (A1pUen, AZthh)”O}

+ N (e —uy, Bey =B { [er, Ber) 11 +11(udy, B } +IIFl-1
max{R; !, 55. R}

IR
52[IFllo
min{R;", S¢ Ry MIF)I 1
+o ey — "y, B — B ) + [F -

15 m 5
H? + (=) 1 F|_ ). 85
C( +(130) 11|| I 1) (85)

+Co l(uep —uer, Bep —Bep)llo

IA

Then, we complete the proof. O

Theorem 5.2 Under the assumptions of Theorem 3.2, for the two-level Newton iterative
penalty finite element method with Py, the optimal error estimate is

1@ = tenn, B — Bemi) |1 < Cé + Ce™3 (h+e%H2)+ 5, 2m_linFn
emh emh)llll = 13 11 -1,
. - 15 \*"7!'s
1P = pennl < Ce +Ce™ (h+ 2 H2) +(30)  TIFI-1. (86)

@ Springer



J Sci Comput (2017) 70:1144-1179 1161

1 1 1
€ and H can be taken as € = O(h?), H? = O(e2h) and the convergence rate is O (h?);
for the two-level Newton iterative penalty finite element method with P, the optimal error
estimates are

33\ !5
(@ — wempn, B — Bemp)llli +11p — pemnllo < C(€+h+H2+<l3cf) “IIFlll), (87)

€ and H can be taken as € = O(h), H* = O(h) and the convergence rate is O (h).

Proof We can finish the proof by Theorems 2.3, 3.2 and 5.1, triangle inequality and some
simple calculations. o

6 Numerical Results

In this section we report on the numerical performance of the method established in this
paper with two finite element pairs P (k = 1, 2) for the 2D/3D MHD cases. The first one is a
flow problem with a smooth solution. The second one is a Hartmann flow problem. And the
last one is a driven cavity flow problem. The iterative tolerance is set as 1010 for numerical
implementations.

Remark 6.1 (1) The penalty parameter € is selected as € = O (h %) for P and € = O (h) for
P> based on Theorem 5.2 in all the following numerical tests.
(2) R, R;; and S, are optional constants in uniqueness condition o which defined in (16).
(3) The constant Cy can be obtained by the Ladyzhenskaya inequalities and the Poincaré
inequality (see [18])

Q)i, d=2,
Co= (2,(%)7 L d=3,

for the bounded domain, the « is given by

(8%)

1
K = ,
)\min
where A, is the smallest eigenvalue of Laplace operator. And, for the unit domain [0, 14
272, d=2,
min =372 g3

(4) The constant C can be estimated by (11) and (12),

- llcurlB||3 + [|divB||3 _
- (1 -

(89)

1
(5) The negative norm || F||_; by (||f||2_1 + ||g||§) 2, where |/f||— and ||g||+ are evaluated
by the following two problems (refer to [16] for details):

e Solving the following Poisson’s equation
—AY =f, inQ, (90)
with the homogeneous Drichlet boundary condition. So that we have

I£ll—1 = 1IVXlo. oD
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1
Table 1 Algorithm 5.1 with e = O(h2) for Pi-Py-P; element (2D)

1V (u—uy)lio lp=prnllo IV(B—B)lo . .
I/H 1/h vale Rate “Tle Rate VBl Rate  Kgjpu Kg4ivB CPU(s)
10 80  2.55e—1 / 1.6de—1 / 1.96e—2 / 1.53e—6 1.6le—6 7.69e0
11 94  234e—1 052 1.5le—1 054 1.67e-2 099 1.04e—6 9.90e—7 1.06el
12 108 2.18e—1 0.52 1.39%e—1 054 1.45e-2 099 7.39-7 6.53e—7 1.40el
13 122 2.04e—1 0.52 1.30e—1 0.54 1.29e-2 099 5.49e—7 4.53e—7 1.8lel

1
Table 2 Algorithm 4.1 with e = O(h2) for Pi-Py-P; element (2D)

IV@u—uy)llo lp=prnllo IV(B—B;)lo . .
1/h TValo Rate ollo Rate TVBlo Rate  Kgipu KyivB CPU(s)
80 2.48e—1 / 1.57e—1 / 1.96e—2 / 1.52e—6 1.6le—6 4.3lel
94 2.29e—1 050 1.45e—1 050 1.67e—2 099 1.03e—6 9.90e—7 6.20el
108 2.13e—1 050 1.36e—1 0.50 1.45e—2 099 7.35e—7 6.52e—7 8.10el
122 2.0le—1 050 1.27e—1 0.50 1.28e—2 099 5.46e—7 4.53e—7 1.05¢2

Table 3 Algorithm 5.1 with € = O (h) for P1b-P;-P1b element (2D)

1V (u—uy)lio lp=prnllo IV(B—B)lo . .
I/H 1/h TValo Rate ollo Rate TVBlo Rate  Kgjpu KgivB CPU(s)
8 64  1.15e—1 / 5.83e—-2 / 2.33e-2 / 2.08e—7 4.23e—6 8.28e0
9 81  9.26e—2 094 4.65¢e—2 097 1.84e—2 1.0 1.0le—=7 2.09e—6 1.33el
10 100 7.62e—2 094 3.7%—2 098 1.49e—2 1.0 530e—8 1.10e—6 2.05el
11 121 6.38e—2 095 3.14e—2 098 1.23e—2 1.0 3.03e—8 6.27e—7 3.03el

Table 4 Algorithm 4.1 with € = O (h) for P1b-P;-P1b element (2D)

IV (u—uy)lio IP—=pnllo IVB—B;)lo ) .
1/h valo Rate Telo Rate IVBle Rate  Kgipu KgivB CPU(s)
64 5.43e—2 / 6.29¢—-3 / 2.33e—2 / 3.54e—7 3.13e—6 3.48el
81 4.29e—-2 .00 4.92e—3 1.02 1.84e—2 1.00  1.77e—7 1.55e—6 5.49¢l
100 3.47e-2 1.00  3.96e—3 1.01 1.49e—2 1.00  9.53e—8 8.22¢—7 8.52el
121 2.87e-2 1.00  3.26e—3 1.0 1.23e—-2 1.00  5.42e—8 4.64e—7 1.28e2

e Solving the problem

curlcurler = g, in Q,
dives =0, in 2,
w-n=0, on 9€2,
curlo x n =0, on 9€2,

92)

results in

lgll« = llcurla lo.
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1
Table 5 Algorithm 5.1 with e = O(h2) for Pi-Py-P; element (3D)

IV (u—uy) o lp=prnllo IVB—B;)lo . .
I/H 1/h Tvalo Rate ThTo Rate TvBlo Rate  Kgipu Ky4ivB CPU(s)

1.49e—1 / 8.88e—1 / 1.72e—1 / 227e—4 1.78¢—3  6.48e—1

1.00e—1 098 698e—1 0.40 1.14e—1 099 8.13e—5 5.39e—4  2.08e0
10 6.07e-2 098 53le—1 047 6.88e—2 099 2.63e-5 1.1le—4 8.71e0
14 437e-2 098 4.42e—-1 050 49le-2 0.99 1.12e—5 4.21e—05 2.63el

(S N VS I

1
Table 6 Algorithm 4.1 with e = O(h2) for P;-Py-P; element (3D)

IV (u—up)llp Ip—pnllo IVB—By)lo . )

1/h Ivalo Rate Telo Rate IVBlo Rate  Kgjjyu KiivB CPU(s)
1.53e—1 / 8.85e—1 / 1.71e—1 / 1.2le—4 49le—4 1.48e0
1.02e—1 098  7.54e—1 0.59 l.14e—1 1.0 6.83e—5 1.29¢e—4  4.95¢0

10 6.20e—2 098 5.95e—1 054 6.88e—2 1.0 2.50e—5 2.35e—5 2.50el

14 4.46e—2 098  5.04e—1 054 49le-2 1.0 1.04e—5 69le—6 7.8lel

Table 7 Algorithm 5.1 with € = O (h) for P1b-P;-P1b element (3D)

1V (u—uy)lio IlP—pnllo IVB-By)llo . .
I/H 1/h vl Rate Trle Rate IVBle Rate  Kgjpu KgivB CPU(s)
2 1.15e—1 / 5.83e—2 / 2.33e—-2 / 2.08e—7 4.23e—6 8.28e0
3 9 9.26e—2 1.0 4.65e-2 1.1 1.84e—2 099 1.0le—=7 2.09e—6 1.33el
4 16 7.62e—2 1.0 3.7%-2 1.1 1.49e—2 099 530e—8 1.10e—6 2.05el
5 20 6.38e—2 1.0 3.14e-2 1.7 123e-2 1.0 3.03e—8 6.27e—7 3.03el

Table 8 Algorithm 4.1 with € = O (h) for Pb-P;-P1b element (3D)

IV (u—uy)llo Ip—pnllo IV(B-By)llo ) .

1/h TVl Rate Tlo Rate TVEIo Rate  Kgipu KiivB CPU(s)
5.43e—2 / 6.29¢e—3 / 2.33e—2 / 3.54e—7 3.13e—6 3.48el
4.29¢—2 1.0 4.92¢—3 14 1.84e—2 1.0 1.77e—=7 1.55e—6  5.49el

16 3.47e—2 1.0 3.96e—3 1.5 1.49e—2 1.0 9.53e—8 8.22e—7 8.52el

20 2.87e—2 1.0 3.26e—3 1.5 1.23e—2 1.0 542e—8 4.64e—7 1.28e2

6.1 Problems with Smooth Solutions

In this case, we test the accuracy performance of our proposed methods with a smooth
solution. On the square domain Q2 = [0, 119, d = 2, 3 and the exact solutions be given by

up=ax’(x = D?y(y — DRy — 1), uz =ay*(y — Dx(x = D2x — 1),
By = asin(mrx) cos(wy), By = —asin(mwry) cos(mrx),
p=ax -2y -1,
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(a) oos
0.05| g
0.04| g
2 0.03} E
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0.02- Analytical solution i

O Ha=10 with P1

| # Ha=10 with P2
0.01F Analytical solution X

+ Ha=40 with P1

O Ha=40 with P2

- -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8

y
(b) oo ‘ ‘

Analytical solution
O Ha=10 with P1 i
#* Ha=10 with P2
Analytical solution
+ Ha=40 with P1
O Ha=40 with P2

0.015
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0.005

—-0.005

-0.01

-0.015F

—0.02 ‘ ‘ ‘ ‘
-1

Fig. 1 (2D) Slices along x = 5, —1 < y < 1: computed (points) and theoretical (lines)

ford = 2 and

u=a(y* +2), ur=akx+2%, uz=ax?+y?
By = asin(yz), By = —asin(x +z), B3 = —ay sin(x2)
p=alx— D2y -2z —1),

for d = 3. « is chosen such that 0 < o < 15—1 and the body forces f, g are determined
accordingly for any R, R,, and S..

Firstly, we consider the convergence performance of Algorithm 5.1 with R, = 1, R, =1
and S; = 1. According to Theorem 5.2, the settings of coarse, fine mesh and penalty parameter
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# Ha=1 with P2
Anallytical solution
+ Ha=10 with P1
O Ha=10 with P2
-0.02 . L L .
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y
(b) 0.05

Anallytical solution
0.04-  + O Ha=1 with P1

# Ha=1 with P2
Anallytical solution
+ Ha=10 with P1

O Ha=10 with P2

0.03

0.02

0.01

-0.01

-0.02

-0.03

-0.04f + A

_0.05 I I I I I I I

Fig.2 (3D) Slices along x =5, =2 < y < 2, z = 0: computed (points) and theoretical (lines)

scales are based on € = O(h%), H? = O(E%h) for Py ande = O(h), H? = O(h) for P,. To

illustrate the property of Algorithm 5.1, we compare the numerical results with Algorithm 4.1.

Tables 1, 2, 3, 4, 5, 6, 7 and 8 present the convergence performances of Algorithm 5.1

and Algorithm 4.1 with P; and P, for 2D/3D cases, in which K jjyu = Ign?é) | f x divuydx|
h

and K ;B = Ir(n?é) | f x divBjdx|. From the comparison results, we can conclude that the
[

relative errors are almost the same for the same finite element pair for Algorithm 5.1 and
Algorithm 4.1, respectively. And the relative errors of P; is smaller than 7, with decrease of
mesh size h. Moreover, the proposed scheme remain much the same property (i.e. divu = 0,
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Iog(III(em,bm)III1)

_ss[| —reference curve 1
—#—P1
——P2

_300 0.2 0.4 0.6 0I8 1I 1j2 1?4 1.6 1.8
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Iog(III(em,bm)III1)

ol = reference curve
—h—P1
——P2
a5 - - - . . . . .
0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8

log(m)
Fig. 3 Errors [|(e”, b™)|| versus iterative number m by a log-log plot: 2D (a); 3D (b)

divB = 0) as the original equations. However, the computing CPU time of Algorithm 5.1
takes a lot less time than Algorithm 5.1 and the method with P; save much computational
time than the one with P».

And we can see that all kinds of methods work well and keep the convergence rates just
like the theoretical analysis in Theorem 5.2. In details, the method with PP; converge with a
rate of 1/2 and the method with P, converge with 1. Specifically, the magnetic field B and
the velocity field u has an improved convergence rate, it is even higher than the theoretical
result O(h'/?).
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Fig. 4 Comparison results versus R, by a log—log plot

6.2 Hartman Flow

In this example, we consider both 2D and 3D Hartmann flow with Ha = /R, R, S. For 2D,
we treat a steady undirectional flow in the channel 2 = [0, 10] x [—1, 1] under the influence
of the transverse magnetic field By = (0, 1). The analytical solutions are:
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Fig. 5 Comparison results versus R, by a log—log plot

with

u(y) =

@ Springer

u(x,y) = (u(y),

R.G

cosh(yHa)

0),  B(x,y)=(B(y), D),

p(x,y) = —Gx — S:B*(y)/2 + po,

sinh(yHa) _

Ha-tanh(Ha)

(-

cosh(Ha)

sinh(Ha)

). B =E(

).
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Fig. 6 Comparison results versus S¢ by a log—log plot

We impose the following boundary conditions:

u=0, on y = =1,
(pI— R;'Vu)n = pyn, on x =0and x = 10,
nx B=nxB,, on 0€2,

where pg(x,y) = p(x,y), po is a constant and / is identity matrix. Whilst, 3D Hartmann
flow in a rectangular duct Q = [0, L] x [—Yo, Yol X [—z0, zo] Wwith L =10, yo =2,z0 =1
under the influence od a magnetic field B; = (0, 1, 0) has the following form
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Fig. 7 Numerical streamlines
(a); the isobars (b); and
isodynamic (¢) with R, = 1

u(x, y,z) = (u(y, 2), 0, 0),
p(x,y,2) = —Gx — S;B>(y,2)/2 + po.

with

+00 +00
u(y,2) = —3GR(> — ) + X ui(y)cos(riz), B(y.z) = > bi(y)cos(;z),
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Fig. 8 Numerical streamlines

(a); the isobars (b); and
isodynamic (¢) with R, = 5- 102

05 -\\
> of
05
A -0'.5' — (le 0?5
(c)
;
:—\‘\;\\\ .
05 ) \“
> of
05
4 -0'.5' — (IJX : ofs
where
u;(y) = A; cosh(pry) + B; cosh(pzy),
A —pl A —p}
bi(y) = A;=—L sinh(p1y) + B;~—2 sinh(p2y) ).
R.S: P1 P1
Qi + D —2GR, .
A= ————, ui(yo) = —5—sin(A;z0),
220 ;20
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Fig. 9 Numerical streamlines
(a); the isobars (b); and
isodynamic (¢) with R, = 5- 10

05 T 020

05 0.00

05— ) 1010

05 R 1.000
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Fig. 10 Numerical streamlines (a)
(a); the isobars (b); and 1
isodynamic (c) with |
R =5-10%
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pl, =} + Ha*/2+ Ha\/)? + Ha?/4,

Vi = p2(F — p?) sinh(p1yo) cosh(payo) — pi (A7 — p3) sinh(payo) cosh(piyo),
—p1(A} — p3) . —p20F = pd) .
A = )’/72141'@0) sinh(p2yo), Bi = ————12u; (yo) sinh(p1y0),

i Vi

the boundary conditions are imposed by
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Fig. 11 Numerical streamlines (a)
(a); the isobars (b); and 1
isodynamic (¢) with

R =5-103
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X
u=0, on y ==y and z = %29
(pI—R;'Vu)n=psn,on x=0 and x =L,
nx B =nxB,, on 0Q2.

Take G = 0.1 and choose the following two cases to simulate 2D problem:

(a) Ha=10: R, =5, R, =5, S. =4,
(b) Ha=40: R, = 10, R, =10, S. = 16.
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Fig. 12 Numerical streamlines
(a); the isobars (b); and
isodynamic (¢) with S. = 103

sfF—— — 20.0

-/

05

05

and choose the following two cases to simulate 3D problem:

(¢ Ha=1:R, =1, R, =0.1, S.=10;
(d) Ha=10: R, =10, R, =1, S, =10.

For the 2D problem, the analytical solutions of #(y) and B(y) along with numerical ones
u(yr)and B(yx) (yg = —140.1k, k£ =0, ..., 20) obtained by Algorithm 5.1 for P; (i =1, 2)
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Fig. 13 Numerical streamlines
(a); the isobars (b); and
isodynamic (¢) with S, = 10°
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with parameters (a)—(b) are presented in Fig. 1. And the analytical solutions u(y, z) and
B(y, z) along with numerical ones u(yx, 0) and B(yx, 0)(yx = -2+ 0.1k, k =0, ..., 40)
with parameters (c)—(d) for the 3D problem are shown in Fig. 2. It can be inferred that Algo-
rithm 5.1 can achieve the desired results with P; (i = 1, 2) for different Hartmann numbers.

The following work is to investigate the convergence exponent m in (76). It is known that
(%a)zm_1 will converge gradually under %o < 1 with the increase of m. But it is difficult to
give the direct verification of m. Figure 3 presents the relation between the error ||| (e;,, b;;) |1
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and the iterative number m by a log—log plot compared with a reference curve defined by
f(m) = c(o)zm_l, where c is constant. Thereout, we can see that the curve by |||(e;,, b;,)[l[1
have almost the same shape as the curve f(m). Then, we finished the verification of the
relation in (76) indirectly.

6.3 Driven Cavity Flow

Let us consider a classic 2D test problem used in fluid dynamics, known as driven cavity
flow. It is a model of the flow in a cavity with the lid moving in one direction: In this example,
we consider the two-dimensional domain Q = (—1,1) x (—1, 1) with I'p = 9€2, and set
the source terms to be zero. The boundary conditions are prescribed as follows:

u=20, onx=*1 and y = —1,
u=(1,0), ony=1,
nxB=nxBp, on IQ2,

where Bp = (1, 0).

In this case, we consider the deep research on the relation between R,, R, and S..
According to the experiment 6.1, we know that finite element pair P; is of low measurement
accuracy. Here we only test the method with P, for different equation parameters. Numerical
results of Algorithm 5.1 are compared with the standard two-level Newton iterative method
to show the merits of the proposed scheme.

Figures 4, 5 and 6 present the horizontal velocity, pressure and magnetic field distribution
at the mid-width for various R,, R, and S.. It can be concluded that our results show an
excellent agreement with the standard two-level Newton iterative method. And the numerical
streamline, isobar and isodynamic of the cavity flow for different hydrodynamic Reynolds
numbers, magnetic Reynolds numbers and coupling coefficients are presented in Figs. 7, 8,
9,10, 11, 12 and 13.

Figures 7, 8 and 9 illustrate the numerical results of Algorithm 5.1 for R, = 1, 5- 102,5-103
with R, = 1 and S; = 1. As can be seen that the velocity main vortex grows into several
small ones and become more complex with the increase of R,. The experiment results of the
proposed method for R, =5 - 102, 5-103 with R,, = l and S, = 1 are reported in Figs. 10
and 11. We can see that the velocity vortex and isobar remain almost unchanged, but the
isodynamic has changed a lot. And the numerical results for S, = 10, 103 with R, = 1 and
R,, = 1 are presented in Figs. 12 and 13. It can be inferred that more resolved vortexes may
captured with the increase of S,.

7 Conclusions

Combining the best algorithmic features of two-level scheme and Newton iterative technique
based on penalty method, we presented a two-level Newton penalty finite element method
for the 2D/3D stationary incompressible MHD equations. The main idea includes three part:
firstly, to decouple the strong coupled system with a penalty term in the incompressible
constraint; secondly, to save large amount of CPU time with two-level strategy; last, to deal
with the nonlinear term with Newton iteration. Stability and error estimates of the method was
analysed. Numerical results illustrated the theoretical results and demonstrated the efficiency
of the proposed method. Besides, this method can be extended to time-dependent problems
and more decoupling method will be discussed in the future.
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